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144.
A THIRD MEMOIR UPON QUANTICS.

[From the Philosophical Transactions of the Royal Society of London, vol. CXLVI. for the 
year 1856, pp. 627—647. Received March 13,—Read April 10, 1856.]

My object in the present memoir is chiefly to collect together and put upon record various results useful in the theories of the particular quantics to which they relate. The tables at the commencement relate to binary quantics, and are a direct sequel to the tables in my Second Memoir upon Quantics, vol. CXLVI. (1856), [141]. The definitions and explanations in the next part of the present memoir are given here for the sake of convenience, the further development of the subjects to which they relate being reserved for another occasion. The remainder of the memoir consists of tables and explanations relating to ternary quadrics and cubics.Covariant and other Tables, Nos. 27 to 50 (Nos. 1 to 50 binary quantics)∖Nos. 27 to 29 are a continuation of the tables relating to the quintic(a, b, c, d, e, f^x, y}∖No. 27 gives the values of the difierent determinants of the matrix 

determinants which are represented by 1234, 1235, &c., where the numbers refer to
1 The Tables 49 and 50 were inserted October 6, 1856.—A. C.
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144] A THIRD MEMOIR UPON <^UANTICS. 311the different columns of the matrix. No. 28 gives the values of certain linear functions of these determinants, viz.

At the end of the two tables there are given certain relations which exist between the terms of Tables 14, 16, 25, 26, 27 and 28.
No. 27.
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312 A. THIRD MEMOIR UPON QUANTICS. [144No. 28.

Tf the coefficients of the table 14 are represented by 1/2AB. AC, viz. writiner
then we have the following relations between 1234, &c. and Λ, B, G, viz.

and the following relations between L, L', SiCG. and j1, 5, G, viz.
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144] A THIRD MEMOIR UPON QUANTICS. 313We have also the following relations between L, L', &c. and α, h, c, d, e, f, viz.

The quartinvariant No. 19 [G] is equal to 
i.e. it is in fact equal to — 4 into the discriminant of the quintic No. 14, [A].The octinvariant No. 25 [Q] is expressible in terms of the coefficients of Nos. 14 and 16, viz. A, B, C, as before, and ⅛α, /3, γ, ⅜δ the coefficients of No. 16, [D], i.e.

then No. 25 is equal to

The value of the discriminant No. 26, [Q'], is
We have also an expression for the discriminant in terms of L, L', &c., viz. three times the discriminant No. 26 is equal to 
a remarkable formula, the discovery of which is due to Mr Salmon.It may be noticed, that in the particular case in which the quintic has two square factors, if we write

C. II. 40
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314 A THIRD MEMOIR UPON QUANTICS. [144then
and these values give

where the value of K is
The table No. 29 is the invariant of the twelfth degree of the quintic, given in its simplest form, i. e. in a form not containing any power higher than the fourth of the leading coefficient α: this invariant was first calculated by M. Faa de Bruno.

No. 29. [See U. No. 29, p. 294.]The tables Nos. 30 to 3δ relate to a sextic. No. 30 is the sextic itself; No. 31 the quadrinvariant; Nos. 32 and 33 the quadricovariauts (the latter of them the Hessian); No, 34 is the quartinvariant or catalecticant; and No. 35 is the sextinvariant in its best form, i.e. a form not containing any power higher than the second of the leading coefficient a.

No. 30.
No. 31. No. 32.

No. 33.
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144] A THIRD MEMOIR UPON QUANTICS. 315No. 34. No. 35.

The sextinvariant may be thus represented by means of a determinant of the sixth order and of the quadrinvariant and quartinvariant.
5 × No. 35 =

The tables Nos. 36 and 37 relate to a septimic. No. 36 is the septimic itself; No. 37 the quartinvariant.
No. 36.

40—2
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316 A THIRD MEMOIR UPON QUANTICS. [14^No. 37.

The tables Nos. 38 to 45 relate to the octavic. No. 38 is the octavic itself; No. 39 the quadrinvariant; Nos. 40, 41 and 42 are the quadricovariants, the last of them being the Hessian; No. 43 is the cubinvariant; No. 44 the quartinvariant, and No. 45 the quintinvariant, which is also the catalecticant.No. 38.
No. 39. No. 40.

No. 41.

No. 42.
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144] A THIRD MEMOIR UPON QUANTICS. 317No. 43. No. 44.

No. 45.

it we write No. 39 = I, No. 43 = J, No. 44 = ^, No. 45 = L, then the determinant called the lambdaic, viz.
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318 A THIRD MEMOIR UPON QUANTICS. [144is equal to
L + 2∖K + + 18λ≡∕ - 2592λ≡.Nos. 46 to 48 relate to the nonic. No. 46 is the nonic itself; Nos. 47 and 48 are the two quartinvariants, each of them in its best fornj, viz. No. 48 does not contain a^, and No. 47 does not contain ac?, the leading term of No. 48. The nonic is the lowest quantic with two quartinvariants.No. 46.

