42.

LECTURES ON THE THEORY OF RECIPROCANTS.

[American Journal of Mathematics, viiL (1886), pp. 196—260 ; 1X. pp. 1—37,
113—161, 297—352; X. pp. 1—16. Delivered in Oxford, 1886.]

THE lectures here reproduced were delivered, or are still in the course of
delivery, before a class of graduates and scholars in the University of Oxford
during the present year. They are to be regarded as easy lessons in the new
Theory of Reciprocants of which an outline will be found in Nature for
January 7, which contains a report of a Public Lecture on the subject
delivered before the University of Oxford in December of the preceding year.

They are designed as a practical introduction to an enlarged theory
of Algebraical Forms, and as such are not constructed with the rigorous
adhesion to logical order which might be properly expected in a systematic
treatise. The object of the lecturer was to rouse an interest in the subject,
and in pursuit of this end he has not hesitated to state many results, by way
of anticipation, which might, with stricter regard to method, have followed at
a later period in the course.

There will be found also occasional repetitions and intercalations of allied
topics which are to be justified by the same plea, and also by the fact that
the lectures were not composed in their entirety previous to delivery, but
gradually evolved and written between one lecture and another in the way
that seemed most likely to the lecturer to secure the attention of his auditors.

Since the delivery of his public lecture in December last, papers have
been contributed on the subject to the Proceedings of the Mathematical
Society of London by Messrs Hammond, MacMahon, Elliott, Leudesdorf and
Rogers, and one to the Comptes Rendus de UInstitut by M. George Perrin.
It may therefore be inferred that the lectures have not altogether failed in
attaining the desired end of drawing attention to a subject which, in the
opinion of the lecturer, constitutes a very considerable extension of the
Previous limits of algebraical science.
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304 Lectures on the Theory of Reciprocants [42

LECTURE I

A new world of Algebraical forms, susceptible of important geometrical
applications, has recently come into existence, of which I gave a general
account in a public lecture at the end of last term. I propose in the follow-
ing brief course to go more fully into the subject and lay down the leading
principles of the theory so far as they are at present known to me. The
parallelism between the theory of what may be called pure reciprocants and
that of invariants is so remarkable that it will be frequently expedient to
pass from one theory to the other or to treat the two simultaneously. It
may be as well therefore at once to give notice that the term invariant will
hereafter be applied alike to invariants ordinarily so called and to those more
general algebraical forms which have been termed sources of covariants,
differentiants, seminvariants, or subinvariants. A form which is an invariant
in the old sense will be termed, when necessary to specify it, a satisfied
invhriant, an expression which the chemico-graphical representation cf
invariants or covariants will serve to explain and justify.

In an elueidatory course of lectures such as the present, it will be advis-
able to follow a freer order of treatment than would be suitable to the
presentation of it in a systematic memoir. My object is to make the theory
known, to excite curiosity regarding it, and to invite co-operation in the task
of its development. j

By way of introduction to the subject, let us begin with an investigation
of the properties of a differential expression involving only the first, second
and third differential coefficients of either of two variables in respect to
the other. For this purpose let us consider not what I have called the
Schwarzian itself, which is an integral rational function of these three
quantities, but the fractional expression \

day d2y 2
de* 3| da®
dy 2\ dy
da da

which becomes the Schwarzian when cleared of fractions, and which after
Cayley we may call the Schwarzian Derivative and denote by

(v, 2);
(z, y) will then of course mean
déz d2x\ 2
do 2| da
dy dy
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It is easy to establish the identical equation

d (1
o o)== () @ . (1)
Using for brevity ¥/, ", ¥/ to denote, as usual,
dy diy dy
dz’ da?’ da®’
and z,, @, ,, to denote
dy’ doplidy®?

respectively, the relation to be verified is
2yryl/1 e Syll2 A ylz 2.’0 .%'”/ pLi%y 350 2

/ i

y* ; Py
S, o),
y
"= @=g %)
and _ a;’“:diy(w”):g}"%(—%>=—%+3;:”.

Whence we obtain

" NN P Y
2z, — 3,2 = (—- 2y,ﬁ = 6‘1/,6 ) = 3y,6
Y Y
1 Dadal! /79
= B By
and the truth of (1) is manifest.

This may be put under the form

2yy" —8y”_  2am,—3a}

R
showing that a certain function of the first, second and third derivatives of
one variable in respect to another remains unaltered, save as to algebraical
sign, when the variables are interchanged. An example of a similar kind
Wwith which we are all familiar is presented by the well-known function
@y rdyp\E L diz  (da\}

Tk (EE) , which is equal to — ay S (@> .

We are thus led to inquire whether there may not be an infinite number
of algebraical functions of differential derivatives which possess a similar
Property, and by prosecuting this inquiry to lay the foundations of the theory
of Reciprocation or Reciprocants.

Having regard to the fact that the present theory originated in that of
the Schwarzian Derivative, I shall proceed to demonstrate, although this is

8. 1v, 20
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306 Lectures on the Theory of Reciprocants [42

not strictly necessary for the theory of Reciprocants, the remarkable identity

-6 o=(T) 2

This identical relation is the fundamental property of Schwarzians, and from
it every other proposition concerning their form is an immediate deduction.

In the following proof*, v and z are regarded as two given functions of
any variable ¢, and # as a variable function of the same: so that y and 2 are
functions of # for any given function that z is of ¢.

It will be seen that
d 2
(4 9~ @ )} (3)

remains unaltered by any infinitesimal variation € of #, that is, when #
becomes 2 + e (z), e being an infinitesimal constant and ¢ (z) an arbitrary
finite function of .

For brevity, let accents denote differential derivation in regard to «, and
let any function of # enclosed in a square parenthesis signify the augmented
value of that function when # becomes z+6. In calculating such augmented
values, since we suppose that 6 = e¢ (), it is clear that 6, 8, 6” ... are each
of them infinitesimals of the first order, and consequently that all products,
and all powers higher than the first of these quantities, may be neglected.

We bhave therefore

IR RO /e e
[v] dm+d0 1+9' Y H&Y
A . 0’ 1 ’ R 2.
=21 _ (y 7/)=y(1—e)-oy
. dot d0="T5F T+6
ok 01/ 2 0// ’
17 i ‘)0’ ' 01/ , X : a3l i
=y ek 9/ oA 6// /! 01// ’
Hence [y’ ’”} :‘/ y 25 40' Ea il euy'y// e 0’”9'2

%[yl/z] =-:‘%:l/ et | 6/ 112 0// 1

[v*] =y=—20y"
And since by definition
/ I/l /7
vy —%y"
y*
* As originally given in the Messenger of Mathematics, Vol. xv., this was defaced by so many
errata as to render expedient its reproduction in a corrected form.

(y’ .Z') i

)
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we readily obtain

(g )] = L2~ 46 (y, 2)= 0" = (5, ) (1 — 26) — 0"

So also [(2 ©)] = (2, z) (1 —26)— 6.
Whence by subtraction

[(¥, 2) = (2, )] = (1 - 26) {(y, &) = (2, 2)}.
Dividing the left-hand side of this by [2?], and the right-hand side by
7% (1 — 26’) which is the equivalent of [2”?], our final result is

(GRSt

2" 2

Thus, then, we have seen that the expression

@, 2) — (= )
dz\?
(@)
does not vary when @ receives an infinitesimal variation e¢(z), from which it
follows, by the general principle of successive continuous accumulation, that
the same will be true when # undergoes any finite arbitrary variation, amd
consequently this expression has a value which is independent of the form of

« regarded as a function of ¢; it will, of course, be remembered that y and z
are supposed to be invariable functions of ¢ Let # become z, then (y, #)

becomes (y, z), while at the same time (z, ) vanishes and gf; becomes unity :
so that we obtain
,z2)— (2, @
GO=&o)_,

dz\?
(@)
Hence, whatever function & may be of ¢,
dz\?
@0 -@a=(7) o2 @)

To this fundamental proposition the equation marked (1), itself the import-
ant point in regard to the Theory of Reciprocants, is an immediate corollary.
For if in (2) we interchange y and z, it becomes

¢o-@ o= () G

and now, making =z, we have

~w9=(%) - @

which is the same as (1), except that z occupies the place of .
20—2
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But (1) may be obtained more immediately from (2) by substituting in it
« for y and y for z, leaving « unaltered ; when it becomes

- a=(3) @9

This is equivalent to saying that
2y'y"l 37 3y”2 T y/e (2.7)[.%/“ i 3‘/""//2)’

a verification of which has been given already.

T ] 79

diia
Observe that M_yg_y_

2

2
or (y, ) contains (d_y) in its denominator and

dz

2 2
(#, y) contains (%) in its denominator, which is the same as (%) in the

numerator. Thus it is that the square of % enters three times.

Let me insist for a moment on the import of the fact brought to light
@, 2) = (2 )
2

(&)
dz
and z being regarded as functions of ¢, « alters its form, but y and z retain

2 2
theirs. Of course we might write (g-i) in the denominator instead of (‘é—;) ;

and then make the same affirmation as before; as will be evident if we only
remember that by hypothesis y and z are both of them constant functions of

in the course of this investigation, that is invariable when z, vy

2
t, and that therefore <%> must also be so. This is tantamount to saying

that when the same conditions are fulfilled {(y, ) — (2, #)} (de)? is invariable,
that is, that when # becomes X in virtue of any substitution (including a
homographic one) impressed upon it,

(% 2) = (2 @)} (daf = {(3, X) — (2 X)} (dX)’,
and thus we see that when # becomes X,
(3/) w) il (Zr @)
remains unaltered except that it takes to itself the factor (%)2 which depends

solely on the particular substitution impressed on .

If y=f(), 2= ¢ (), and X = (),
our formula becomes
(2, @) — (¢a, @)} (da) = {( fo' X, X) = ($o'X, X)} (dXY,
so that, speaking of Quantics and Covariants with respect to a single variable
z, (fx, ) — (¢, «) is to all intents and purposes a Covariant to the simul-

taneous forms () and ¢ (z), in a sense comprehending but far transcending
that in which the term is ordinarily employed; for it remains a persistent
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factor of its altered self when for # any arbitrary function of z is substituted,
the new factor taken on depending wholly and solely on the particular sub-
stitution impressed upon #. In the ordinary theory of invariants, the
substitution impressed is limited to be homographic; in this case it is
absolutely general. We might, moreover, add as a corollary that if (y, ),
(2, @), (u, ) ... are regarded as roots of any Binary Quantic, every invariant
of that Binary Quantic is a covariant in the extended sense in which the
word has just been used, in respect to the system of simultaneous forms
f(@), ¢ (), ¥ (2).... For every such invariant will be a function of

@ 2)— (2, 2), (y,2)—(u, @), (s 2)— (u, @), ...
and will therefore remain a persistent factor of its altered self, taking on a

s

power of a5 28 its extraneous factor.

Calling (fw, ) the Schwarzian Derivative of f(z), our theorem may be
stated in general terms as follows:

All vnvariants of @ Binary Quantic whose roots are the Schwarzian Deri-
vatives of a given set of functions of the same variable are Covariants (wn an
extended sense) of that set of functions.

The theory of the Schwarzian derivative originates in that of the linear
differential equation of the second order,

u' 4+ 2Pu + Qu =0,
which becomes, when we write u = ve—/P dz,
v +Iv =0,
where I=Q-P-P.

Now, suppose that u, and u, are any two particular solutions of the first
of these equations, and let z denote their mutual ratio; so that, when v,
and v, are the corresponding particular solutions of the second equation, we
readily obtain

)
PatBigeth
R Uy
V0 — U0,
1¥g T Ugl}
and therefore, z’=—T.
1

A second differentiation gives

7 7’ ’ ’ ’
o _7-’17)2, — 1,0, i 20, (0w —v,0,)

v R
’” ”
: v’ v
But since 223 T
v U

the first term of the expression just found vanishes identically, and we have
5 20,7
P R

yt
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2 ”

27

or, v =—

Differentiating this again, we find

77 /19

AR 2z
—21)”=(~———>v +5 v
1 Z, 212 ¢ ZI 1
<z/// 32112)
=(——="=]0.
e )
Hence

where the left-hand side of the equation is “the Schwarzian Derivative ” with
z written in the place of .

LECTURE IL

The expression 2’y — 3y"?, which we have called the Schwarzian, may
be termed a reciprocant, meaning thereby that on interchanging ¥/, ¥”, "’
with z,, ,,, z,, its form remains unaltered, save as to the acquisition of what
may be called an extraneous factor, which, in the case before us, is a power of
¥ (with a multiplier —1). Before we proceed to consider other examples of
reciprocants it will be useful to give formulae by means of which the variables
may be readily interchanged in any differential expression.

We shall write ¢ for " and 7 for its reciprocal ,, using the letters a, b, c,...
to denote the second, third, fourth, etc., differential derivatives of y with
respect to «, and a, B, v, ... to denote those of z with respect to y. The
advantage of this notation will be seen in the sequel.

The values of a, B, v, ... in terms of ¢, a, b, c, ... are given by the formulae
a=-—a-=+t,
B=—"bt+ 3a*=+t°,
y=—ct*+ 10abt — 15a® + ¥,
8=—dt* + (15ac + 100*) ¢* — 105a%bt + 105a* + &,
e=—et' + (21ad + 35bc) t* — (210a’c + 280ab?®) £2 + 1260a2bt — 945a® + 7,
If, in these equations, we write
a=1.2.ay, 8=1.2.8.0,, ¢=1.2,8.4.qa,, ...
and =1 520,58 1v M3 ansanasil s 20 AT as
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they become
Oy = — @, + 13,
o =— a,t+ 2a, + t%
= — @ t?+ Baya,t — ba® + 17,
oy = — ayt* + (6a,a, + 3a1”) £ — 21lala,t + 14at = ¢,
o, = — a,t* + (Taya; + Ta,a,) £ — (28a2a, + 28a,?) t* + 84asa,t — 42a,° + t,

..........................................................................................

Any one of the formulae in either set may be deduced from the formula
immediately preceding it by a simple process of differentiation.

; — bt + 3a* d 1 d
Thus, since e S and d—y_Z'd_x’
a3 1 d (-bt+3a®
Wehave d—y—?.%(—‘ﬁ—).
ag _ d _
But @—yanda—é—aat+baa+cab+...,
hur 9
so that «y=%(aa,+baa+cab+...)(@)

= & (— e+ 10abt — 150)

By continually operating with —:— (ad; + b0, + 0y + ...) the table may be

extended as far as we please, the expressions on the right-hand side being
the successive values of
a

{%(aa, 80y 00y ...)}" (-3

found by giving to n the values 0, 1, 2, 3, ....

Precisely similar reasoning shows that, when the modified letters
@y, @, @y, ... are used,

(n+ 2) ap= % (2040, + 30,00 + 40D, + +-.) Gns,

1 n y

and =
nd that a 3.4.5...(n+2)

A proof of the formula
v
a, =— t—n—s (e-?) Ay
obtained by Mr Hammond, in which
2 2
V=4, a—2° Oa, + 502,04, + 6 (aoa2 + %’) Oug + T (@oy + A1) gy + ...,

will be given later on, when we treat of this operator, which, in the theory of
Reciprocants, is the analogue of the operator ad,+ 200, + 3cdq+ ..., with
which we are familiarly acquainted in the theory of Invariants.
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Consider the expression

ct — 5ab. ,
If, in g7 — 503, which may be called its transform, we write
@ — bt + 3a? —ct? + 10abt — 15a?
TR o et 4 I3=—t5’“"; i & )

this becomes a fraction whose denominator is ¢, while its numerator is
— ct* + 10abt — 150® + 5a (— bt + 3a*) = — ct* + Sabt.

Removing the common factor ¢ from the numerator and denominator of

this fraction, we have
ct — 5ab

t7

Here, then, as in the case of the well-known monomial for which

vy — 5aB = —

a=-—ta,
and the Schwarzian for which
2bt — 3a* = — 5 (28T — 3a?),
the expression ct — 5ab = — 7 (yr — 5a3)
changes its sign on reciprocation.

That reciprocation is not always accompanied with a change of sign will
be clear if we consider the product of any pair of the three expressions given
above. Or we may take, as an example of a reciprocant in which this change
of sign does not occur, the form

3ac— 5b%

3a (ct* — 10abt + 15a%) — 5 (bt — 3a?)?

Here Say — 53 = 0

In the fraction on the right-hand side the only surviving terms of the
numerator are those containing the highest power of ¢, the rest destroying
one another. Thus

Bay — B %(3“ _ 5B8).

Reciprocants which change their sign when the variables # and y are
interchanged, will be said to be of odd character; those, on the contrary,
which keep their sign unchanged will be said to be of even character. The
distinction is an important one, and will be observed in what follows.

Forms such as the one just considered, where ¢ does not appear in the
form itself, but only in the extraneous factor, will be called Pure Reciprocants,
in order to distinguish them from those forms (of which the Schwarzian
2tb—3a? is an example) into which ¢ enters, which will be called Mixed
Reciprocants. It will be seen hereafter that Pure Reciprocants are the
analogues of the invariants of Binary Quantics.
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With modified letters (that is, writing @ = 2a,, b = 6a,, and ¢ = 24a,)
3ac — 5b* becomes 144a,a, — 180a,? = 36 (4a,a, — 5a,2).
Operating on this with
V =2a204, + 50,0,04, + .-,
we have V (4a,a, — 5a,2) = 0.

We shall prove subsequently that all Pure Reciprocants are, in like
manner, subject to annihilation by the operator V.

Hitherto we have only considered homogeneous forms ; let us now take as
an example of a non-homogeneous reciprocant the expression

(1 +1)b — 3a2t.

= 2 2
Here (1+7%B—3a%=(1+%)(%)_%
(1 +#) (= bt + 3a®) — 3a®

t7

In the numerator of this fraction the terms + 3a? and — 3a? cancel, a
factor ¢ divides out, and we have finally
_ (A +#)b—3a%

t° ]

In general, a Reciprocant may be defined to be a function ¥ of such a
kind that F (r, a, B, v, ...) contains F (¢, a, b, ¢, ...) as a factor. An import-
ant special case is that in which the other factor is merely numerical ; the
function ¥ is then said to be an Absolute Reciprocant.

