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59.

ON THE THEORY OF ELIMINATION.

[From the Cambridge and Dublin Mathematical Journal, vol. 1L (1848), pp. 116—120.]

SupPPOSE the variables X,, X,..., ¢ in number, are connected by the & linear
equations

B, =0X+0X,...=0,
®2=/31X1+32X2--- =0,

these equations not being all independent, but connected by the % linear equations

b,=a/0,+ /0,4 ... =0,
(I),=,8,/®1 +:82,®2+ .. =0,

these last equations not being independent, but connected by the ! linear equations

V,=a"P, +a " P+ ...=0,
W, =B, ®, + B Py + ... =0,

and so on for any number of systems of equations.

Suppose also that g—h+k—I+...=0; in which case the number of quantities
X,, X,,... will be equal to the number of really independent equations connecting
them, and we may obtain by the elimination of these quantities a result V =0.
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To explain the formation of this final result, write

iRl . [

J

V=I
i % B
| ’ ’ r ’
DO Ry & B
|

’ ' 1 " ”
/ B 2 a,, 2

" "

gl ks

" e
.B L2 2

where Q, &, Q”, Q”, Q... contain respectively h, h, I, I, n, n, ... vertical rows, and
a, k, k, m, m, p,... horizontal rows.

It is obvious, from the form in which these systems have been arranged, what is
meant by speaking of a certain number of the vertical rows of Q' and the supplementary
vertical rows of (); or of a certain number of the horizontal rows of 0” and the
supplementary horizontal rows of ', &ec.

Suppose that there is only one set of equations, or g=~h: we have here only a
sngle system {2, which contains % vertical and A horizontal rows, and V is simply the
determinant formed with the system of quantities . We may write in this case V=Q.

Suppose that there are two sets of equations, or g=h—k: we have here two
systems (2, ), of which {) contains A vertical and h —k horizontal rows, £}’ contains %
vertical and & horizontal rows. From any %k of the h vertical rows of Q' form a
cterminant, and call this @'; from the supplementary h—k vertical rows of £ form

. determinant, and call this Q: then @ divides @, and we have V=Q + Q"
47—2
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Suppose that there are three sets of equations, or g=h —/k+1: we have here three
systems, £, Q/, Q”, of which  contains h vertical and h—Fk+1! horizontal rows,
contains % vertical and k horizontal rows, Q” contains I vertical and % horizontal rows.
From any I of the k horizontal rows of Q” form a determinant, and call this ”; from
the k —1I supplementary horizontal rows of ', choosing the vertical rows at pleasure,
form a determinant, and call this ¢'; from the h —k +! supplementary vertical rows
of Q form a determinant, and call this Q: then ” divides ', this quotient divides
@, and we have V= Q-+ (Q + Q").

Suppose that there are four sets of equations, or g=h—k+1!—m: we have here four
systems, Q, Q/, Q”, and Q", of which  contains & vertical and h —k + 7 —m horizontal
rows, {)’ contains A vertical and % horizontal rows, {}” contains [ vertical and % horizontal
rows, and 0" contains [ vertical and m horizontal rows. From any m of the [ vertical
rows of 7 form a determinant, and call this @”; from the l—m supplementary
vertical rows of Q”, choosing the horizontal rows at pleasure, form a determinant, and
call this @”; from the k—1{+m supplementary horizontal rows of (), choosing the
vertical rows at pleasure, form a determinant, and call this @'; from the A—Fk+I—m
supplementary vertical fows of Q form a determinant, and call this Q: then ("
divides @”, this quotient divides @, this quotient divides @, and V=0 + (@' +(Q"+ Q).
The mode of proceeding is obvious.

It is clear, that if all the coefficients a, B,... be considered of the order unity,
V is of the order h — 2k + 31 — &ec.

What has preceded constitutes the theory of elimination alluded to in my memoir
“On the Theory of Involution in Geometry,” Journal, vol. 1. p. 52—61, [40]. And thus
the problem of eliminating any number of variables #, y... from the same number of
equations U=0, V=0,... (where U, V,... are homogeneous functions of any orders
whatever) is completely solved; though, as before remarked, I am wnot in possession of
any method of arriving at once at the final résult in its most simplified form; my
process, on the contrary, leads me to a result encumbered by an extraneous factor,
which is only got rid of by a number of successive divisions less by two than the
number of variables to be eliminated.

To illustrate the preceding method, consider the three equations of the second order,
U=a 2*+by*+c22+lyz+m zz+nay=0,
V=d' @ +VyP+c' 22+ yz +m' sw +n"ay =0,
W=a"a*+ 0"y + ¢"22 + U"yz + m"za + n"zy = 0.
Here, to eliminate the fifteen quantities a%, 3%, 2%, %2, 2z, a*y, y2*, za®, ay’, y*' &7
z*yt, a*yz, y'zw, z'xy, we have the eighteen equations
#2U =0, y»U=0, 22U =0, yzU =0, 22U =0, ayU =0,
BV =0, ¥V =0, &V =0, ysV =0, sV =0, ayV =0,
#2W=0 y»W=0, 2W=0, yz2W=0, 22W=0, zyW=0,
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equations, however, which are not independent, but are connected by

'V +0"yV +c"2W+1yzV +m"zaV + n"zyV
—(@2W+ by W+ 22 W+ UyzW + m/za W + w'ay W) = 0,

ar?W + by W + c22W + lyz W + mza W + nay W
_ (a".z"‘U+b"y’U+ c//zaU+ l”yZU—}- m//sz+ n”a:yU) =0’

d?U+byp2U + 22U + lyzU + m'2zU +nayU
—(az*V + by*V +c2*V + lyzV + mzaV + nwy V) = 0.

Arranging these coefficients in the required form, we have the following value of V.

a a a”
b v b’
c ¢ e’
l b v v (i b’
m c m’ ¢ m” ¢’
n a n/ a/ nﬂ (L”
l c U ¢ I ¢’
m a m' a m’ Yl
n b n' % n’ b”
craloly. ol chyr b i AN Sl 4
c a m ¢ a m’ ¢’ a’ m”
b a i bl o el n”’
l a n m U ol a n m
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which may be represented as before by

Q/

Thus, for instance, selecting the firsy, second, and sixth lines of Q' to form the
determinant ', we have @ =a”(ab”—a"b'); and then @ must be formed from the
third, fourth, fifth, seventh, &c.... eighteenth lines of Q. (It is obvious that if @ had
been formed from the first, second, and third lines of ', we should have had @ =0;
the corresponding value of @ would also have vanished, and an illusory result be

obtained ; and similarly for several other combinations of lines.)
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