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O N  T H E  A T T R A C TI O N  O F  E L LI P S OI D S  (J A C O BI’S M E T H O D).

[ Fr o m t h e C a m bri d g e  a n d  D u bli n  M at h e m ati c al  J o ur n al, v ol.  V.  ( 1 8 5 0), p p. 2 1 7 — 2 2 6.]

In  a l ett er p u blis h e d i n 1 8 4 6 i n Li o n vill e ’s J o ur n al (t. xι, p. 3 4 1) J a c o bi s a ys, 
“ Il y  a q u at or z e  a ns, j e m e  s uis p os e l e pr o b ⅛ m e d e c h er c h er Γ attr a cti o n  d ’u n elli p-  
s o ’i d e h o m o g ⅛ n e e xt er c d e s ur u n  p oi nt  e xt ^ri e ur q u el c o n q u e  p ar  u n e m et h o d e  a n al o g u e a  
c ell e e m pl o y e e p ar M a cl a uri n  p ar r a p p ort a u x p oi nts sit u es d a ns l es a x es pri n ci p a u x.  
J ’y s uis p ar v e n u  p ar tr ois s u bstit uti o ns c o ns e c uti v es. L a  pr e mi er e est u n e tr a nsf or m a
ti o n d e c o or d o n n d es ; p ar  l a s e c o n d e l e r a di c al √( 1  —  m ?  si n ≡ β  c os ≡  ι∕r —  w ≡  si n ≡ / 3 si n ≡ - >∕r) q ui  
e ntr e d a ns l a d o u bl e  i nt 0 gr al e tr a nsf or m e e est r e n d u r ati o n n el a u m o y e n  d e l a d o u bl e  
s u bstit uti o n

m  si n  y S  c os  - ψ∙ =  si n 1 7 c os m  si n β  si n ψ  =  si n η  si n 0 ;

l a tr oisi δ m e est e n c or e u n e tr a nsf or m ati o n d e c o or d o n n e es. L a  r e c h er c h e d u s e ns 
g ^ o m ^tri q u e d e c es tr ois s u bstit uti o ns m ’a c o n d uit a a p pr of o n dir l a t h d ori e d es s urf a c es  
c o nf o c al es p ar r a p p ort a u x q u ell es j e d d c o u vris q u a ntit y d e b e a u x t h e or e m es d o nt j e 
c o m m u ni q u ai q u el q u es- u ns d es pri n ci p a u x  ⅛  M.  St ei n er. C o nsi d er o ns  Γ elli ps oi d e  c o nf o c al  
m e n d  p ar l e p oi nt attir d P  et l e p oi nt p d e Γ elli ps oi d e pr o p os e, c o nj u g a e a P.  
S oi e nt Q  et g d e u x a utr es p oi nts c o nj u g u es q u el c o n q u es sit u es r es p e cti v e m e nt s ur  
Γ elli ps o'i d e e xt dri e ur et i nt eri e ur. M e n o ns  d e P  u n pr e mi er  c o n e t a n g e nt έ, I’elli ps oi d e  
i nt ^ri e ur, d e p  u n s e c o n d c δ n e t a n g e nt a Γ elli ps oi d e  e xt 6ri e ur. C e  d er ni er,  t o ut i m a gi- 

n air e q u ’il est, a s es tr ois a x es r 0 els ( ai nsi q u e  s es d e u x  dr oit es f o c al es). L a  pr e mi er e  
s u bstit uti o n r a m e n e l es a x es d e I’elli ps oi' d e a c e u x d u  pr e mi er  c δ n e ( c’est l a s u bstit uti o n 
e m pl o y e e p ar P oiss o n, m ais  q u e j’a v als a nt eri e ur e m e nt tr ait e e et m e m e  et e n d u e a u n  
H o m br e  q u el c o n q u e d e v ari a bl es d a ns l e r n d m oir e D e  bi nis F u n cti o ni b us  h o m o g e n eis ds c.  
∖ Gr ell e,  t. XII.  ( 1 8 3 4) p p. 1 — 6 9]). P ar  l a s e c o n d e s u bstit uti o n l es a n gl es q u e  l a dr oit e  
P q  f or m e a v e c l es a x es d u pr e mi er c o n e s o nt r a m e n ds a u x a n gl es q u e l a dr oit e  ρ Q  
f or m e a v e c l es a x es d u s e c o n d. P ar  l a d er ni ⅛r e s u bstit uti o n, o n r et o u m e d e c es a x es  
a u x a x es d e Γ elli ps oι d e. L a  s e c o n d e s u bstit uti o n r d p o n d a u n t h d or e m e d e g e o m etri e  
r e m ar q u a bl e, s a v oir q u e ‘ L es  c osi n us d es a n gl es q u e l a dr oit e P q  f or m e a v e c d e u x d es  
a x es d u pr e mi er  c δ n e s o nt e n r ais o n c o nst a nt e a v e c l es c osi n us d es  a n gl es q u e l a dr oit e  
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p Q f or m e a v e c d e u x d es a x es d u s e c o n d c o n e ; c es d e u x a x es s o nt l es t a n g e nts sit u es  
r es p e cti v e m e nt d a ns l es s e cti o ns d e pl us gr a n d e et d e m oi n dr e  c o ur b ur e d e c h a q u e  
elli ps oi d e, l e tr oisi e m e a x e et a nt l a n or m al e a Γ elli ps oι d e.' T o ut  c el a s e m bl e diffi cil e  

a et a blir p ar l a s y nt h as e. ”

T h e  o bj e ct of t his p a p er  is t o d e v el o p e t h e a b o v e m et h o d  of  fi n di n g t h e attr a cti o n  
of a n elli ps oi d.