(147 B —3ar =

When we limit ourselves to the case where F is a rational integral func-
tion of the letters, it may be proved that

B b, co gy = B (T B ot 8y

For, in the first place, since any one of the letters a, 3, v, ... is a rational
function of ¢, @, b, ¢, ... and integral with respect to all of them except ¢,
containing only a power of this letter in the denominator, it is clear that any
rational integral function of 7, a, B3, v, ... such as F' (7, @, B8, v, ...) is supposed
to be, must be a rational integral function of ¢, @, b, ¢, ... divided by some
power of ¢ But since F is a reciprocant, F(r, @, B, v, ...) must contain
F(t a,b,c ...) as a factor; and if we suppose the other factor to be

d(t,a,b ¢ :..)
A {
we must have

Fn, o) g iyt “:tf, B b b8 o,

where ¢ is rational and integral with respect to all the letters.
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Moreover, F(t,a,b,0,..) =20 %R ) p(r o gy, ..

Hence we must have identically

o@ a b ..)d(ra, By ...)=1,
where, on the supposition that the functions ¢ contain other letters besides ¢
and 7, ¢ (4, @, b, ¢, ...) is, and ¢ (7, a, B, v, ...) can be expressed as, a ra!;ione?,l
function integral as regards the letters @, b, ¢, .... But this supposition 1s
manifestly inadmissible, for the product of two integral rational functions of
@, b, ¢, ... cannot be identically equal to unity. Hence ¢ is the only letter
that can appear in the extraneous factor and we may write

F(r,08, v, ...)="'t—ft)F(t, a;b, 8, 1o

where 4 (¢) is a rational integral function.

The same reasoning as before shows that we must have identically
V@O (n)=1.

But this cannot be true if - (¢) has any root different from zero; for if
we give ¢ such a value as will make y (¢) vanish, this value must also make
4r () infinite ; and since

Y(r)=A+Br+0r*+... + M™
B C M
_A+_t +z§+ "'+tT””
the only value of ¢ for which v (7) becomes infinite is a zero value. Hence
V¥ (%) is of the form M¢™, and consequently Y ()= Mr™. Thus

P (@) ¥ () =Mt"s™ =1,
and therefore M:=1,
We have now proved that if F is a rational integral reciprocant,
B (L, 3h, G Yk DL (iea Bty o)y
or we may say, =(=)tr F(r,a, B, 7, ...),
where « =1 or 0 according as the reciprocant is of odd or even character.

It obviously follows that the product or quotient of any two rational
integral reciprocants is itself a reciprocant; but it must be carefully observed
that this is not true of their sum or difference unless certain conditions are
fulfilled. For if we write

=Yt K, (7, a, ...)
and o (Lrah e
we see that

PF (¢ a, ...)+qF:(t, a, ...) = (=)tmpF, (7, a, ...) + (=)ot qF, (1, &, ...)s

«
j=i
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and consequently this expression will be a reciprocant if &, = x, and u; = p,
but not otherwise. If we call the index of ¢ in the extraneous factor the
characteristic, what we have proved is that no linear function of two recipro-
cants can be a reciprocant, unless they have the same characteristic and are
of the same character. In dealing with Absolute Reciprocants, since the
characteristic of these is always zero, we need only attend to their character.

I propose for the present to confine myself to homogeneous and isobaric
reciprocants*, that is, to such as are homogeneous and isobaric when the
letters ¢, @, b, ¢, ... are considered to be each of degree 1, their respective
weights being —1,0,1, 2, .... The letter w will be used to denote the
weight of such a reciprocant, ¢ its degree, and j its extent, that is, the weight
of the most advanced letter which it contains.

Let any such reciprocant F(¢,a,b,c,...) contain a term A¢’a’b™c"..., then
v+l+m+nt ... =1,
and —v+m+2n+ ... =w.
The corresponding term in F (7, a, B, vy, ...) will be Ar°a!Bmy™ ... where

i a b c
0= P ﬁ——t;, B=_t—‘+"" fy——z5+ shiay o6
Now, if no term of F contains a smaller number of the letters a, b, ¢, ...
than are found in the term we are considering, the first terms of 8, y, etc.,
may be taken instead of these quantities themselves and Arva‘!B™y™ ... may
be replaced by

(__)l+m+n+... At-—v-—-al—mn—sn—... al bm ... = (_)i—v A tv—si—w al bmen ...

But since F @, 0,06, ...)=(=)t-H(7, o By, 5.)
we must have identically
Areathmen i CYS vk Aptivon i gkbl et
Hence the character is even or odd according to the parity of —w (that
18, of the smallest number of letters different from ¢ in any term), and the
characteristic u = 3¢ + w.

The type of a reciprocant depends on the character, weight, degree and -
extent. As the extraneous factor is always of the form (—)<t*, where & is 1
or 0, we may define the type of a reciprocant by

lew:t, j or - 0:w:1,7,
according as its character is odd or even.

For Pure Reciprocants the smallest number of letters different from ¢ in
any term is (since all the letters are different from ¢) the same as its degree.

* Here and elsewhere the word reciprocant is used in the sense of rational integral reciprocant:
this will always be done when there is no danger of confusion arising from it.
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Hence the character of a Pure Reciprocant is odd or even according to the
parity of 4, and for this reason the type of a Pure Reciprocant may be
defined by w:1, j.

A linear combination of reciprocants of the same type will be a recipro-
cant, for when the type is known both the character and characteristic are
given.

LECTURE IIL

Let F be any function (not necessarily homogeneous or even algebraical)
of the differential derivatives which acquires a numerical multiplier M, but is
otherwise unchanged when the reciprocal substitution of « for y and y for =
is effected. A second reciprocation multiplies the function again by M, and
thus the total effect of both substitutions is to multiply # by M2 But since the
second reciprocation reproduces the original function, we must have M2=1.
Functions of this kind are therefore unaltered by reciprocation (except it may
be in sign), and for this reason are called Absolute Reciprocants. These, as
we shall presently see, play an important part in the general theory. Like
all other reciprocants, they range naturally in two distinct classes, those of
odd and those of even character.

It is perhaps worthy of notice that the extraneous factor of a general
reciprocant is the exponential of an absolute reciprocant of odd character.
For if

Bt a5 c, - Ly = (TN 0 e o) U T a 8 B o)

we must still have, as before,
SHabdec.)d(maBy .)=1;
that is logp(t,a b,c,..)=—logd(r,a, B,y -..);
or log ¢ (t, @, b, ¢, ...) is an absolute reciprocant of odd character.

An absolute reciprocant may be obtained from any pair of rational integral
reciprocants in the same way that an absolute invariant is found from two
ordinary invariants. For let

Fl(t, a, b, c, .-.)=(—)Klt”'lF1 (T, a, B: Y "'))
and F,(t,a,bc, ..)=(=)stmsF,(7, 0, By, ...),
(Fy(t,a,b,c, ..)m e T (T, 4 By, o))
= (_)Klﬂa Kolky :
[Fy(t, a, b, ¢, ... )M {Fo(r, 0, By, e00)}
or we may say that Fys -~ Fy is an absolute reciprocant of even or odd
character according to the parity of u, — xop,.

then
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Thus, for example, from
a=—"ta
and 3ac — 5b* =2 (Bary — 58%)

(3ac — 5b%)?
a&

we form , an absolute reciprocant of even character.

From a reciprocant F' whose characteristic is x we obtain an absolute

&
reciprocant of the same character as # by dividing it by ¢2.

For if we only remember that = %, it obviously follows that

Kb aibyoal)= Rtk H(ria; Biini:3)
can be written in the form
F (1, a,b, ¢ )= +F(1', LBy
= ®

ot I
12 T2

3

where the original character of the reciprdcant F is preserved.
It may be noticed that a reciprocant of odd character cannot be divided
"
by 4/(—= 1) ¢* so as to give an absolute reciprocant of even character; for, the

w I
reciprocal of F being — t* F”, that of F+y/(—1) ¢ will still be — F” +/(—1)72.
The character of a reciprocant is thus seen to be one of its indelible
attributes.

As simple examples of absolute reciprocants we may take e i
R
3ay — 532

which becomes on reciprocation =

, and ;—;, which reciprocates into
—;i. The character of the former is even, that of the latter odd.

3
z

Observing that

) el 17 A (B
10gt='—10g7 and Vt.%=%.@,
1 ik g d
we have (/\7t . d_x> 10gt=—Kl\/—T . @) IOg’T.

From this, in like manner, we obtain

(%t : %)Hogt:— (%_ : (—%flog-r;

and so, in general,

(G ) eem =G e
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Hence ( log ¢ is an absolute reciprocant, and of an odd character,

d
i)
for all positive integral values of i. We thus obtain a series of fractions with
rational integral homogeneous reciprocants in their numerators and powers
of t¥ in their denominators. It will be sufficient, before proceeding to the
more general theory of Hduction, as it may be called, to examine, by way of
illustration, the cases in which 2 =1, 2 and 3.

Let ©=1; then
TR a
(\/t dz )Iogt__%

So that, in the case where 7z = 2, we have

LIOYE ek 1 i)“_§_§ a
</\/t'dx) o8 _(Vt'dx A ATghPp
_ 2bt — 3a?

. e

The numerator of this fraction is the Schwarzian.

In like manner, when 7 = 3,

<l i>3l t=<—1— ! i) (2bt—3a2> _ 2ct—4ab _ 6abt—9a® _ 20t'—10abt+9a°
vt d vt do)\ 26 o 2 Py

But here a reduction may be effected, for <;—§>s, as well as %% itself, is an
absolute reciprocant of the same character as the whole of the expression just
found. Hence we may reject the term % .%; without thereby affecting the
reciprocantive property of the form, and thus obtain

ct — bab
gy

an absolute reciprocant of odd character. The corresponding rational integral

reciprocant is
ct— bab.

e 2
We have found that % and %ttsﬂ are each of them reciprocants.
3

Why, then, by parity of reasoning, is not 2t—l:t , and therefore b, a reciprocant ?

. g . .. 2bt—3a? .

It is because %, the square of :t—,,, is of even character, while b_tséa_ 1
'y

an odd character, so that no linear combination of the two would be

legitvmate.

s of
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If we differentiate any absolute reciprocant with respect to , we shall
obtain another reciprocant of the same character. For let R be any absolute
reciprocant and R’ its transform, then

R=4 K
and since diw =1 (% may be written in the equivalent but more symmetrical
form
Lo el &
Nt dz T dy’
L d 1 R AN
we have (Jt.d_x)R:i(\/—'T'@)R.

On one side of this identica! equation is a function of the differential
derivatives of y with respect to ; on the other, a precisely similar function
l\—}—t. 3 is an absolute reciprocant,
and therefore il_lm% is a reciprocant, the character of each being the same as
that of R.

I will avail myself of the conclusion just obtained, which is the cardinal
property of absolute reciprocants, to give a general method of generating
from any given Rational Integral Reciprocant an infinity of others—rational
integral educts of it, we maysay. Let F be such a reciprocant, and u its charac-

of those of # with respect to y. Hence

e T : BN
teristic; then = is an absolute reciprocant, and consequently ——< —) 18 a
I Y de| ®
12

t§
reciprocant, both of them of the same character as F'; that is
dF p
t d_a; L é { GIF .
t%+1 g
or we may say 2t %g — pal’

is a reciprocant of the same character as F.

This is even true for non-homogeneous reciprocants, for the only assump-
tion made at present as to the nature of F is that it is a rational integral
reciprocant. But if we further assume that it is homogeneous and iscbaric*,
we know that

p=3r + w.
Now, Euler’s equation gives
3= 3(t8t +aaa+b8b+cac+ ...),

* It will subsequently be proved that every rational integral reciprocant which is homo-
geneous is also isobaric.
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and from the similar equation for isobaric functions (remembering that the
weights of ¢, @, b, ¢, ... are —1, 0, 1, 2, ...) we obtain

: w=—t8t+b8b+2cac...,
so that = 2t0; + 3a0, + 4boy + 5¢0,+ ... .

And since é—-‘i=aa,+baa+cab+dac+...,

we may in (2t E% - p.a) F replace 2¢ d%:— ua by
2t (a0¢ + b0y + cOp + do. + ...)
— a (2t0; + 3ad, + 4b0 + 5¢0, + ...),
or by its equivalent
(2bt — 30%) 0, + (2¢t — 4ab) 0, + (2dt — 5ac) 0, + ....
The conclusion arrived at is that when F is a rational integral homo-
geneous reciprocant, :
{(2bt — 3a*) 0, + (2¢t — 4ab) 0, + (2dt — 5ac)0, + ...} F
is another, and that both are of the same character.

It will be convenient to use the letter G to denote the operator just
found and to speak of it as the gemerator for mixed reciprocants. By
the repeated operation of this generator on ¢ we may obtain the series
Ga, G*a, G®a, ..., whose terms will be mixed reciprocants, since each operation
increases the highest power of ¢ by unity. The forms thus obtained will, in
general, not be irreducible. It is, in fact, easy to see that a reduction must
always take place at every second step. Observing that GF only expresses

the numerator of the absolute reciprocant % ) diw (g) in a convenient form,
t§

and that G°F is equivalent to the numerator of (% g %)2 (g:\), we have
¢

It
1 d F\ 'deo 2° ;
Nt dz tg tﬂ,zﬁ
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The whole of this fraction is an absolute reciprocant of the same cha.lacter

as F'; so also is 2~ ( the product of the even absolute remprocant = by &
tz
K opt3

We may therefore reject the term Sl a*F from the numerator, and the

remaining fraction

d/ dF u u+3 dF
_(t-d__é.aF)— ~2a

will still be an absolute reciprocant of the same character as F. Its numera-
tor, which is one degree lower than G*F, may be written in the form

dr
¢ (u+ el —Lor

This, it may be noticed, is a reciprocant of the same character as ¥, even
when F is non-homogeneous.

Starting with a, we have
Ga = 2bt — 3a® (the Schwarzian),
G*a = @ (2bt — 3a?) = — 6a (20t — 3a®) + 2t (2¢t — 4ab) = 4ct* — 20abt + 184?.

But, for the reason previously given, 18¢* may be removed, so that reject-
ing this term and dividing out by 4¢ we obtain the form

ct— bab,
which may be called the Post-Schwarzian.

The next form is obtained by operating on the Post-Schwarzian with G ;
thus, we have to calculate the value of G (¢t — 5ab), where

G = (2bt — 3a*) 0, + (2¢t — 4ab) 0y + (2dt — 5ac) 0,.
The working may be arranged as follows :

a2 act b% o

t(2dt—bac)=| 2 -5 . .| from (2dt - bac) 0,
—-ba (2t —4ab)=| . -10 . 20 » (2¢t —4ab) 0,
—5b (26t —3a?) =| . . =10 15 » (20t —3a?) 0,

2 —-15 -10 35
The result should be read thus:
2dt2 — 15act — 100 + 35a?.

To obtain the next of this series of reciprocants, we have to operate on
this with ¢ and at the same time to take account of the reduction that has

S. IV. 21

www.rcin.org.pl



322 Lectures on the Theory of Reciprocants [42

to be made at each alternate step. The arrangement of the work is similar
to that of the former case. 3
e® ad? bet? a’ct ab¥% a®h

262 (2et—6ad)=| 4 —12 : h ; g from (2¢t—6ad) 0,

— 15at (2dt — bac)=| . —30 U O y s (2dt—bac)0,
(35a2— 200¢) (2¢t — 4ab) =| . 4 —40 70 80 -140 | , (2ct—4ab)d,
(70ab—15ct) (26t —3a%) =| . . —30 45 140 —210| , (2bt—3a%)3,

4 —42 =70 190 220 -350
—70a2 (¢t — bab)= . : SN0 g 350
4 —42 -70 120 220

This divides by 2, giving the reduced value
2et? — 21adt — 35bct 4+ 60a’c + 110ab>
The next obtained by this process will be seen by the following work
to be
4ft* — 56aet* —112bdt* — T0¢** + 309a°dt + 995abct 4 2206% — 660a°c — 1210020,
S aet? bdfr 2 a’dt abet b ac  o?b?

22 (2ft —Tae)=|4 —14 . Al iR s . .| from (2f¢ — Tae) 0

—2lat (2et—6ad)=|. —42 . s 1T ey i ; : ,» (2et— 6ad)0dy

(— 35bt +60a?) (2dt — bac)= -70 . 120175 . -300 . s (2dt—bac) 0,
(—35ct+220ab) (2ct — 4ab)=|. . 7 DR T Ll . =880 | , (2ct—4ab)d,
(=21ds+120ac+1106%) (2bt— 3a?)=|. . —42 . 63 240 220 —360 -330 | ,, (2bt—3a})d

4 —56 —112—70 309 995 220 —660 —1210

This cannot be reduced in the same manner as the preceding form,
but it must not be supposed that the forms thus obtained are in general
irreducible.

Having regard to the circumstance that the forms of the series
a, Ga, Ga ..
n
occur in the numerators of the successive values of (\% i El%) log ¢, they

may be called the successive educts, and the reduced forms given above may
be called the reduced educts and denoted by X, E,, E;.... Thus

E, =a,
E, = 2bt — 3a?,
E, = ct — 5ab,

E, = 2dt? — 15act — 10b% + 35a2D,
E; = 2et?* — 21adt — 35bct + 60a%c + 110ab?,
Ey = 4ft* — 56aet® — 112bdt* — T0¢*? + 309a*dt + 995abet
+ 220b% — 660a’c — 1210a%b*
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LECTURE 1IV.

We have seen that when F is a rational integral homogeneous and
isobaric reciprocant, G'F is another of the same character. It will now
appear that the condition of isobarism is implied in that of homogeneity;
for let F" be a rational integral homogeneous reciprocant, w its characteristic
and ¢ its degree in the letters ¢, a, b, c, ..., then, in the identical equation

F(tabe..)=1t"F(r,a,8, v, ...)

both members are homogeneous and of the same degree in the letters
t,a, b, ¢ ...; that is, if At¥a’d™c"... be any term of F (¢, a, b, ¢, ...), its
degree must be the same as that of t*A7*a’Bmy" ... when 7, a, B, v, ... are

expressed in terms of ¢, @, b, ¢, .... But
1 a b c
'T=Z, d——t—a, ,8—-"'5"‘..., 'Y-——‘t—5+---,

and so on. The degrees of 7, a, B, r, ... are therefore —1, —2, —3, -4, ...
respectively. Hence

k+l+m4+n+...=p—k—20—3m—4n— ...,

or p=2k+3l+4m+5n+....
And by hypothesis i=k+l+m+n+...,
so that p—3=—k+m+2n+....

