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ON A CLASS OF DIFFERENTIAL EQUATIONS, AND ON THE
LINES OF CURVATURE OF AN ELLIPSOID.

[From the Cambridge Mathematical Journal, vol. 11 (1843), pp. 264—267.]

CONSIDER the primitive equation

Je+gy+het ... = Ok AR Sl il i il (@,

between n variables z, y, 2 the constants f, g, b being connected by the equation

H denoting a homogeneous function. Suppose that f, g, h...... are determined by the
conditions

Jx2, - + gy +Hher...... e S Al T R e (3),
Tt QYnis FEhzn g e s =0.
Then writing 3 S s i nd b St o, 6l e il (4),
R S

Yn—2y Zn—2, +--

with analogous expressions for y, z...... ; the equations (3) give f, g, k,...... proportional |
O B ol or eliminating f, g, h...... by the equation (2),
R R i s o v oy daie giis v as st (5).

Conversely the equation (5), which contains, in appearance, n (n—2) arbitrar)
constants, is equivalent to the system (1), (2). And if H be a rational integra
function of the order r, the first side of the equation (5) is the product of » factors :
each of them of the form given by the system (1), (2).
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Now from the equation (1), we have the system

Jx gy ipha i SR AR e L A S R (6),
fda: +qdy + hdz ...... =0,
fd”—’w + gd"—zy + hd”—ﬂz ...... =0
or writing X=1y 2z . (7,
‘dy ,dz |
d.'n—zy, dr—2z :
with analogous expressions for Y, Z...... ; then from the equations (6), f, ¢, h...... are
proportional to X, Y, Z...... : or, eliminating by (2),
J2 O G A e e T e R S e LT (8)

Conversely the integral of the equation (8) of the order (n—2) is given either by
the system of equations (1), (2), in which it is evident that the number of arbitrary
constants is reduced to (n—2); or, by the equation (5), which contains in appearance
n(n—2) arbitrary constants, but which we have seen is equivalent in reality to the
system (1), (2).

Thus, with three variables, the integral of

H (ydz— 2zdy, zdx — xdz, ady—ydz)=0 ..................... 9)
may be expressed in the form :

H (yz, —yz, 2w — 28 ah-ay)=0.ccciiiiniinn. (10),
and also in the form Bk oy B0 i o cisvmsins AU N lE (11),
where H L g B0, ot doneSiisnsion svuve by st (12).

The above principles afford an elegant mode of integrating the differential equation
for the lines of curvature of an ellipsoid. The equation in question is

(62 — &) adydz + (¢ — a*) ydzde + (a* — V%) zdady =0............... (13),
where @, y, z are connected by
zZ2 v 1
75 $2 = = A B S DR R S e e (14) ;
writing %: u, %: v, fi TR . SR Sl R A (15),
these become
(b* — ¢) udvdw + (¢* — @) vdwdu + (@ = ) wdudv=0............... (16),
u + v + w= 1 ....................................... (17).
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Multiplying by
— {(vdu — udv) (wdv — vdw) (udw — wdu)}™,
the first of these becomes :

S — a*du i — bdv & — c*dw i
(vdu — udv)(udw — wdw) * (wdv — vdw) (vdu —udv) * (udw — wdu) (wdv — vdw)

but writing (17) and its derived equations under the form

AT Y N R R R e s T

du + (dv + dw) = 0,

we deduce —du (v +w)+u(dv+dw)y=—du........oooooiinn..
Le. —du =— (vdu —udv) + (udw —wdu) .................. ..

and similarly
— dv = — (wdv — vdw) + (vdu — udv),
—dw = — (udw — wdu) + wdv — vdw).
Substituting, ]
b —¢c ¢ —a? al—-b
wdv —vdw * udw —wdu * vdu —udv

the integral of which may be written in the form

bz_cz cz_az az_bz
WY, — VW, AW, — WU, | VU — VU

where, on account of (17),

ol ~Fitlineb g L e e S S e e e

and also in the form S gh R0 el b

where f, g, k are connected by
b*—c c—a* a'-10?
- - =
f g g
this last equation is satisfied identically by

b*— ¢ ¢ —a’ a*—b?

f=2—_—62’ g=02—_72, }L=m B R

[7

Restoring z, y, 2z, @1, ¥, # for u, v, w, w, », w,, the equations to a line of curvature
passing through a given point @, v, z, on the ellipsoid, are the equation (14) and

(Pl 3 (¢t —a?) (=0
a2 (3/1232 S :l/2312) b2 (212:1;2 - Zzwle) c? (w12y2 — a2 yl,) -

or again, under a known form, they are the equation (14) and

(bz_ 02) 22 c— a? yz az—-02 22

BF-Ceto—ap 2B
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... (28),
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From the equations (14), (29) it is easy to prove the well-known form

m’+y’+z’=1
at+60  bv+0 c+80

.............................. (30);

in fact, multiplying (29) by m, and adding to (14), we have the equation (30), if the
equations

1 —-c 1 1
E+ m B_2:_02 Eg=a—2—-'_—0, ........................... (31),
c2—a? 1 1

1
Oy ey Pt Ty L

1+ bl ]
¢TI B e (¢+0)

are satisfied.

But on reduction, these take the torm
(B=-0)0+ =) mO+ma(BP=c*)=0, .coevininiil. (32),
(C*— 42) 8 + (¢*— a®) mO + mb* (¢*— a*) = 0,
(42— B?) 0 + (a* — b*) mO + mc* (a*— b*) = 0,

and since, by adding, an identical equation is obtained, m and 6 may be determined
to satisfy these equations. The values of 8, m are

(@ =) (=) (¢~ @) s (89)s

O B Oy 7 I (O ) T (AT Ty oo

b (B2— (") +c2a? (CP— AD) + b (4% — B)
s e (34).
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