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144.

A THIRD MEMOIR UPON QUANTICS.

[From the Philosophical Tranmsactions of the Royal Society of London, vol. CXLVL for the
year 1856, pp. 627—647. Received March 13,—Read April 10, 1856.]

My object in the present memoir is chiefly to collect together and put wupon
record various results useful in the theories of the particular quantics to which they
relate. The tables at the commencement relate to binary quantics, and are a direct
sequel to- the tables in my Second Memoir upon Quantics, vol. cxXLvI. (1856), [141]
The definitions and explanations in the next part of the present memoir are given
here for the sake of convenience, the further development of the subjects to which
they relate being reserved for another occasion. The remainder of the memoir consists
of tables and explanations relating to ternary quadrics and cubics.

Covariant and other Tables, Nos. 27 to 50 (Nos. 1 to 50 binary quantics)®

Nos. 27 to 29 are a continuation of the tables relating to the quintic
(@, b ¢ d, e fQz, y)
No. 27 gives the values of the different determinants of the matrix
( a, 4b, 6¢c, 4d, e )
a, 4b, 6c, 4d, e
b, 4c, 6d, 4e, f
b, 4c, 6d, de, f
determinants which are represented by 1234, 1235, &c., where the numbers refer to

1 The Tables 49 and 50 were inserted October 6, 1856.—A. C.
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144] A THIRD MEMOIR UPON QUANTICS. 311

the different columns of the matrix. No. 28 gives the values of certain linear
functions of these determinants, viz.

L= 1256+ 2345—2.1346,
L'=3.1256 — 1346,
8M = — 1345 + 2.1246,
8M' = — 2346 + 2.1356,
8N = — 1245 +3.1236,
8N’ = — 2356 + 3. 1456,
80P = L' —3L= 5.1346—3.2345,
16P'=—5L'— L= —16.1256 —3.1346 — 2356.

At the end of the two tables there are given certain relations which exist between
the terms of Tables 14, 16, 25, 26, 27 and 28.

www.rcin.org.pl

No. 27.
1234. 1235. 1236. 1245. 1246. 1345, 1256. 2345.
abf .| df— 2 |adf+ 6 |a¥df— 6 |a%f+ 4] a%f SN W RIS SRR O B
a’ce — 16 | a’de + 24 | o’ ... | o’ + 16 | abdf— 4 | abdf— 24 | abef— 2 | abef ...
a*d® + 36 | abf+ 4 | abof— 22 | abef + 6 | abe® — 4 | abe® + 64 | acdf— 16 | acdf+ 20
ab’e + 16 | abce — 84 | abde— 6 | abde— 26 | ac®f — 24 | ac®f + 24 | ace® + 16 | ace® — 80
abed— 152 | abd®— 24 | ac’e + 16 | ac®e — 96 | acde+ 24 | acde— 208 | ad’ + 16 | ad’e + 60
ac® + 96 | ac’d + 64 | acd® ... | acd®+ 96 | ad® ... | ad® + 144 | b%df — 15 |-b*df— 80
bd + 80| % + 60 |8 + 16 | 83F ... | 8%F + 24 | b%f ORI et o
b%* — 60 | b%d — 40 | b%ce — 10 | b%e + 90 | b%de — 20 | b%de — 40 | be*f be*f + 60
be? b*d* ... | B — 80 { bce ... | bfe + 60 | bede bede — 860
be*d be*d bed? bed? — 40 | bd? bd® + 960
!t 0! ared cd e e + 960 |
‘ Ad? cd? — 320
1346. 2346. 1356. 2356. 1456. 2456. 3456.
@t o |alft . abe| labfi 04 llaeefis 6| acflern 6] adfitiled fraofRdi N
abef + 16 | acef — 24 | acef — 4 | adef+ 6 | adef— 22 | aé®f + 4 | bdf*— 16
acdf— 36 | ad’f+ 24 | ad*f— 24 | aé® v | @e® + 16| bef? + 24 | be*f + 16
ace® — 16 | ade? . | ade® + 24 | B3F% + 16 | 8% ... | bdef— 84 | &f* + 36
ad’e + 36 | b%f + 64 | b%f — 4 | beef — 26 | beef — 6 | be* + 60 | cdef — 152
b%df — 16 | bedf— 208 | bedf+ 24 | bdf — 96 | bd*f + 16 | c%f — 24 | ce® + 80
bl ... | beet — 40 | bee* — 20 | bde* + 90 | bde* — 10 | cd?f + 64 | d°F + 96
bc’f + 36 | bd% + 60 | bdPe Sdf + 96 | *df cde* — 40 | 2%* — 60
bede — 20 | ¢*f + 144 | ¢*f % — 80 | c%? de
bd? cde — 40 | cde cd’e cd’e
c’e cd® cd? dt d
cid? |
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No. 28.

N. M. L.  Ee e d 2 M. INtS
a?df+ 3|aef+ 1| a2+ 1|af+ 3| alf? a*)f*— 1| abf?+ 1| acf?+ 3
a%® — 2| abdf+ 2 | abef — 84 | abef — 22 | abef + 1 | abef + 9 | acef + 2 | adef— 9
abef— 9 | abe® — 9 | acdf+ 76 | acdf— 12 | acdf— 3 | acdf— 1 | ad’f— 9 | ad + 6
abde+ 1| ac®f— 9| ace® — 32 | ace® + 64| ace® + 2 | ace® — 18 | ade®+ 6 | B2 2 |
ac’ + 18 | acde+ 32 | ad’e — 12 | ad’e— 36 | ad’e ... |ad’e + 12 | b%f — O | beef + 1 |
acd®— 12 | ad® — 18 | %df — 32 | b%f + 64 | B%df + 2 | b*df — 18 | bedf + 32 | bd?f + 18 |
Bf + 6| b%f + 6| 8% + 225 | b%? — 45 | %% — 9 | 0% ... | bee? . | bde* — 15
bie — 15 | B®de ... | b*f — 12 | be*f — 36 | bAf ... | be*f +.12 | bd% — 15 | *df — 12
b%d? + 10 | be*e — 15 | bede— 820 | bede+ 20 | bede + 31 | bede + 45 | &f — 18 | ¢%* + 10
be*d bed® + 10 | bd® + 480 | bd? oo | Bd® — 18 | bd® — 30 | c*de + 10 | cd?e
c! c’d ... | e + 480 | c e — 18 | e — 30 | cd? d*

c*d? — 320 | c*d* A + 12 | Ad? + 20

If the coefficients of the table 14 are represented by 44, B, 3C, viz. writing

A =2 (ae— 4bd + 3¢?),
af — 3be + 2cd,
C =2 (bf — 4ce + 3d?),

B =

then we have the following relations between 1234, &c. and A4, B, C, viz.

C x +Bx +4 x
1234 = + 6a® — 12 ab + 16 ac — 10 8*
1235 = + 6ab — 2ac — 108 + 6 ad
1236 = — 2ac+ 80° + 6 ad— 18 bc - 2df + 8¢
1245 = + 18 ac — 6 ad— 30 bc + 8ae +10bd
1246 = + 12 be + 4ae — 4bd—24¢ + 4be + 8cd
1345 = + 24 ad — 8ae —40bd + 4 aof +20 de
1256 = — lae+ 4bd+ 3¢ + laf+ Hbe —18c¢d | — 18 + 4dce+ 3
2345 = + 20 ae + 40 bd — 30 c? — 80 be + 20 cd + 20 &f +40 ce — 30 d?
1346 = + 4ae+ 8bd+ 6¢ — 36 cd + 40f+ 8ce+ 647
2346 = + 4 af + 20 be — 88— 4ce + 24 ¢f
1356 = + 4be + 8c¢cd + 48— 4ce—24a° + 12 de
2356 = + 88 + 10°ce — 6¢f —30de + 18 df
1456 = + 6ce + 6¢f —18 de — 2df+ 8¢
2456 = + 6¢f — 2df-10¢ + 6ef
3456 = + 16 df — 10 ¢? —12 ¢f + 6f?

and the following relations between L,

L, &c. and A, B, C, viz.