Neither x nor 7 is dependent for its value on the selection of a particular
term of F, for all terms of F(r, a, B, v, ...) are multiplied by the same
extraneous factor +#*, and all terms of F (¢ a,b, ¢, ...) are of the same
degree 7. Hence — k+m 4+ 2n+ ... must also be the same for each term of
F; or, attributing the weights — 1, 0, 1, 2, ... to the letters ¢, a, b, ¢, ..., the
function F' is isobaric.

Next, suppose F to be fractional, and let it be the ratio of the two
rational integral homogeneous reciprocants F, and F,. The operation of ¢
on F will, in this case also, generate another reciprocant of the same
character as #. For, since @ is linear in the differential operative symbols
Oa, Oy, g, ..., its operation will be precisely analogous to that of ditferen-
tiation, so that, operating with G on

F=7,
_F.GF, - F,GF,

we have GF VoG ;:
2

21—2
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In order to prove that this is a reciprocant, we have to show that the
character and characteristic are the same for both terms of the numerator.
But GF, is a reciprocant of the same character as F,, and G'F, is one of the
same character as F,; thus the two terms of the numerator are of the same
character as F\F,. As regards the characteristic, it should be noticed that
G, that is, the operator (20¢t— 3a?) 0q+ (2¢t— 4ab)0,+ ..., increases the
degree by unity, but does not alter the weight, so that it increases the
characteristic of any rational integral homogeneous reciprocant by 3. Thus
the characteristic of each term in the numerator exceeds by 3 that of F, .
Hence GF is a reciprocant, and, taking account of its denominator as well as
its numerator, we see that the operation of ¢ on a rational homogeneous
reciprocant, whether fractional or integral, produces another in which the
original character is preserved while the characteristic is increased by three
units.

More generally, let F,, F,, F;, ... be any rational homogeneous recipro-
cants whose extraneous factors are (=)<t (—)<tre, (—)oti, ... respectively ;
and supposefb to consist of a series of terms of the form AFMFNMFM ...,
such that the extraneous factor for each term is (—)<¢*. Then ® is a recipro-
cant, but not necessarily a rational one; for the indices A,, Ay, A4, ... may be
supposed fractional, provided only that they satisfy the conditions

£ M + Kohs + K5 + ... — K = & positive or negative even integer,
and A+ gk + pshg + ... — p = 0.

We proceed to show that G® is also a reciprocant, and that its extraneous
factor is (—)x¢*+%. Since
dd dd dd

G(D=d71.GFl+m.GF2+d—ﬁ,3

we have to prove not only that each term of this expression is a reciprocant,
but also that all of them have the same extraneous factor; otherwise their
sum would not be a reciprocant.

Now, in D =SAFMEMF ...,
the extraneous factor for each term is by hypothesis (—)*#*, so that the
extraneous factor for each term of

j—i w TdA oM

G s 4

is (=)™t~ and therefore g?

whose extraneous factor is (—)« =15, Hence g.GF1 is a reciprocant having
1

(—)<t+** for extraneous factor, and in exactly the same way we see that every
other term of G® is also a reciprocant with the same extraneous factor.

is a reciprocant. Also, GF, is a reciprocant
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Thus @, operating on any homogeneous reciprocant whose extraneous
factor is (—)<¢*, generates another whose extraneous factor is (—)<¢#+s,

If, in the generator for mixed reciprocants,
G = (2bt — 3a?) 0, + (2¢t — 4ab) 0y + (2dt — 5ac) 0, + ...,
we write a=1.2.g, b=1.2.83.a, ¢c=1.2.83.4.q,...,
(that is, if we use the system of modified letters previously mentioned), its
expression assumes a more elegant form. Substituting for @, b, ¢, ... their
values in terms of the modified letters, we have

2bt—8a2=2.1.2.3a,t—3(1.20a2=1.2*. 3 (a,t — ),

1

and = i3 Pacs

so that (26t — 3a?) 04, = 1. 2.3 (a,t — @) Oge-
Again, (2ct — 4ab)=1.22.3. 4 (ast — a,a,)

1

and Op = 193 Oay 5

so that (2t —4ab) 0y =1.2. 4 (ast — aya;) O,
Similarly, (2dt — 5ac) 0, =1.2.5 (ast — ay@s) O,

Thus the modified generator for mixed reciprocants is
1.2.3(ait — ) 0ao+1.2.4 (At — @y0y) 00, +1.2.5 (a8 — ) 0y + -,
in which the general term is
1.2 (n+ 3) (a1t — a@p) O,

The factor 1.2 may, of course, be rejected, and our modified generator

may be written in the simple form
3 (a,t — a?) 0y + 4 (At — @y@,) 0gy + 5 (At — Ao 3) Oy + ...

Operating with this on the homogeneous reciprocant F(t, ao, a1, ds, ...),
the result will be another homogeneous reciprocant of the same character as
F. When we start with @, and make the reductions which, as we have seen,
occur at every second step, we find a system of reduced educts corresponding
in every particular with those formerly given, but expressed in terms of the
modified letters a,, @, as, ... instead of @, b, ¢, .... These are as follows:

s
Fant — ag’
2.t — bayay,
*2a,8? — Gagast — 3a.2t + Tala,,
2a,8* — Tayast — Ta,a.t + Sala, + 11a,a.2,
*lda,t* — 56a,a,8* — 56a, a5t — 28,2 + 103a2ast + 199a,a,ayt
+ 33a,%t — 88asa, — 121aa,>

* It will be observed that in the unreduced forms, marked with an asterisk, the sum of the
Numerical coefficients is zero. This is a direct consequence, as may be easily seen, of the form
of the modified generator, in which the sum of the numerical coefficients in each term is also zero.
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It will be found on trial that these modified educts are obtained with
greater ease and with less liability to error by-a direct application of the
generator

3 (aat — @) Ogp + 4 (Aot — Ay 1) Oy + D (A5t — AQAs) Oy + ...,

than by making the substitution of 1.2.a,, 1.2.3.¢a;, 1.2.3.4.q,, ... for
a,b,c, ... in the system of educts already given. For this reason the working
by the former method is here performed, instead of being merely indicated.

From a, we obtain immediately

a,t —
Operating on this with the generator, there results
4t (ast — aya,) — 6a, (a,t — a?) = 4a,t* — 10a,a,t + 6a,®

This, when reduced by removing its last term and dividing the others by
2t, gives
2a,t — Sa,a,.

The next form is found from this by a simple operation, without subse-
quent reduction, and is therefore

10t (ast — ayas) — 20a, (ayt — ayay) — 15a; (ayt — ag?).
Or, collecting the terms and rejecting the numerical factor 5,
2a,t? — 6a,a.t — 3,2t + Tala,.
The operation of the generator on this gives
128 (ast — aoa;) — 300yt (a5t — aya,) + 4 (Ta? — 6a,t) (ast — ayay)
+ 3 (14,0, — 6a,t) (a,t — a*).
The collection of terms and subsequent reduction is shown below :

Aul® . a0t - GOt altdgt . auelt . alay

12 \ =19 . .
o 0 ¢ 30 ) .
e~ g 24 —28
. B AR sy
38 i 4 el Bucild W6 861170
— 14a.? (25t — 5a,a,) = . 2 L — 98 4 +70
19 ok A A 66

Removing the factor 6¢, the reduced form is
2a,8* — Tayast — Ta,a.t + 8aa, + 11la,a,®
Operating on this with the generator, we have
148 (a5t — apay) — 42a,t (@t — ayas) + 5 (8a, — Tayt) (ast — a,a,)
+ 4 (22a,a, — Tast) (ast — ayay) + 3 (1102 + 16a,a, — Tazt) (a,t — a,?)
= 14a;t® — 56a,a,t* — 56a,a,t* — 28a,2t* + 103a,2ast + 199a,a,a.t
+ 33a,°t — 88a,2a, — 121a2a,?,

which cannot be reduced in the same manner as the preceding form.
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To obtain a generator for passing from pure to pure reciprocants a
process is employed similar to that which gave the generator for mixed
reciprocants which we have just been using. I state the results before giving
the proof, and then proceed to speak of generators in the theory of Invariants.
The generator for pure reciprocants is

(Bac — 4b*) 0, + (3ad — 5bc) 0, + (3ae — 6bd) 04+ ... ;
or, expressed in terms of the modified letters,
4 (y@; — ,2) Dgy + 5 (@03 — Ay @) 0y + 6 (RO — A1 A3) Dy + ..

By operating with this on any pure reciprocant R, we generate another
pure reciprocant of opposite character to that of R.

The connection between the two theories of Reciprocants and Invariants
is so close, and these brother-and-sister theories throw so much light upon
each other, that I began to inquire whether, in the latter, there did not exist
a theory of Generators parallel to that of the former.

Fortunately, Mr Hammond was able to recall a correspondence in which
Prof. Cayley had given such a theory, which he regarded, and justly, as an
important invention. Its substance has been subsequently incorporated in
the Quarterly Journal (Vol. XX. p. 212). It offers itself spontaneously in the
Reciprocantive Theory ; in the Invariantive one it calls for a distinet act of
invention. Prof. Cayley has discovered two generators similar in form with
those for reciprocants, and one of them strikingly so; in a letter to me he
calls these P and . As given by him,

P = abd, + acd, + ado, + ... — b,

Q= acdy + 2ado, + ... — 2wb,
where 4 is the degree and w the weight, the weights of @, b, ¢, d, ... being
taken to be 0,1, 2,3, ... (I supply the @ which Cayley turns into unity.)
As an example he takes the “ Invariant ” a*d — 3abc + 2b° = I, suppose. We
have then

PI = (abd, + acd, + add, + aedq — 3b) I

= ab (2ad — 3bc) + ac (— 3ac + 6b°) — 3a*bd + a’e — 3b (a’d — 3abc + 2b%)
= a’e — 4a*bd — 3a*c* + 12ab’*c — 6b*
= a? (ae — 4bd + 3¢®) — 6 (ac — b,
and QI = (acd, + 2add, + 3aed; — 6b) I
= ac (— 3ac + 6b*) — 6a’bd + 3a? e — 6b (a*d — 3abc + 2b°)
= 3a’e — 12a*bd — 3a*c* + 24ab’c — 12b*
= 3a’ (ae — 4bd + 3c*) — 12 (ac — b*)~

P and @ may be transformed by means of Euler’s equation and the

similar one for isobaric functions, which enable us to write

1 =00, + b0y + 0o+ dog + ...,
and w= b0y + 2¢0, + 3ddg + ... ;
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P thus becomes
abd, + acoy + ado, + aedg + ...

o abaa oo bﬁab - bcac o bdad =
= (ac—b*) 0y + (ad —bc) 0, + (ae— bd) 04 + ...,
the same in form as either of our generators, except that the arithmetical
coefficients are all made units; a, b, ¢, ... taking the place of the ¢, a, b, ...
of the generator for mixed reciprocants.
In like manner, ¢ becomes
(ac — 20%) 0y + 2 (ad — 2b¢) 0, + 3 (ae — 2bd) 04+ ...,

where the arithmetical series 1, 2, 3, ... takes the place of 3, 4, 5, ... or of
4, 5, 6, ... in the two Reciprocant Generators.

The effect of P and of @ is obviously to raise the degree and the weight
of the operand 7 each by one unit. But if we take R=¢1_z (2wP — 1Q), the

terms in Cayley’s original formulae containing b cancel, so that 2wP — 1@
divides out by a and the weight is raised one unit without the degree being
affected. This is mentioned in the Quarterly Journal (loc. cit.); but it may
also be remarked that when 7 is a satisfied invariant, it is annihilated by the
operation of R ; when the invariant is unsatisfied, each of the three operators
P, ) and R increases its extent by an unit, that is, introduces an additional
letter. ~ For let j denote the extent, then, writing a,, @, @, ... @; for a,b, ¢, ...,
we have

P = @y0,00, + @004, + +.. + aj+18,,j — i,

(49— @o@0qy + 2060500, + « .. + 0 Ujia aaj — 2way;

whence we find
He = {500 i
2

= 200104, + (20 — ©) @300, + - + Qw — Y + 1) 000;_, + (2w — %) Aj110a;-
But for a satisfied invariant
2u=1j;
and substituting this value for 2w in the above expression for R, it becomes
U {jtn0ae+(J—1) @0, + ... + aja,,j_l},

which, as is well known, annihilates any satisfied invariant.
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LECTURE V.

It will be desirable to fill up some of the previous investigations by
discussing some points in them that have not yet received our consideration.

There may be some to whom it may appear tedious to watch the com-
plete exposition of the algebraical part of the Theory, who are impatient
to rush on to its applications. But it is my duty to consider what may be
expected to be most useful to the great majority of the class, and for that
purpose to make the ground sure under our feet as I proceed. To the
greater number it will, I think, be of advantage to have their memories
refreshed on the kindred subject of invariants, and probably made acquainted
with some important points of that theory which are new to them.

I confess that, to myself, the contemplation of this relationship—the
spectacle of a new continent rising from the waters, resembling yet different
from the old, familiar one—is a principal source of interest arising out of the
new theory. I do not regard Mathematics as a science purely of calculation,
but one of ideas, and as the embodiment of a Philosophy. An eminent
colleague of mine, in a public lecture in this University, magnifying the
importance of classical over mathematical studies, referred to a great mathe-
matician as one who might possibly know every foot of distance between the
earth and the moon; and when I was a member, at Woolwich, of the
Government Committee of Inventions, one of my colleagues, appealing to me
to answer some question as to the number of cubic inches in a pipe,
expressed his surprise that I was not prepared with an immediate answer,
and said he had supposed that I had all the tables of weights and measures
at my fingers’ ends.

I hope that in any class which I may have the pleasure of conducting in
this University, other ideas will prevail as to the true scope of mathematical
science as a branch of liberal learning; and it will be my endeavour to
regulate the pace in a manner which seems to me most conducive to real
progress in the order of ideas and philosophical contemplation, thus
bringing our noble science into harmony and in a line with the prevailing
tone and studies of this University. Faraday, at the end of his experimental
lectures, was accustomed to say—I have myself heard him do so—“We will
now leave that to the calculators.” So long as we are content to be regarded
as mere calculators we shall be the Pariahs of the University, living here
on sufferance, instead of being regarded, as is our right and privilege, as the
real leaders and pioneers of thought in it.
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That Cayley’s two operators, which have been called P and @, are in fact
generators, may be proved as follows :

Let Q = a0y + 2b0, + 3¢04 + 4do, + ...,
and O = a (Ab0, + pcdy + vdos + ...) — «b,
where «, A, g, v, ... are numbers.

When « is the degree of the operand, and A=p=v»=... =1, the operator
is identical with P; but @® is identical with @ when « is twice the weight
of the operand and A =0, u=1,v=2, .

If now we use * to signify the act of pure differential operation, it is
obvious that

00 =(Q x 0) +(Q % 0),
00 =(Q x 0) +(0 % Q),

so that 00-00=Q*0)— (0% Q)

But since Daq =0, Qb=qa "Oo=2h """

we have Q % O = a (Aad, + 2uboy, + 3ved, + ... — k)

and O % Q =a (A0, + 2ucd, + 3vddg + ...).

Hence 06 — B0 =a {Nad, + (2u — \) b3y + (v — 2u) €0 + ... — &} ;

now if the operand 7 be any invariant (satisfied or unsatisfied), we have QI=0,
and therefore ®QJ =0 ; so that we find

0OI =a (Mady + (2 — N) b0y + (Bv — 2u) c0, + ... — k} 1.
If in this we write A=pu=»=... =1, and « =1, where ¢ is the degree of
the operand, ® becomes P and we have
QPI=a(ad,+bop+co.+ ... —1) L.
But, by Euler’s theorem, the right-hand side of this vanishes, and therefore
O EL=0,

Similarly, by means of the corresponding theorem for isobaric functions,

we may prove that
QI =0.

For if, in the general formula, we write A=0, u=1,v=2, ... and «= 2w,

where w is the weight of the operand, we find
QQI = a (200 + 4¢0. + 6d0g + ... — 2w) I =0.

Thus, when ® stands either for P or for ), it is either an annihilator or a
generator (that is, ®7 is either identically zero or else an invariant). But if
I be the most advanced, or say the radical letter of I, no term of md,I can
cancel with any other term of ®I; and since, for this reason, @I cannot

vanish identically, it must be an invariant, and the operators P and ) must
be generators.

t In the Quarterly Journal (Vol. xx. p. 212) Prof. Cayley only considers a special example,
and has not given the proof of the general theorem.
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The generators previously given for reciprocants also possess this property
of introducing a fresh radical letter at each step. The radical letter, on its
first introduction, enters in the first degree only, and in the case of the educts
of logt, whose values have been calculated, its multiplier is seen to be a
power of £. The form of the generator for mixed reciprocants

3 (tyt — a?) 04 + 4 (ast — @) 0gy + oo + (N + 3) (Apsat — @) Oy,

shows this, or it may be seen by considering the successive values of
1 d
( {5 > log .

For let i) denote this expression, and let its radical letter

F(t> Ay, y, g, .
A

be a, ; then, on differentiating again with respect to #, the new letter intro-
duced arises solely from a term in the numerator

d n
Ea_,,F(t’ O 7 sl a) d(;:' ;
But an—i?—-2 3...n4+2; so that Ofi =m+3)ap.

Hence, if when a,, is the radical letter, it occurs in the first degree only

and multiplied by a power of ¢, it follows that, since %—, will be a power of
n

¢, the derived expression which contains the radical letter a,, will contain it
in the first degree only and multiplied by a power of ¢. And since this is

true for the case ©=1, when — d log ¢ =g;°, it is true universally.
T

thx

Observe that for 4 =1, 2,3, ... the radical letter is a,, a,, @,, ... respec-
tively.

It will be remembered that (1 d) log ¢ is an absolute reciprocant. It

Nt d
may be called the ¢th absolute educt, to distinguish it from the rational
integral educts E,, K, E,, ... whose values have already been calculated.

