32.

ON SOME ANALYTICAL FORMULZAZ, AND THEIR APPLICATION
TO THE THEORY OF SPHERICAL COORDINATES.

[From the Cambridge and Dublin Mathematical Journal, vol. 1. (1846), pp. 22—33.]

SEcTION 1.

THE formule in question are only very particular cases of some relating to the
theory of the transformation of functions of the second order, which will be given in
a following paper. But the case of three variables, here as elsewhere, admits of
a symmetrical notation so much simpler than in any other case (on the principle that
with three quantities @, b, ¢, functions of b, ¢; of ¢, @; and of a, b, may symmetrically
be denoted by A, B, C, which is not possible with a greater number of variables)
that it will be convenient to employ here a notation entirely different from that made
use of in the general case, and by means of which the results will be exhibitéd in

a more compact form. There is no difficulty in verifying by actual multiplication, any
of the equations here obtained.

It will be expedient to employ the abbreviation of making a single letter stand
for a system of quantities. Thus for instance, if 8=0, ¢, 4, this merely means that
®(8) is to stand for @ (0, ¢, V), k8 for kb, ke, kv, &e.

Suppose then

@ = ER MG BBL. Sl oo ver s, s RIEAARNY, LR 1),
o'=£, 7,
é:A, 73 D T PR - L R o o B (2),

W (o, o, Q)=AEE + Byy + O’ + F (9’ +7/§) + G (EE'+ £'E) + H (§n' + &) ... (3),

the function W satisfies a remarkable equation, as follows:
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214 ON SOME ANALYTICAL FORMULZE, AND THEIR APPLICATION
write U B I T R e (4),
B=CA4 -G,
& =A4B - H
F=GH - AF,
¢ = HF — BG,
B =FG@ - CH.
W= 0 U e L Lei(D);
00 =5 — 'l G =UE By —ED ceoriiiiiiiiiiniinns (6),
we have

W(wn @y, Q) W(“’s» @y, Q)_ W(wl, W3, Q) W(“’a: @y, Q)= W(@’ @, QB) (7):

of which we may notice also the particular cases

W(wl) Wy, Q) W(ws’ Wg3, Q)_ W(wl: Wg, Q) W(wﬂa w3, Q)= W(@, @i, @) (8);
W (@1, @, Q) W (@, wa, Q) — {W (0, @1, QF =W (w05, @005, @) ... (9).

To these we may join the following formuls, for the transformation of the function .

Suppose
o, =ax, +a'y, +a"z, bz, +by,+b"z, cx+cy+cz ... (10),
w,=ax, +a'y,+8a"2,, ba,+by,+b"z, cx,+cyy+c’z,
then, writing Gamnl s Dy O e Bl g cechatie vl bt Dol (11),

gl - a‘I A 'b/ 4 cl’
gl’ ) a"/’ bl” c/l,
et L T P PO U S el 12),

p2 = &y, yﬂ » 2y

O=W(%9Q W g Q W' g Q W& g9 Wig' g W(gg Qa2

we have

W (01, @3 Q=W (D1, P2 ©) oo (14).
Similarly, writing
Y=W(gy, g9 ®), W(9 99 @), W(g7, 99, ®)
W(gg, I’9 ®), W(g9", 99, Q. W(g'g g7 ®), ... (15),
we have W (00, 005 @)=W (Pips PP W) oo (16),

in which equations @R may obviously be changed into Q.
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32] TO THE THEORY OF SPHERICAL COORDINATES. 215

SECTION 2. Geometrical Applications.

Consider any three axes Az, Ay, Az, and let N, w, v be the cosines of the
inclinations of these lines to each other.