C x +Bx +4 x
Ni= — 3ac+ 30 + 3ad— 3be — lae+ 10d
M= — 3ad+ 3be + 3ae — 3¢ — laf+ led
L = + 11 ae + 28 bd — 39 ¢ + laf —T5be+ Tded +115f+ 28 ce — 39 &°
L= — Tae + 4bd+ 3¢ + 3af +15be—18 cd — T+ 4ce+ 34
2R = — lae— 2bd+ 3¢ + 3be— 3cd + 18+ 2¢c— 3
P = + 3ae— 6bd+ 3¢ | — laf+ led + 8bf— 6ce+ 3
= — laf + led + 3y - 3a° - 3¢+ 3de
N — 18+ 1ece + 3¢f — 3de - 3df+ 3¢
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We have also the following relations between L, L, &c. and a, b, ¢, d, ¢, f, viz.

b

aP —6M' +'cN =0,
aM’ +bP" —2cM + 3dN =1,
aN' +2bM' —clL’ y +3eN =0,

3N . — dL'+2eM +fN=0,

8cN'—2dM' + eP' +fM=0,
dN' — eM +fP =0.
The quartinvariant No. 19 [G] is equal to
—AC + B,
i.e it is in fact equal to — 4 into the discriminant of the quintic No. 14, [A].
The octinvariant No. 25 [Q] is expressible in terms of the coefficients of Nos. 14
and 16, viz. 4, B, C, as before, and §a, B, v, 48 the coefficients of No. 16, [D], i.e.
a = 3 (ace — ad? — b% +2bcd — ¢°),
B= acf —ade— B*f+ bd?+ bee — cd,
v = adf—ae — bef+ bde+c’e —cd?,
8 =3 (bdf — be* + 2cde — ¢*f — d?),
then No. 25 is equal to

- B S sl v
AR V- 5
B, v &

The value of the discriminant No. 26, [Q'], is
(No. 19)--128 No. 25. [that is Q' =G*—128Q.]

We have also an expression for the discriminant in terms of L, L, &c., viz. three
times the discriminant No. 26 is equal to

[or say 8Q'=] LL' + 64MM — 64NN,
a remarkable formula, the discovery of which is due to Mr Salmon.

It may be noticed, that in the particular case in which the quintic has two square
tactors, if we write

(@ b ¢ d e fUx, yp=5{p ¢ v ¥’I* . \ ulz, y),
. . 40
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then
a=5\p%,  b=dpg+piu,  ¢=(2¢"+pr)\ + 2pgu,
f=5ru,  e=rAt+dqrp, d=2¢rA+(2¢" +pr)u;

and these values give

P =K (6¢*— pr), P =K (10¢® — 15pr),
M =K .10pq, M =K .10gr,
N =K. 5p, N'= K :b1°,

where the value of K is
8 (pp — 2qu + PN (pr — )"

The table No. 29 is the invariant of the twelfth degree of the quintic, given in
its simplest form, ie. in a form not containing any power higher than the fourth of
the leading coefficient a: this invariant was first calculated by M. Faa de Bruno.

No. 29. [See U. No. 29, p. 294.]

The tables Nos. 30 to 35 relate to a sexticc No. 30 is the sextic itself;
No. 31 the quadrinvariant; Nos. 32 and 33 the quadricovariants (the latter of them
the Hessian); No. 34 is the quartinvariant or catalecticant; and No. 35 is the
sextinvariant in its best form, ie. a form not containing any power higher than the
second of the leading coefficient a.

No. 30.

(ja+1 l b+6 l c+15 l d+20 | e+15 | fr+6 g+1\§gw, y)e

No. 31. No.*32.
iyt ae +1 | af +2 | 1 | bo+2 1
| ag + a + g +

e d- -t 4 b6 T = 9 oy 2
.t G + 3 ed + 4 d? + 8 de + 4 e + 3
& -10
—_THS* *4 +6 +9 +=6 a4

No. 33.

dg+4 | eg +1

|ac+1 ad+4 |ac+ 6 |af+ 4 |ag+ 1 |bg+ 4| cg+ 6
VA =d o o

b —1 | be—4 |bd+ 4 |be+16 | bf +14 | of +16 | df + 4

( ¢ —10 [ ed—20 |ce + 5 | de—20 | & —10
} & — 20 | ‘ ,
&l =40T Pigig £20 £20 £20 10 4 o,
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No. 34.

aceg + 1
acgf? —1
ad’q —1
adef + 2
ad® —1
i b%g —1
| Py
| bedg +2
beef —2
bd?f —2
bde* +2
g —1
cdf + 2
¢ +1
cd’e —3
a +1

+12
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No. 35.

U @+ 1 | acdef —42 | bedf? + 60
a*defg — 6 acet  +12 be*e*f — 30
adf® + 4 adlqy —20 bed’q + 24
a?Pg + 4 | adef +24 | bedef — 84
@ — 3 | adé — 8 | bede® +66

» abedg*— 6 bdg® + 4 bdif  +24
abeefg + 18 befg —12 bdPe? — 24
abef?® —12 bfRes+1 8 cleg  +12
abd*fg+12 | b*¢* — 3 cfr —27
abde’y — 18 b*ce’g + 30 cdg — 8
abe’f + 6 bPcef* — 24 cdef + 66
ac’g® + 4 bd?eg — 12 e — 8
ac®g — 24 b f? — 24 cdf —24
ac’dfg — 18 b*de’f + 60 cd?? —39
ac’f*® + 30 bt —27 cd'e  + 36
acd’eg + 54 bfy + 6 drp) 8
acd¥®—12 bc*deg — 42

+565

The sextinvariant may be thus represented by means of a determinant of the
sixth order and of the quadrinvariant and quartinvariant.

5 x No. 35= a, 2b,
b, Ze

(el 3

'\ @, 4D, 3¢,

b, 4e, 3d,

c, 4d, 3e,

+ 4 (ag — 6bf + 15ce — 10d%) | a, b,

b e
G, hidl,
ds 7 6,

Sc, 4d, e
3d, 4e, f
3e, 4f, ¢
2d° . e
'
%, 9
¢, d
diie
¢ &
O R |

The tables Nos. 36 and 37 relate to a septimic. No. 36 is the septimic itself;
No. 37 the quartinvariant.

No. 36.

(|a+1 b+ 1T

c+ 21

d+ 35 e+ 35

Fei | oot |h+1)§%yy

40—2
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No. 37.
L i bd*h - 40
abgh © + 14 bdeg — 50
agth  — 18 bdf*  — 360
acg® — 24 be*f  + 240
adeh + 10 | c%g — 360
adfy + 60 (e AR T |
ac’y — 40 cd’y + 240
bfh  — 24 cdef  + 990
b¢* — 26 ok — 600
befg  + 234 d*f — 600
beceh + 60 | d** + 375

+ 2223

The tables Nos. 38 to 45 relate to the octavie. No. 88 is the octavic itself;
No. 89 the quadrinvariant; Nos. 40, 41 and 42 are the quadricovariants, the last of
them being the Hessian; No. 43 is the cubinvariant; No. 44 the quartinvariant, and
No. 45 the quintinvariant, which is also the catalecticant.

No. 38.