Let R (4, ay, ay, @, ... a,) be any homogeneous rational integral recipro-
cant, and let the educts be 4,, 4,, 4,, ... 4,; then obviously
a, may be expressed rationally in terms of 4, and @, @ps, ... @, ¢,

a”n—l ”» » » » -An—l a'nd Ap—gy oo+ Ay, t;

» 5 » » Al; Wy a'nd t;
A, and ¢,

where observe that the denominators in these expressions are all powers of #.
Hence, by successive substitutions, R (f, a,, @, ... a,) may be expressed

ao 2

» » »
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rationally in terms of 4,, ... 4,, 4,, and ¢ Thus any rational integral
homogeneous reciprocant is a rational function of educts, and is of the form

EE’ where £ is a rational integral function of the educts.

Does not this prove too much, it may be asked, namely, that any function
F of the letters is a rational function of the educts, which are themselves
reciprocants, and will therefore be a reciprocant? But this is not so; for
observe that although # will be expressed as a sum of products of educts,
such products will not i general be all of the same character, and their
linear combination will be an illicit one, such as is seen in the illicit com-

bination of @ with the Schwarzian (a,t — a,?).

We have seen that by differentiating an absolute reciprocant, or by the
use of a generator, we obtain a fresh reciprocant. But there are other
methods of finding reciprocants; as, for example, if the transform of

& (i.a:b;C )
is alpi(Tsiont B oy ),
that is, if it ids-by cfedd)=alr (riion B, &, 52,
then o (tdas by et )= (T a8y, i)

Whence, by multiplication,

ot abec .)Y(@Eabdbe . .)=0Ta8 9. .)%@abqy..).
Thus ¢ .4 is a reciprocant, and, moreover, an absolute one of even
character, although neither ¢, which is a perfectly arbitrary function, nor 4,
its transform, is a reciprocant.

Herein a mixed reciprocant differs from an invariant, which cannot be
resolved into non-invariantive factors. It is worth while to give a proof of
this proposition; but first I prove its converse, that if p, ¢, 7, ... are all
invariants, their product must be so too. This is an immediate consequence
of the well-known theorem that

QI=0
is the necessary and sufficient condition that I may be an invariant where,
as usual, Q is the operator

ady + 260, + 3cdq + ...,
and the word invariant has been used in the same extended sense as formerly.
For Q(pqrs...)=<%+(%q+ﬂ—r+...)pqrs....

But since p, ¢, r, ... are all invariants, we have
0p =20, . Q¢=0, Q»n=0;...,
and therefore Q (pgrs...)=0.
Next, suppose that di=i Bl

where I is but @, is not an invariant.
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To meet the case in which P, and @), are not prime to one another, @, if
resolved into its factors, must contain one )' where @ is not an invariant.

Suppose that P, contains @7, and let ¢ +j =k ; then we may write

I=Pg,
where P is prime to (. But since 7 is an invariant by hypothesis,
QI =0,
and therefore, Q*QP + kPR QQ =0;
Q__,0Q
or, P =—F Q—P .

Now P is prime to @, so that the fraction ¢ is in its lowest terms; there-

i o
fore @ contains ¢ ; but this is impossible, for the weight of Q) is less than

that of (. Hence I cannot contain any non-invariantive factor @).

All this will be equally true for a general function J annihilated by any
operator  which is linear in the differential operators 9, 0p, Oc, ... no matter
what its degree in the letters a, b, ¢, ... themselves; that is, we shall still
have

J =P
Q__,00
and P——kﬁp’

where P and @ are prime to each other, and, as before, Q@ will contain @ as
a factor. But if Q is an operator which diminishes either the degree or the
weight, Q@) is either of lower degree or of lower weight than @, and so
cannot contain it as a factor. Hence J cannot contain a factor ¢ not subject
to annihilation by Q.

If, however, Q does not diminish either the degree or the weight, it may
be objected that Q@ might conceivably contain the factor @; and were it so,
there would be nothing to show the impossibility, in this case, of a function
J subject to annihilation by Q containing a factor @, which is not so. But
quaere: Is it possible, when J is a general homogeneous and isobaric function
ofa, b, ¢, ..., for QJ to contain J and at the same time the quotient to be
other than a number*? Valde dubitor. But I reserve the point. Setting
aside this doubtful case, and considering only such linear partial differential
operators as diminush either the degree or the weight of the operand, we see
that there cannot exist any universal operator of this kind whose effect in
annihilating a form is the necessary and sufficient condition of that form
being a reciprocant. But this does not preclude the possibility of the
existence of such annihilators for special classes of reciprocants, and in fact

f QJ .
* If Q=pad,+qboy+rco,+..., where p,q, r, ... are in Arithmetical Progression, — isa
number ; but then @ could not be an annihilator.
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(as we have already stated and shall hereafter prove) Pure Reciprocants are
definable by means of the Partial Differential Annihilator

o o/
V=4«.§ Oay + DA@,0,, + 6 (a0a2 +?> Ogy i3

which is linear in the differential operators, and diminishes the weight.

The generator for mixed reciprocants, which we have called &, will not
assist us in obtaining pure reciprocants, but generates a mixed reciprocant in
every case, even when the one we start with is pure. Thus, starting with the
pure reciprocant R, our formula

GR = (3 (a,t — @) 0gy + 4 (a5t — @y@y) Bg, +5 (a5t — Ay @) gy + ...} R
may be written thus
GR =t (3,04, + 40500, + 50304, + ...) R
— @y (3090q, + 40,0q, + 50204, + ...) R.
Here R being pure, that is, a function of a,, @, a,, ... (without £), we see

that
(B 0qy + 40104, + 550q, + 60304, + ...) B

= 3 (@0ao + 004, + As0gy + ...) B

+ (@10a, + 20500, + 30300, + ...) B

=(3i+w) R,
where ¢ is the degree and w the weight of B. Hence

GR =1 (3,04, + 4304, + 50304, + ...) B — (3¢ + w) a, R,

where it should be noticed that a,R is of opposite character to R (for a, is of
odd character), while GR has been proved to be of the same character as R.
Thus we cannot infer that ¢ (3a,04, + 44504, + 5304, + ...) R is a reciprocant.

The mixed reciprocant G R cannot therefore be resolved into the sum of two
terms, one of which is a pure reciprocant and the other a pure reciprocant

multiplied by ¢.

LECTURE VI

Before proceeding to prove that, as was stated in anticipation in
Lecture 1V, the operator
(Bac — 4b*) 0, + (Bad — 5bc) 0, + (3ae — 6bd) 04 + ...,
or, when the modified letters are used,
4 (agy — ,*) 0gy + 5 (@3 — Ay A3) Oy + 6 (Ag@y — Ay 05) Oy + ...,
will serve to generate a pure reciprocant from a pure one, it may be useful
to briefly recapitulate what has been said concerning the character and
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characteristic of reciprocants. It will be remembered that the extraneous
factor of any rational integral reciprocant is of the form (—)<¢*, that the
character is determined by the parity (oddness or evenness) of «, and that w
is what has been called the characteristic.

For homogeneous reciprocants it has been proved that w = 3¢ + w, where
© is the degree of the reciprocant and w its weight, the weights of the letters
t, a, b, c, ... being taken to be —1, 0, 1, 2, ... respectively. The character is
odd or even according as the number of letters other than ¢ in the principal
term or terms is odd or even. By a principal term is to be understood one in
which ¢ is contained the greatest number of times. So that, in other words,
the character is governed by the parity of the smallest number of non-¢
letters that can be found in any term. For pure reciprocants, there being no
¢t in any term, the character is determined by the parity of the number of
letters in any one term.

Let R be any pure reciprocant, and suppose its characteristic to be u;

then G is an absolute reciprocant. If, however, we differentiate this with
t2

respect to z, and thus obtain another reciprocant, the resulting form will not

be pure, for its numerator will be identical with the form obtained by the
direct operation on R of the generator for mixed reciprocants, and its

denominator will be a power of ¢. But, remembering that % , and therefore
’ ¢l

wlF

g p R s ;
a_“, Is an absolute reciprocant, we see that — , which is the quotient of the

t? i ad
] £
cant, and, since it no longer contains ¢, a pure one. Now,

» B in

gy e 3 A
d.% ag) a§+l

remains a reciprocant when multiplied by any power of the reciprocant a.
Hence the numerator of this expression, or

d
(3a - ,ub) R,

Is a reciprocant. The general value of (% has been seen to be
4 ad; + b0, + 0y + doe + ...,

but, since R is supposed to be pure, 9K = 0.

dz

; R ad . d iR\, )
two absolute reciprocants s and — > 18 80 also. Hence —— — ) 1s a recipro-

ad
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AOPER S d
We may therefore, in 3a < i wb, replace + by

baa + Oy + d0, + €0g + ... .
Now, remembering that u =37 +w, and that by Euler’s theorem and the
similar one for isobaric functions
i=a8a+b3b + c0.+ dog + ...
and w= boy + 2¢0, + 3dog + ...,

we see that u is equivalent to
3ad, + 4b0, + 5¢0; + 6dog + ....

Hence, 3a% — pb = 3a (b0, + cdy+ do. + €0y + ...)
—b (3a0,, + 460, + 5¢0, + 6dog + ...)
= (3ac — 4b°) 0, + (3ad — 5bc) 0, + (3ae — 6bd) 0g+ ...

Thus, if R be any pure reciprocant,
{(Bac — 4b%) 0y + (3ad — 5bc) 0, + (3ae — 6bd) 04 + ...} R

is also a pure reciprocant. If the type of R be w; 4, j, that of the form
derived from it will clearly be w+1; 41, j+1. Its character (which, for
pure reciprocants, depends solely on the degree) will therefore be opposite to
that of R, and its characteristic will be 4 4, that of R being u.

Beginning with the form 3ac — 5% which was given as an example in
Lecture II, a series of pure “educts” may be obtained by the repeated use of
the above generator; and it will be noticed that the successive educts thus
formed are alternately of even and odd character, whereas those previously
given, namely, a, 2bt — 3a*..., were all negative. A reduction similar to that
which formerly took place when the generator for mixed reciprocants was
used, may be effected at each second step in the present case. For, since the

characteristic of (3a d%c - yb) R is p + 4, the next operation will give
d d
<3a% (), b) (3ad7v—#b) R.
Performing the indicated differentiations, this becomes

3ai<3a@-—/.ebR)—3(p+4.«)ab‘é—f+#(#+4)b?1%

dx dz
d*R dR dR dR
d*R dR i
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Adding u(u + 4) (3ac — 5b°) R to 5 times the above expression, we obtain
i Tl dR
45a° iy 15(2u+1) ab% +3u(p—1)acR,
which, when divided by 3«, gives the pure reciprocant

R dR
150,%—0(2/.&4-1)1)%4-#(#—1)61&

This form is one degree lower than the second educt from R, the depres-
sion of degree being due to the removal of a factor ¢ by division.

When the modified letters a,, a,, ., as, ... are used, the generator
(Bac — 4b*) 0, + (3ad — 5bc) 0, + (Bae — 6bd) 0q+ ... (1)
is easily transformed by writing in it
0=205: 10=2:3 . 0;,/10%=2 33 4y *d'=2.8u4.D a3...

and consequently

0
i Y kL SO0 ok Al
=535 %=g g4 %=g3 45"
when it becomes
22,32, 4 2:.82.4.5
T.3—~ (aoa, - af) a,,, + _ﬁ.&_ (aoas ey a1a2) aa,z
22,32.4.5.6
T (apas— a,a5) Ogy + ...

Dividing each term of this by 2.3, and writing the numerical coefficients
in their simplest form, we have
4 (a2 — ;%) 0, + 5 (@05 — 1) Oag + 6 (@oas — a105) Qag %3 (2)
which is the modified generator previously mentioned.

The generators formerly used in the theory of mixed reciprocants were

(2tb — 3a?) 9y, + (2tc — 4ab) 0, + (2td — 5ac) 0. + ... (3)

and 3 (tay — a?) 04y + 4 (tay — @y @y) 0, + 5 (Bas — Ay @3) gy + - (4)
The memory will be assisted in retaining these formulae if we observe

that (1) is obtainable from (8), or (2) from (4), by increasing at the same
time each numerical coefficient and the weight of each letter by unity.

It will, I think, be instructive to see how the form 3ac — 5b* was found
originally by combining mixed reciprocants. The degree alone of a pure
reciprocant suffices, as we have seen, to determine its character; but when
we are dealing with mixed reciprocants their character does not depend
either on the degree or the weight, so that we require a notation to diseri-
minate between forms of the same degree-weight, but of opposite character.
In what follows, (+) placed before any form signifies that it is a reciprocant
of even character, while (=) signifies that its character is odd.

8. 1V. 22

www.rcin.org.pl



338 Lectures on the Theory of Reciprocants [42

I have previously given the three odd reciprocants

(=) o ' (4)
(=) 2bt—3a2 (B)
(=) ct—5ab. (©)

From these we obtain even reciprocants; thus the product of (A) and

(C) is
(+) act— 5a%, (D)

and the square of (B) is
(+) 462 — 12a*bt + 9a*.
After subtracting the even reciprocant 9a* from this, we may remove the
factor 4¢ from the remainder without thereby affecting its character. These

reductions give
(+) b* — 3a®b,

which may be combined with the even reciprocant (D) in such a manner that
the combination contains a factor ¢. In fact,
3 (act — 5a%b) — 5 (b — 3a?b) = (3ac — 5b%) ¢,
so that a legittmate combination of mixed reciprocants can be made to give
the pure one
3ac — 502
Similarly we might find the known form
9a2d — 45abc + 4003,

which equated to zero expresses Sextactic Contact at a point #, y. But it is
more readily obtained by operating with the generator on 3ac— 5b*; thus,

{(8ac — 4b*) 0, + (3ad — 5bc) 0.} (Bac — 5b%) = — 10b (3ac — 4b*) + 3a (3ad — 5bc)
= 9a*d — 45abc + 400

An orthogonal reciprocant may be defined as a mixed reciprocant whose
form remains invariable (save as to the acquisition of an extraneous factor
when the reciprocant is not absolute) when any orthogonal substitution is

impressed on the variables # and y. Concerning such reciprocants, we have

the very beautiful theorem : If' R and %‘3 are both of them reciprocants, then

R s an orthogonal reciprocant.
For suppose R to be an absolute reciprocant ; that is, let
R=qR (q=11),
where R is a function of ¢, a, b, ¢, ... and R’ the same function of 7, @, B, ¢, -+
then, denoting by AR the variation of R due to the variation of y by ez, and
by DR the variation of R due to the variation of by — ey, we have

dR
AR—Gd—t
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For the variation of ¢ is e and the variations of @, b, ¢, ... vanish. Similarly

) dR’
DR =—¢ ar
Now, since R=qR/,
DR =qDR' =—¢q Cfllj ,
dR dR’
therefore DR + AR:E(TE—QW> p

that is, the total variation of B (due to the change of # into # — ey and of y
into y + ex) vanishes if
oYl
dt  1dre
" ; dR .
Hence, if R be an absolute orthogonal reciprocant, 8 also an absolute
reciprocant (though it is not orthogonal) of the same character as R.

If R be not absolute, suppose its characteristic to be w; then it can be

©
made absolute by dividing it by a®. The application of the foregoing

dil =

method of variations will now prove that 4 <E> is an absolute reciprocant
a?

R d /R 1dR dR . /
of the same character as = But 7 <;> S Hence 4 18 a recipro-
a? a? a?

cant whose characteristic is u, and character the same as that of R.
The simplest Orthogonal Reciprocant is the form
(1 +8)b— 3a%,
which occurs on p. 19 of Boole’s Differential Equations. When equated to
zero it is the general differential equation of a circle. It is noticeable that

although Boole obtains this form by equating to zero the differential of the
radius of curvature

(1L+e)

el
he does not recognise the fact that it vanishes at points of maximum or
minimum curvature of any plane curve, but says that the “geometrical

Property which this equation expresses is the invariability of the radius of
curvature.”

Taking this form as an example of our general theorem, let
R=(1+#)b-3a%;
then 0 PR W)

dt
22—2
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which is the familiar Schwarzian. Observe that _
A +¢)b—3a%t=—1t {1+ 1) B — 3a’7}
and 2bt — 3a* = — 5 (287 — 3a?),

so that the characteristic and character are the same for both these forms.

The form ct—5ab, which we have called the Post-Schwarzian, when
multiplied by 2 and integrated with respect to ¢, gives

ct* — 10abt + ¢ (a, b, ...).
In order that this may be a reciprocant, we must have
¢ (a,b,...)=c+ 150
In this way the Orthogonal Reciprocant

(1 + ) c—10abt + 15a*
was obtained originally.

It will be easy to verify that this is a reciprocant by means of the
identical relations

e
=
a
a=—;3,
b=-37;3“2,
g2 — 10087 + 1502

= .
We shall find that
A+ ) c—10abt + 150> =— ¢ {(1 + 7°) y — 10aB7 + 1507},
and comparing this with
ct— 5ab=—1t" (yr — 5a3),

it will be noticed that both forms have the same character and the same
characteristic.

The complete primitive of the differential equation
c(1+¢)— 10abt + 15a* =0
has been found by Mr Hammond and Prof. Greenhill. The solution may be
written in the following forms :

dt
‘”:fv{x (1= 15t + 166 £) + A (6t — 208+ 68))
tdt :
y —fv{x (1= 168+ 158 — £%) + A (66— 206 + 685)] T "
cos(0— A) do
&= /\/{Bcosﬁ((i—ﬂ)}+CODSt'
sin (0 — A) do
y=/V{Bcos6(0—A)}+conSt'
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KEnd (X, &) =Eind (Y, k)
where k=sin15° Kk’ =sin 75°
and X =le+my +n,,

Y=ma—ly+n,,

l, m, n,, n, being arbitrary constants.

The last two forms of solution are due to Prof. Greenhill.

LECTURE VIIL

I have frequently referred to, and occasionally dilated on, the analogy
between pure reciprocants and invariants. A new bond of connection
between the two theories has been established by Capt. MacMahon, which I
will now explain. Let me, by way of preface, so far anticipate what I shall
have to say on the Theorem of Aggregation in Invariants (that is, the
theorem concerning the number of linearly independent invariants of a given
type) as to remark that the proof of this theorem, first given by me in Crelle’s
Journal and subsequently in the Phil. Mag. for March, 1878, depends on the
fact that if we take two operators, namely, the Annihilator, say

Q = @404, + 20,00, + 303005+ ... +jaj_1aaj
and its opposite, say
0 = 0a;_, + 24j10a;_, + 3040
then (20 - 0Q) [ is a multiple of I.

