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35.

ON HOMOGENEOUS FUNCTIONS OF THE THIRD ORDER WITH 
THREE VARIABLES.

./

[From the Cambridge and Dublin Mathematical Journal, vol. i. (1846), pp. 97—104.]

The following problem corresponds to the geometrical question of determining the 
polar reciprocal of a plane curve of the third order: the solution of it is also important, 
with reference to the linear transformations of homogeneous functions of three variables 
of the third order; reasons for which it has appeared to me worth while to obtain the 
completely developed result.

Let

..(1).

It is required to eliminate x, y, z, λ from the equations

....(2),

.......(3).

From the equations (2), (3), we obtain immediately 

and thence
....(4);

....(5);
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so that a single equation more, such as

where Φ is homogeneous and of the second order in x, y, z, would, in conjunction with 
the equations (3) and (5), enable us to eliminate linearly the seven quantities ic≡, y≡, z^, 
yz, zx, xy, X. Such an equation may be thus obtained.

Let L, M, N, R, S, T, be the second differential coefficients of U, each of them 
divided by two. The equations (3) may be written

....(7).

And joining to these the equation (4),

we have, by the elimination of x, y, z, in so far as they explicitly appear, and λ, an 
equation Φ = 0 of the required form. * Hence we may write

or substituting for L, M, N, R, S, T, and expanding.
....(9),
...(10).where the values of Λ, B, G, F, G, H are .

[I omit these values (10), and the values in the subsequent equations (13), (14), 
(20); the values (10) and (13) serve for the calculation of (14), FU, the expression 
for which with the letters (a, δ, c, /, g, h, i, j, k, I) in place of (a, b, c, i, j, k, ia, jι, k^, l} 
is reproduced in my “Third Memoir on Quantics,” Phil. Trans, vol. CXLVI. .(1856) 
pp. 627—647: the values (20) serve for finding that of (21), K{U}, but the developed 
expression of this has not been calculated.]

Performing the elimination indicated, the result may be represented by

........... (11).

Partially expanding.
FΓ = 21a + 5b + C'c + 2M+2(7g + 2Hh  ........................ (12).
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The values of the coefficients a, b, c, f, g, h may be useful on other occasions: the} 
are as follows.......................... . .................................:........................................................... (13).

Substituting these values the result after all reductions becomes
O = J^(tλ)= ...............  (14).

It would be desirable, in conjunction with the above, to obtain the equation
K{U} = 0,

which results from the elimination of x, y, z from the equations

..................(15),

(i.e. the condition of a curve of the third order having a multiple point), but to effect 
this would be exceedingly laborious. The following is the process of the elimination as 
given by Dr Hesse, Grelle, t. xxvιll. (and which applies also to the case of any three 
equations of the second order). Forming the function VCA, of the third order in x, y, z, 
bv means of the equation

..........(16).

(Z, M, N, R, S, T, the same as before).

Then, in consequence of the equations (15), we have not only

..........(17),
which is very easily proved to be the case, but also

....(18),

as will be shown in a subsequent paper “On Points of Inflection.” [I think never 
written.]

And from the six equations (15), (18), the six quantities zr≡, y^, z^, yz, zx, xy, may 
be linearly eliminated : we have

..(19),
where the values of the coefficients A, B, ... Λ are .............................................(20),
and the result of the elimination is

..... (21).A(i7) =

[K {U) is consequently, as is well known, a function of the twelfth order in α, b, c, 
‰ J, A, Jl, ^1,
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T h e  e q u ati o n  V  P  =  0,

c o m bi n e d wit h  t h at of  t h e c ur v e, d et er mi n e,  as Dr  H ess e  h as  d e m o nstr at e d  i n t h e p a p er  
q u ot e d, t h e p oi nts of i nfl e cti o n of t h e c ur v e. It m a y  b e i nf err e d fr o m t his, t h at if U  
r e d u c e its elf t o t h e f or m

.....( 2 2),

P  a li n e ar f u n cti o n of  x, y, z ∖ t h e n V  U  t a k es t h e f or m

........ ( 2 3).

w h er e  p is of t h e s e c o n d or d er i n t h e c o effi ci e nts of P,  a n d als o i n t h e c o effi ci e nts  
«, / 3, 7, t, ∕ c, λ : a n d σ  is e q u al t o t h e d et er mi n a nt

...( 2 4),

m ulti pli e d  b y a n u m eri c al f a ct or. If P  is of  t h e f or m

........ ( 2 5).

........ ( 2 6),

a n d t his e q u ati o n is c o ns e q u e ntl y t h e c o n diti o n of  t h e f u n cti o n P  b ei n g  r es ol v a bl e i nt o 
li n e ar f a ct ors. T h e  e q u ati o n i n q u esti o n  r es ol v es its elf i nt o '

t h e n

■•( 2 7);

a s yst e m w hi c h  m ust  c o nt ai n t hr e e i n d e p e n d e nt e q u ati o ns o nl y. It w o ul d  b e i nt er esti n g 
t o v erif y t his α  p ost eri ori.
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