(|a+1 | 648 | c+28 | d+56 | 6470 | £+56 | g+28 | h+8 i+1}§m,y)8

No. 39. ' No. 40.
a + 1 ag+ 1|lah+ 2 |at + 1|60 + 2| + 1
3-8 -8 | b~ d0186F 8 ['ah ~10] dh~ /6
cg + 28 ((ce +15 | ¢f +18 |cg — 8 |dg + 18 | eg + 15 |z, y)*
df — 56 @ —10 |de — 10 | df + 34 | ef — 10 | f2 — 10
e + 35 a L ap

+64 +16 +20 +35 +20 :&16' \

No. 41.

g +1|af + 4|ag+ 6|ah+ 4| ai + 1|0 + 4] + 6|di+ 4 |ei+1
bd — 4 |be —12|8f — 8|bg + 8| bh + 12| ch + 8| dh— 8|eh—12 |fh—4 |
(e +8|cd + 8lce —22|¢f —48|cg — 22 dg—48|eg — 22 fy+ 8 |g*+3 Tz, v)
d? +24 |de +36| df — 36 ¢ +36]| + 24
¢ + 46

+4 +12 +30 +48 £58 +48 +30 +12 *4

No. 42.

azc+1 ad+6|ae+ 15 |af +20 |ag+ 15|ah+ 6|ai+ 1}bi+ 6lci + 15|di +20|ei +15 (fi+6 gi+1'
b —1|bc—6|bd+ 6 |be+50 bf + 90|bg+ 78|bh+ 34 |ch+ 7T8|dh+ 90|eh +50|fh+ 6|gh—6 R —1|c
¢ — 21 cd="T0|d* - 105 |cf +126 | cg + 154 |dg + 126 | f* —105 | fyg — 70 | g* — 21 )ﬁl”

( } de — 210 |df — 14 |ef — 210
| & —175 | ] |
*1 +6 +21 +70 +105 +210 +189 +210 +105 70 3y +21 +6 =1
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No. 43. No. 44.
gty ot gl acgr — 1 begh + 3 cdn — 2
afh — 4 ach® + 1 bdes + 1 cdeh. — 23
ag® + 3 adfi + 3 bdfh — 10 cdfg + 27
bdi — 4 adgh — 3 bdg®> + 9 ety + 19
beh + 12 ae’t — 2 be*h  + 11 cef? — 21
ofg — 8 aefh + 1 befg — 23 &h + 12
% + 3 aeg® + 3 oft  + 12 d’eg — 21
cdh — 8 af’qg — 2 et + 3 af* — 13
ceg — 22 bgi + 1 Ay 9 dé’f + 32
of? + 24 bt -1 g — 12 ¢ — 10
d’q + 24 befi — 3
def — 36
¢ + 15 +147
+82
No. 45.
acegt  + 1 aft ' + 1 bdeg® — 4 | cd’g? 1
aceh? — 1 bPegi — 1 bdf?g -+ 2 | cdefy - 2
R . R e e AT
acfgh + 2 bfgh — 2 betfg + 4 g — 3
acg® — 1 Vf? + 1 bef* - 2 ce’dh + 4
ad’qr — 1 (e R | g -1 ef? '+ 3
ad’h® + 1 bedgt + 2 (o A 0 | a% Lo 1
adefi + 2 bedh® — 2 cdfi + 2 deh - 2
adegh — 2 beefr — 2 cdgh — 2 dfg — 2
adf?*h — 2 beegh + 2 cr o+ 1 dg + 3
adfy® + 2 bef*h + 2 cefh — 4 d%f* + 3
at  — 1 befg? — 2 c’eg® + 2 def — 4
ac’th + 2 bd*f1 — 2 Afrg + 1 & + 1
ac’g® + 1 bd’gh + 2 cd’et — 3
aef?g — 3 bde*r  + 2 cd*)fh + 2
+56
If we write
No. 39 =1,
No. 43 =,
No. 44 =K,
No. 45=1L,
then the determinant called the lambdaic, viz.
a A Al LR e R T s o
|
b e At , e+3\ f i
¢ gt Agiamee- 8% f e ?
d , e+3\ f v~ G h '
8—127\4, f ) g ) h ’ v
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is equal to
L+ 2 K + 322 + 18031 — 2592)\°

Nos. 46 to 48 relate to the nonic. No. 46 is the nonic itself; Nos. 47 and 48
are the two quartinvariants, each of them in its best form, viz. No. 48 does not
contain o, and No. 47 does not contain ac®, the leading term of No. 48. The
nonic is the lowest quantic with two quartinvariants.

No. 46.

(a+1|b6+9|c+36|d+84|e+126|f+126 |g+84 |Ah+36|i+9 |j+1|Qa, y)

No. 47. No. 48.

L R | bf%h AP NG of*h-+ 70
aby + 18 ofg> — 1720 gl ol bfg* — 45
act? Aff + 432 ac® + 2 fi + 27
achj — T2 v — 1728 achj — 2 c’gr — 52
adgj + 168 é2h? adgj + T i+ 25
adli g cdej — 720 adhi — 7 cdej — 45
aefj — 108 cdfi + 2160 aefj — b cdfe + 23
aegi — 576 cdgh + 4608 aegi — 22 cdgh + 22
aeh? + 432 ce™t aeh® + 27 c®t + 70
af*% + 540 cefh — 2592 af% +25 | cefh —127
afgh — 720 ceg®> — HT60 afgh — 45 ceg® + 32
ag® + 320 cf?g + 4320 ag® + 20 of?g + 25
b2hj a5 + 320 ; Uy + 2 &% - + 20
bt — 81 d’et — 720 b — 2 d*ei — 45
begj d*fh — 5760 begj — 7 d*fh + 32
behi + 648 d’g® — 1536 behi + T dy® + 47
bdfj — bT6 defy + 14688 bdfj — 22 defg + 85
bdgi + 792 de*h + 4320 bdgi + T4 de*h + 25 \
bdh* —1728 df® — 8640 bdh? — 52 dfs — 50 \
begh + 2160 &g — 8640 begh + 23 g — 50
bej + 540 ef* + 5184 be’j + 25 ef: + 30
befe — 972 beft —73

+41650 +698

Nos 49, [494A] and 50 relate to the dodecadic. No. 49 is the dodecadic itself;
[No. 49 4, inserted in this place, but originally printed in the Fifth Memoir on Quantics,
is the dodecadic quadricovariant], No. 50 is the cubinvariant. [The numerical coefficients
in this last table as originally printed in the Third Memoir were altogether erroneous,
and the table as here printed is in fact the table No. 50 bis, of the Fifth Memoir on
Quantics.]

N o. 49.

Qe b

¥a+1‘b+12

c+66 ld+220, ¢+ 495 ‘f+792 )g+924jh+792

i+495[j+220‘k+ 66 ll+12’m+1
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No. 49 A.

ag+ 1 | ah+ 6 | ai+ 15 | aj+ 20 |ak+ 15 |al+ 6| am+ 1
of — 6 | bg—30 | bh— 54 | b — 30 | & + 30 | bk+ 54|86l + 30
ce +15 | of +54 | cg+ 24 | ch—150 | ¢t —270 | ¢j — 150 | ck + 24
(| @*—10 | de—30 | df + 150 | dg+430 | dh+270 | di — 270 | dj —430
¢ —135 | ¢f —270 | eg +495 | eh + 1080 | ez + 495
J2—540 | fg— 720 | fA + 720

| g® -840
=16 +=60 +189 =450 +810 +1140 +1270 2
bm + 6 | cem + 15 | dn + 20 ém + 15 [ fm + 6 | gm + 1 ’
el + b4 1dl + 30 (el — 30| fl — b4 | gl —30 | hl — 6

dk — 150 | ok ‘=270 | fk —150 |'gk + 24 | Wk +54 | ik +15 e
¢ — 270 | fi +270 |'qj +430 {4 +150 |4 —30 |j° 35"""
Fi +1080 |'gi +495 | ki —270 | —135

gh — 720 | B —540 ;

I

+1140 +810 +450 +189 +60 +16

No. 50.

agm + 1 cfl — 54 dhi + 270
abl — 6 cgk + 24 ¢k —135
ak +15 chj +150 eff +270
a?® —10 c? —135 egi + 495
bfm — 6 d*m — 10 eh® — 540
gl + 30 l del + 30 S — 540
bhk —54 | dft +150 Johk + 720
bij +30 | dgj —430 g —280
cem + 15 |

2200

Resuming now the general subject,—

54. The simplest covariant of a system of quantics of the form

(«Yaw, y,..)™
(where the number of quantics is equal to the number of the facients of each
quantic) is the functional determinant or Jacobian, viz. the determinant formed with
the differential coefficients or derived functions of the quantics with respect to the
several facients.

55. In the particular case in which the quantics are the differential coefficients or
derived functions of a smgle quantic, we have a correspondlng covariant of the single
quantic, which covariant is termed the Hessian; in other words, the Hessian is the
determinant formed with the second differential coefficients or derived functions of the
quantic with respect to the several facients.