+ ... 404y,

aj_g

Thus, if I stands for any invariant (that is, if Q7 =0), it follows imme-
diately that QOI is a multiple of Z, and consequently Qm0™[ is also a
multiple of 7. We may call Q and O, which are exact opposites to each
other, reversing operators. A

Now, MacMahon has found out the reversor to V, the Annihilator of
pure reciprocants. His reversing operator is no longer of a similar, though

3 ol :
opposite, form to V, as O is to Q, but is simply dg bor is the effect of

operating with V' (% on any pure reciprocant R equivalent to multiplication
v
dx

)R is a

by a merely numerical factor, as was the case with QOI, but (V )R 1s a

numerical multiple of aR, and as a consequence of this (V"‘(:lim

numerical multiple of ¢™R. Thus the parallelism is like that between the
two sexes, the same with a difference, as is usually the case in comparing the
two theories. ;
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d
This remarkable relation between the operators V and 7z M8y be seen

a priori if we assume that (as we shall hereafter prove) to each pure recipro-
cant I there is an annihilator V of the form
3a20p + (...) 0+ (...) 0a+ (...) O + ..,

not containing 9, and linear in the remaining differential operators 0,0, 04, --- -
For if we call the characteristic u, by differentiating the absolute pure reci-
procant l—i with respect to # we obtain, as was shown in the last lecture, the

a
pure reciprocant

dR
Sa% — wbR.

Since this is annihilated by V, we have
3a (v d%) B TR 6 b Vit el

But, since R is a pure reciprocant, VR=0; and from the assumed form

of V it follows that
Vb =3a2

i) R - 3ua*R =0,

Hence 3a (V s

d
or (V %) Ut = 1odif!

Thus the operation of V% is equivalent to multiplication by ua, so that

(barring the introduction of @) V restores to o the form it had antecedent

dz

to the operation of Zle"’ and may be called a qualified reversor to (%

For example, suppose that
R =3ac— 5b%
Since we are using natural letters for the derivatives of y with respect to
x, we have

d
d—x—":baa'l' cab+dac+ L S
and, as we shall presently see,

V = 3a20, + 10abd, + (15ac 4+ 106%) 0 + .

Now, %1—% = (b0, + ¢y + do,) (3ac — 5b*) = 8bc — 10bc + Sad = 3ad — 7bc

Operating on this with ¥V, we find

4 tfiiz =V (8ad — Tbc) = — 21a’c — T0ab® + 3a (15ac + 1002) = 24a’c — 40ab*;

that is V e (3ac — 5b%) = 8a (3ac — 5b?).
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Let us now inquire whether it is possible so to determine an operator V'
that the relation

(Vi ~ LYY P=@i+uyar

de dz
may be satisfied identically when ¥ is any homogeneous isobaric function of
the letters a, b, c, ... of degree ¢ and welght w. If so, we must be able to
satisfy each of the equatlons
d d
(de i V>a=3a2,
d d
(Vo= a5 V)b =tab
dd
(V% e V) ¢ = bac,

(V%—%V)d-—-(iad,

which are found by writing @, b, ¢, d, ... successively in the place of F.

da db de :
Now T =, e =d, ... so that the above equations may be

written

Vb= 3a* + %(Va),
d

Ve =4ab + < (VD),

Vd = 5ac +di (Ve),

Ve =6ad o (Vd)

These equations are sufficient to completely determine V" on the supposi-
tion previously made that it is linear in the differential operators and does
not contain 9,; for, since V is linear, it must be of the form

(Va) o, + (Vb)0p+ (Ve)oc + ...,
and, since it does not contain 9,, we must have Va =0, and therefore
Vb = 3a?,

Vc=4ab+i

dx(3a'2) =4ab + 6ab = 10ab,

Vd = 5ac + (10ab) 5ac + 1062 + 10ac = 15ac + 1002,

Ve = 6ad + % (15ac + 106%) = 6ad + 15bc + 20bc + 15ad = 21ad + 35bc,

.......................................................................................
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When the modified letters a,, @i, @s, ... are used, we shall have, in con-
sequence of the change of notation, (V{-id;) R =2pa,R (instead of waR). If,

as before, we seek to satisfy the equation

d [y A )
(Vd_w_%V)F=2(31+w)aoF, 1)
we shall find, on writing a, in the place of 7,
d d
(V%—%V) an=2(3 +n) ayty. (2

This condition will be sufficient, as well as necessary, for the satisfaction
of (1) when V is linear; for then ,
yo_4d
de dz
will also be linear, its general term being

tnt d
<V% -2 Va,,)@a“,

which is equal to 2 (3 + n) @,@,0,, by equation (2). Hence

(Vdi.m - ‘% V) F=a sum of terms of the form 2 (3 + n) @,0,04,F
= 20, (3y0go + 30104, + 3304, + ...) F
+ 20y (@, 0q, + 20504, + ...) F';
that is, equation (1) is satisfied whenever (2) is. Writing in (2)

da,
dix = (’n + 3) (17
we obtain n+38)Va,,=2(n+ 3) @y + a% (Van), (3)

from which the values of Va, may be successively determined.

When Va, =0, the value of Va,, which satisfies (3), is

n+3
Va, = B) (@@ + s+ ... + Aoy + Gpy @)
th . . y
us Va,= 5 Va,= ba,a,, Vas=6a,a,+3a? ...

and the value of V is therefore
4 1
§ . (,L(Faal + 50/0@18“2 +6 <a°a2 + § 0112> aas + it (aoas = alaz) aa& e

Now that we are on the subject of parallelism between the old and new
worlds of Algebraical Form, I feel tempted to point out yet another very
interesting bond of connection between them. There is a theorem concerning
Invariants which I am not aware that any one but myself has noticed, or at
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all events I do not remember ever seeing it in print*, which is this: If we
take any “invariant” and regard its most advanced letter as a variable, or
say rather as the ratio of two variables u:v, by multiplying by a proper
power of v we obtain a new Quantic in u, v; or, if we take any number of
such invariants with the same most advanced letter (or, as we may call it in
a double sense, the same radical letter) in common, we shall have a system
of binary Quantics in u, v. My theorem is, or was, that an Invariant of any
one or more of such Quantics is'an Invariant of the original Quantic. I
recently found a similar proposition to be true for Reciprocants, namely,
forming as before a system of pure Reciprocants into Quantics in u, v, any
“Invariant ” of such system is itself a Reciprocant.

The two theorems may be stated symbolically thus :
Ir'=T1"
IR =R'|"

On mentioning this to Mr L. J. Rogers, he sent me next day a proof
which, although only stated as applicable to Reciprocants, is equally so,
mutatis mutandis, to Invariants. Although given for a single invariant, it
applies equally to a system.

I give Mr Rogers’ proof that any invariant of a pure reciprocant (the
proof will not hold for impure ones) is a pure reciprocant; or rather I use his
method to prove the analogous theorem that any invariant of an invariant is
itself an invariant. It will be seen hereafter that this same proof applies to
pure reciprocants with only trifling changes; but the proof as given by
Mr Rogers requires some further considerations to be gone into for which we
are not yet ripe.

Consider, for the sake of simplicity, the binary Quintic
(a, b, ¢, d, e Uz, y),
and let 7 be any invariant of it (satisfied or unsatisfied); then
4 I=a,f"+ o, "+ apf" ™+ ... +an,
where a,, a,. a,, ... a, do not contain £, but are functions of a, b, ¢, d, e alone.

Let the Protomorphs for our Quintic be denoted by 4, B, C, D, E, F;
then
F = a*f — 5abe + 2acd + 8b*d + 6bc*.

Eliminating f from 7 by means of this equation, we have
Ian=A,Fr+ 4, Fr+ A"+ ...+ A,

where A4,, A,, 4,, ... A, ave all of them invariants (not necessarily integral

* The theorem is, however, given in Vol. x1. p. 98 of the Bulletin de la Socicté Mathérr.catique
de France, in a paper by M. Perrin, which has only recently come under the lecturer’s notice.
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forms, but this is immaterial to the proof, for © annihilates fractional and
integral invariants alike). For

QUa)y=Q (4, Fr+ A, Fr+...+ 4,),
and, in consequence of Ja*® and F being invariants, so that, as regards (0,
F may be treated as if it were a constant, this becomes

0=F"QA,+ F"1QA,+ F"*QA,+ ...+ QA,,
in which the coefficients of the several .powers of F must be separately

equated to zero. In other words, 4,, 4,, 4,,... 4, are all of them invariants.
Now, any invariant of

A"+ A\ FP 2+ A, P .+ Ay
18 a function of 4,, 4,, 4., ... 4,, and therefore an invariant.
(N.B—We cannot assume that any function of general reciprocants is
itself a reciprocant.)
Again, since A"+ ... +4,, and a,f"+ ... + a,
are connected by the substitution
F=a*f—5abe+ ...,
which is lenear in respect to the letters /' and f, any invariant of
AF"+ ...+ A,
is (to a factor prés, that factor being a power of @ which is itself an invariant)
equal to the corresponding invariant of
(11 i SRR 4 o
But every invariant of the former has been shown to be an invariant of
the original quantic, and therefore every invariant of the latter is so also.

I add some examples in illustration of this theorem :
Ez. 1. Take the invariant of the Quintic
a*f* — 10abef + 4acdf + 16b°df — 12bc*f + 16ace* + 9b*e* — 12ad?e — T6bede
+ 48c% + 48bd* — 32¢*d".
The discriminant of this, considered as a quadratic in f, is
a*(16ace® 4+ 9b%¢* — 12ad?e — T6bcde + 48¢% + 48bd? — 32¢*d?)
— (5abe — 2acd — 8b*d + 6bc?)*
=16a’ce’ — 16a*b*e* — 12a°d*e — 56a*bede + 48a*c*e + 80ab*de — 60ab*c?e
+ 48a*bd® — 36a*c*d? — 32ab*cd? — 64b*d* + 24abc*d + 96b*c2d — 36b7¢".
It will be found on trial that this is divisible by the invariant

4 (ae — 4bd + 3¢*),
the quotient being

4a’ce — dab’e — 3a*d* + 2abed + 4b°d — 3b%?
= 3a (ace — b% — ad?® + 2bcd — ¢*) + (ac — b%) (ae — 4bd + 3c?).
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Thus the discriminant of the quadratic in £, that is, of the invariant
a*f? — 2f (5abe — 2acd + 8b*d — 6bc?) + ...,

is shown to be an invariant. It will further illustrate the proof of the
theorem if we remark that precisely the same invariant is obtained by
eliminating f between the above form and the protomorph

@*f — 5abe + 2acd + 8b*d — 6bc?.
Ez. 2. If we take the pure reciprocant
45a*d? — 450abed + 400ab’d + 192a%c® + 165ab*c* — 400b%c,
which, from its similarity to the Discriminant of the Cubic, I have called the

Quasi-Discriminant, and form ¢¢s discriminant, when regarded as a quadratic
- in d, we find
45a® (192a2c® + 165ab’c® — 400b%c) — (225a%bc — 200ab®).

If, in this expression, we write P = 3ac— 5% so that 3ac =P + 50° it

becomes
5. 640 (P + 5b*P + 5.165a%b* (P + 5b%)* — 15. 400a2b* (P + 5b%)
—625a2* (3P + Tb°).
On performing the calculation it will be found that all the terms involv-

ing b will disappear from this result, and there will remain the single term
320a2P%, that is, 320a* (3ac — 5b%)°, which is a reciprocant.

LECTURE VIIL

In my last lecture the complete expression, both in terms of the modified
and unmodified letters, was obtained for V, the annihilator for pure recipro-
cants assuming its existence and its form. These assumptions I shall now
make good by proving, from first principles, the fundamental theorem that
the satisfaction of the equation

VR=0
Is a necessary and sufficient condition in order that R may be a pure
reciprocant,

It will be advantageous to use the modified system of letters, in which
dy X codiy L L sty il iy
dn’ 1.2 dat’ 1.2.8 de*’ 1.2.8.4 do*’""
LB dia 1 dw 1 d'w
"1.2°dp’ 1.2.3 dp’ 1.2.3.4 dy” "

respectively. Let the variation due to the change of z into z 4 ey, where €

¥ 0oy @y, Gy, ... Stand for

and TN T B 1
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is an infinitesimal number, be denoted by A. Obviously this change leaves
the value of each of the quantities a,, &, a,, ... unaltered, and therefore

AR (ogiin, iy 0is) =104
whatever the nature of B may be. But when R is a pure reciprocant,
R, Oskasa) =L R (o e ey,
whence it immediately follows that
AtTER (e d s = O
Before proceeding to determine the values of
/o TRBT0 VG VRS 1A, MRS
it will be useful to remark that since
dy _ ; d¥y dy

T g 1.2.a0,d—x$=1.2.3.a1,...,
dt da,

we have - P = 2a,, E—-?»al, 73

and generally %’ =(Mn+3)Ayp-

Now let [¢] denote the augmented value of ¢, and in general let [ ] be
used to signify that the augmented value of the quantity enclosed in it is to
be taken. Then

(i1 = dy dy it
d[z] d(x+ey) d g'g_/ 1+et
g ( dw)

=t—el?;

aft) _ _dft] _ dff]

d[t]
d[z] _d(w+€y)_d$(1+et) =(1—et) -

so also 2 [a,] =[2a,] =

=(1- et) (t — et?) = (1 — et) (2a, — 4etay,)
= 2a, — beta, ;
that is [ao] = ay — Beta,.
Reasoning precisely similar to that which gave
d
2 [ag = (1 —et) 4 [1]
leads to the formula

(14 3) [ania] = (1= t) 5. [en),

* It has beensuggested by Mr J. Chevallier that the proof might be simplified by considering
® CRECO.

the variation Aq, 3 Rl(ay, a;, s, ...) instead of At “ R (a,, a;, ay, ...)-
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from which the augmented values of a,, a,, @, ... may be found by giving to
n the values 0, 1, 2, ... in succession. Thus, writing n =0, we have

d d
3[a] = (1 —et) - [a0] = (1 — et) - (a0~ Betar)
= (1 — et) (3a, — 9eta, — 6ea®) = 3a, — e (12ta, + 6a,?),
or [a] = @, — € (4, + 2a,).

Similarly, when n =1,
d d
4[a) = (1= ) g2 [0] = (1 = et) 7 (o — et — 2e)
=(1 — et) (4a, — 16eta, — 20ea,a,)

= 4a, — 20eta, — 20ea,a,,
and [as] = a, — 5€ (ta, + a,a,).

Again, 5 [a;] = (1 — €t) (% [as] = (1 —et) dia: (ay— beta, — Seaya,)

= (1 —et) (bay — 25€etay — 30ea,a, — 15ea,?)
= ba, — 30etay — 30ea, a, — 15ea,?
so that [as] = as— € (6ta; + 6aya, + 3a.2).
In like manner we shall find
[a] =a.— Te (ta,+ ayas + a,as).
These results may be written in a more symmetrical form ; thus:
2[t] =2t— 2et?,
2 [a,] = 2a, — 3e (ta, + a,t),
2 [a,] = 2a, — 4e (ta, + as* + a, t),
2 [a,] = 2a, — 5e (tas + ayay + a a0+ ast),
2 [@s] = 2a; — Ge (fas + aoas + a* + ay00 + ast),
2 [ay] = 2a, — Te (b, + @yt + Oy Qs + Byt + 300 + ayt).
The general law
2 [an] = 20n — (n+3) € (tan + AUy + .. + W@ + Ayt),
or, as it may also be written,

Aan=——7%3 €(tap+ aan + ... + Ay @y + ayt),

admits of an easy inductive proof.

Assuming the truth of the theorem for [@,], and writing for brevity in
what follows,

S =tan + QOny + GO+ ... + s + Any G + A,

we have [an] = an—
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Now, %‘i = (n + 3) tany + 20,0,
+ (n + 2) ayan + 3a,0p—,
+(n+1)ayan .+ 4,0,

+4dan s+ (n+ 1) ana,
+ 3an1a, + (n 4+ 2) anay
+ 2,0y +(n + 3) appat
=(n+4) (tany + aan + 0 an + ...
+ Uny @ + An @ + Apat) — 2ty
=(n+4) Spi1 — 2tan.

Hence 7 [a,.] (n+3) tpyy — 2 + € {(n + 4) Sy — 2tany).

But, as we have already seen,

d
(n+3)[an] = (1 —¢€t) ¥ [@a] 5
consequently,

n+ 4 n+4
[anH] = (1 == Et) Apy1 — '—2‘ €EQn41 o= eta,,H_l =0p41 — 2 €On41 ;5

that is, the theorem holds for [a,.,] when it holds for [e,] But we know
that it is true for the cases n=0, 1, 2, 3, 4, and therefore it is true universally.

Resuming the proof of the main theorem, it has been shown that
Attt (ay, ay at =02

that is — put7'At + RAR =0,
or — pRt7At + zR Aa, + ZR Aa, + ZR Aa, =0,
But At = — et?,
Aa, = — 3eta,,
Aa, = — e (4ta;, + 2a,?),
Aa, = — e (5ta, + 5a,a,),
Aa; = — € (6ta; + 6a,a, + 3a,?),

Aa4 = —¢€ (7ta4 + 7“0(1/3 At 7a’1a2)’

and consequently

t (1 — 86040 — 40,04, — 5300, — 60304 — 72404, — ...) R
2 2
L { 4 (‘%’) By + B (G00) 00y + 6 <a0a2 + %‘) K

+ 7 (@05 + 0,05) 0q, + } R=0.
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This is equivalent to the two conditions
(30ao+ 40,04y + 52300, + ...) B = uR
and VeR=10)

where

a,? o
V=4 (_2) Bay + 5 (a0s) By + 6 (@00 + §> Oy + T (Golly + T305) g+ ... .

For greater simplicity I confine what I have to say to the only essential
case, to which every other may be reduced, of a homogeneous pure reciprocant.
The equation

(By0qg + 40,04, + 50304, + ...) R = puR
shows that for every term w + 3i/is constant; that is, w is constant and
therefore the function R is isobaric. This is also immediately deducible from
the form of the relations between a,, a,, a,, ...; o, &, @, ..., and, what is
important to notice, for future purposes,

F (it O, ) = T (oS e ),

when F is a homogeneous isobaric function, and u=w + 3¢ is itself a homo-
geneous function of (a,, a;, @, ...), whose degree is the same as that of 7.