Let A, M, N be the inclinations of the coordinate planes to each other; I, m, n
the inclination of the axes to the coordinate planes. Suppose, besides,

AT RS AT L SRR L, ),
b=1 —p
c=1 -7
f=pr—A2,
q=vA—pu,
h=xp—v,
k=1 -0 — 2 — 2NV (18);

we have the following systems of equations :

VoycosA=—f, v(br)sin A=y k), v (@)sin I =y (&)......... (19)
v(@)cosM=—gq, v (ca)sinM=y (&), & (b)sinm=y (k)
V@@b)cosN=—b, o (ab)sin N=v (%), ¥ (t)sin n =y (k).
a+ vh+pag==Fk
va+ H+ =0,
pa+Ab+ a=0.

b+ b+ uf=0,
vh+ b+ M=4F,
wh+rb+ £=0.

g+ vi+ pe=0,
g+ 4+ M=0.
pa+ A+ =4k
be— f2=tka
ta— o= kb,
ab— b =ke,
ab — af = kf,
bt —ba=1ky,
fq — b =kh,

TR Lt A R A L e e (24).
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216 ON SOME ANALYTICAL FORMULZAE, AND THEIR APPLICATION [32

Imagine now a line A0, and let a, B, y be the cosines of its inclinations to the
three axes. Suppose also, 6, ¢, x being its inclinations to the coordinate planes,
we write

sin 6 sin ¢ sin _
a=—F—, b=—7mL, C=—F7% it 25).
V@' CTY® TV -

If we consider a point P on the line AO, at a distance unity from the origin,
we see immediately, by considering the projections in the directions perpendicular to
the coordinate planes, that the coordinates of this point are @, b, ¢. By projecting on
the three axes and on the line A0, we then obtain the equations

Le=ag - 80 A ol .t doni st sy (27),
from which we obtain
ba=Rad #PB 4By i Bl dfiniines vaips - 0B nsd (28),
kb =ba+bB + 1y,
ke = qa + {8 + vy,

L =10a, 4 BO 76 s oo e S0 e it 8 BN - < s s o (29),
and hence
le=a*+ b0+ + 20bc+ 2pac +2vab .......ccovnevnenniinnnnn, (30),
k=aa+b8 + ty* + 2By + 202y + 2haB ... (31).
Hence writing

D RO o L et L (32),
AL L eia e SRR SR ey (33),
3 RN Wt [ o AL S e S e e (34),
B o g T RO At SIS (35),

we have the equations
BRI APEE, Q) vrovninn. vanionsnssinsansnsniakestan (36),
o= W('r, T q) .................................... (37)

Let AO’ be any other line, and & its inclination to A0: «, 8, v, @, V', ¢, the quantitie:
corresponding to a, B3, v, @, b, ¢, and similarly #, 7° to ¢, We have of course

1 ST 000 B D irorisiomrins criesst) (39),
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32] TO THE THEORY OF SPHERICAL COORDINATES. 217

We have besides, by projecting on the line 40’, the equation

008 8 = @it 8D 90 ..orierornreicnsnapraneceeirsins (40),
or the analogous one
cosd=aa+Bb+qC cooiviiiiiiiiii (41).
From either of which we deduce
cos 8 = aa’+bb' +cc + A (bc' + b'c) + p (ca’ +c'a)+ v (ab' +a'd)............ (42),
kecos 8 =aad’ + BBB + tyy +£(BY +By) +8(vd + yad)+H (@B +dB) ...... (43);
which may otherwise be written
COBIOESTWAHGE 1 PqI™ . SRRSO T A L 8 A(44),
k.oos 8 soWile, o/ P05, ad. am. suildoga. .. (45) ;
or again, observing the equations which connect the quantities ¢, r,
cos 8= JIT( t,Vl; (g)t,ﬁ,q() iy g SR R (46),
cos 8= L4 (T,u:_,(;’) %’7 (g_?’ 5 e 4,

forms which, though more complicated, have certain advantages; for instance, we derive
immediately from them the new equations

VW (1, #, @}

sin 8 = JIG 6 O €, s v (48),
o W{EW (a7, 17, @)

sin & = VERG T O ) s (49).

written more simply thus
sin & = W(E, tz, L AR o BT e (50),
Wkain 8w JIWA FEBEAPE (ot it isbiiinnseriionssasennanesy (51);

fo these we may join
Wt ¢, q

cot & = ex s dete  ladh (R dehstont. ekt ook 8L 8 52),
ViW (%, 8, )} i
DR o IR e [ine op e, T (53).

SECTION 3. On Spherical Coordinates.

