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101.

NOTES ON LAGRANGES THEOREM.

[From the Cambridge and Dublin Mathematical Journal, vol. VL (1851), pp. 37—45.]

| P

IF in the ordinary form of Lagrange’s theorem we write (z + a) for 2, it becomes

z=hf(a+m),
F(a+a) =Fa,+’1—"F'afa+ B Sk s S 1)
It follows that the equation
F(a+a)=Fa+ % f(a—i?) Py S . (2)

must reduce itself to an identity when the two sides are expanded in powers of ;

or writing for shortness F, f instead of Fa, fa, and & for E‘l%’ we must have

[],er s{[p]psv—l(w ) f-ﬂ} .......... ()

(where p extends from 0 to »). Or what comes to the same,

1
s{ Sos o 57 —».&F}, ...... 4
Gt n e e e L i
where s extends from 0 to (r—p). The terms on the two sides which involve &F

are immediately seen to be equal; the coefficients of the remaining terms &F on the
second side must vanish, or we must have
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2 NOTES ON LAGRANGE'S THEOREM. [101

(s being less than 7). Or in a somewhat more convenient form, writing p, ¢ and #

for p—s, r—p and r—s,

S __1___— +8 * p—s\{ —
b{(p 3 Ol )}. g e ()

where s is constant and p and ¢ vary subject to p+q=4k, k being a given constant
different from zero (in the case where k=0, the series reduces itself to the single

term %) The direct proof of this theorem will be given presently.

IL.
The following symbolical form of Lagrange’s theorem was given by me in the
Mathematical Journal, vol. 111 [1843], pp. 283—286, [8].
If G everinat e R SERE A (T (7)
then

Fi= ( d‘i) R g g

Suppose fz=¢ (b + kyz), or & =a+ h¢ (b+ kyz), then

d
Fx= (di> Yan~! Fa et Othkya)
a

But
d

i O+kya) — (%)) * @k ghgp+va,

(In fact the two general terms

(6 0+ gy and (D) oo gty

d
of which the former reduces itself to ek'”“«ﬁ(¢b)m, are equal on account of the equiva-
lence of the symbols

ew "7’ and (;l) ‘"‘e"‘”“)
Hence
=0+ P QFRYDY, .....ccoiiviiillvmerngostrrbes thosnanns (8)
AV S ALY ;
Fa:_( da) (d—b) Fladgv+iva,

and the coefficient of A™k" is

7T (@) Fatrar () @or.
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101] NOTES ON LAGRANGE'S THEOREM. 3

A similar formula evidently applies to the case of any finite number of functions
$, ¥, &c.: in the case of an infinite number we have

A1 d 02 s s ;
F(a-+h¢(b+lc\[r(c+lx(d+...)=(%> ah (d_b) d"(&a) dL | Pl @b kit (Q)

or the coefficient of hA™k"2 ... is

-———‘ 1 d m 7
FeFEr ) 7 (@) @ (@) o
the last of the series m, =, p...... being always zero; e.g. in the coefficient of A™k™,

account must be had of the factor ( %)p (Ye)* or (yc)*. The above form is readily
\ y

proved independently by Taylor’s theorem, without the assistance of Lagrange’s. If in it
we write h=Fk, &c., a =b=&c., and ¢ =+ =&c. =f, we have F(a+hf(a +hf(a+...)=Fu,
where z=a + hfx. Hence, comparing the coefficient of A* with that given by Lagrange’s
theorem,

— s B, s il
[s],a (5F . py= s{[m]m[n]ﬂ[p]pmamF.Snfm.apf...}, ...... (10)

where m+mn+ &c.=s, and as before Fa, fo, g—l have been replaced by F, f, 8. By

comparing the coefficients of &"F,

[tl]t p— 3 8f =2 {[n]”[ .. ok B (i } ............... (11)

where n +p+... =t, the last of the series », p... always vanishing. The formula (10)
deduced, as above mentioned, from Taylor’s theorem, and the subsequent formula (11)
with an independent demonstration of it, not I believe materially different from that
which will presently be given, are to be found in a memoir by M. Collins (volume 1L
(1833) of the Memoirs of the Academy of St Petersburg), who appears to have made
very extensive researches in the theory of developments as connected with the combina-
torial analysis. '

III.
To demonstrate the formula (6), consider, in the first place, the expression

¢P p+§ —p—s—0))
v RSl = e

where p + ¢g=%. Since

1 1 ( 1 + 1 )
[pPlglr & \[p-1F"[¢)  [PPlg—-11"/)"
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4 NOTES ON LAGRANGE'S THEOREM. [101

this is immediately transformed into

1 P+ 3 Ao te (p+s+ 0) ity 1 1
3 Sp [ B Gr P ) (o 7~ B (e ST )

1 1 L i
=7csmq P (P+1)(p+s+1)(&.frHOf ) (Sef2-s—0)