The only condition affecting R, a function of a,, a,, a,, ..., supposed

homogeneous and isobaric, is
iR 4.0

I shall now prove the converse, that if B=F(a,, a;, @,, ...) (being homo-
geneous and isobaric) has V for its annihilator, then R is a pure reciprocant.
Let D be the value of F(a,, an, @, ...)—t*F (ay, &y, a3, ...) expressed as a
function of @y, a,, @, ... alone. Then D will be a function of the same type
as F' (ao, ay, a,, ...).

Suppose that AD=0;

that is, that the variation of D due to the change of # into # + ey vanishes in
virtue of the equation VR=0.

Let D become D’ when y receives an arbitrary variation y + nu, where 7
is an infinitesimal constant and w an arbitrary function of #; then the varia-
tion of I’ will vanish when « is changed into  + ey + enu, and consequently
when 2 is changed into « + ey the variation of I will also vanish. Hence

AD= 0
and if we take the difference of the variations of D and 1)’, we shall find
A (u"d%D + u"’%ll)+ ulvd%p +.)=0.
Now, the arbitrary nature of the function » shows that we must have

d d d
AgeD=0, Az D=0, A-D=0, ...
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and if we reason on i D d

da, i da
see that the variation OA of ealch of the second differential derivatives of D
will also vanish ; and, pursuing the same argument further, it will be evident
that the A of any derivative of D, of any order whatever, with respect to
@y, @1, Ay, ... Will vanish. Hence

D, ... in the same way as we have on D, we

D=0;
for if this is not so we may, supposing D to be a function of degree ¢ in the
letters a,, a,, @, ..., take the A of each of the differential derivatives of D

of the order 7 —1; each of these variations would vanish by what precedes;
that is, the variation due to the change of  into # + ey of each of the letters
@y, Gy, Gy, ... contained in D would be identically zero, which is absurd. We
see, therefore, that when AD =0 (that is, when R is annihilated by V),
D=0 or

Fay, 4y @, ...) =t"F (ay, oy, s, ...),
which proves the converse proposition.

It will not fail to be noticed how much language, and as a consequence
algebraical thought (for words are the tools of thought), is facilitated by the
use of the concept of annihilation in lieu of that of equality as expressed by
a partial differential equation.

It is somewhat to the point that in the recent two grand determinations
of the order of precedence among the so-called fixed stars relative to our
planet, as approximately represented by the intensities of the light from
them which reaches the eye, the one is directed by the principle of annihila-
tion, the other by that of equality. Prof. Pritchard’s method essentially
consists in determining what relative thicknesses of an interposed glass
screen, effected by means of a sliding wedge of glass, will serve to extinguish
the light of a star; that employed by Prof. Pickering depends on finding
what degree of rotation of an interposed prism of Iceland spar (a Nicol Prism)
will serve to bring to an equality the ordinary image of one star with the
extraordinary one of another. As these intensities depend on the squared
sines and cosines of this angle of rotation measured from the position of
non-visibility of one of them, 1t follows that the tangent squared of the twist
measures the relative intensities by this method.

Hereafter it will be shown that if ' is a homogeneous isobaric function of

’ 17 717
y’ y 5 y ) y y sy
whose weights are reckoned as

-2,-1,0, 1, ...
then, when & becomes # + Ay, where A is any constant quantity, #’ becomes
Y,
(1 + ht)y—re 1+ht F,
where t=vy', Vi=—¢0,+V, and p=31+w,

¢ being the degree and w the weight of F.
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From this, by an obvious course of reasoning, could be deduced as a
particular case the condition of F(a,, ), as, ...) remaining a factor of its
altered self when any linear substitutions are impressed on # and y; namely,
the necessary and sufficient condition is that ¥ has ¥ for its annihilator.

LECTURE IX:

The prerogative of a Pure Reciprocant is that it continues a factor of its
altered self when the variables # and y are subjected to any linear substitu-
tion. Its form, like that of any other reciprocant, is of course persistent
when the variables are interchanged ; that is, when in the general substitution,
in which y is changed into

Jy+gz+h
and « into Sy+gz+l,
we give the particular values A=0, K'=0, f=0, ¢'=0, f'=1, g=1, to the
constants. Stated geometrically, the theorem is that the evanescence of any
pure reciprocant R indicates a property independent of transformation of
axes in a plane. We suppose R to be homogeneous and isobaric in @, b, ¢, ....
(If it were not, the theorem could not hold, for either the change of ¥ into xy
or that of # into Az would destroy the form.)

The persistence, under any linear substitution, of the form of pure recipro-
cants may be easily established as follows:

By a semi-substitution understand one where one of the variables remains
unaltered. There are two such semi-substitutions, namely, where # remains
unaltered, and where y does.

(1) Let # remain unaltered and y become fy + gz +h; then a, b, c, ...

become fa, fb, fe, ... respectively ; and therefore
R(a, b, c, ...) becomes fiR(a,b,c, ...),

where ¢ is the degree of R.

(2) Let y remain unchanged and « become f’y 4+ g'z+h’. Then, instead
of R, I look to its equal ’

gtR (a8, v, ...) (g=1£ 1)

that is, to qgr*R(a, B, v, ...),
which becomes qg(f' +9 7" 9"R(a, B, 1, ...).

Since R is a reciprocant, this is equal to

5 ;
g bieiias
S A
or, replacing 7 by its equivalent %,
(ft+9)y*gR(a, b, ¢, ...).
8. 1V 23
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Thus we see that the proposition is true for a semi-substitution of either
kind. Consider now the complete substitution made by changing % into

Jy+gz+h
and z into Fy+ Goe + H.
Al i dy diy g dz g dz :
If /=0 and G =0, then dat’ dwt’ become F’Z'd—yz’ Pody S0

i
that B(a,0,/c, i..) becomesﬁ%gm .R(a, B, v, ...); and since this is equal to
g R(a b
v 4 (@,30,'0; 0t )
the proposition is true.
But if either of the two letters 7, G (sa is not zero, we may combine
b Y

two semi-substitutions so as to obtain the complete substitution, in which y
changes into

Sy+gx+h,
and 2 changes into Fy+ Ga+ H.

(1) Substitute y, (=fy +gz+h) for y, and z, (=z) for =

(2) Then substitute y, (=1,) for v, and @, (=f "y, + g'a, + ') for .

By the first of these semi-substitutions

R aih504: )
takes up an extraneous factor f%. By the second it acquires the factor
(f’%+g’> Fg’i, where ;—lZ—i =f%+g =ft+g.

Hence we see that the extraneous factor is a negative power of a linear
function of ¢, which we shall presently particularize, though it is not essential
to the present demonstration to do so. -

It only remains to show how the combination of these two semi-substi-
tutions can be made to give the complete one in question. We have

e=th=fy+gr+h
and w=fntga+l=F (fy+get+h) +ga+l
=y +(fg+9)e+(fh+F) |

In order that this may be equal to Fy+ Gz + H, we must be able to

satisfy the equations

N B F hF
fr=2 g=6-% -2

S Wl
which is always possible, since by hypothesis f is not zero. Similarly it may
be shown that when f vanishes, but G does not, by substituting

(1) @(=Fy+ Gz + H) for «, and y, (=y) for y,
(2) @ (=) for @y, and y, (=f"y, + §"@ + k") for v,
we may so determine /", g”, " as to get the complete substitution as before.

, W=H
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In every case, therefore, any linear substitution impressed upon the
variables z and y will leave R (@, b, ¢, ...) unaltered, barring the acquisition
of an extraneous factor which is a negative power of a linear function of ¢.

Now, the first semi-substitution introduces, as we have seen, the constant
)

factor ‘
L¥7
the second introduces the factor
d o
(f Ny ) 9"
where d—l/l =ft+g.

The complete extraneous facuor is the product of these two, and is

therefore
Fig e+ g+9)™
To express f” and g’ in terms of the constants of the complete substitu-
tion we have

F ~ gF
/=_’ /=G—‘""'-
G L et
Writing these values for /’ and ¢’ in the expression just found, we obtain
(fG—gF) (Ft + G)™,
which is the extraneous factor acquired by B when the complete substitution
is made. For example, if 2 becomes

Fy+ Ge+ H,
and y becomes fy+gz+h,

the altered value of a <t.hat- is, of g—z) is

(fG —gF) (Ft + G)>a.
Corresponding to the simple interchange of the variables, we have
F=1, G=0,H=0; fi=0ig=1 h=0,
so that JG—gF=-1,

and the altered value of a is daz, or

@
M 2

which is right. In this case the general value of the acquired extraneous
factor

(fG —gF): (Ft + G)™* becomes (—)'t*,
thus showing, what we have already proved from other considerations, that

the character of a pure reciprocant is odd or even according as its degree is
odd or even.

23—2
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We saw in the last lecture that every pure reciprocant necessarily satisfied
the two conditions :

(B@0qy + 4,04, + 50500, + ...) B = puR
(where w is the characteristic), and
VR =0.

We also saw that VR =0 was a sufficient as well as necessary condition
that any homogeneous function R of a,, a,, a,, ... should be a pure reciprocant.
It will now be shown that every pure reciprocant is either homogeneous and
isobaric, or else resoluble into a sum of homogeneous and isobaric recipro-
cants. Non-homogeneous mixed ones, it may be observed, are not so
resoluble, so that the theorem only holds for pure reciprocants.

(1) Let us suppose that R (a pure reciprocant) is homogeneous in
o, @y, @y ... ; then it must be isobaric also. For, if 7 is the degree of R,
Euler’s theorem shows that

(8904, + 38104, + 32304, + 3300y + ...) R = 3R ;
and since R is a pure reciprocant, the condition
(30qo + 4,04, + 50204, + 60304, + ...) B = pR
is necessarily satisfied. Hence

(@104, + 2204, + 3300, + ...) R =(u — 3t) R = a constant multiple of R,
which is the distinctive property of isobaric functions.

And, vice versd, if R is homogeneous and isobaric of weight w and degree

1, then
(3 0qy + 40,04, + 50500, + ...) R =(w + 37) R = uR.

Thus homogeneous pure reciprocants are also isobaric and their character-
istic is 3¢ +w. (This property is also true for mixed reciprocants, as we have
previously shown.)

(2) Suppose that R is not homogeneous, but made up of the homo-
geneous parts

TR R O R

Then, since V(R,+R,+R,+..)=0

is satisfied identically, it is obvious that
VR,+ VR, + VR, +..=0
must also be satisfied identically.

But since all the terms are of different degrees, the only way in which
this can happen is by making VR, VR,, VR, ... separately vanish. Now,
R, R,, R,,, ... are by hypothesis homogeneous functions of a,, a,, @, ..., and
it has just been shown that each of them is annihilated by V, which has
been shown to be a sufficient condition that any homogeneous function of
@y, Uy, Gs, ... may be a pure reciprocant. Thus each part R, R, R,,, ... of
R is a pure reciprocant. '
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Also, the condition
(3@04y + 40,00, + 50204, + ...) R=uR
shows that if ¢, w,; 4y, w,; %, ws; ... are the deg. weightsof R, R, R, ...,

we must have
Shtw=p, Sbt+w,=pu, 3+ w=p, ...

Thus non-homogeneous pure reciprocants are severable into parts each of
which is a homogeneous and isobaric pure reciprocant, the characteristic of
each part being equal to the same quantity u, which is the characteristic of
the whole.

I will now explain what information concerning the number of pure
reciprocants of a given type is afforded by the equation VR =0. Let

AaaMa ... af
be a term of a homogeneous isobaric function (with its full number of terms)

of a,, a,, @, ... @;, whose degree is 7, extent j, and weight w, and which we
will call R.
Then in the entire function there are as many terms as there are solutions
in integers of the equations
p Sy WG Nl Wl 6 W
MA 20430+ .. N =w
In other words, the number of terms in R is equal to the number of ways
in which w can be made up of ¢ or fewer parts, none greater than j. This
number will be denoted by
(w; 1, 9).
Since the function R is the sum of every possible term of the form
Aaat ... ay,
each multiplied by an arbitrary constant, the number of these arbitrary
constants is also

(w; 1, )
Now, suppose R to be a reciprocant ; this imposes the condition
VR =0.
Consider the effect produced by the operation of any term of
do’

V=4(2

2
) Oy + Dy 010q, + 6 (a0a2+ %) Oy
2
say (a0a2 + %) Oag (rejecting the numerical coefficient 6).

Operating on R with 9,, decreases its weight by 3 and its degree by 1
2
unit. The subsequent multiplication by aroa2+(}21—, on the other hand, in-

creases the weight by 2 and the degree by 2 units. Hence the total effect
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a,’
o
by 1 unit. The same is evidently true for any other term of V. Thus the
total effect of V" operating on the general homogeneous isobaric function B
of weight w, degree 74, extent 7, is to change it into another homogeneous
isobaric function whose weight, degree and extent are respectively w —1,
©+1,j. Observe that the extent is not altered by the operation of V.

of <aoa,2 + )aas is to increase the degree by 1 and to diminish the weight

It is easily seen that the coefficients of VR are linear functions of the
coefficients of R ; for example, if

R = Aag2a; + Baya,a,+ Ca?,
VR =aa,(64 +2B) + a’a? (34 + 5B + 60).

Hence the condition VR =0 gives us (w—1; 1+ 1,j) linear equations
between the (w; 1, j) coefficients of R ; so that, assuming that these equations
of condition are all independent, after they have been satisfied the number
of arbitrary constants remaining in R (that is, the number of linearly inde-
pendent reciprocants of the type w; 4, 7) is equal to

(w; %)= (w—=1;1+1,5),

when this difference is positive ; but when it is zero or negative there are no
reciprocants of the given type.

If, however, any r of the (w—1; 7+ 1, j) equations of condition should
not be independent of the rest, these equations would be equivalent to
(w—1; 7+1,5)—r independent conditions, and therefore the number of
linearly independent reciprocants of the type w; ¢, j would be

(w; v, ))—(w—=1; 141,75 +r
It is therefore certain that this number cannot be less than
(w; 4 5)—(w=1; 141, 9).
We shall assume provisionally that »=0, or in other words that the
above partition formula is exact, instead of merely giving an inferior limit.

Though it would be unsafe to rely on its accuracy, no positive grounds for
doubting its exactitude have been revealed by calculation.

Such attempts as I have hitherto made to demonstrate the theorem have
proved infructuous, but it must be remembered that more than a quarter of a
century elapsed between the promulgation of Cayley’s analogous theorem
and its final establishment by myself on a secure basis of demonstration.
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LECTURE X.

I will commence this lecture with a proof of Capt. MacMahon’s theorem
that if R is any pure reciprocant and w its characteristic (that is, its weight
added to three times its degree),

(V’”d—m>R=1.2.3...m {w(u+2) (u+4)...(u+2m—2)} ()R,

da™

where '’ may be replaced by either 2a, or a, according as the modified or
unmodified system of letters is employed.

Instead of a pure reciprocant, let us consider any homogeneous isobaric

function # of degree 7 and weight w; and <for the sake of simplicity writing

0,, for %) instead of the operator V™9, let us consider Vmo,»— o, V™
We have identically
(Vo0 =0 V) B = V3V, -0,V Yo tnl
+ Vm=2(Vo,—0,V) Vo, 'F
+ V=3 (Voy,— 0, V) V20, 'F

+ V(Vo,—0,V) Vm29,» 1 F
+ (Voy—0,V) Vg, F
+05 (V™o" ! = 0,0tV ™) F.
Now, the operation of (V9, — 0,V) on any homogeneous isobaric function

whose characteristic is u, is equivalent, as we have seen in Lecture VII,
to multiplication by w,y”; so that if the characteristics of

bl Vo LR eg el et A i
are o ) M2 5 M3 i My
it follows that

(Vmamn == amn Vm) = (pbl + o+ s 5t /“'m) y’/ Vm—lazn—ll;'
4+ ax ( V’"’ag"’_] ik axn—l ‘Vm) b
Observe that

Vet (Vo — 0, V) 0,2 F = Vi, 9,0 F = p,y/ Vm—19,n1F,

where the transposition of the y” is permissible because V does not act on it ;
but if 4 were preceded by 9, it could not be similarly transposed.

The numbers u;, gs, ps,... form an arithmetical progression, for each
operation of V increases the degree by unity and diminishes the weight
by unity, so that

=30, + w, becomes u,=3 (% + 1)+ (wy—1)=pu + 2.
Similarly us=p, +4, = +6, ... pn=p +2m —2.
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The characteristic of # being
w =31+ w, that of 9,"'F is p,= p+n—1;

for each operation of 0, leaves the degree unaltered, but adds an unit to the
weight ; hence

ot ot pst oo+ o =m(p+m+n—2);
so that

(VM0 =02 V™) F=m(p+m+n—2)y" V10,7 \F+ 0,( Vo, — 0" V™) F. (1)
When F= R, a pure reciprocant, so that VR = 0, our formula becomes
V"R =m (u+m +n—2)y" V19,7 R + 9, V"9," ' R. (2)

Suppose that in (2) m > n, then V™9,»R =0. This is obviously true when
n=0, and when n =1. When n =2 we find

Vmo 2R =m (u+m)y” V10,R + 0, V"0, R
=0 if m>2.

Similarly the case n =3, m >3 can be made to depend on n =2, m > 2, and
in general each case depends on the one immediately preceding it. Next let
n=m in (2); then, remembering that V"9, R = 0, we have

Vmo,"R =m (u + 2m — 2) y' V19, 'R,
from which MacMahon’s theorem that
Vmo,mR=1.2.3...m{p(p+2)(p+4)...(u+2m—2)}(y" )R
is an immediate consequence.