Nos 49, [49 a] and 50 relate to the dodecadic. No. 49 is the dodecadic itself; [No. 49 A, inserted in this place, but originally printed in the Fifth Memoir on Quantics, is the dodecadic quadricovariant]. No. 50 is the cubinvariant. [The numerical coefficients in this last table as originally printed in the Third Memoir were altogether erroneous, and the table as here printed is in fact the table No. 50 bis, of the Fifth Memoir on Quantics.] No. 49.
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144] A THIRD MEMOIR UPON QUANTICS. 319

No. 49 A.

Resuming now the general subject,—54. The simplest covariant of a system of quantics of the form
(where the number of quantics is equal to the number of the facients of each quantic) is the functional determinant or Jacobian, viz. the determinant formed with the differential coefficients or derived functions of the quantics with respect to the several facients.55. In the particular case in which the quantics are the differential coefficients or derived functions of a single quantic, we have a corresponding covariant of the single quantic, which covariant is termed the Hessian; in other words, the Hessian is the determinant formed with the second differential coefficients or derived functions of the quantic with respect to the several facients.56. The expression, an adjoint linear form, is used to denote a linear function
ξx ÷ ηy + ..., or in the notation of quantics {ξ, y,...}, having the same facients as 
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320 A THIRD MEMOIR UPON QUANTICS. [144the quantic or quantics to which it belongs, and with indeterminate coefficients 
{ξ, V>∙∙∙∖ The invariants of a quantic or quantics, and of an adjoint linear form, may be considered as quantics having {ξ, η,...} for facients, and of which the coefficients are of course functions of the coefficients of the given quantic or quantics. An invariant of the class in question is termed a contravariant of the quantic or quantics. The idea of a contravariant is due to Mr Sylvester.In the theory of binary quantics, it is hardly necessary to consider the contra­variants ; for any contravariant is at once turned into an invariant by writing (y, — a;) for (^, η}.If we imagine, as before, a system of quantics of the form(*](a7, y, ...y^,where the number of quantics is equal to the number of the facients in each quantic, the function of the coefficients, which, equated to zero, expresses the result of the elimination of the facients from the equations obtained by putting each of the quantics equal to zero, is said to be the Resultant of the system of quantics. The resultant is an invariant of the system of quantics.And in the particular case in which the quantics are the differential coefficients, or derived functions of a single quantic with respect to the several facients, the resultant in question is termed the Discriminant of the single quantic; the discriminant is of course an invariant of the single quantic.58. Imagine two quantics, and form the equations which express that the differen­tial coefficients, or derived functions of the one quantic with respect to the several facients, are proportional to those of the other quantic. Join to these the equations obtained by equating each of the quantics to zero; we have a system of equations, one of which is contained in the others, and from which therefore the facients may be eliminated. The function which, equated to zero, expresses the result of the elimination is an invariant which (from its geometrical signification) might be termed the Tactinvariant of the two quantics, but I do not at present propose to consider this invariant except in the particular case where the system consists of a given quantic and of an adjoint linear form. In this case the tactinvariant is a contravariant of the given quantic, viz. the contravariant termed the Reciprocant.59. Consider now a quantic 
and let the facients x, y,... be replaced by ∖x+μX, ∖y + ∕xF,... the resulting function may, it is clear, be considered as a quantic with the facients (λ, μ) and of the form 
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144] A THIRD MEMOIR UPON QUANTICS. 321The coefficients of this quantic are termed Emanants, viz,, excluding the first coefficient, which is the quantic itself (but which might be termed the 0-th emanant), the other coefficients are the first, second, and last or ultimate emanants. The ultimate emanant is, it is clear, nothing else than the quantic itself, with (X, Y, ...) instead of (zr, y, ...) for facients: the penultimate emanant is, in like manner, obtained from the first emanant by interchanging (zr, y, ...) with (X, F, ...), and similarly for the other emanants. The facients (X, F, ...) may be termed the facients of emanation, or simply the new facients. The theory of emanation might be presented in a more general form by employing two or more sets of emanating facients; we might, for example, write ∖x +∕χX + vX', λy + ∕λF+ι∕F',... for x, y,..., but it is not necessary to dwell upon this at present.The invariants, in respect to the new facients, of any emanant or emanants of a quantic (i.e. the invariants of the emanant or emanants, considered as a function or functions of the new facients), are, it is easy to see, covariants of the original quantic, and it is in many cases convenient to define’ a covariant in this manner; thus the Hessian is the discriminant of the second or quadric emanant of the quantic.60. If we consider a quantic 
and an adjoint linear form, the operative quantic 
(which is, so to speak, a coutravariant operator) is termed the Evector. The proper­ties of the evector have been considered in the introductory memoir, and it has been in effect shown that the evector operating upon an invariant, or more generally upon a contravariant, gives rise to a contravariant. Any such contravariant, or rather such contravariant considered as so generated, is termed an Evectant. In the case of a binary quantic.the covariant operator 
may, if not with perfect accuracy, yet without risk of ambiguity, be termed the Evector, and a covariant obtained by operating with it upon an invariant or covariant, or rather such covariant considered as so generated, may in like manner be termed an 
Evectant.61. Imagine two or more quantics of the same order.
we may have covariants such that for the coefficients of each pair of quantics the covariant is reduced to zero by the operators

C. II. 41
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322 A THIRD MEMOIR UPON QUANTICS. [144Such covariants are called Combinants, and they possess the property of being inva- riantive, quoad the system, i. e. the covariant remains unaltered to a factor pr^, when each quantic is replaced by a linear function of all the quantics. This extremely important theory is due to Mr Sylvester.Proceeding now to the theory of ternary quadrics and cubics,—-First for a ternary quadric, we have the following tables:—
Covariant and other Tables, Nos. 51 to 56 (a ternary quadric).