56. The expression, an adjoint linear form, is used to denote a linear function
Ex+nmy+ ..., or in the notation of quantics (£, »,...=, y,...), having the same facients as
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320 A THIRD MEMOIR UPON QUANTICS. [144

the quantic or quantics to which it belongs, and with indeterminate coefficients
(¢ m,...). The invariants of a quantic or quantics, and of an adjoint linear form, may
be considered as quantics having (£ #,..) for facients, and of which the coefficients
are of course functions of the coefficients of the given quantic or quantics. An invariant
of the class in question is termed a contravariant of the quantic or quantics. The
idea of a contravariant is due to Mr Sylvester.

In the theory of binary quantics, it is hardly necessary to consider the contra-
variants; for any contravariant is at once turned into an invariant by writing (y, — )

for (¢, =)
57. If we imagine, as before, a system of quantics of the form

(*Da, yy.. )™
where the number of quantics is equal to the number of the facients in each quantic,
the function of the coefficients, which, equated to zero, expresses the result of the
elimination of the facients from the equations obtained by putting each of the quantics
equal to zero, is said to be the Resultant of the system of quantics. The resultant
is an invariant of the system of quantics.

And in the particular case in which the quantics are the differential coefficients,
or derived functions of a single quantic with respect to the several facients, the
resultant in question is termed the Discriminant of the single quantic; the discriminant
is of course an invariant of the single quantic.

58. Imagine two quantics, and form the equations which express that the differen-
tial coefficients, or derived functions of the ome quantic with respect to the several
facients, are proportional to those of the other quantic. Join to these the equations
obtained by equating each of the quantics to zero; we have a system of equations,
one of which is contained in the others, and from which therefore the facients may
be eliminated. The function which, equated to zero, expresses the result of' the
elimination is an invariant which (from its geometrical signification) might be termed
the Tactinvariant of the two quantics, but I do not at present propose to consider
this invariant except in the particular case where the system consists of a given
quantic and of an adjoint linear form. In this case the tactinvariant is a contravariant
of the given quantic, viz. the contravariant termed the Reciprocant.

59. Consider now a quantic

Yz, y,...m,
and let the facients z, ¥,... be replaced by M+ puX, Ay + Y, ... the resulting function
may, it is clear, be considered as a quantic with the facients (A, u) and of the form

(*Yz, y,...)™
(*3{@, L AR ol b o AN QA, p)™
GUX, Y,..)m )
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The coefficients of this quantic are termed Emanants, viz., excluding the first coefficient,
which is the quantic itself (but which might be termed the O0-th emanant), the
other coefficients are the first, second, and last or ultimate emanants. The ultimate
emanant is, it is clear, nothing else than the quantic itself, with (X, Y,...) instead of
(z, y, ...) for facients: the penultimate emanant is, in like manner, obtained from the
first emanant by interchanging (z, v,...) with (X, Y,...), and similarly for the other
emanants. The facients (X, Y,...) may be termed the facients of emanation, or simply
the mew facients. The theory of emanation might be presented in a more general
form by employing two or more sets of emanating facients; we might, for example,
write Az +uX +vX’, Ay+uY+vY’,... for «, y,..., but it is not necessary to dwell
upon this at present.

The invariants, in respect to the new facients, of any emanant or emanants of a
quantic (i.e. the invariants of the emanant or emanants, considered as a function or
functions of the new facients), are, it is easy to see, covariants of the original quantic,
and it is in many cases convenient to define’ a covariant in this manner; thus the
Hessian is the discriminant of the second or quadric emanant of the quantic.

60. If we consider a quantic
(Fachyi g %o I

and an adjoint linear form, the operative quantic

() a,,,...iig, (A Yo
(which is, so to speak, a contravariant operator) is termed the KEwector. The proper-
ties of the evector have been considered in the introductory memoir, and it has been
in effect shown that the evector operating upon an invariant, or more generally upon
a contravariant, gives rise to a contravariant. Any such contravariant, or rather such
contravariant considered as so generated, is termed an KHvectant. In the case of a

binary quantic,
(@505 .90@, 2y,

a5 0py...Jy, — )™
may, if not with perfect accuracy, yet without risk of ambiguity, be termed the Ewector,
and a covariant obtained by operating with it upon an invariant or covariant, or
rather such covariant considered as so generated, may in like manner be termed an
Evectant.

the covariant operator

61. Imagine two or more quantics of the same order,

(a, b, ...%a, 9™,
@ AT

we may have covariants such that for the coefficients of each pair of quantics the
covariant is reduced to zero by the operators

a3¢+b3,3+ veey
a0y + B0+ ...
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Such covariants are called Combinants, and they possess the property of being inva-
riantive, quoad the system, i.e. the covariant remains unaltered to a factor prés, when
each quantic is replaced by a linear function of all the quantics. This extremely

important theory is due to Mr Sylvester.
Proceeding now to the theory of ternary quadrics and cubics,—

First for a ternary quadric, we have the following tables:—

Covariant and other Tables, Nos. 51 to 56 (a ternary quadric).

No. 51.

The quadric is represented by
(a, b, ¢, f; g, k=, y, 2)

which means
aa? + by + ¢2* + 2fyz + 292z + 2hxy.

No. 52.

The first derived functions (omitting the factor 2) are—
(@ h, gz, y, 2),
(h, b, fYw 'y, 8),
(g’ f; C}Zw, Y z)'

No. 53.
The operators which reduce a covariant to zero are
(h b 2/%0, O 0)— 20y,
(29, f, ¢N0u On 9)—ad,,
(a, 2h, g0 O 0)—Yo,
(9 2 clon O o) —yo:,
(a h 2930, 0 0)— 20s
(2h, b, f0uw On 05— a0y

No. 54.

The evector is
(aa ’ ab ’ ac » af) ay ) a’l IE) 7, C):
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No. 55.
The discriminant is

a, h g

hy v, Bf

9 )¢

which is equal to

abc — af* — bg* — ch? + 2fgh.

No. 56.
The reciprocant is
= & » ¢
!E, a, h, g
2 hk b f
IC, 9 f e

which is equal to
(be—f2 ca—g* ab—h? gh—af, hf—bg, fg—ch{E 9, O

The discriminant is, it will be noticed, the same function as the Hessian. The reci-
procant is the evectant of the discriminant. The covariants are the quadric itself and
the discriminant; the reciprocant is the only contravariant.

Next, for a ternary cubic, we have the following Tables :

Covariant and other Tables, Nos. 57 to 70 (a ternary cubic).

No. 57.
The cubic is U =
(@, b, ¢, f 9 b v j k& Y=, 9, 2y,
which means—
ax® + by + c2® + 8fy’z + 8g2*w + 3haty + 3iy2® + 8jza* + 3kwy*® + 6laye.

No. 58.

The first derived functions (omitting the factor 3) are
(@ k g, I, j, h{a y 28
h, b, ¢, £, 1, klm, y 2)

G fo e, 6 9 L8 y 2N
41—2
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The second derived functions (omitting the factor 6) are

(@, h j Jz v,
(k, b, fR= v,
(9, 7:1 03@’» Y
@ f, 137
(G 1, 9l= 9
(h, k, 1Y v,

No. 59.
The operators which reduce a covariant to zero
(§, ¥ o %, g ALh &
(i, 10 Ko B 2002 5 AU, @,
8k, b, 4, i 25 ZRBAL 1 Es
Ch b, Qg B Up KBSy
@, e S i R
(oo BBy Lo G 2l -3 k4 2INEES. 0,

No. 60.