Another special case of Formula (1) is worthy of notice, namely, that in
which we take n =1, when we obtain the simple formula

(V3 — 3, V™) F = m (s + m — 1) ' Vm1F. 3)

If in this we write @, in the place of F, and (the modified system of letters
being used) 2q, for y”, u becomes 3 + n, and we have

(V70— 0, V™) an=2m (m+n + 2) a, V™,

or, as it may also be written,

lmaxa,, o, Vrma, + 2(m+n+2)a, V™ a, (4)
b UE: IR s B 24 Gl 1.2.3...(m=-1) °
Mr Hammond remarks that this last formula may be used to prove the
theorem iaalé
Uy =—1"""* (6 t) A,y

which was given without proof in Lecture II. Assuming that

L

Uy = =ty + Ve — g
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we have to prove that the theorem is also true when n is increased by unity.
Differentiating both sides of the assumed identity with respect to z, we find

)
Oy 0ty = 0 <"' t"3q, + " 4Va, — " —I;L; el )
= — 10,0 + £ (0, Vit + 2 (1 + 3) ayan)
(Qxyza7z

e g e V)

the general term being

(_)m+1 {—n—m—3

j 0 Van, 2(m+n+ 2) V™,
(L2580 m 1.2.3...(m=1)

which, by means of (4), reduces to

e e
Hence oy ==ty ot et A g s t—"—“Vlaa—“Z@ +...,
or, more concisely,
0z, = — t*"‘3(e_¥) 050
But 0yn = (1 + 3) apyy, and 0,0, = 100, = (n + 3) tty,,

and therefore

v
(m+ 3ty =—(n+3)t" (e ?)any,
4
or U =—t"4(e ) anp.
The theorem is easily seen to be true, for n=0, 1, 2, and is thus proved to
be true universally.

I will now return to the point at which I left off in my previous lecture.
We saw that the exactitude of the formula
(w;4,5) —(w—1;7+1,7)
for the number of pure reciprocants of the type w; 1, j could not be inferred
with certainty unless we were able to prove that the (w—1;4+ 1, 5) linear-
equations between the coefficients of R, found by equating VR to zero, were
all of them independent. A similar difficulty presents itself in the proof of
the corresponding formula (w4, j) — (w—1; ¢, 7) in the invariantive theory;
but in that case I succeeded in making out a proof of the independence of
the equations of condition founded on the fact that Q™0™] is a numerical
multiple of 7, where I is any invariant, and Q, O are the well-known
operators
@904y + 20,00y + 305045+ -.. + ja]-_laaj
ajaai_l + 2(1,,'_laaj_2 + 3aj_2aaj_s +oeeot j(llaao.
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I have since discovered a second proof of the theorem for invariants which,
though very interesting, is less simple than my first; but neither of these
methods can be extended to the case of reciprocants.

It was suggested by Capt. MacMahon that the fact that V™9,"R is a_
numerical multiple of a™R ought to lead to a proof of the theorem for
reciprocants similar to that obtained for invariants by my first method,
alluded to above, but this I find is not the case; and indeed it is capable of
being shown @ priori that it cannot lead to a proof. One great distinction
between the two theories, which is fatal to the success of the proposed
method, is well worthy of notice.

If (w2, ))—(w—=1;1,7)=>0
(I shall sometimes call this positive), then

@5 %) - (W'=1;4,5)=>0
for all values of w’ less than w; the condition that this difference, say
A (w;,7) shall be positive being simply that 4j — 2w is positive (that is,
7j — 2w =>0). This is not the case with the difference
(w;4,7) = (w=1;9+1,j),
say K (w;1,j); it by no means follows that if this is positive for a given
value of w (¢, j being kept constant), it will be so for any inferior value of w.

We may illustrate geometrically the condition ¢ — 2w = > 0, which holds
when A (w; 7, j) is non-negative.

Let (4, j) be co-ordinates of a point in a plane and draw the positive

. branch of the rectangular hyperbola

7 — 2w = 0.
Then, ¢ —2w < 0 for all points in the area

YOXBA between the curve and its asymptotes;
but for points on the curve 4B,

7 —2w=0,
and for all points of the infinite area on the side
of AB remote from the origin,

o X 1 — 2w > 0.

Thus, for all points which lie either on or beyond
the curve AB, A (w; 1, j) is non-negative, and for all points between the
curve and the asymptotes A (w; 7, j) is non-positive.

We have here considered w as constant and 4, j as variable, but in the
case where all three are variable we should have to consider the hyperbolic
paraboloid

9 —2w=0,
of which the curve 4B is a section, by the plane w = const.; and the condition
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of A(w; 1, j) being non-negative or non-positive depends on the variable
point (4, j, w) lying in the one case on or beyond the surface, and in the
other between the surface and the planes of reference.

The function of 7, j, w, whose positive or negative sign determines in like
manner that of & (w; <, j), cannot be linear in w. What its form is, or
whether it is an Algebraical or Transcendental function, no one at present
can say. Indeed, except for the light shed on the subject by the Algebraical
Theory of Invariants, it would have been exceedingly difficult (as I know
from vain efforts made by myself and others in Baltimore) to prove the
much simpler theorem that A (w; 7, j) is positive (that is, non-negative)
when 4j — 2w is so. It amounts to the assertion that the coefficient of
a'z® in the expansion of

1—2
Q-a)(l—az) (1 —az?) ... (1 — azi)
is always non-negative, provided that ¢j — 2w is non-negative.

This is a theorem of great importance in the ordinary Theory of
Invariants, and may be seen to be a consequence of the fact, which I have
proved, that (using [w; 1, j] to denote a function of the type w; ¢, j having
its full number of arbitrary coefficients) there are no linear connections
between the coefficients of Q [w; 1, j] when ¢j — 2w = > 0; but no one, as far
as I know, has ever found a direct proof of it.

Viewing the connection between the two theories of Invariants and
Reciprocants, I think it desirable to recapitulate with some improvements
the proof, given in the Phil. Mag. for March, 1878, of the theorem that the
number of linearly independent invariants of the type w; 1, j is exactly
A(w; 7, j) when this quantity is positive, and exactly zero when it is 0
or negative.

As regards reciprocants, at present we can only say that the number of
linearly independent ones of the type w; 1, j is never less than K (w; 1, ),
leaving to some gifted member of the class to prove or disprove that the
first is always exactly equal to the second. The ezact theorem to be proved
in the theory of invariants is as follows:

If 4 — 2w = >0, the number of linearly independent invariants of the
type w; 4,5 is A (w3 1, j).

If 4j — 2w < 0, the number of such invariants is zero; that is, there are
none. The proof is made to depend on the properties of

Q = @404, + 20,04, + 3000, + ... + ja,-_la,,j

and of (= ajaa]._l + 2@ 104, , + 3aj_2aaj_3 + .o+ J010gye

If U be any homogeneous isobaric function of degree ¢ and weight w
in the letters a,, a,, a,, ... a;, it is easy to prove that

20 -09)U=(3j—2w) U,

@jg
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and consequently, if U is an invariant I, so that QI =0,
QO0I = (i — 2w) L.

I call 4j — 2w the excess and denote it by 7, and shall first show that if » -
is negative I =0; that is, there exists no invariant with a negative excess.
This will prove that when A (w ; 7, j) is negative, that is, when

(w—1;54,5) > (w35, ),
the number of independent functions of the coefficients of [w ; 4, j] which
appear in Q [w; 4, 7] is exactly equal to (w; ¢, j), which is the number of the
coefficients themselves. Clearly it cannot be greater; for, no matter what
the number of linear functions of n quantities may be, only n at the utmost
can be independent ; there might be fewer, there cannot possibly be more.
The complete theorem is that the number of independent coefficients in
Qfws; 4, j] is the subdominant of two numbers: one the number of terms
of the type w; 1, j, the other the number of terms of the type w—1;1, .

N.B. That one of two numbers which is not greater than the other is
called the subdominant.

LECTURE XI.

We may write for the Annihilator of an Invariant
Q = oy + 20,dy + 35+ ... +ja;_,d;
and for its opposite
0 =ja,d+ (j — 1) aady + (J — 2) a3y + ... + a;d;_4,
where the pointed letters d,, d, ds, ... d; stand for the partial differential
operators

Ditos Ot B 1o Baj_
Suppose Q2 and O to operate on any function U (a,, a;, @, ... @;); then
QOUT=Q.0+Q%x0)U
and 0QU=0.0+0%x0)U,

where the full stop between O and Q signifies multiplication, and the
asterisk operation on the unpointed letters only. Thus,

2.0=0"0
and, consequently, (Q0-00)U=(Q*0-0%Q)U.
Now,
Q% 0U={1.jaya,+2(j —1) aydy + 3(j — 2) @ulio + ... 4+ . Lajdj} U,
and
O%QU={1.ja;a,+2(j —1) tslia+ ... + (j — 1) 20j4j, +§ . Laya;} U,
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whence we readily obtain
(Q0 = 0Q)U =j (aglo + a6y + gty + ... + ;i) U
= 2 (a0, + 20505 + Bagd, + ... + ja;a;) U.
Introducing the conditions of homogeneity and isobarism, namely,
(@oly + @Gy + Aylty + ... + aja) U=1T

and ' (0l + 2050 + Bazds + ... + ja;d;) U= wU,
where ¢ and w denote the degree and weight of U, supposed now to be a
rational integral homogeneous and isobaric function (or, to avoid a tedious
periphrasis, say a gradient), we see that if the complete type of the gradient
U is w; 1, 3,

(Q0 — 0Q) U= (3 — 2w) U =T,

\

where 7 is the excess.

Since the operation of O increases the weightv of the operand by unity,
but does not alter either its degree or its extent, it is clear that the type of
0°U is w+6;1,75. The excess of O°U is therefore

§j—2 (w+6)=n—20,
and the theorem just proved shows that
(20 - 09Q) 0°U = (n — 20) 0°T.
From this we pass on to prove that Q0? — 010, acting on any gradient

as its objective, is equivalent to g(n — ¢+ 1) 07%; that is, when ¢ is any
positive integer, we shall show that

Q01— 01 U=¢qg(n—q+1)01T.
The subsequent consideration of a special case of this formula, in which

U is replaced by any invariant I, will enable us to prove that there can be
no invariants for which the excess 7j — 2w is negative. Let

0 Ui= B, U
then OI8O =Pyl
and therefore (Poi1— Po) U= 01(Q0 — 0Q) 0°U.
Substituting in this for
(20 - 0Q) 02U its value (9 —20)0°U,
we have (Pyiy— Py) U = (9 — 26) 01*U.
Hence
(Py—P)U={(P,—Py))+ (Po=P) +(Ps—P)+...+ (Py— P, )} U
=n+(n—=2)+(n—4)+...+(n—2¢+2)} 01U
=q(n—gq+1)0U.
But since P, = Q07 and P, = 04(), this result may be written
Q01— 010)U=q(n—q+1) 01T,
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If now U= I, an invariant, we have QU = 0, and our formula becomes
Q0T = q(n—q+1)01L
Writing in succession ¢ =m, m —1, ... 1, we obtain
m(n—m+1) 0" =00m]
(m=1)(g—m+2)0m2 =Q0™
(m = 2) (g —m+3) 03] = QO0™=]
lanl =007
By assigning to m a sufficiently large value we are able to make 0™/
vanish as well as QI; for, the type of I being w; 14, j, that of O™[ is
w+m;t,j. But it is evident that no gradient can have a greater weight
than 4j, the product of its degree and extent, for each term is a product of
¢ letters none of them having a weight greater than j. If, then, we suppose
that m =4 — w + 1, the weight of O™I is

w+m=1+1.
Therefore o™l =0,
Again, n—m+l=9y—2w—(—w+1l)+1=—w.

If, then, 7 is negative, every term in the series
mn—m+1), ((m—-1)(n—m+2),...2(n—1), 1.9
is negative and can never vanish. Hence we have successively
0" =0, 0" Le0, w. L =0;
that is, when % — 2w < 0 no invariant of the type w; 7, j exists.

Observe that the elenchus of the demonstration consists in the fact that
the successive numerical factors g —m +1, p —m + 2, n —m + 3, ... 5 are all
non-zero on account of 5 being negative; but if % were positive we should
eventually come to a factor » — u which would be zero, and we could not
conclude from (u + 1) (9 — uw)O*I being zero that O»I=0. Since n —(m—1)
passes from 5 — (¢ — w) to 7, that is, from — w to #, it passes through zero
when 7 is positive.

The second part of Cayley’s completed theorem remains to be proved,
namely, that when ¢j — 2w = >0, the number of linearly independent in-
variants of the type w; ¢, j is precisely equal to A (w; 1, j); that is, to

(w;%,5) = (w =154, ).
I show this by proving that if D (w; ¢, j) is the number in question, keeping
¢ and j constant and taking w < = 'L.i,

D (w; 4, 5)+D(w—1;4,j)+ D (w—2;1,j) +... + D(0; %, §)
cannot be greater than
Aw; ) +Aw—155 )+ Aw=2;4,j)+... +A(0;4,7),
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and consequently, since we know that no single D (w; 1, j) can possibly be
less than the corresponding A (w; 1, j), it follows that

D(w;d,5)+D(w~1;735)+Dw—2;77) +...+D(0; 1)
=Aw; 1 )+Aw—-1;4, ) +Aw—2;75)+... +A(0;7,7);
and, furthermore, that each :
D(w; 1, j)=A(w; 5, j).
For if any D were greater than its corresponding A, some other D would
have to be less, which is impossible.

This principle of reasoning may be illustrated by imagining a row of
ballot-boxes and supposing it to be ascertained that no single box contains
fewer white balls than black ones. If, then, there are not more white than
black balls altogether, the total number of whites must be the same as that
of the blacks. And since there are just as many whites as blacks distributed
among the ballot-boxes, the number of white and black balls must be the
same in each box; for otherwise some box must contain fewer whites than
blacks, which is contrary to the hypothesis.

Observe that the sum of these A’s is (w;1,j); for
W34, )= =134, )+ =130, ) = W= 230, ). 4 (05 5,5) = (= 15, )
=w;7,5) - (-1;47)
and (=1;%4)=0,
since there is no way of composing —1 with parts 0, 1, 2,... . Hence what
I have to show is that

D(w; i, )+ D(w—1;4,))+...+ D(1;4,)) + D (054, 5) = (w;4,7).
I want preliminarily to express Q204 as a multiple of 7*,

This can be done by a formula previously demonstrated, namely,

QOU=q(n—q+1) 0771,
which gives

Q0U=q(n—q+1) Q0 T=qg(n—q+1)(q—1)(n—q+2)0I;
similarly
Q0U=q(n—g+)(g-DM-9+2)(@—-2)(n—q+3)0[;
and finally, changing the order of the numerical factors,
Q1017=1.2.3...qn(n-1)(n=2) .. (n—qg+1)} L.

This shows that Q204 and d fortiori O can never vanish unless n —g+1
becomes negative.

* The result of operating on I with O and Q each ¢ times, the two operations following each
other according to any law of distribution whatever, will always be a numerical multiple of I;
but the value of this multiple will differ for different laws of distribution.
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Suppose now that I? means an invariant of the type w — ¢; 1, j; its excess
1s 3j — 2 (w — q), and consequently 07, cannot vanish unless
G-2w-q)—g+1
becomes negative, which is impossible. For
YW—2w—q)—q+1=9—-2w+q+1,
and % — 2w = >0 by hypothesis,

By taking 0], as an image, so to say, of I, we shall be able to obtain a
limit to the number of I,’s by obtaining a limit to the number of their
images. In fact, taking the vmage 02, of each of the D (w — g; v, j) linearly
independent invariants of the type w—gq; ¢, (this is what is meant by the

1;s) and giving ¢ all possible values from 0 to w inclusive, the total number
of these images is obviously

D(w;%, )+ Dw—-1;4,5)+... + D(0;1,7)

Each of them will be a gradient of the weight w—gq+g¢ (that is, of
weight w), and will consist of terms of weight w, degree ¢, and extent j. The
total number of such terms will be the number of ways of making up w
with ¢ of the numbers 0, 1, 2, 3, ... 4, or with the usual notation (w; 1, 7). If,
then, it can be shown that none of these forms are linearly connected, then,
inasmuch as they are all functions of the same (w; ¢, j) arguments, it will
follow that their total number cannot exceed (w; ¢, j). That is, we shall
have shown that

Dw;v, )+ D(w—-1;4)+D(w—2;%5)+...+D(0;17)
cannot exceed

Aw; o, D+Aw—-1;4)+A@w—-2;%7)+...4+4A(0;7,7),

and by the ballot-box principle, as already stated (inasmuch as no D is less
than its corresponding A), it will follow that each D is the same as the
corresponding A, and the theorem to be proved is established.

The proof of this independence is easy. For (1) suppose that there is any
linear relation between the forms

O, O & O3 oty
for each of which the value of ¢ is the same. Denoting these forms by
PR
let the relation in question be
AP, + NP/ 4+ NP/ +...=0.
Then AP, + NQIP) + N QP + ... =0.

But each argument Q4P, is of the form Q2071,, and since this is equal
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to I, multiplied by a number which does not vanish*, we have a linear
relation between Iy, I, I,”, ..., namely

Mo+ NI/ + NI +...=0;
that is, the ;s would not be linearly independent, contrary to hypothesis.

Thus the tmages (0,, 02,/, 021, ...) belonging to invariants of the same
type w — q; 1, j cannot be linearly connected.

(2) I say that the images of invariants of different types cannot be
linearly connected. For let ¢, ¢/, ¢”, ... arranged in descending order of
magnitude, be the different values of ¢ in the images supposed to be linearly
related. The result of operating with (7 on any image of the form 071, is
to bring it to the form Q4-7Q70%1,, which is a multiple of Q2-771,, and
therefore vanishes. But 9, acting on any of the images 0,, 01/, ...,
will, as we have seen, bring back the multiple of I,; thus the operation of Q2
on the supposed relation will give a linear equation connecting I, I/, 1,”, ...,
and for the same reason as before this is impossible. Hence there can be no
linear relation whatever between the images of the invariants whose types
extend from wj; 1, j to 0; 7, j, and the number of these images will accordingly
be not greater than (w; 1, j), as was to be proved.

It is well worthy of notice that D (w;1,j) may be zero, but obviously
cannot be negative, as it denotes a number of things which may have any
value from zero upwards. Hence follows a remarkable theorem in the pure
theory of partitions which it would be extremely difficult to prove from first
principles, namely, that the difference between the two partition numbers

;15 )) = (w=1;4%7)

can never be negative when ¢ — 2w = >0. It may be zero, but cannot be
less than zero. This explains what I said about the hyperbolic paraboloid
1) — 2w =0, where 1, j, w are treated as co-ordinates of a point in space. We
might call the value of (w; 1, j) — (w —1; 1, j) the density of any point 3, j, w,
and the theorem may then be expressed by saying that at points within or
upon the hyperbolic paraboloid the density can never be negative ; for points
outside this surface it can never be positive.