—gp (p+3+6) (81/7+) (31.F 7o),

in which last expression p+¢=(p—1). Of this, after separating the factor 8f, the
general term is

j o SR 1 o e
k [—a—];su f‘S{[p_a]p—a[q]q¢(P+1)(P+8+1)(8”_"f7’ ) (81f2—+41)

ik Dj]p—[q‘l_—a]q_—a op (p+ 8 + 0) (82fr+e) (89— f-p-c—o-x)} )

equivalent to
j (T e 1 +8+a —6—1
',5@—];3 /- S————[p],,[q]q (¢ (P +a+ 1) (p+8+a+1)(Befrrore) (§efps—et-)
— ¢p (p +s+0) (3277+) (3f 7)),

in which last expression p +q =k —a—1. By repeating the reduction j times, the
general term becomes

1

1 a+1 +1
FE=a=T)(k—a— B2 . [FBF - PRAPT

x S@I—@q S (YT (pratB..+i)[p+statB .. +5¥
X[p+s+6+ a+pB...+5— 1} (82 frrs+atp.) (89fP—+—b—d—a—p..)},

where the sums a+ ... contain j' terms, j/ being less than j or equal to it, and X
extends to all combinations of the quantities a, B... taken j and 5" together (so that
the summation contains % terms). Also p+g=k—a—pB... (j terms)—j and the

products k(k—a—1)(k—a—pB—2)... and [a]*[B], ... &**f. 8*f.... contain each of -
them j terms. Suppose the reduction continued until k—a—28... (y terms) —j =0, then

the only values of p, ¢ are p=0, ¢=0; and the general term of

¢p e p+8 —p—s—0
S M O a0

becomes®

i 1 a1 1 j
1) e | gy vl 1 gl ot B e

X S{(=Y7 d@+B ... +f)[s+a+B..+fV [s+0+a+B ... +j—1}7}
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01] NOTES ON LAGRANGE'S THEOREM. 5
If 6=0, the general term reduces itself to

; 1 s pif... f.
kk—a—T)(k—a—B—2)... [a]G[B],mwf.suf f

(YT (s+a+B.. +) @+ B+ [HAH B +j - 1)

4 il
hence finally, if ¢p & e the general term of

(e fp+c) (& f—p—')}

1 IAEL
(p+9) [pFIg)

ecomes

1 : 1
(k-a—1)(k—a—B—2)..." [aF [BP...

nd it is readily shown that the sum contained in this formula vanishes, which proves
he equation in question.

detif, $p11f .. f SV [s+a+8... +j— 11,

IV
The demonstration of the equation (11) is much simpler. We have

31t =3 T o (). o)

that is ar-c L e @)

where n extends from n=1 to n=4¢ Similarly

stn e =% s {[t_—"_‘_l_]”: (82fm) (8 ft-n)} i

[p— 1
St—n—pft—n il t%"ﬁ b {[t —[”;:Pi];_}]q—l (87_]‘)’) (St—"ﬂf"”‘?)} ;

&e.
Hence, substituting successively, and putting t—n—p—qg=r, &c,

[t] t—r—1

t s___s__ s—t P +r
= R R TF G =T OOy @),

&c.; and the last of these corresponding to a zero value of the last of the quantities
n, p, q... is evidently the required equation (11).

V:

The formula (18) in my paper on Lagrange’s theorem (before referred to) is incorrect.
I propose at present, after giving the proper form of the formula in question, to
develope the result of the substitution indicated at the conclusion of the paper. It
will be convenient to call to mind the general theorem, that when any number
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6 NOTES ON LAGRANGE'S THEOREM. [101

of variables @, y, z... are connected with as many other variables %, v, w... by
the same number of equations (so that the variables of each set may be considered
as functions of those of the other set) the quotient of the expressions dady ... and
dudy ... is equal to the quotient of two determinants formed with the functions which
equated to zero express the relations between the two sets of variables; the former
with the differential coefficients of these functions with respect to w, v..., the latter
with the differential coefficients with respect to «, % .... Consequently the notation
dady ...
dudv ...
being premised, if we write

may be considered as representing the quotient of these determinants. This

z—u—hl (2, y..)=0,
y—v—kd(z, y...)=0,

then the formula in question is

dzdy ...
F(z, y ---)d%ag—_'_ = 8,73, ... hotis. F,
if for shortness the letters 6, ¢,..., F denote what the corresponding functions become
when w, v, ... are substituted for «, y,.... Let < denote the value which dady,...
: A dudv ...