The evector is .
(aa ) ab ) ac ) af s ag ) ah ) ai ’ a] )

D
-

o, 01, Ok)— Yo,
0i, Oy, 0p)—20;,
0, 0j, Op)— a0y,
0i, 0y Op)—20y,
01y 0j, On)— 0,
O, O, Or)— Yo

Ok, az?if’ 7, O

No. 61.
The Hessian is HU =
i (a; h, jIw: y) Z), (h; k) l}zx: y; 2‘)) (j: l) ng) y: ’Z):
thy b, l¥z, y, 2), (k b fYx, y, 2, (¢ f 1Qx y 2)
G b g% 9.0, @G 1 v4e, 'y, 8, (@ s, che Y, 7)
which is equal to
agk—1|bht —1|ctj —1|bch —1|acf —1|abg—1|beg —1|ach —1|abi —1|abec —1
al +1|06 +1|c? +1|bgl +2]a® +1|aft +2|bg +1|afg—1|af?+1|afi +1
g +1|f2%h +1\f@ + 1|6 —1|chl +2|aik —1|efh —1|ail +2|bgh—1|bgj +1
Tl —2|fht —2 | fkl —2|ch® +1|cjk — 1|82 +1|ckl +2|ch? +1|8jl +2|chk +1
Pk o1 12 +1f% +1|fg +1|fh —2|fif +1|f° +1|fk —2|fgh—3
) Fok — 2 g% + 1 [ ghk+1|gik — 2| gik +1[gh® +1|fj0 +2
Jhi +1|ght — 2| k% +1|h* +1|hij —2 | hks +1 | gkl +2
S —1|gl —1|A2 1|2 =1|58 -1k —1|Ml +2
; ik —
P2
T +3 +3 +5 A7 L5 53 +5 +5 £9
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No. 62.
The quartinvariant is S=
abel =1 LR+l
abgi + 1 Sohl +3
acfl +1 | foik —1
af’g —1 | Fhij —1
afil +1 | B —2
ok —1 | ¢ +1
behj +1 ghki —1
bgh —1 K —2
byl +1 R+ 1
bip —1 | mik —2
ofh —1 | 4kl +3
chkl +1 Sl ¥ 0
gk* —1
+16
No. 63.
The sextinvariant is 7' =
B¢ + 1 | agf'hl —24 | befh —12 | oW -12 | fgkR —12
abefi — 6 | acfyk —12 | beghl —24 | efR +12 | fRWy —12
@b + 4 | acfgkt —12 | beghik +18 | cofhjkl - 60 | FhiyP —12
aof* + 4 | acfhki +18 | bekdj —12 | ofkt +24 | fikl +36
Ff% — 3 | acfkl +36 | bokjlP +36 | cghkl +12 | filt  +24
ablegi — 6 | acikl —24 | bethl —24 | cgik® —12 | PB  + 8
a’¢ + 4 | afig —12 | bfghy + 6 | chékl +12 | ghk% —12
abc*hk — 6 af’g*k + 24 bfgl  + 12 chigh* + 6 g —24
abofgh + 6 | afighi + 6 | bfip —12 | ohkP —12 | ght® —12
abefil +12 | afigl +12 | bghk —12 | kP +12 | ghkiP —12
abegkl + 12 af*yl +12 bk + 24 Wi R 8 gykl  + 36
abehil +12 | afgkil —60 | bg*hP +12 | Fight —27 | gklt  +24
abeijk + 6 afhi®l  + 12 bg*kl +12 Sk —12 X% + 8
abeP —20 | afik + 6 | bghijl 60 | Fighil +36 | AFR - 24
abfyij +18 | afif —12 | bgik + 6 | fihiP —12 | kit +24
abfg*l — 24 agl*®  + 24 by —12 7 —24 h%kl  + 36
abg*li. — 12 ah®k — 12 bha*?  + 24 Jo*hkt + 36 ek —27
abghi? —12 | akR +12 | bl +12 | SR —12 | gRE - 36
abgil’> + 36 ber  + 4 ek — 3 Joh%l + 36 i - 8
abijl —24 | Bep — 3 | of Wy +24 | fohijk — 6
acl®  + 4 | bk + 4 | ofghk + 6 | Foh® —36
+871

The discovery of the invariants S and 7' is

€Xpressions were first obtained by Mr Salmon.

No. 64.
There is an octicovariant for which we may take
OU = 0,HU, ©,HU,
0.HU, 302 U, }0:0,U,
o,HU, }0,0,U, $3* U,
| 9 HU, 0,0,U, }99,U,

AHU T,

10,0,U
10,0,U
102 U

www.rcin.org.pl
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or else

0,U= 10, U, 3o, U: 40 U
Lo, Uil HUS 00, TN 0,0, HU }
30, U, 8, 8,800,502 5HG) 40, HU
30,U, 0,0,HU, 90,0,HU, 92 HU

or else, what I believe is more simple, a function ©,U, which is a linear function of
the last-mentioned two functions.

The relations between ®U, ©,U, ©®,U are
—-0,U+480U0=T.0?—-248.U. HU,
0,U+20U0=T.U*-108.U. HU.

I have not worked out the developed expressions.

No. 65.

The cubicontravariant is PU =

bel —1|acl —1|abl —1|ack +1|abi +1|bcj +1|abg+1|bch +1|acf +1|abec —1
boi + 1 Fagh + 1 [afk + 1 hafs Oyt — 145 0wt + Diigt $0}ed -1 | af %)
ofk 4 1 Fehi-+ 118 +10it + Yhaon | ol S0HAR - 2lbg Lo{eal + 8 | bg w1
Fig—1lgh — 1)/ 1|k —1{bj0 +1|ckl +1 |87 —1|cB® —1]|ejk — 2 |okk +1
Fil +1 | gt + 1]kl + 1167 +20fA + 3|70 +3|f — 115 w2 lfe —1|fphis 3 3
@ _1|gr 1l — 1 3k —1f —1[ghk—1[fpk=1[g% +2 [t 4| T n"

bik — TIaae & Bk S0, 31 S ok - Dokt e
Hij —1 | Al —1|hi* +2|hE —2[fR —2|gP —2|hil —4
jB 2|k —2|id —2|jK +3 ikl +3 |5 +3|ik +3
B o+4

+3 +3 +3 £l =7 +7 +7 +7 +7 +13
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The quintic contravariant is QU =

No. 66.

327

<
e
+
W O O O Lo LY LD LI WO W W O

bgil* +18
b3l —12
o+ 2
of %l —12
of %k — 6
ofgk® — 6
ofhki+ 9
ofRI2 + 18
calll 12
Sl — 46
0% + 12
Sr9hi + 3
SR + 6
Sl 3 6
Sgkil — 30
S 4 6
Sk 4+ 8
Sl — ¢
gk? 419
WE - g
kR 4 6

145

a’b? + 1
acfi— 3
a® + 2
abegj — 6
abg® + 4
ac*hlk — 3
acfgh+ 3
acfjl + 6
acgkl + 6
achil + 6
acyjk + 3
acl® —10
ofgij + 9
afg’l —12
ag’ks — 6
aghi® — 6
agil® +18
ar’jl —12
b + 4
bg*2 — 3
H o+ 2
oI~ 6
cgh?l —12
cghjl + 9
ch*y — 6
chjli®* +18
ekl —12
Jo*hy + 3
Jyt + 6
P ARl
ghk — 6
R +12
PRE + 6
gkl + 6
ghijl — 30
9%k + 3
agl - 6
h2? 4+ 12
YR + 6

a’’c + 1
a?bfi-- 3
a*f? + 2
abqj — 3
abchk— 6
abfgh+ 3
abfjl + 6
abgkl + 6
abhil + 6
abyk + 3
abl? —10
ack? + 4
af*hl—12
af %k — 6
afgl* — 6
afhki+ 9
arkl® +18
ark®l —12
P+ 2
beh* + 4
bk — 6
bgh*l —12
boljk+ 9
bhg — 6
bhjl* + 18
b2kl —12
ch*? — 3
S 12
Solk + 3
S — 6
SR+ 6
Shjkl — 30
SR+ 12
ghi*l +
ak =
4kl +
hagk* +
kP —
JEP +

SIS WHISHS

a*ber —
atef? +
a*f? —
abegh +
abejl +
abgyy +
abg®l —12
acfhl — 24
acfjk —12
acgh*— 6
achki + 9
ackl* + 18
afigj—18
afg’k + 24
afghi + 6
afgl® +12
afyl + 12
agkil — 30
ahi?l + 6
ik -+
il —
behj® —
bg*hj +
byl +

