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39.

ON THE DIAMETRAL PLANES OF A SURFACE OF THE SECOND 
ORDER.

[From the Cambridge and Dublin Mathematical Journal, vol. i. (1846), pp. 274—278.]

Let U = Am? + + Gz^ + ^Fyz ÷ 2Qxz + 2Hxy = 0, be the equation of a surface of
the second order referred to its centre, and let ax + a'y + a"z = 0 be the equation of 
one of its diametral planes; then, as usual 

which are equivalent to two independent equations, and consequently capable of deter­
mining the ratios a : a' : a", provided that u satisfy the cubic equation that is obtained 
by eliminating a, </, a!' from the three equations.

We have from the second and third, from the third and first, and from the first 
and second equations respectively.

where, if

are what these become when A, B, C are changed into
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Λ  —  u, B  —  u, G  —  u, S O t h at

H e n c e  t h e e q u ati o n a x  +  a' y  +  (ι'z =  0  m a y  b e  writt e n  i n t h e t hr e e f or ms 

or,  w h at  c o m es t o t h e s a m e t hi n g, as f oll o ws.

i n w hi c h  f or s h ort n ess v h as  b e e n  writt e n  i nst e a d of

T h e  eli mi n ati o n of u, v fr o m t h es e e q u ati o ns gi v es a r es ult Θ  =  0, w h er e  Θ  is a  
h o m o g e n e o us f u n cti o n of t h e t hir d or d er i n x, y, z ∖ a n d t his e q u ati o n, it is e vi d e nt,  
m ust  b el o n g t o t h e t hr e e di a m etr al pl a n es  j oi ntl y, i. e. Θ  m ust  b e t h e pr o d u ct of  t hr e e 
li n e ar f a ct ors, e a c h of w hi c h  e q u at e d t o z er o w o ul d  c orr es p o n d t o a di a m etr al pl a n e.  

T h us  t h e s yst e m of  di a m etr al  pl a n es  is gi v e n  b y  

or  d e v el o pi n g  t h e d et er mi n a nt,  as f oll o ws.
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or reducing

In the case of curves of the second order, the result is much more simple; we have

i.e.

for the equation of the two diameters.

The above formulae may be applied to the question of finding the diametral planes 
of the cone circumscribed about a given surface of the second order, (or of the lines 
bisecting the angles made by two tangents of a curve of the second order). Considering 
the latter question first: if

be the equation of the curve, and α, β the coordinates of the point of intersection of 
the two tangents, the equation of the pair of tangents is

or making the point of intersection the origin.

whence Λ = B = — a^, H = — aβ, and the equation to the lines bisecting the
angles formed by the tangents is »

i.e.

which is the same for all confocal ellipses; whence the known theorem,

“If there be two confocal ellipses, and tangents be drawn to the second from any 
point P of the first, the tangent and normal of the first conic at the point P, bisect 
the angles formed by the two tangents in question.”

c. 33
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In the case of surfaces, the equation of the circumscribing cone referred to itf 
vertex as origin, is

whence

Hence, omitting the factor we have

and the equation of the system of diametral planes becomes

and since this is a function of α≡ — δ≡, — c®, and — a", the equation is the same
for all confocal ellipsoids; whence the known theorem, “ The axes of the circumscribing 
cone having its vertex in a given point P, are tangents to the curves of intersection 
of the three surfaces, confocal with the given surface, which pass through the point P.”
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