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154.

SUPPLEMENTARY RESEARCHES ON THE PARTITION OF
NUMBERS.

[From the Phalosophical Tramsactions of the Royal Society of London, vol. CXLVIIL for
the year 1858, pp. 47—52. Received March 19,—Read June 18, 1857.]

THE general formula given at the conclusion of my memoir, “Researches on the
Partition of Numbers”(!), is somewhat different from the -corresponding formula of
Professor Sylvester?, and leads more directly to the actual expression for the number of
partitions, in the form made use of in my memoir; to complete my former researches,
I propose to explain the mode of obtaining from the formula the expression for the
number of partitions.

e

The formula referred to is as follows, viz. if 5 be a rational fraction, the denomi-

nator of which is made up of factors (the same or different) of the form 1—a™, and
if @ is a divisor of one or more of the indices m, and %k is the number of indices of
which it is a divisor, then
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1 Philosophical Transactions, tom. cxLvi. (1856) p. 127, [140].
2 Professor Sylvester’s researches are published in the Quarterly Mathematical Journal, tom. 1. [1857,
pp. 141—152]; there are some numerical errors in his value of P (1, 2, 3, 4, 5, 6) q.
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in which formula [1—2%] denotes the irreducible factor of 1—2% that is, the factor
which equated to zero gives the prime roots, and p is a root of the equation
[1—2%]=0; the summation of course extends to all the roots of the equation. The
index s extends from s=1 to s=%; and we have then the portion of the fraction
depending on the denominator [1 —2?]. In the partition of numbers, we have ¢z=1,
and the formula becomes therefore
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where

10 p
=coeff. = in =1 ",
e ¢ S (pe™)

Jr=II(1 —a™),

We may write
where m has a given series of values the same or different. The indices not divisible
by @ may be represented by m, the other indices by ap, we have then
Se=TI(1—a")II(1— %),
where the number of indices ap is equal to .. Hence
S (pet) =TI (1 —p"e) I (1 — pPe2rt);
or since p is a root of [1—2%]=0, and therefore p®=1, we have
F(pe =TI (1 pre=) TL (1 — e~=0t);

and it may be remarked that if m=v (mod. a), where v<a, then instead of p" we
may write p”, a change which may be made at once, or at the end of the process of"
development.

We have consequently to find

& L5t iy . P
xp = coeff. 7o & (1 —pre ™) I (1 — et

is at once deduced from that of and is

1
The development of a factor T e =k

a series of positive powers of ¢. The development of a factor is deduced from

1 —eopt
that of 1_—1-3—“ and contains a term involving % Hence we have
1 1 1 1
M= pemMA =) Atgtd-sopgm - tdag+dtbe,
and thence
xp =pA_s.

64—2



508 SUPPLEMENTARY RESEARCHES ON THE PARTITION OF NUMBERS. [154

The actual development, when £ is small (for instance k=1 or k=2), is most readily
obtained by developing each factor separately and taking the product. To do this we
have

1 1 c c+c? c+4dc®+c?

t+

l-ce":l—c_(]_c)z (1—0)3%# (1 o 3t + &,

where by a general theorem for the expansion of any function of ¢, the coefficient
of ¢/ is
_@y 1
Tf 1-c(1+4) o
m IR L ' )
=T1if (1—0’“(1—c)ﬂA ok )
(where as usual A0/ =1/—0/, A0/ =2/—-2.1/+0/, &c.) and

1 | D | 1

o=ttt 130 *F soain T~ 5
where, except the constant term, the series contains odd powers only and the coef-
’ AN o i Bf : 1 1 2
ficient of ¢ 18 g T B,, B,, B;... denoting the series 6’ 30 o of Bernoulli’s
numbers.

But when % is larger, it is convenient to obtain the development of the fraction
from that of the logarithm, the logarithm of the fraction being equal to the sum of
the logarithms of the simple factors, and these being found by means of the formula

s b 1 ¢ ¢ AT e o Vet dot o0 T
log 7z T log g mp T, frh i O T g g
1 150 1 1
logl_ logt+ t— % +2880t‘ 181440t6+&c

The fraction is thus expressed in the form

1 o ek,t+k.,zz+
(1 —p") I (ap)

and by developing the exponential we obtain, as before, the series commencing with

1
Ay 7
Resuming now the formula
xp =pd_,
which gives xp as a function of p, we have
Lo R -
[1-27] S -z’
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but this equation gives