+

+

ODWWDHW

by?

o %
cgh’k
ch — 6
ek’ + 6
chjkl — 30
gk +12
P e
e~ o
ok — 12
foljl + 36

3
6
6
3
6
6
24
3

’2l2 _‘)4
ohkl + 18
g9k — 6
gh%l + 18
ghijk — 3
ghis —18
gk — 6
Wy — 6
hifP — 6
ikl +18
J¢ +12

Shagt —12 | fgj

ab’y — 3
ab’y* + 6
abefh+ 3
abekl + 6
abfij + 9
abfgl — 24
abgki— 12
abhi®* — 6
abil® +18
acfk?*— 6
afy — 6
afgk+ 24
af*hi + 3
af*? + 6
afkil — 30
ak*? + 12
bg® — 3
beh®l —12
behjk + 9
bfghj + 6
bl + 6
bg*hk — 18
bgh* + 24
bghl* + 12
bgjkl + 12
bhijl — 30
b’k + 3
bt — 6
of Wk + 3
chk®l + 6
gk® — 6
gl — 27
7Rk — 6
Sl +18
Jghkl + 36
ik — 12
ShHl + 18
Shik — 3
Sh —18
JikP — 6
gk +12
ghk*s —12
gh*lP —24
Wki® — 6
Ihail? — 6
gkl +18
ko +12

abc’k — 3
abefg + 3
abeil + 6
abgi® — 6
acf?l — 12
acfki+ 9
af®gi+ 3
af’l + 6
atk — 6
be*h® + 6
befi* — 6
beghl — 24
begik + 9
behij — 12
bel* + 18
oy + 3
bg’k — 6
bg’ha + 24
by’ + 6
bgyl — 30
bi¥® + 12
i — 3
of*hj + 24
cfghk + 6
ofh®% —18
cfhl + 12
cfjkl — 30
cgk®l + 6
chaikl + 12
cyk® + 3
cklP — 6
S2h — 27
Sl +18
W el
Skl +18
Sylal + 36
Toijk — 3
Jol* —18
Shtj —12
Fije — 6
gk — 6
ghlei® —12
ghil* — 6
e +12
h*l? — 24
4kl +18
W +12

a*bef — 3
a’b? + 6
a*f*% — 3
abchl + 6
abejk + 3
abfgj + 9
abg’k— 6
abghi— 12
abgl? + 18
abijl — 24
acfhk+ 9
ack®l — 12
af*qh+ 3
afyl + 6
afgkl— 30
afhil + 12
afijk+ 6
afl’ — 6
agh® + 24
ahi®l— 18
ikl + 12
bel? — 6
b - 6
by*h* + 12
bghgl — 30
bk + 3
bhif® + 24
b + 6
ofit — 6
okl + 6
chjk® + 3
77— 6
foh*l + 18
fohjk— 3
fhH —12
7B — 6
Skl + 18
g*hi?: — 6
gh*ki — 12
ghkl> — 6
gkl +18
A +12
M — 24
o +12
Lijkl + 36
gkt - 27
gk —18

ab’cg — 3
abefl+ 6
abcik + 3
abfgr + 9
ab®l —12
acf*k— 6
af’g —. 6
af%l + 6
afk + 3
b*® + 6
9% — 3
befhj—12
beghk+ 9
beh* — 6
behl? + 18
bejkl — 24
bfg*h + 3
bfyjl + 12
B 18
bg’kl + 6
byhil — 30
bgijk + 6
bglP — 6
bhi?) + 24
byl +12
of *h* + 12
cfhkl— 30
cf i + 24
cgk® — 6
chik® + 3
ek + 6
L9 412
Pk — 12
SPghl + 18
Sy — 12
S —24
JSoK — 6
Syhik— 3
Sokl* - 6
SR — 6
Shil? — 6
Skl + 36
S +12
gkl + 18
h*kl + 18
k- 27
ki —18

abc*h — 3
abegl + 6
abeyj + 3
abg® — 6
ac’k® + 6
acfy — 6
acfgk— 12
acfhi + 9
acf* +18
acikl — 24
af?y® + 12
afgil — 30
afy + 3
agki? + 24
ah® — 6
a’l’ + 6
beghj + 9
be*l —12
bg*h
byl
by
Wk —
cfoh®* + 3
cfhjl — 30
cfi%k + 24
cghkl + 12
cgik® —18
ch*l + 6
chiyk + 6
chl® — 6
gkl +12

ﬂw'ﬁ = 6
fg*hl +18
otk 12
Johij — 3
Syt — 6
Sl +18
gk +12
g*hki — 12
gkl — 24
gh*?* — 6
ghil? — 6
gkl + 36
gt +12
A%l +18
2% — 27
JkB - 18

¥4
WwWwo D

abefj + 6
abegk+ 6
abchi + 6
abel* — 30
abfg® — 12
abgil + 36
abyj - 12
acf*h—12
acfkl + 36
actk® — 12
af?gl + 12
afij + 6
afgke — 30
afh* + 6
afil* —18
ai’kl + 12
begh® — 12
behgl + 36
bePk — 12
brg® + 6
bg*hl + 12
bg%k + 6
bghij — 30
by? —18
byl + 12
of Wl + 12
cfhjk — 30
cghl® + 6
chik + 6
chkl> —18
gkl +12
Sghj + 18
Sl —24
Johk + 18
Jol* + 18
Syhl? — 54
Sagkl — 12
Shijl —12
Sk + 18
S +48
Kl — 24
ghkil — 12
9yk® +18
gkl + 48
A — 24
il + 48
ik + 18
ykl? — 54
P —24