Consider the points X, ¥, Z, on the surface of a sphere, as the intersections of
the three axes of the preceding section, with a sphere having its centre in the origin.
It is evident that A, w, v are the cosines of the sides of the spherical triangle XYZ,

(o 28
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218 ON SOME ANALYTICAL FORMULZE, AND THEIR APPLICATION [32

A, M, N are its sides, /, m, n are the perpendiculars from the angles upon the
opposite sides. Let P be the point where the line A O intersects the sphere: the
position of the point P may be determined by means of the ratios £ :7: ¢ supposing
£ m, ¢ denote quantities proportional to the a, B, ¢ of the preceding section, ie.

E oV AlE = ol BXEHICOR PY - HCORME 2. 5 vilyd ks v dni b (54) ;
or again, by means of the ratios # : y : 2, supposing @, y, z denote quantities proportiohal
to the a, b, ¢ of the preceding section, i.e.

. sinPz sinPy sinPz
AR AR A 9 6 0 A TV A IR (55),

(Pz, Py, Pz are the perpendiculars from P on the sides of the spherical triangle XYZ)

These last equations may be otherwise written,

xsin X sin PZY
T g SR PAX e (56).

ysin ¥ _sin PXZ
zsinZ  sin PXY’

zsin Z _sin PYX
zsin X sin PYZ '

The ratios £ : n : § or @ : y : 2z, are termed the spherical coordinate ratios of the
point P. The two together may be termed conjoint systems: the first may be termed
the cosine system, and the second the sine system. The coordinates of the two
systems are evidently conuected by

E:n:8=x +vytpz:ve+y +A2: p2+ANY+2 ..oooano. (87),

or w:y:z=af+bp+al: DE+by +C : qf +fn +0L. (58).
The systems may conveniently be represented by the single letters

RO R o SRR S (39)

(= ) Sl 3 SN P R ia e o e Rl (60)

Fundamental formula of spherical coordinates; distance of two points.

Let P, P’ be the points, & their distance, w, p the conjoint coordinate systems
of the first point, ', p° of the second; we have obviously

W p, 9 (61),

t 8= S 35 TN AT O
CrO= T W @ W (P, P, Q)
A VW (pp, pp, O} -
viW(p, po) W, p, @}’
cot 5= W@ P Q)

VW (pp, pp' O}
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32] TO THE THEORY OF SPHERICAL COORDINATES. 219

Je W (o, o, q)
or cos & = Q’{W(Gl, , q) W(m’, w,’ q)} ........................ (62).
A i g VW (0o, 0o, q)}
Vi VW (o, o, q) W (', o, g}’
_ W(e, o, q)
VEot = T (o, o,
Equation of a great Circle.
Let the conjoint coordinate systems of the pole be
A A A R e e U e (63),
DRI S0 . o darrinsnnnin s rnipaninns (64),

then, expressing that the distance of any point P in the locus from the pole is equal
to 90°, we have immediately the equations

LR BT S R T SR (65),
ok e T T e I e RO (66),
which may otherwise be written in the forms
e el A A A T (67),
B0 B b ) oos e i s s iedn s saie R O (68),

or the equation of a great circle is linear in either coordinate system. Conversely,
any linear equation belongs to a great circle.

Suppose the equation given in the form
LA B e e R S AT 8 30 a0 (69);

or by an equation between cosine coordinate ratios:—the sine system for the pole is
given by

A e 10 AR EPHERRL S BTy (70),
and the cosine system by
e=A+vB+uC, vA+B+AC, pA+AB+C ... (71).
Suppose the circle ‘given by an equation between sine coordinates, or in the form
" A BY. IR «ivrrns et shar v e (12),
the cosine system of coordinates for the pole is given by
G A TSI B B S ek L R S (73),
ad the sine system by
e=aA+hB+aC, HDA+DHB+{C, gA +fB+(C ............... (74).
28—2
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220 ON SOME ANALYTICAL FORMULZ, AND THEIR APPLICATION [82

It is hardly necessary to observe, that if
A E T Bt GO0 7 s Tl o e o e (75),
A Bt b L8 3 O ¢, ivir vt apninadinnss shsddirom s i (76),
represent the same great circle, '
A:B:C= A4vB+uC : vA+ B+AC : pAd+AB+ C ...... (77),
A:B:C=aA+b3B+qC: hA+bB+ fC : gA +fB +1C...... (78).

