
32.

ON SOME ANALYTICAL FORMULA AND THEIR APPLICATION 
TO THE THEORY OF SPHERICAL COORDINATES.

[From the Cambridge and Dublin Mathematical Journal, vol, i. (1846), pp. 22—33.]

Section 1.

The formulae in question are only very particular cases of some relating to the 
theory of the transformation of functions of the second order, which will he given in 
a following paper. But the case of three variables, here as elsewhere, admits of 
a symmetrical notation so much simpler than in any other case (on the principle that 
with three quantities a, b, c, functions of b, c; of c, a; and of a, b, may symmetrically 
be denoted by A, B, C, which is not possible with a greater number of variables) 
that it will be convenient to employ here a notation entirely different from that made 
use of in the general case, and by means of which the results will be exhibited in 
a more compact form. There is no difficulty in verifying by actual multiplication, any 
of the equations here obtained.

It will be expedient to employ the abbreviation of making a single letter stand 
for a system of quantities. Thus for instance, if H = θ, φ, ψ, this merely means that 
Φ (8) is to stand for Φ (β, φ, ψ), hH for kθ, kφ, k∙φ, &c.

Suppose then
∙∙(lλ

∙∙(2), 

.(3),

the function W satisfies a remarkable equation, as follows:
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214 ON SOME ANALYTICAL FORMULAE, AND THEIR APPLICATION [32

write ...... (4).

·■··· (5),

..... (6),

we have

. (7);

of which we may notice also the particular eases

(8),

(9)∙

To these we may join the following formulae, for the transformation of the function IF.

Suppose
• (10),

then, writing ..... (11).

... (12),

we have

Similarly, writing

(IS).

(14).

we have

.... (15).

.... (16),

in which equations ® may obviously be changed into Q.
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Section 2. Geometrical Applications.

Consider any three axes Ax, Ay, Az, and let λ, ∕χ, v be the cosines of the 
inclinations of these lines to each other.

Let Λ, M, N be the inclinations of the coordinate planes to each other; I, m, n 
the inclination of the axes to the coordinate planes. Suppose, besides.

......(17),

......... (18);
we have the following systems of equations :

..(19).

..(20).

...(21).

.(22).

..(23).

.(24).

www.rcin.org.pl
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Imagine now a line AO, and let a, β, γ be the cosines of its inclinations to the 
three axes. Suppose also, θ, φ, χ being its inclinations to the coordinate planes, 
we write

.. (25).

If we consider a point P on the line AO, at a distance unity from the origin, 
we see immediately, by considering the projections in the directions perpendicular to 
the coordinate planes, that the coordinates of this point are a, b, c. By projecting on 
the three axes and on the line AO, we then obtain the equations

....... (26),

....(27),

............ (28).
from which we obtain

..............(29),
and hence

....(30),

... (31).

Hence writingHence writing
a, b, c = t.................................................... (32),

a, β, y = 'r....................................... (33),

1, 1, 1, λ, μ, ι∕ = q ........................................ . (34),

a, b, ¢, f, g, b = q........................................ . (35),

we have the equations
1 = W (t, t, q) ................................................ (36),

λ:=ΤΓ(τ, τ, q) ..................................................(βn

Let AO' be any other line, and δ its inclination to AO: a', β', y, a', b', c, the quantities 
corresponding to α, β, y, a, b, c, and similarly t', τ to t, r. We have of course

1 = lF(i'. t', q)..................................................(38).

jfc= W(τ', r', q) ................................................. (39).
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We have besides, by projecting on the line A O', the equation

....(40),

or the analogous one
..................... ‘(41).

From either of which we deduce

∙(42).

(43);

which may otherwise be written
...(44),

...(45);

or again, observing the equations which connect the quantities t, τ,

...(46),

... (47),

forms which, though more complicated, have certain advantages; for instance, we derive 
immediately from them the new equations

• (48),

(49).

written more simply thus

..... (δθ),

..... (51);
to these we may join

... (52).