+145

+ 145

%282

& 282

+ 282

+ 282
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No. 67.
The reciprocant is FU = (*J§, 5, {)f=
£ 75 ¢8. 7% GhEe £ List $E. &P,
b +1|a*® +1|a®® +1|a% — 6|aby — 6|bck — 6|a®f — 6|b%g — 6|ach — 6
befi — 6 | acgj — 6 | abhk — 6 | acgh + 6 |abfh + 6 |bcfg + 6 |abhl +12|befl +12 |acgl + 12
b +4|ag® +4|ak® +4|agl +12|abkl +12 |beil +12|abjk + 6|bcik + 6 |acy + 6
of® +4|¢® +4 0K +4|agy +18|afk® —12 |bgi® — 12| afhk + 18 |bfyr +18 |ag* — 12
S =3 =3 | -3 |ag’l —24 |bhl —24 |cf* —24|ak* —24 |0l — 24 |cghj +18
ch® ~12|bhjk + 18 |cfks + 18, bh% —12|of% ~12| ¢ - 24
ghi + 6|fh% + 6|f%i + 6K —12|f%9 -12|g%h - 12
gl +12 Akl +12 fz“‘l + 12 | A%kl + 12 f%l +12 (g%l +12
gt —1208 —12|®k -12|WE + 6|fk + 6|gy® + 6
+9 9 +9 +54 +54 54 +54 +54 54 -
73 S &n? 7§t oo £t 7. £862 &’
af + 6|ab’g + 6|bch + 6|a®i + 6|0 + 6|ack + 6|a*hc — 2|ab’c — 2|abc® - 2
a’? + 9 algﬂ~l2 begl —12 |a®f* + 9|8%® + 9|acfyg — 6|a*fi —18|abfi + 6 acfz 4 6
achl —12 | abik — 6 |bctj — 6 |abgh— 6|bcfh — 6|acil —12|abgj + 6|af® — 4|a® - 4
acik — 6|afk +12 | bg* +12 |abji —12|bckl —12|agi® +12|achk + 6|b% —18|begj + 6
afgi —18| 0% + 9| + 9 |afhl —36|bfgl —36|ch® + 9|afgh +18|bchk + 6|bg® - 4
ag’k +12 | bfhj —18|¢f% +12 |afjk —18|bfij —18|cfi* +12|afjl + 36 |bfgh +18|chk — 18
aghi — 18 | bghk — 18 | ¢fgk — 18 |agh® + 12| bgik — 18 | cghl — 36 | agkl — 48 | bfil + 36 | cfgh +18
agl? +48|bh*% + 12 |c¢fhi — 18 |ashk — 18| bhi? +12|cgjk — 18| ahil + 36 |bgkl + 36 |cfjl —48
aiyjl —36 | bhl? +48|cfl? +48 |akl® +48|bil* +48|chij —18|aijk + 18|bhil — 48 |cgkl +36
okl +12|bjki —36 | cikl —36 |bh? +12| /B +12 |l +48|al —32|bijk +18 |cyk +18
JP 12| — 3| % — 3|ghtk - 6|fY +12|fg% - 6|bP® — 4|bF —32|chil +36
g — 3| fhkl — 24 |fgil — 24 |FKY +36|figk +36|g% +12|ch® — 4|ck® — 4|cP —32
ghjl — 24 | ik +36 | f — 6[h% +12 f%z — 6|ghi +36|fh® — 36|/ +12 | /g% +12
Gk — 6|gkt +12|gi%k +36 | M2 120 —12 g”l’ 120 ght +12|f%k — 36 [fgij +12
Wi +36 | ik — 6|7a® +12 |hjkl — 24 | Fikl — 24 |gijl — 24 | ghik + 12 [fgk® — 36 | g%k — 36
JP =12|FP 12|22 -12|/% - 3| — 3| - 3|h% — 36|/ hki +12|ghs® - 36
WP+ 24 | R + 24 |gil? +24
L +12 |k + 12 z_;l +12
www.rcin.org|pl
=135 =135 +135 +135 +135 +135 +180 2180 +180
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Ef 7%¢E. e, EnP¢. 7%, 3’ 2 PiE 3. E9%2,
befi —12 | acfj — 12| abgk —12 |abci + 6|abgj + 6 |abck + 6|abef + 6|abeg + 6|abch + 6|abel — 24
beghk + 30 | acgk — 12 | abhi — 12 acf? —12 | abg® — 12 | abfy — 24 | abi® — 12 | acfl + 36 | abgl + 36 |abgi + 6
behi — 12 | achi + 30 | abij + 30 |afi® + 6|acfh —24 |abil +36|af% + 6 |acik —24|aby —24|acfk + 6
bel2 — 24 [acl? — 24 | abl? —24 |begh — 24 | ackl + 36 | af?l +12|bchl + 36 |afgi — 30 |ack® — 12| af% + 30
vt —18|afg® +24|af*h —18 |beil + 36 | afgl — 60 afik — 30 | bejk — 24 |at?l +12|af% —36|afil — 48
bpil +12 | agil +12|afkl +12 8% +12|afyy + 54 beh® — 12 |bfgy + 54 |be® =12 |afgk +12|a®k + 30
bitj +24 | @ —18|aik® +24 bgij — 30 |ahs® - 36 |bfj* —36|bg%k —36|bgy + 6|afhi +54|bchj + 6
of*h +24 | cgh® — 18 |bgh® + 24 |¢fhl — 60 |agik + 12 | bghl — 60 |bghi + 12| cfhj +12 | afP* + 24 |bg°h + 30
ofkl +12|chjl +12 |bhjl +12 |¢fjk + 12| ailt + 24 |bgjk + 54 |bgl® + 24 | cghk + 54 | aikl —60 | byl — 48
cik? —18|¢i% +24|b*%k —18 |cgh® —36|bg® + 6|bhij +12|byjl —60|ch* —36|bghj —30|by* + 30
Fgl +60 | fg® —12|fA% + 60 |chik +54 | ch®l +12\BjFF + 24 |cfhk —30 |chl +24 6% +12|¢fR + 30
Fuj —12|g*%hl +60 | fhjk — 66 | ckP® +24)chjk — 30 |chk® + 6|ck* +12 ¢kl —60|ch®k + 6|chkl — 48
Fyik —66 | g%k —12 | ghk® —12 | f%qj —24|fghj + T8 |f*hj +60|fgh — 66 |fg°h —66|fgh* — 66 |cjk> + 30
Fhit =12 | ghij —66 |A*ki — 12| fg%k + 60 |f7% —48|fghk + T8 |f4l —48 |fgl +T2|fhjl =12 |/ + 24
filt — 48 | gjB® ~ 48 | Rk — 48 |fghi + 18| g*hk — 24 |fh* —24 | fokl — 12 |fy?® —24|f%k +60|fghl +108
kl +60 |g%0 +60 [jAL + 60| fgl* —96|gh*% + 60| /Rl —96 | fhil + 72| g%kl — 48| ghkl + 72 fgjk — 114
“ fiyl +72|ght — 96 | fjkl —12|fik + 78 |ghil — 12| gjk® —24 | fhij — 114
‘ gikl =12 | gkl + 72 |gh*l —48|fP +48|gyk + 78| k%l —48 |52 + 24/
Ml — 48 |\ hygl — 12 |kl +72|gik® +60 |gl* +48|hijk + 78| g% + 24
%k —66 |4k —66 |kt —66|htk —24 A%y +60|AE +48|ghkr — 114
WP +48|JP  + 48| kP +48|kP - 96 | — 96 |jkl® —96 | gkl* + 24
A+ 24
\ hal> + 24
| ykl + 108
1 | # - 48
+222 +222 +222 +408 +408 =408 +408 =408 +408 + 558

The preceding Tables contain the complete system [not so] of the covariants and
contravariants of the ternary cubic, ie. the covariants are the cubic itself U, the
quartinvariant S, the sextinvariant 7', the Hessian HU, and an octicovariant, say OU;
the contravariants are the cubicontravariant PU, the quinticontravariant QU, and
the reciprocant FU.

The contravariants are all of them evectants, viz. PU is the evectant of S, QU
is the evectant of 7, and the reciprocant FU is the evectant of QU, or what is the
same thing, the second evectant of 7'

The discriminant is a rational and integral function of the two invariants; repre-

senting it by R, we have R =64 S —1*

If we combine U and HU by arbitrary multipliers, say « and 63, so as to form
the sum aU +6BHU, this is a cubic, and the question arises, to find the covariants
and contravariants of this cubic: the results are given in the following Table:

No. 68.
aU+68HU  =al +6BHU.
H@U+68HU)= (0,28, T, 8$%a ByU
4+(1, 0,—128, —2T%a, By HU.
0. 1k 42
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P(aU+68HU)= (1, 0, 128, 4T%a, By PU
+(0,1, 0,—48%a, By QU.
Q (aU +68HU) = (0, 608, 30T, 0, — 1207, — 24T + 5768* e, By PU
+(1, 0, 0, 107, 2408 2478 Ya, BY QU.
S (aU +68HU) = (8, T, 2482 4TS, T*— 485 Ya, B)-
T (aU + 6BHU) = (T, 9652, 60TS, 20T, 240TS:, — 48TS + 46088+, — 87T% + 576 TS Ya, B)-
R(@@U + 68BHU) =[(1, 0, — 248, — 8T, — 485: Y, B)R.
F(aU+ 68HU)= (1,0, —24S, —8T, —485:%a, B} FU
+(0,24, 0, 0, —48T%a, BN (PUYy
+(0, 0, 24, 0, 968Ta BYPU.QU
S (A5 Dcr s B 0%a, BY.(QU)

We have, in like manner, for the covariants, and contravariants of the cubic
6aPU + BQU, the following Table:

No. 69.
6aP U+ BQU =6aPU + BQU.
H (62PU + BQU) = (— 2T, 48%, 18TS, T*+168 Ya, By PU
+ (88, T, —88 —T8Ya, BPQU.

P (6aPU + BQU) = (328, 1278, T+ 3285,  4TS*Ya, B) U
+ (4T, 968, 1278, T — 325 Ya, By HU.