Inclination of two great Circles.

Let the equations of these be

AR By S0 e o (79),
{or Ra™ B Cz =0 c0ivnaite caicsnanissasnss (80),
v U B e oA (R A B B R e (81),
{or KRByl ac®aivid 2l M. e (82),

and let e, ¢ have the same values as above, and ¢, €, corresponding ones. To obtain
the inclination of the two circles, we have only, in the formule given above for the
distance of two- points, to change p, p’, w, @', into e, €, ¢, €.

The distance of a point from a given circle may be found with equal facility; for
this is evidently the complement of the distance of the point from the pole of the
circlee. In like manner we may find the condition that two great circles intersect at

right angles, &ec.
There are evidently a whole class of formule, not by any means peculiar to the
present system of coordinates, such as
Az +By+Cz—s(A'2+ By +02) .ccovevvvvninennnnn.. (83),

for the equation of a great circle subjected to pass through the points of inter-

section of
Az+By+Cz=0, Az+By+(C2=0.

Again, e R T () R S et e Rt L TR ) (84),
a0 e
|, b, ¢

for the equation of the great circle which passes through the points given by the sine
systems @ : b :c and @ : b : ¢, &c, and which are obtained so easily that it is pot
worth while writing down any more of them.

Transformation of Coordinates.

Let X,, Y,, Z,, be the new points of reference, and suppose X, is given by the
conjoint systems e=a, b, ¢, e=a, B, y; and similarly Y,, Z,, by the analogous systey;

e/’ el ; ell, €”,
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32] TO THE THEORY OF SPHERICAL_ Z COORDINATES. 221

Suppose, as before, P is given by one of the systems o, p; and let w,, p, be
the new systems which determine the position of P with reference to X,, Y), Z,.

In the first place, A;, m, v, are given by the formulae
W(e ¢’, q) i W (€, €, )

VIV ACATATYE T R A CAPAT IR A ATy Rl
W (", e, q) W (e, € )
V@, & QW e 6 Q) V@ & 0 W o)
Wie, €, q) W(e €, q)
N Wi(e, e, Q W, e, Q} VW eq W, e,
The system o, is evidently given immediately by
W > ) W ') ) /,, y
g Wil 3 ) WRe i Q) | VRS i) o IR el 1 d) (86)

‘\/{W(e» 6 Q)} ) \/{W(e', e, q)} ? \/{W(e", e q)} .........

W(G, o, q) ‘ W(e” o, q) - W(e", B q) (87)
’\/{W(G, €, q)} ,\/{W(e" 6,, q)} 5 ‘\/{W(eu, 6”, q)} ......... 2

and from these we may obtain the system p,, by means of the formule
Tt Aa= alEl G bﬂh'*‘glfl : b1£1 +h1"h i flCl : glfl +f1"71+ flé'l ...... (88).

This requires some further development however. We must in the first place form

the system @&, b,, €, f,, &, By: this is done immediately from the formule of Sect. 2,
and we have

W (ee, 7, ) KW (T, &7, q) .
B ACATAIS ACA A AT T R (89),
Yy W (€, ¢’e, §) 1 kW (€’ €’¢, q)
; i W‘(e//’ e//’ q) W(e//, , q)_ W (e’/’ e'/, q) W (G’ e’ q) )
Jab W (e, e, q) kW (e, e, q)
W e QW@ ) Weeaq WE, &)
W (€%, e, §) A EW (€%, €€, q)
W e VT G QW Q) Wie e OV (W & WD)
W (e€, e, ) P kW (&€, €<, q)
CTWE, Qv (W, e’ QWi e ) W, &, DV{W(" ", Wi ¢ @}’
W W(e’ /A e"e, Q) kW (€€, e"e, q)

W@ VT e W (E, &, ] W& 0V Wi e W(E D)

WWW.ICIN.or o) —P"



222 ON SOME ANALYTICAL FORMULA, AND THEIR APPLICATION [32

¥ 1, e PTG )] OO Y, O TR B N (90),
(W(e, p, @ W (&<, €¢’, )+ W (e, p, Q) W(€e', e’e, )+ W(e", p, ) W (e, ed, )}
VW (e, ¢, @} x