,...(53).

Section 3. On Spherical Coordinates.

Consider the points X, F, Z, on the surface of a sphere, as the intersections of 
the three axes of the preceding section, with a sphere having its centre in the origin. 
It is evident that λ, p, v are the cosines of the sides of the spherical triangle ΧΎΖ,

C. 28
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218 ON SOME ANALYTICAL FORMULAE, AND THEIR APPLICATION [32

Λ, M, N are its sides, I, m, n are the perpendiculars from the angles upon the 
opposite sides. Let P be the point where the line Λ 0 intersects the sphere: the 
position of the point P may be determined by means of the ratios ξ : η '. ζ, supposing 
ξ, η, ζ denote quantities proportional to the a, β, of the preceding section, i.e.

........(54) ;

or again, by means of the ratios x : y ; z, supposing ί», y, z denote quantities proportional 
to the α, b, c oi the preceding section, i.e.

.......(55),

(Px, Py, Pz are the perpendiculars from P on the sides of the spherical triangle XYZ}.

These last equations may be otherwise written,

.... (56).

The ratios ξ : η : ζ, or x : y : z, are termed the spherical coordinate ratios of the 
point P. The two together may be termed conjoint systems: the first may be termed 
the cosine system, and the second the sine system. The coordinates of the two 
systems are evidently connected by

...(57),

...(68).or

The systems may conveniently be represented by the single letters

• (59), 
. (60).

Fundamental formula of spherical coordinates; distance of two points.

Let P, P' be the points, δ their distance, ω, p the conjoint coordinate systems 
of the first point, ω', p' of the second; we have obviously

.......(61),
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........... ( 6 2).or

E q u ati o n  of  a  gr e at  Cir cl e.

L et  t h e c o nj oi nt c o or di n at e s yst e ms of  t h e p ol e  h e

e ≈ a, b,  c .....................................................( 6 3),

e  =  α,  β,  y ... ............................................... ( 6 4),

t h e n, e x pr essi n g t h at t h e dist a n c e of a n y p oi nt  P  i n t h e l o c us fr o m t h e p ol e is e q u al  
t o 9 0 °, w e  h a v e i m m e di at el y t h e e q u ati o ns

l F( p, e, q)  =  0 ................................................. ( 6 5),

W  ( ω, €, q)  =  0 ................................................. ( 6 6),

w hi c h  m a y  ot h er wis e  b e writt e n  i n t h e f or ms

.... ( 6 7),

.... ( 6 8),

or t h e e q u ati o n of a gr e at cir cl e is li n e ar i n eit h er c o or di n at e s yst e m. C o n v ers el y,  
a n y li n e ar e q u ati o n b el o n gs  t o a gr e at  cir cl e.

S u p p os e  t h e e q u ati o n gi v e n  i n t h e f or m

........ ( 6 9);

or b y a n e q u ati o n b et w e e n c osi n e c o or di n at e r ati os:— t h e si n e s yst e m f or t h e p ol e is 
gi v e n b y

e ≈ A, B,  C ...................................................... ( 7 0),

a n d t h e c osi n e s yst e m b y

e  =  A  +  v B  +  μ C, v A  +  B  +  X C, μ A  +  ∖ B  +  G ........................ ( 7 1)∙

S u p p os e  t h e cir cl e gi v e n  b y  a n e q u ati o n b et w e e n  si n e c o or di n at es, or  i n t h e f or m

A x  +  B y  +  =  0 ..................................................( 7 2),

t h e c osi n e s yst e m of  c o or di n at es f or t h e p ol e  is gi v e n  b y

e  =  A,  B,  C  ......................................................( 7 3) y

≡∙ H d t h e si n e s yst e m b y

e  =  a A  +  i) B +  s C, i) A +  b B  +  f C, g A  +  f B +  c C .................... ( 7 4).
2 8 — 2
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It is hardly necessary to observe, that if
..... (75),
..... (76).

represent the same great circle,
.(77),

.(78).

