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59.

ON THE THEORY OF ELIMINATION.

[From the Cambridge and Dublin Mathematical Journal, vol. ιιι. (1848), pp, 116—120.J

Suppose the variables , ..., g in number, are connected by the h linear
equations 

these equations not being all independent, but connected by the k linear equations 

these last equations not being independent, but connected by the I linear equations 

and so on for any number of systems of equations.

Suppose also that g — h + k — Z + ... = 0', in which case the number of quantities 
Xι, JΓ2,... will be equal to the number of really independent equations connecting 
them, and we may obtain by the elimination of these quantities a result V = 0.
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T o  e x pl ai n t h e f or m ati o n of  t his fi n al r es ult, writ e

w hi c h  f or s h ort n ess m a y  b e  t h us r e pr es e nt e d,

w h er e  ∩,  Ω,',  ∩ ",  ii "', ∩ " ", ... c o nt ai n r es p e cti v el y h, h, I, I, n, n,  ... v erti c al r o ws, a n d  
g, k, k, m,  m,  p, ... h ori z o nt al r o ws.

It is o b vi o us,  fr o m t h e f or m i n w hi c h  t h es e s yst e ms h a v e b e e n arr a n g e d, w h at  is 
m e a nt  b y  s p e a ki n g of  a c ert ai n n u m b er  of  t h e v erti c al  r o ws of  ∩'  a n d t h e s u p pl e m e nt ar y 
v erti c al r o ws of ∩ ; or of a c ert ai n n u m b er of t h e h ori z o nt al r o ws of Ω "  a n d t h e 
s u p pl e m e nt ar y h ori z o nt al  r o ws of  ∩',  & c.

S u p p os e  t h at t h er e is o nl y o n e s et of e q u ati o ns, or g  =  h∙. w e  h a v e h er e o nl y a  
si n gl e s yst e m ∩,  w hi c h  c o nt ai ns h v erti c al a n d h h ori z o nt al  r o ws, a n d V  is si m pl y t h e 
d et er mi n a nt  f or m e d wit h  t h e s yst e m of  q u a ntiti es  Ω.  W e  m a y  writ e  i n t his c as e V  =  Q.

S u p p os e t h at t h er e ar e t w o s ets of e q u ati o ns, or g = h- k ∖  > n g h a v e h er e t w o 
s yst e ms Ω, of  w hi c h  ∩  c o nt ai ns h v erti c al a n d h  —  k h ori z o nt al  r o ws, ∩'  c o nt ai ns Λ  
v erti c al a n d A; h ori z o nt al r o ws. Fr o m  a n y k oι t h e h v erti c al r o ws of ∩'  f or m a  
d et er mi n a nt, a n d c all t his Q'  ∖ fr o m t h e s u p pl e m e nt ar y h  —  k v erti c al r o ws of Ω  f or m 
a d et er mi n a nt, a n d c all t his Q  : t h e n Q'  di vi d es Q,  a n d w e  h a v e  V  =  Q  ÷  Q'.
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S u p p os e  t h at t h er e ar e t hr e e s ets of  e q u ati o ns, or  g  =  h- k  +  Z ; w e  h a v e h er e t hr e e 
s yst e ms, Ω,  ∩',  il ", of w hi c h  ∩  c o nt ai ns h v erti c al a n d h- k- ∖-l h ori z o nt al r o ws, Ώ'  
c o nt ai ns h v erti c al a n d k h ori z o nt al r o ws, Ω "  c o nt ai ns I v erti c al a n d k h ori z o nt al r o ws. 
Fr o m  a n y I oi  t h e k h ori z o nt al  r o ws of  Ω "  f or m a d et er mi n a nt,  a n d c all t his Q " ; fr o m 

t h e k  —  I s u p pl e m e nt ar y h ori z o nt al r o ws of Ω',  c h o osi n g t h e v erti c al r o ws at pl e as ur e,  
f or m a d et er mi n a nt, a n d c all t his ; fr o m t h e h  —  k  +  l s u p pl e m e nt ar y v erti c al r o ws 
of Ω  f or m a d et er mi n a nt, a n d c all t his Q:  t h e n Q "  di vi d es Q',  t his q u oti e nt di vi d es  
Q,  a n d w e  h a v e V  =  Q ÷  ( Q' ÷