No. 51.The Quadric is renresented bv 
which means

No. 52.The first derived functions (omitting the factor 2) are—

No. 53.The operators which reduce a covariant to zero are

No. 54.The evector is
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144] A THIRD MEMOIR UPON QUANTICS. 323No. 55.The discriminant is 

which is equal to
No. 56.The reciprocant is 

which is equal to
The discriminant is, it will be noticed, the same function as the Hessian. The reci­procant is the evectant of the discriminant. The covariants are the quadric itself and the discriminant; the reciprocant is the only contravariant.Next, for a ternary cubic, we have the following Tables :

Covariant and other Tables, Nos. 57 to 70 (a ternary cubic).
No. 57.The cubic is U = 

which means—
No. 58.The first derived functions (omitting the factor 3) are

41—2
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324 A THIRD MEMOIR UPON QUANTICS. [144The second derived functions (omitting the factor 6) are

No. 59.The operators which reduce a covariant to zero are

No. «0.The evector is
The Hessian is HU =

Zz, 7. nXzz. I. ., .∖
which is equal to
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144] A THIRD MEMOIR UPON QUANTICS. 325No. 62.
Thp. quartinvariant is S =

No. 63. The sextinvariant is T =

The discovery of the invariants S and T is due to Aronhold, the developed expressions were first obtained by Mr Salmon.No. 64.There is an octicovariant for which we may take
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326 A THIRD MEMOIR UPON QUANTICS. [144or else

or else, what I believe is more simple, a function which is a linear function ofthe last-mentioned two functions.The relations between
I have not worked out the developed expressions.

No. 6δ.The cubicontravariant is PtΓ =
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144] A THIRD MEMOIR UPON QUANTICS. 327

No. 66.
The quintic contravariant is QU —
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328 A THIRD MEMOIR UPON QUANTICS. [144No. 67.The reciprocant is FU = η, =
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144] A THIRD MEMOIR UPON QUANTICS. 329

The preceding Tables contain the complete system [not so] of the covariants and contravariants of the ternary cubic, i.e. the covariants are the cubic itself U, the quartinvariant >S, the sextinvariant T, the Hessian HU, and an octicovariant, say ΘiΓ; the contravariants are the cu bicontra variant PU, the quinticontravariant QU, and the reciprocant FU.The contra variants are all of them evectants, viz. PU is the evectant of >S, QU is the evectant of T, and the reciprocant FU is the evectant of QU, or what is the same thing, the second evectant of T.The discriminant is a rational and integral function of the two invariants; repre­senting it by R, we have R = 64 <S* — T'<If we combine U and HU by arbitrary multipliers, say α and Qβ, so as to form the sum aU+GβHU, this is a cubic, and the question arises, to find the covariants and contravariants of this cubic : the results are given in the following Table:
No. 68.

42C. II.
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330 A THIRD MEMOIR UPON QUANTICS. [144

We have, in like manner, for the covariants, and contravariants of the cubic 
^aPU+βQU, the following Table:

No. 69.
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144] A THIRD MEMOIR UPON QUANTICS. 331

The tables for the ternary cubic become much more simple if we suppose that 
the cubic is expressed in Hesse’s canonical form; we have then the following 
table :

42—2 
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332 A THIRD MEMOIR UPON QUANTICS. fl44

to which it is proper to join the following transformed expressions for ΘiΓ, Θ,C∕.viz.

The last preceding table affords a complete solution of the problem to reduce a ternary cubic to its canonical form.
[Γ add to the present Memoir, in the notation hereof (a, b, c, f, g, h, i, j, k, y, z↑ for the ternary cubic, some formulae originally contained in the paper “ On Homo­geneous Functions of the third order with three variables,” (1846), but which on account of the difference of notation were omitted from the reprint, 35, of that paper.Representing the determinant
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144] A THIRD MEMOIR UPON QUANTICS. 333by (A, B, C, F, G, HJχ, y,the values of A, B, G, F, G, H (equations (ΊΟ) of 35) are

Moreover writing

FU = .4a + 5b + Cc + m + 2Gg +

that
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334 A THIRD MEMOIR UPON QUANTICS. [144

then the values of a, b, c, f, g, h (equations (13) of 35) are
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144] A THIRD MEMOIR UPON QUANTICS. 335Also if the discriminant be written

then the values of (equations (20) of 35) are

The equation K{U) = R = 64>S∣≈* — would however afford a perhaps easier formula foi the calculation of the discriminant.]
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