C o nsi d er  a n e xt eri or elli ps oi d, t h e s q u ar e d s e mi a x es of  w hi c h  ar e f + u,  g  +  u, h- V u ∖  
a n d a n i nt eri or elli ps oi d, t h e s q u ar e d s e mi a x es of w hi c h  ar e /’+  u, g  +  u, h- ∖- u. L et  
u,  p,  q b e t h e elli pti c c o or di n at es of a p oi nt P  o n t h e e xt eri or elli ps oi d, t h e elli pti c 

c o or di n at es of t h e c orr es p o n di n g p oi nt P  o n t h e i nt eri or elli ps oi d will  b e u,  ρ, q, a n d  

if a, b, c a n d a, h, c r e pr es e nt t h e or di n ar y  c o or di n at es of t h es e p oi nts (t h e pri n ci p al  
a x es b ei n g  t h e a x es of  c o or di n at es), w e  h a v e

I f or m t h e s yst e ms of  e q u ati o ns
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And then writing

if X, V, Z are the cosines of the inclinations of a line PQ to the principal axes of 
the ellipsoids, X-^, Fι, will be the cosines of the inclinations of this line to the 
principal axes' of the cone having P for its vertex, and circumscribed about the interior 
ellipsoid. In like manner, X, Y, Z being the cosines of the inclinations of a line PQ 
to the principal axes of the ellipsoids, Xγ, Fχ, Z^ will be the cosines of the inclinations 
of this line to the principal axes of the cone having P for its vertex and circumscribed 
about the exterior ellipsoid. Assuming that the points Q, Q are situated upon the 
exterior and interior ellipsoids respectively, suppose that X^, F, Z^ and X^, F, Zj are 
connected by the equivalent systems of equations,

then it will presently be shown that the points Q, Q are corresponding points, which 
will prove the geometrical theorem of Jacobi. Before proceeding further it will be 
convenient to notice the formulae

C. 65
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and the corresponding ones

The coordinates of the point Q are obviously a + ρX, δ + pY, c + pZ (where p = PQ); 
substituting these values in the equation of the interior ellipsoid, we obtain

reducing the coefficients 'of this equation by the formulae first given, and omitting a 

factor , we obtain 

that is,

or 

which is easily transformed into 

and this form remaining unaltered when u and u are interchanged, it follows that if 
PQ = p, then p = p, which is a known theorem. The value of p or p may however be 
expressed in a yet simpler form; for, considering the expression
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we see that 

and similarly 

which are in fact the equations which express that Q and Q are corresponding points.

It is proper to remark that supposing, as we are at liberty to do, that P, P are 
situate in corresponding octants of the two ellipsoids, then if the curve of contact of 
the circumscribed cone having P for its vertex divide the surface of the interior 
ellipsoid into two parts Ji, N, of which the former lies contiguous to P: also if the 
curve of intersection of the tangent plane at P divide the surface of the exterior 
ellipsoid into two parts M, N, of which M lies contiguous to the point P ; then the 
different points of Jf, M correspond to each other, as do also the different points of 
N, N.

We may now pass to the integral calculus problem. The Attraction parallel to 
the axis of x is 

the limits of the integration being given by 

or putting 

where X, Y, Z have the same signification, as before, we have 

and then 

where p has the same signification as before: it will be convenient to leave the formula 
in this form, rather than to take at once the difference of the two values of p, but 
of course the integration is as in the ordinary methods to be performed so as to 
extend to the whole volume of the ellipsoid. The expression dS denotes the differen- 

65—2 
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tial of a spherical surface radius unity, and if θ, φ are the parameters by which the 
position of p is determined, we have

In the present case

or from the values of X^, Y^, in terms of Xj, Y^, Z^ {observing that Xi must be 
replaced by its value √(1 — we deduce 

whence 

which shows that the corresponding elements of the spheres whose centres are P, P, 
projected upon the tangent planes at P and P respectively, are in a constant ratio. 
It may be noticed also that if p, p are the masses of the ellipsoids, the ratio in 
question

We have thus 

that is

The value which it will be convenient to use for p is that derived from the equation 
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with only the transformation of expressing the radical in terms of Xγ, viz.

substituting these values and observing that and are rational functions of 
X, y, and Z, but that X^ is a radical, and that in order to extend the integration 
to the whole ellipsoid, the values corresponding to the opposite signs of X^ will require 
to be added, the quantity to be integrated (omitting for the moment the exterior 
constant factor) is 

the integration to be extended over the spherical area S. Consider the quantity within 
I }, this is

The coefficients of Y and Z vanish, in fact that of Y is 

and similarly for the coefficient of Z.

The coefficient of X is in like manner shown to be 

or the quantity in question is simply 
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Multiplying this by Xι, = αX +α'F+α"Z, the terms containing XY, XZ vanish after the
__

integration, and we need only consider the term —θr what is the same

Hence

The value of the corresponding function Λ (that is, the attraction of the exterior 
ellipsoid upon P) is 

the limits being the same, whence 

or we have 

formulae which constitute in fact Ivory’s theorem.

Let K, K denote the attractions in the directions of the normals at P, P, we have 

or 

and it is important to remark that this is true not only for the entire ellipsoids; 
but if JIil, denote the attractions of the cones standing on the portions M, N of 
the surface of the interior ellipsoid, and ^¢1, the attractions of the portions of the 
exterior ellipsoid bounded by the tangent plane at P, and the portions M, N of the 
surface of the exterior ellipsoid, then 

where obviously 

this theorem is so far as I am aware new.
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