Q (6aPU + BQU) = (+ 384T S, \
+ 12078 + 7680 S,
+ 10T% + 32007 S, |

+ 480", Yo !
+ 307%S, |
4+ 1T% — 24728 + 512

+ (— 24T +4608 S, N
+ 19207 8,

+ 48071%S,

+ 307% + 192078
+ 12078* 47680 S°,
— 6748 + 768TS )

a, BY HU.
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S6aPU+BQU)= (+ 1I* +192 &,

+ 1287 82,

{+ 18728 +384 S 54 By
+ 171® 4 6478,

+ 5I8— 64 &

A

T(6aPU+BQU)= (— 8T% + 4608718,
+ 19207282 + 73728 ¢,
3607°S + 384007,
207 + 896072, ) a, 3)°
8407382+ 768075,
36748 + 384758 + 24576
+ 115 — 40758+ 256078

3
b
A
N

R (6aPU + BQU) = [(488, 8T, — 96, — 2478, — T*— 16S* a, B) R~

F(6aPU +BQU)=( 1928, 32T , —384 & , — 96T S ,— AT —648°Ya, BYOU
+( 0,512 8, 19278 , | 2418 ; Ts Ya, B). U
+ (184482, 35278,  24T2—11528, — 2887 S ,— 20728 + 648 Ya, B U.HU
+( 48T, 0 ,- 288TS , 24T +15368, 14478 =~ Ta, B} (HUR

The tables for the ternary cubic become much more simple if we suppose that
the cubic is expressed in Hesse’s canonical form; we have then the following

table :
No. 70.
U =a+y'+2°+6layz
S =-=Il+1I
T =1-208-8I
R =—(1+8B)y.

HU =b(@+y*+2°) — (1 +2P) ayz.
OU =(1+ 8By (y*s* + 2%° + &°%°)
(= 919 (a8 + 9 + 2°)
+ (— 20— 51— 2007) (&* + y* + 2°) ay2
+ (— 1502 — 780 + 1208) a%y*s2.
O,U =4 (1 + 8Dy (2 + 2'2* + 2°y°)
+ (=1 =4l — 41 (2 + 3 + 2
+ (40 + 100 + 112F) (@ + ¥* + 2°) ayz
+ (481 + 5520 + 48PF) aty*2,
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0,U=—2(1+8By (yz* + 2°2° + a*y)
+ (1 —108) (@ + 3* + 2°)2
+ (60 — 18004 + 961") (2* + y* + 2°) wyz
+ (602 — 6240° — 1920¥) a*y222
PU = —1(E+7+ &)+ (=1 +4P) gnt.
QU =1 —108) (& + 1" + &) — 61 (5 + 4F) Ent.
FU = —4(1+85) ('l + 08 + )
+E&+7+ 8y
=248 (& +0*+ ) Enk
— 241(1 + 2P) gpeee,
to which it is proper to join the following transformed expressions for ®U, ©,U, ©,U,
viz. OU =1+ 8P (¥’ + 2°c* + 2*y*)
+ (=28~ U?
+@2l-5)U.HU
+(-3k )(HD).
0,U = 4(1+ 8L (y'5* + 2%® + a%y")
+ (—1+12B+4°) U
+ (= 167+ 4 YU.HU
+ (=122 (LIS
0,U = —2(1 + 80y (y°2° + 2°2°* + &°*)
+ (1-168—60) 0>
+ (67 )Y UL HT
+ (62 YCHU® \
The last preceding table affords a complete solution of the problem to reduce &
ternary cubic to its canonical form.

[I add to the present Memoir, in the notation hereof (a, b, ¢, /; g, h, 3, j, k, [J=, ¥, 2)
for the ternary cubic, some formule originally contained in the paper “On Homo-
geneous Functions of the third order with three variables,” (1846), but which on account
of the difference of notation were omitted from the reprint, 85, of that paper.

Representing the determinant

—| az+hy+jz, he+ky+bz, ju +1ly+gz, &
hx +ky + bz, kx+by+fz, lo +fy+iz, 79
Jjz +ly +92 le+fy+iz, ge+iy+cz, ¢

§ o4 i ¢
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by (A, B: 0’ E G’ szw’ y’ 2)2

the values of 4, B, C, F, G, H (equations (10) of 35) are

— P | =-f|- |- fi |+ ck |+ bg
— 2 | —2f1

i | ca| b
— 29l — 91

e ak bh /) K| gk ab
- R |- |- C |+ 4 |+ o |- hk
— 2kl | — 2RI

n 2hj | 2kl | 291 » gh Jk
—2al | =2 | -2 |+ gk|— a1 |- af

| | oom| 2| m| 2| ¥
%k | -2 |-y |- bg |+ ki |- &

—2gh | — 9% | —2c |- ok |- ob

. ¥
L=

Moreover writing

B ut .6k igiol  Joh &l
e e 8
R A TTICRE W A
B b
2n A P, -
IR IR [ M e
A WB ONF @, H

S0 that

FU = Aa + Bb + Cc + 2Ff + 2Gg + 2Hh,
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then the values of a, b, ¢, f, g, h (equations (13) of 35) are
a b c i g h

#l o 2f | 2i| fi| O 0
—22 | -9 |- "be

7| 2¢ 2a9| O 9 0
— 2¢° - 2% - co
& 20k | 2ak 0 0 hk
— 2k | — 2h° — ab
7¢| 8¢l 0 4hy 2j* 3ai ca
-6y —4al | —2a9 | -2l |- g
— 2ch - gh
8¢ 4| 8| O ab | 2% 3bj
— 48l | — 65k — hk | —2bh | — 2kl
- 2af - Af

& 0 491 811 3ck be 2
—4el | =6kt | =210 | — fi |—2¢f

—2bg | - /g
we| 8kl | 4hj| O 252 ab| 3af
— 6hf | — 4al —Qak | — hk | —2hl
— 2b) - jk

o] 0 | -8t | 4| 3bg| o2 be
—6fg |- 40l | -2fl | -2 |- fi

— 9k - B
&f|  4ge 0 8l ca 3ch 29*
—4el —6gh | — g7 | —290 | —2¢f
— 2a -

| 6hi 2ag 2ak | 4al Jk gh
+6f] | =22 | —2R* | —4h5 |+ 201 | + 2

—4gk —3af | — 3as
- 8P
e 2be 617 2bh hf ke
— 2% |+ 6gk | — 28 | + 2Kl 460 | + 2f1
—4ha —3bj | —4fk | — 3bg \
- 872

&l 2 2¢j 6gk 7 JSg 4el
— 22 | —2¢® |+6M | +290 | +2i0 | —4g0
—4fj | —3ch | —3ck
— 82

ent| 2f dch | 4bj | 4P The | Tfg
—2bc |+4gl | + 4kl | + 203 | — 6f1 | — 61l
—8y | =8| +2ff |- bg|— ck
— 8¢k

&L| 4ck | 295 daf | Tgh| 4P Ty
+ 44l | —2ca | +4hl § 651 | +2f] | —6gl
- 8fy — 8k | — ai | + 29k | — ch
— 8ha
& 4bg | da bk Tik | Thf| AP

+4f1 |+ 450 | —2ab | —6hl | — 6kl | + 29k
— 8kt | + 8gh —af |- b | +2m
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Also if the discriminant be written

b8 o PR S Sl AERY SRS Aa08 el e
ST R i
A
A R G L J B
! B X F L K
e B B R S H

then the values of @, 18, &, f, &, ), ¥, Fj, |, L (equations (20) of 35) are

A =akg + 2l — al — gh* — jk,
B =bih +2fkl — bI* — hf* — k%,
C=cjf +2g9il — cl — fo* — @,

B =bch + bij — ck* +29fk —2bgl + fI* — f2] — fik,

3G =caf + cjk — a® + 2hgi — 2chl + gl — 9%k — gjf,

3B =abg + aki — bf +2fhj —2afl+hl* —h*% — hkg,

8¥=0begj + cfh — by* +2kig — 2kl +jI* —h — fij,

3 =cak + agf— ch® + 24k —2ail +kI* —Pf — gjk,

8T =abi + bhg— af* + kf — 25l +il> — kg — Rk,

6L =abc + 3fgh +3ujk +2 — afi—bgj— chk — 2lgk — 2lhi — 2Ifj.

The equation K (U)= R =648 —7" would however afford a perhaps easier formula for
the calculation of the discriminant.]
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