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117.

NOTE ON THE INTEGRAL [dx+v(m—z)(x+a) (x+b)(z+c).

[From the Philosophical Magazine, vol. VI. (1853), pp. 103—105.]

Ir in the formul of my “ Note on the Porism of the in-and-circumscribed Polygon,”
[115], it is assumed that

U=w’+y’+z“+%(ax’+by’+czﬂ)
V= ax® + by + c2?,
and if a new parameter w connected with the parameter w by the equaﬁion

wm
m-—w

w =

be made use of instead of w, then

m

'“’U"'V=m_w{“’("”+y’+z’)+aw’+by’+cz’};

and thus the equation wU+ V' =0, viz. the equation
w(.'l."“+y!+z’) +aw’+by’+cz’= 0,
is precisely of the same form as that considered in my

i +NEra) @i o : .
Representation of the Integral f do+N(z+a)(z+ b) (@ +c)” [113] Moreover, introducing

“Note on the Geometrical

instead of & a quantity #, such that

my
m—oq 4
df _ Vi dy

il o

then
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Also £=w gives n=m, the integral to be considered is th;erefore

= f Vm dn ;
m N(m —n) (@+1)(b+n)(c+n)

ie. if in the paper last referred to the parameter o had been throughout replaced
by the parameter m, the integral

dn
IIn = = S
. fw Va+n) G+n(tn)

would have had to be replaced by the integral II . It is, I think, worth while to
reproduce for this more genera.l case a 'p()l‘tion of the investiga,tions of the paper in
question, for the sake of exhibiting the rational and integral form of the algebraical
equation corresponding to the transcendental equation + IIk+ II,p + I1,6 =0. Consider
the point £ =%, ¢ on the conic m(2®+ ¥’ +2°) 4+ aa®+ by* + 22 =0, the equation of the
tangent at this point is

(m+a)z+(m+b)ny+(m+c)gz=0;
and if @ be the other parameter of this line, then the line touches

0@+ +2)+as + by +c2*=0;
or we have
(m+apg  (m+bfa (mtopf_
8+a 6+b T TR

and combining this with

(m+a) 8+ (m+b)n*+ (m+c) *=0,
we have

E:n:t=VNb—c Va+0VNb+mNc+m

: Ve —a)Vb+0Ve TmVa+m

:N@=0)Ve+0Va+mVNb +m

for the coordinates of the point P. Substituting these for @, %, z1in the equation of
the line PP’ (the parameters of which are p, k), viz. in

aVb—cV(a+k)(a+p)+yvVe—aVG+k)(b+p)+zVa—bNe+kNec+p=0,
we have

(b-0)

V(a+p)(@+k) (a+0)
va+m

Nb+p) (b+k)(b+0)
Vb +m

+(c—a)

V(c+p)(c+k) (c+8)=0

kil Ve +m
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which is to be replaced by

k
(@ +p) (3 :m) (a+9)=0\ + pa,
b
( +p)(bb:ml?(b+e)=(7‘+"b)2’
(c+p)(cc:mlf) (c+ 0)=(x+,w)2.

These equations give, omitting the common factor (a+m) (b +m)(c+ m),
N = m?(abc + pko)
+m {—abe (p +k+6) + pkb (a +b+c)}
+  {abe (k6 + Op + kp) + pké (be + ca + ab)},

v = m?{ — (bc + ca + ab) + (k6 + 6p + pk)}
+m {—abc — pkf + (be + ca + ab) (p +k+ 0) + (k0 + Op + pk) (a + b + ¢)}
+ {abe (p+ &k + 60)— pkf (a + b +c)},

w= m*la+b+c+p+k+6}

+m {(be + ca + ab) — (k6 + Op + pk)}

+ abc+ pko;
and substituting in 4A2. u? — (2Au)*=0, we have the relation required. To verify that
the equation so obtained is in fact the algebraical equivalent of the transcendental
equation, it is only necessary to remark, that the values of A2, u? are unaltered, and
that of Au only changes its sign when @, b, ¢, m and p, k, 6, —m are interchanged ;
and so this change will not affect the equation obtained by substituting in the equation

2 p2—(20p)*=0. Hence precisely the same equation would be obtained by eliminating

L, M from
(k + a) (k +b) (k +¢)=(L+ Mk) (m — k),

(p+a)(p+b) (p+0)=(L+ Mp)y (m—p),
@ +a)@+b)(0 +o)=(L+M0y (€ —p);
or, putting (L + Mk)(m — k) = a + Bk +vk?, by eliminating a, 8, v from
L k)bt a) (£ b) (k0 =(ak B+ k)
(m —p)(p+a) (p+Db)(p+e)=(a+Bp+vp’),
(m — 6)(6 +a) (0 +b)(0 +0)=(2+80+ &),
0 =(a+Bm + ym*)’,

which by Abel’s theorem show that p, %, 6 are connected by the transcendental equation
above mentioned.

2 Stone Buildings, July 9, 1853.
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