LF ( ﬂ)
NP L [1=291) ssp”
and we have
[1-2%]=(z—p) (@ —p™) ... (—pa),
if 1, @, ... @, are the integers less than « and prime to it (a is of course the degree

of [1 —2*]). Hence

50 =1
XP 5 Ppu—ln(l_pm—l)’

and therefore
Op=-p L1 —p*“ ) xp;
or putting for yp its value
bp=—pII(1—-p* )4,
where a is the degree of [1 —a%] and a; denotes in succession the integers (exclusivé
of unity) less than @ and prime to it. The function on the right hand, by means of

the equation [1—p?] =0, may be reduced to an integral function of p of the degree
a—1, and then by simply changing p into # we have the required function 2. The

3 6. A
fraction [1—_—% can then by multiplication of the terms by the proper factor be
reduced to a fraction with the denominator 1 — 2% and the coefficients of the numerator

of this fraction are the coefficients of the corresponding prime circulator ( ) per a,

Thus, let it be required to find the terms depending on the denominator [1 —2°] in

1
T-aA-DA-)(A-HA -1 —-2)’
these are
XL - 4,8 XL
p—= p—x
where
xap = coeff. Ly S0
t flpe™)’
xszp = coeff. : [ v A
t o flpe™)
and

i g 1
Foe) = T=pe) A=) (1= ) (L= pe ) (1—e 1~

! 1
=A__2t—2+A_1 —t‘+&C.,
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where it is easy to see that

g 3 1
T18A=p A=A - TP’
B 1 P 0 2p? 4pt 4p° }
A= o
(1"P)(1—P2)(1"P‘)(1—P5){4 18 (1 p T T p 1o P‘)

and we have
bp=—p*(1—p) A,

bp=—p*(1—p) A_,.
But [1—p]=1+p+p*=0. Hence p*=1, and therefore
(L—p) (1= p) (L= P (L =) = (1 = p (1 = g =9,

Hence
60 =155 (1~ p) = 155 (1 = ) = 105 2+ p)
162 GOE D N E T e

whence

O = 162 (2 +2),

and the partial fraction is
1 2+
1621 + 2z 422’
which is
1 2—z—2°
TiRTT=s

1, —1)per 3,.

and gives rise to the prime circulator 1—%;—2 2, -

The reduction 6p is somewhat less simple; we have

SR QPRI 5 L g ] ey S b P
A o (S P>{4 18(1-—p+1—p2+1—p+1—p’)}

= LB i o8
-~5P - - mToA

1 s D v
. g(l—Pz){;—ﬁP(l—lﬁ)—g;Pz(l"P)}
1
g7a (1 =p) (51 —10p — 14p%)

1
= 575 (61 +4p— 65p);
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hence finally
1 1
Op = 394 (42 +23p), b= 392 (42 + 232);

and the partial fraction is
1 42 + 23z
324" Ty s+
which is
1 42 — 192 — 232?
1—a X

and gives rise to the prime circulator 3—;4q(4«2, ~19, —23) per 3,

The part depending on the denominator 1 —« is

AN A A, 1

Tt eyt T 2(waz)’ TR T -(xa,,)5
where

1
Q= (=)@ ™)l ~e% A= et
_A‘“t6+A"t5 +A_11t + &e.
We have here : 1 :
1
log —— o= —logt +58—55 "+ 5850 " - &e,,
and thence the fraction is
- 1 e—t-~t=+‘f,,i7it4 —&e.
20 ¢

which is equal to

7904/, 21, 441, 8087 . 64827 . . 1361367
T (1 R e i 1 L
91 . 8281 )
x(l il ireatt -

455
(1+ St )

11 717y 1945 1 430811 1005771
=vo0m 3807 T 10805 T 1152 # T 103680 # ' 345600

and consequently the partial fractions are

3 1 1 R - A g
86400 ()’ T —5 11520( o) T 6480( 202f' 17— T 9304 (¥ |
43981 . 1 199577 1
+ 103680 ¥ T — %t 345600 1 — &

from which the non-circulating part is at once obtained.
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The complete expression for the number of partitions is P (1, 2, 3, 4, 5, 6) g=

103:5800 (12¢° + 630g* + 1230¢° + 110250¢° + 439810g + 598731)

1

+  ze0s (62 +126g+581)(1, 1) per 2,
1

£fe mq ............ 2, -1, - 1) per 3,
h (42, — 19, - 23) per 3

+ 324' oooooo y , pcr q
= 1,1, -1, —1) per 4

+ gg e i Wy B & per 4,

i b3 21,0 -1,-2) 5
25 oooooo F) I} ) > pcr q

o 2 (2,1, -1,-2,—1,1) per 6
g5 (% hielima slil) per Gy
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