S u p p os e  t h at t h er e ar e f o ur s ets of  e q u ati o ns, or  g  =  h  —  k  + 1  - m : w e  h a v e h er e  f o ur 
s yst e ms, Ω,  Ω',  Ω, ",  a n d Ω' ",  of  w hi c h c o nt ai ns h  v erti c al a n d h  —  k  +  I —  m  h ori z o nt al  
r o ws, Ω,'  c o nt ai ns h  v erti c al a n d k h ori z o nt al  r o ws, Ω "  c o nt ai ns I v erti c al  a n d k h ori z o nt al  
r o ws, a n d Ω' "  c o nt ai ns I v erti c al  a n d m  h ori z o nt al  r o ws. Fr o m  a n y m,  of  t h e I v erti c al  

r o ws of  f or m a d et er mi n a nt, a n d c all t his Q' " ∖ fr o m t h e I —  m  s u p pl e m e nt ar y
v erti c al r o ws of Ω, ",  c h o osi n g t h e h ori z o nt al r o ws at pl e as ur e, f or m a d et er mi n a nt,  a n d  
c all t his Q " ; fr o m t h e k  —  l +  m  s u p pl e m e nt ar y h ori z o nt al r o ws of Ω',  c h o osi n g t h e 
v erti c al r o ws at pl e as ur e, f or m a d et er mi n a nt, a n d c all t his Q ; fr o m t h e h  —  k  +  l —  m  
s u p pl e m e nt ar y v erti c al r o ws of Ω  f or m a d et er mi n a nt, a n d c all t his Q : t h e n Q "'  
di vi d es t his q u oti e nt  di vi d es Q',  t his q u oti e nt di vi d es Q,  a n d V  = Q  ÷  { Q' ÷( Q " ÷  Q "') }.  
T h e  m o d e  of  pr o c e e di n g  is o b vi o us.

It is cl e ar, t h at if all t h e c o effi ci e nts a, β, ... b e c o nsi d er e d of t h e or d er u nit y,  

V  is of  t h e or d er  h  —  ̂ k  +  ̂ l —  &. c.

W h at  h as pr e c e d e d c o nstit ut es t h e t h e or y of eli mi n ati o n all u d e d t o i n m y  m e m oir  
“  O n  t h e T h e or y  of  I n v ol uti o n i n G e o m etr y, ” J o ur n al, v ol. Ii. p. 5 2 — 6 1, [ 4 0]. A n d  t h us 
t h e pr o bl e m of eli mi n ati n g a n y n u m b er of v ari a bl es x, y  ... fr o m t h e s a m e n u m b er  of  
e q u ati o ns U  =  0, K = 0, ... ( w h er e U,  F, ... ar e h o m o g e n e o us f u n cti o ns of a n y or d ers  

w h at e v er)  is c o m pl et el y s ol v e d; t h o u g h, as b ef or e r e m ar k e d, I a m n ot i n p oss essi o n  of  
a n y m et h o d  of arri vi n g at o n c e at t h e fi n al r es ult i n its m ost  si m plifi e d f or m; m y  

pr o c ess, o n t h e c o ntr ar y, l e a ds m e  t o a r es ult e n c u m b er e d b y a n e xtr a n e o us f a ct or, 
w hi c h  is o nl y g ot ri d of b y a n u m b er of s u c c essi v e di visi o ns l ess b y t w o t h a n t h e 

n u m b er  of  v ari a bl es  t o b e  eli mi n at e d.

T o  ill ustr at e t h e pr e c e di n g  m et h o d,  c o nsi d er t h e t hr e e e q u ati o ns of  t h e s e c o n d or d er.

H er e,  t o eli mi n at e t h e fift e e n q u a ntiti es  
χ∙ * y 2, x ^ yz, y ^z x, z ^ x y, w e  h a v e  t h e ei g ht e e n e q u ati o ns
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equations, however, which are not independent, but are connected by

Arranging these coefficients in the required form, we have the following value of V.
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which may be represented as before by

Thus, for instance, selecting the first, second, and sixth lines of ∩' to form the 
determinant Q', we have Q' = a!' — a"b'} ; and then Q must be formed from the
third, fourth, fifth, seventh, &c.... eighteenth lines of il. (It is obvious that if Q' had 
been formed from the first, second, and third lines of ∩', we should have had Q' = 0; 
the corresponding value of Q would also have vanished, and an illusory result be 
obtained; and similarly for several other combinations of lines.)
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