Inclination of two great Circles. 

Let the equations of these be
(79) ,

(80) .

(81).
(82),

and let e, e, have the same values as above, and e', e', corresponding ones. To obtain 
the inclination of the two circles, we have only, in the formulae given above for the 
distance of two· points, to change p, p', ω, ω', into e, e', e, e.

The distance of a point from a given circle may be found with equal facility; for 
this is evidently the complement of the distance of the point from the pole of the 
circle. In like manner we may find the condition that two great circles intersect at 
right angles, &c.

There are evidently a whole class of formulae, not by any means peculiar to the 
present system of coordinates, such as

....... (83),

for the equation of a great circle subjected to pass through the points of inter
section of

Again, ..... (84),

for the equation of the great circle which passes through the points given by the sine 
systems a ; b : c and a' : b' : c', &c., and which are obtained so easily that it is not 
λvorth while writing down any more of them.

Transformation of Coordinates.

Let Xγ, Fj, Zι, be the new points of reference, and suppose Xi is given by ⅛e 
conjoint systems e = a, b, c, e = α, β, 7; and similarly Fj, Zj, by the analogous systems
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Suppose, as before, P is given by one of the systems ω, p∙, and let ω^, be 
the new systems which determine the position of P with reference to X^, Fj,

In the first place, λι, μι, v^, are given by the formulae

. (8δ),

The system Wi is evidently given immediately by

...(86)

••(87),

and from these we may obtain the system , by means of the formulae

.(88).

This requires some further development however. We must in the first place form 
the system βι, K, Cι, fχ, 0ι, f)ι^ ⅛bis is done immediately from the formulae of Sect. 2, 
and we have

... (89),
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...... (90),

these may be reduced to the very simple form
.. (91),

and in like manner we obtain
....... (92),

It will be as well to indicate the steps of this reduction. Consider the quantity
in { } in the first line of the equation which gives the ratios : : ; and suppose
for a moment e'e" = l, m, n, &c.: then, selecting the portion of the expression which is
multiplied by a, this is 

or, since

this reduces itself to which is a term of

and by comparing the remaining terms in the same manner, it would be seen that 
the whole reduces itself to 

whence the formulae in question.

The formulae (86), (87), (91), (92), completely resolve the problem of the transfor
mation of coordinates; they determine respectively from p or ω, from p qt ω.

To complete the present part of the subject we may add the following formulae.

Suppose .. (93),
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which we see from the preceding formulae is the form of the relation between the 
systems p^ and p. And suppose, as before, λj, ∕aj, are the eosines of the distances 
of the new points of reference Xj, Y^, Zj.

We can immediately determine the relations that must exist between these 
coefficients, in order that they may actually denote such a transformation. For this 
purpose write

... (94),

Then the distance between the point P and any other point P' is given by the formula

where

.(95),

.(96).

But we must evidently have

.. (97),

or the quantities Θ must be proportional to the quantities q, i.e.

..(98).

And in precisely the same manner, if instead of x, y, z, x^, y^, z^, in the above 
formulse, we had had ξ, η, ζ : ξι, ζι, the result would have been

..(99).

It is hardly necessary to remark, that throughout the preceding formulse an 
expression, such as W (p, p', q), is proportional to either of the quantities

and may be changed into one of these multiplied by an arbitrary constant, which 
may be always made to disappear by a corresponding change in another quantity of 
the same form : thus, for instance.

...... (100) ;

but these forms being unsymmetrical, it is better in general not to introduce them.

All the preceding expressions simplify exceedingly, reducing themselves in fact to 
the ordinary formulse for the transformation of rectangular coordinates in Geometry of 
three dimensions, for the case where the triangle XYZ has its sides and angles right 
angles. As this presents no difficulty, I shall not enter upon it at present.
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