considered as a function of #, y..., assumes when these variables are changed into
u, v,..., we have
V=|1-ho.0, —hd0 ... |.

| —kSupy 1 —kSy...

i . i

By changing the function ¥, we obtain
F(z, y..)=288"%.. k- FV;

where, however, it must be remembered that the A, &,..., in so far as they enter into
the function V, are not affected by the symbols A8, k8, ... In order that we may
consider them to be so affected, it is necessary in the function V to replace &, k, &c.

h k
5 A
a function eM+ké+-- F, the symbols £8,6, hé,0,... may be replaced by &,° &% ..., where
the 6 is not an index, but an affix denoting that the differentiation is only to be
performed with respect to u, »... so far as these variables respectively enter into
the function 6. Transforming the other lines of the determinant in the same manner,

&c.  Also, after this is done, observing that the symbols 48,60, hd,0 ... affect

and taking out from Suha" 8,,"8" ... the factor 8,8, ... in order to multiply this last
factor into the determinant, we obtain
(i) = M e 8,,"8"_1... eho+kd.. F (] ;
where
D: 8u"'8uo) —Sudj:-" l
|
b 81)0: 81) “r 81)4); 1

I
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01] NOTES ON LAGRANGE'S THEOREM. 7

which expression 8, 8,... are to be replaced by
S’ +0u8 + 84 .. O L 02+ O

The complete expansion is easily arrived at by induction, and the form is somewhat
ingular. In the case of a single variable » we have []=34,", in the case of two
ariables, []=20,"8," +8.'8,° + 8,#8,". Or writing down only the affixes, in the case of
single variable we have F; in the case of two variables FF, F0, ¢F; and in the
e of three variables FFF, ¢FF, yFF, FxF, FOF, FF0, FF¢, F0, Fo¢, Fxb0, ¢F¢,
F¢, oF0, yxF, ¢xF, x0F; where it will be observed that € never occurs in the
rst place, nor ¢ in the second place, nor 6, ¢ (in any order) in the first and second
laces, &c., nor 6, ¢, ¥ (in any order) in the first, second, and third places. And the
me property holds in the general case for each letter and binary, ternary, &c.
ombination, and for the entire system of letters, and the system of affixes contains
very possible combination of letters not excluded by the rule just given. Thus in the
e of two letters, forming the system of affixes FF, F0, ¢F, OF, F¢, 0¢, $0, the last
ur are excluded, the first three of them by containing 6 in the first place or ¢
the second place, the last by conteining ¢, # in the first and second places: and
ere remains only the terms FF, F6, ¢F forming the system given above. Substituting
e expanded value of [J in the expression for ¥ (z, y...), the equation may either be
ermitted to remain in the form which it thus assumes, or we may, in order to
tain the finally reduced form, after expanding the powers of A, k..., connect the
mbols 8,°, 8, ...8,", &c. with the corresponding functions 6, ¢ ... F, and then omit the
fixes ; thus, in particular, in the case of a single variable the general term of Fz is

hp 1
PP 8,71 (678, F),

he ordinary form of Lagrange’s theorem). In the case of two letters the general
rm of F(z, y) is
heka

[p] [g)®
ee the Mécanique Céleste, [Ed. 1, 1798] t. 1. p. 176). In the case of three variables,
e general term is

818,471 (603,58, + $13,008,F + 605, 418" F)

hekalr

tpP gl [rY
e sixteen terms within the { } being found by comparing the product &,8,8, with
e system FFF, ¢FF, &c., given above, and then connecting each symbol of differen-
ation with the function corresponding to' the affix. Thus in the first term the
, Oy, Ou, each affect the F, in the second term the §, affects ¢% and the 8, and J,
h affect the F, and so on for the remaining terms. The form is of course deducible
m Laplace’s general theorem, and the actual development of it is given in Laplace’s
emoir in the Hist. de U'Acad. 1777. I quote from a memoir by Jacobi which I take
is opportunity of referring to, “De resolutione equationum per series infinitas,”
relle, t. V1. [1830], pp. 257—286, founded on a preceding memoir, “ Exercitatio algebraica
ca discerptionem singularem fractionum que plures variabiles involvunt,” t. V. [1830]
. 344—364.

Stone Buildings, April 6, 1850.

8P 18,7718, {0p¢qx1‘8u8”8w1? slgis --},
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