(W(e, p, @) W(e', €¢’, )+ W(, p, Q) W("e, ¢’¢, q)+ W(, p, Q) W(e'e, ¢, q)
V{W (e, ¢, Q} x
(W(e p g W(ed, €, )+ W (e, p, q) W(ee, e, @)+ W', p. q) W (e, e€, q);
these may be reduced to the very simple form
) ViW(,e, q} W(e’a”, 0, W) o I 1y e (91),
VW, ¢, Q) W(e, o, g,
V(W (e, ¢, Q) W(ee, o, g).
and in like manner we obtain
@y 2 iy 3 Bl {Wke oo W (e, mduisaniing. anes. . 4 92),
VIW(, ¢, 9} W(e p, q),
V(W (", €, ) W(ee, p, q).

It will be as well to indicate the steps of this reduction. Consider the quantity
in { } in the first line of the equation which gives the ratios @, : % : 2 ; and suppose

F o

for a moment e—ee_ =1, m, n, &c.: then, selecting the portion of the expression which is
multiplied by a, , this is
=al {l(af +bn+cl) + T (@E+Vn+ 0+ (a"E+0"n +¢"Y),

or, since
la+la +U'a" =ede”, Wb+ +1"0"=0, le+lc’+1"c"=0,

this reduces itself to ee’e’. al§, which is a term of
ee’e” W(e—'? o, q);

and by comparing the remaining terms in the same manner, it would be seen that
the whole reduces itself to

eed” W(ee', o, q);
whence the formule in question.

The formule (86), (87), (91), (92), completely resolve the problem of the transfor-
mation of coordinates; they determine respectively p, from p or w, w, from p or w.

To complete the present part of the subject we may add the following formule.

Suppose T3 th o B R A e S e (93),
: bz, + by, + b7y,
tem+ 'y 4+ ¢z,
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32] TO THE THEORY OF SPHERICAL COORDINATES. 223

which we see from the preceding formule is the form of the relation between the

systems p, and p. And suppose, as before, N,, u,, », are the cosines of the distances
of the new points of reference X,, Yy, Z,.

We can immediately determine the relations that must exist between these

coefficients, in order that they may actually denote such a transformation. For this
purpose write

a/, b,, C,=],,

a'II’ bI./’ c'/ =j//.
Then the distance between the point P and any other point P’ is given by the formula
cos §= ¥ (p. 2. q), Y R W (pi, pi, ©) ... (95)
"\/ {W(p) p’ q) W<p) p) Q)} '\/{W(pl) pl’ ®) W(pl: pll, ®)} ;

where
8=W@Ghq, W 59, WE%5Na, WG, WE"L0, W5, q-..(96).

But we must evidently have

W (p, P, @)
o= A ST 97),
CRC=TIW (b, 11, @) W (01 p1s )} o)

or the quantities ® must be proportional to the quantities q, ie.
G359 : W@ : WG : WG, 5% 9 : WG 59 : WG 5
=1 s i 3 1 : M ; 2oy stid UGO8

And in precisely the same manner, if instead of z, y, 2, @, ¥, z, in the above
formulee, we had had & 7, ¢ : &, m, &, the result would have been

WG 5 e: Wi o: WG 0: WG 550 : WG 5 0: W59
=a : b ; t : f : qQ - B a(99).

It is hardly necessary to remark, that throughout the preceding formule an
expression, such as W (p, p’, q), is proportional to either of the quantities

o€ +yn' + 28 or FE+yn+ ¢

and may be changed into one of these multiplied by an arbitrary constant, which
may be always made to disappear by a corresponding change in another quantity of
the same form: thus, for instance,

Wi(p p,q_2E+yn+2¢
Wp.p @ «é+tyn+zl
but these forms being unsymmetrical, it is better in general not to introduce them.

All the preceding expressions simplify exceedingly, reducing themselves in fact to
the ordinary formule for the transformation of rectangular coordinates in Geometry of
three dimensions, for the case where the triangle XYZ has its sides and angles right
angles. As this presents no difficulty, I shall not enter upon it at present.
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