As regards the analogous formula in the Theory of Reciprocants
(w;5,5)—(w—1;1+1,79),
we do not know that any algebraical surface can be constructed which will
enable us to discriminate between the cases in which this difference, say

E (w;, j), is positive or negative. Should such a surface exist, its equation
must contain w in a higher degree than the first. Supposing that the above

* In fact, remembering that the excess of the type w—gq; i, j is ij — 2 (w — q) =7 +2¢, we find

Q109,=1.2.3...q{(n+2q) (n+2¢-1) ... (n+g+1)} I,
in which both 7 and g are positive integers. =

S IV, 24
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formula represents the actual number of reciprocants, it will follow (and this
is confirmed by experience) that there can be no reciprocants to a type of
negative excess. For :
(Wi j)—(w=1;9+1,)
=w;%5)-(w-1;5j)=[(w-151+1,j) - (w—-1;47)]
=w;5)-(w-1;5,)—(w—1-2;04+1,5-1)
But if ¢ — 2w is negative, (w; 7, j) —(w—1;7,j) is zero or negative,
Hence (w; 1, j) — (w—1;%+ 1, ) is non-positive.
For satisfied invariants (those ordinarily so called) w= § , and the
formula for their number becomes (é, % ]> (J —-1;4, 7)

As these form a well-defined class apart, it would have seemed very
natural to begin with them in endeavouring to establish the theorem,
reserving the theory of unsatisfied invariants (sources of covariants) for
future consideration. But to all appearance it would have been very
difficult, if not impossible, to have succeeded in dealing with them alone.

This is another example of the law in Heuristic that the whole is easier
of deglutition than its part.

LECTURE XII.

Before proceeding further with the development of the pure analytical
theory of reciprocants, it may be useful to point out some instances of its
relations and applications to geometrical questions.

Using 4y, %, Y5 -.. Yn to denote the successive derivatives of y with
respect to #*, let the complete primitive of the differential equation

F (2, y, 1, Yas e Yu) =0
be o@ ¥, N gy v,..0)=0,

We can in general so determine the n constants A, u, v, ... that the
curve ¢ may pass through n given pomts, and if we take these to be
consecutive points on the curve

D (2, y)=0,
¢ and ® will have a contact of the (n— 1)th order at a given point of P.
In order that the curves may have a contact of the nth order at a point

* In future ¥y, ¥2, Y3, ... ¥, Will always have this meaning, the derivatives of z with respect
to y will be denoted by z;, @, @3, ..., and whenever the letters ¢, a, b, ¢, ... are used they will

stand for vy, fy—2—2 o i—%} ) 1——21/‘—5—4, ... respectively.
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whose abscissa is #, the ordinates of ® and ¢ at that point and their
1st, 2nd, ... nth derivatives with respect to # must be the same for both
curves. But at every point of ¢ its differential equation

F(.Z', Y Y1 Yay -+ yn)=0
has to be satisfied, and therefore the , 4, v, %, ... ¥, of any point on ®, at

which contact of.the nth order with ¢ is possible, must also satisfy the same
equation.

Now, suppose that for 2 and y we substitute given functions of them,
X and Y; the curves ¢ and @ become

DAXL YN, 5, ¥, - e0) = 0and" @ (X, ¥) =0,

Contact of the nth order with the transformed ¢ will therefore be possible at
any point of the transformed @ for which

EXE Y YRl V) =50
where V), Y, ¥;, ... Y, are the derivatives of ¥ with respect to X.

But, unless the function # and the substitutions X =f(z, ), ¥ =1, (», y)

are so related that the transformed differential equation

(X0, 1 ) i=0
is identical with the untransformed one, the property marked by the contact

of the transformed curves will not be identical with that marked by the
contact of the untransformed ones.

For example, let F=y,; then the relation between ¢ =y +rz+ =0
(the complete primitive of 7,=0) and an arbitrary curve ® is that the
constants A and w may be so chosen that the line ¥ + Az + w =0 may have a
contact of the second order at any point of ® for which #,=0; and the
property marked is an inflexion on ®. But if we make the substitution
X =22 Y =17 so that the differential equation 7,=0 is transformed into

<%>2 y*=0 and its complete primitive into y*+ Aa?+u =0, it will still be

possible so to choose A and w that 22 + Az® + u = 0 may have a contact of the
2

second order at any point of an arbitrary curve for which (Zi%) y* =0, but

the property marked, instead of being an inflexion, will be a contact of the

second order with a conic having a pair of conjugate diameters coincident with
the co-ordinate awes.

The property remains unaltered when the co-ordinate axes are inter-

changed, and therefore the differential equation ((%Zy y* =0 will be identical

2
with (diy?) #*=0, in which the variables z and y have changed places. The

24—2
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identity of the two differential equations is easily verified, for

<_d_>2y2=1 i(& d_?/>=l Y i“z+l(d_y>”_z dy
da? 2z " do \x " dz 2z |@'da?  z\dz) a?'dz

" % (@yy: + @y’ = yys);
so that the differential equation may be written
zyYYs + xy — yy, = 0.
Interchanging # and y in this, we have
Yz, + ya,? — xz, = 0,
in which, if we write z, = g4 = l, and 2, = L4 ==& it follows immediately
d dy* %

Y%

that !
2 1 2
Yax, + Yo — aw, = — R (@yys + &y:* — Yy,

and the identity in question is established.

Such a form as the above, which merely acquires an extraneous factor
when the variables are interchanged, might be called a reciprocant, if it were
not convenient to restrict the use of the word to forms in which the variables
# and y do not appear explicitly. With this limitation, the geometrical
property indicated by the evanescence of a reciprocant will be independent
of the position of the origin, but not in general independent of the directions
of the co-ordinate axes. Thus, we may prove that the equation

2y,ys — 3y2=0
indicates the possibility of 4-point contact with a hyperbola whose asymptotes
are parallel to the co-ordinate axes. To do this it is sufficient to show that
its complete primitive is the equation to such a hyperbola.

Writing the equation in the form
%_3 %

¥ 2y’
we see that its first integral is
3
log ¥, = 3 log v, + const. ; .

or, when prepared for a second integration,

) b -
—é.yl %y,=x.
Hence % i=Nr 4+ u,
y1=(M+ 7 e

and finally we obtain the complete primitive
AMr—y)=Q0a+p)7

which proves the proposition.
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With the notation previously explained, in which v, =¢, y, = 2a, y, = 60,
the differential equation is bt —a®*=0. We have therefore proved that at all
points of a general curve for which the Schwarzian (bt — a?) vanishes, 4-point
contact with a hyperbola whose asymptotes are parallel to the co-ordinate
axes is possible.

We now consider the important case in which the conditioning differential
equation remains unchanged when the axes are orthogonally transformed,
and is therefore found by equating to zero an orthogonal reciprocant. The
simplest example of this class of equations is that which marks the points of
maximum or minimum curvature on a curve. Since these points are points
of 4-point contact with a circle, the conditioning differential equation will be
that of the circle

(@ 4+ 0+ (g + w4 v =0,
Differentiating this three times in succession, we have
z+AN+(y+p)t=0,
1+8+42a(y +p)=0,
at+b(y+ p)=0.

Eliminating p from the last two of these equations, y will disappear at
the same time, and the condition for points of maximum or minimum
curvature is found to be

2a% — b (1+ ) =0.
In Salmon’s Higher Plane Curves (2nd edition, p. 357) the “aberrancy
of curvature” is given by the formula
A+ 9Dy, L+
- =t 4
31, 2a®

tan § =1,

The above differential equation is therefore equivalent to 8 = 0.

i i
A+gf_a+ef
Ya 2a,

% _ 3
do 62t (L+ef - 3004} o1 L b5 gtans. &
dz 2a? 2

Hence it follows that

find

If we differentiate the radius of curvature p=

1 dp
tan & = 3'ds
The conditioning equation for points at which (?flg or tan § is a maximum

2
or minimum is S 0; or the same condition may be expressed by

ds* §
d tan
o =0,
Now
dtand d ; b(1+1¢) iy _20(1+t2)_2a_bt+3b2(1+t’)
dx _d—w{— (S G ot a? a* a®
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is an orthogonal reciprocant, for it can be expressed in terms of legitimate
combinations of 1 + ¢, which is an orthogonal reciprocant of even character,
with the three orthogonal reciprocants of odd character, |

a, b(1+ ) — 2a*, c(1+t*) — 5abt + 5a*

In fact, the above expression for ém_nb" when multiplied by a? to clear of

da
fractions, becomes
2a* — 2a*bt + 3b* (1 + %) — 2ac (1 + #°)
3 12a*
“Tyal T+~
where the right-hand side is a linear function of orthogonal reciprocants of
the same (even) character, so that the combination is legitimate.
dp dp dp dp
d—s, @, ceey O p, %, L—i&’ .o
angle subtended by the arc ds at the centre of curvature, have values
independent of the particular position of the co-ordinate axes (supposed
rectangular), and consequently these values, expressed in terms of ¢, a, b, ¢, ...
will be absolute orthogonal reciprocants. A differential equation expressing
the condition that any one of these quantities vanishes, or that any one of
them has a maximum or minimum value, will also be independent of the
position of the rectangular axes, and must therefore be expressible in the
form of an orthogonal reciprocant equated to zero.

b(1+ ) — a2t} + 2a {c(1+ &) — 5abt + 507},

Quantities such as p, ., where d¢ is the

Mr Hammond remarks that, since the radii of curvature at corresponding

; ; d ’ 2
points of a curve and its evolute are p and d_;’ the radius of curvature of its

n
nth evolute is % The radius of curvature of the nth evolute of any nth
involute of a circle is constant, and, consequently, the differential equation of
an nth involute to a circle is
dn+1p
— =,
d¢n+1
Writing this in the form
(1 + 2 d>n+1 (]_ + tz)‘%
=] . =0
a ‘dz a

?

to which it is easily reduced, since
d d p d_(1+#) d

3 e GAEMGEE %a de
we see by what precedes that the left-hand member of the differential
equation is an orthogonal reciprocant.

b

As an example of the class of singularities which next presents itself for
consideration, let us find the differential condition which holds at points of
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contact of the fourth order with a common parabola. This condition is
expressible by the differential equation whose complete primitive is

(y+ k) + 222 + 2uy +v=0.
Differentiating three times in succession, we obtain
(y+ kz) (t+ &)+ N+ ut=0,
20 (y +kz+ p)+ (t+£)*=0,
b(y+rx+p)+at+x)=0.
The arbitrary constants » and A do not appear in the last two of these

equations, from which, if we eliminate u, the variables # and y disappear at

the same time, and we find
2a*—b(t+xk)=0.

A final differentiation and elimination give

10ab —4c(t+x)=0,
dac — 5b*=0.

Points of 5-point contact with a parabola are therefore indicated by the
evanescence of the pure reciprocant 4ac — 5b>. And in general the differential
equation B =0, where R is any pure reciprocant, indicates a property of a
curve which may be called a descriptive singularity, since it is totally
unaffected by the arbitrary choice of any two lines on the plane for the
axes of co-ordinates. For it was proved in Lecture IX of the present course
that if ¢ be the degree and u the characteristic of R, the substitution of
ly +ma +n for z and I'y + m'z + n’ for y changes R into (I'm — bm/)i(lt +m)~*R,
so that the differential equation R=0 and the geometrical property corre-
sponding to it are left unchanged by the substitution.

Six-point contact with a cubical parabola is another example of a descrip-
tive singularity. Its defining differential equation may be written in any of
the following forms :

45y5y2 — 4500y, y,s + 192928 + 400y, 5%y + 165y,y:%y,2 — 400y,ty, = 0,

125a%d? — 750a%bed + 256a%c* + 500ab’d + 165ab%® — 300btc = 0,
5 (9ys"ys — 45Y>ysys + 40y5*) + 64 By, — 5ys°)’ = 0,
125 (a*d — 3abc + 2b%) + 4 (4ac — 5b°)* = 0;

or, if we make a2d — 3abc + 2b°= A and ac — Z—b2 =M, the equation may be

(2o

In the theory of Binary Forms, when the numerical parameter « in
(a*d — 3abc + 2b°)* + « (ac — b*)°

put in the form
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is so chosen that the highest powers of b cancel each other, the form divides
by a* and gives the Discriminant of the Cubic

a*d? — 6abed + 4b°d + 4ac® — 3b*c*
In the parallel theory of Reciprocants the form
12542 + 256 M®
is divisible by a (instead of by a*), giving
125a%d? — 750a*bed + 500ab’d + 256a2c® + 165ab*c® — 300btc,
which may be called the Quasi-Discriminant.

L]

A complete discussion of the differential equation
A*+ kM2 =0
is reserved for the next ensuing lecture, in the course of which it will appear

that the Quasi-Discriminant equated to zero is the differential equation of
the cubical parabola.

LECTURE XIII.

We may integrate the general homogeneous equation in reciprocants
extending to d, inclusive, as follows:

Calling  ao— 25 =M and a%d — Sabe + 26 = 4,
the equation in question will be of the form
A+ kM2 = 0.
But if we write B=dad,

where 3, a are general linear functions of the co-ordinates, say
X y+ma+n, y+me+n,

we may eliminate the five constants m, n, m/, », A, and the result will
evidently be a pure reciprocant extending to d, inclusive, and, being homo-
geneous and isobaric, can only be of the form

A2+ M3 =0,
so that it remains only to determine « in terms of A, or, which is the same
thing, A in terms of «.

11
The solution 8 = Aa* implies a = A *8% Hence the equation between
M and 4 must be of the form
O {(A+p) (P + DFIE + {(M + g) (0 + DA = 0,
where 6 is a constant, for otherwise there would be more than one general
solution to it. It only remains then to determine the values of p, ¢, 6, W Js
which may be affected by considering the particular solution y = a*.
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When A =2, M and 4 both vanish, and if A =2 4 ¢, where ¢ is an infini-
tesimal, M and A will each be of the same order as e (that the first power of
e does not vanish in M or A may be easily verified). Hence 2+ ¢ + € is of
the order ¢, and therefore ¢=— 2 and j=1.

When A=—1+¢, M remains finite and A4 is of the order e Hence
p=1 and ¢=1. Thus, the equation is
ON+12M+(A—2)(2A—1)4%2=0.
To find 6, let A=3"and y =4*; then
5

o =8x,'b=1; ¢ =10, 'd = 0, M=_E’ A=2
B AL
so that _0'I+0'4_0’ 0—%,
and finally 16 (A + 1202+ 25 (2N — 50 +2) A2=0
has for its integral B=Nak.

If A= , We may make
- (] + z_))\l_. Iz
y = = e,

and, consequently, 8 = ¢, which contains five independent arbitrary constants,
will be the general integral.

For a parallel method of deducing the Integral of 4%+ «A®=0, where A
(our future AC — B?) is the projective reciprocant whose letters go up to f, see
Halphen’s Thése sur les Invariants Différentiels, Paris, 1878.

Mr Hammond has succeeded in deducing the equation between 4 and M
from the primitive 8= Aa* by direct elimination, as shown in what follows.
Possibly he, or some other algebraist, may eventually succeed in the more
difficult task of obtaining the Differential Equation to y= B*a!~* (that is, the
linear relation between A4® and A®) by some similar direct process.

Differentiating the equation Ba~*= A three times in succession, and
observing that, since a =y +mz+n and B=y+m'z+n,

” 4 d2
= B = d_.’l,‘zy =Y,
we have aff —A'B =0,

Ya(a—=2B) +(1—N) a8 =0,
Ys(@—=AB) + 1, {(2 =)'+ (1= 2)) B} =0.
From the last two of these three equations we obtain, by eliminating
(a i XB)’ g / )/
Ys (1 =N aB =y {2 -V o'+ (1-20) B} =0;
or, writing ;

Ya=2a, y;=16b0, 2—A=3¢%, 1 —-2A=—=3r% 1=A=¢*— 1%

www.rcin.org.pl



378 Lectures on the Theory of Reciprocants [42

and dividing by &'8’, the equation assumes the form .

oy ¥ kg oy 14 o
2a’(q 7‘2)—3, an

Differentiating again, remembering that

a” = B"=2a, and @—31) db—4c,
4ac — 6b° 7
we find i (q2—7-2)=_%,2+a_,2,

The elimination of B’ between this and the equation immediately pre-
ceding it gives
dac — 6b* b e A
W v i (92—7”2)92"'{2—2(92—"‘2)“" 7} _qal? =0.
Writing in this 4ac — 50* = 4M, we obtain by an easy reduction
4¢* Mo’ = r* {2a* — ba'}?,
and, taking the square root of each side,
o' (2 VM + rb) — 2a*r = 0.

A final differentiation gives

( %J +dor) + 2a (2q VM — 5br) = 0.

Finally, eliminating o/, we obtain

(29 VM +7b) (2q VM — 57b)+ar(4.«cr+ v%)

st)wz(m 56 = 0;

0.

Hence 4Mq? + qr (

M
or, 4(q* +1%) M2 + qr (aM’ — 8bM) = 0.
, dM d 5b?
Now M= - dw( s ) 5ad — The,

and, consequently,
aM’— 8bM = a (5ad — Thc) — b (8ac — 10b2) = 5 (a*d — 3abe + 2b°) = 54;
so that we may write
4 (¢ + r*)M% =—gr(aM’ — 8bM)=—5qrd;
or, 16 (¢* + ) M? — 25¢*r24%= 0,
where 3¢=2—n and —3r2=1-2\

Replacing ¢* and 72 by their expressions in terms of A, the differential
equation becomes

16 (M + 12 M3 + 25 (2N — 5N + 2) A2 =0,
Some special cases may be noticed.
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When A =2 or -;—, the equation reduces to M = 0, which is the differential
equation of the common parabola previously obtained.

When A =3 or ,1, we obtain 256M° +1254%= 0 for the equation of the
cubical parabola, where the expression on the left-hand side is the Quasi-
Discriminant.

When A =—1, we find 4 =0 for the differential equation of the general
conic.

When A is an imaginary cube root of negative unity, so that A=A +1=0,
we have :

A+1P+ 2N —50+2)=0,
and the differential equation becomes
16M2 — 2542 = 0.

We shall subsequently avail ourselves of this result in finding the
complete primitive of the Halphenian A.

In the case where A is infinite, from the complete primitive B = el we
first eliminate the exponential function and afterwards the arbitrary
constant /.

Thus we find B =ldB and %= %3 AL é ;
or, y2B (a/ o BI) - a',B"" =0
Hence ysB (@ — B)— 1B (o' +28) = 0.

The elimination of B gives
ysa'B —y2 (& +28)=0;
8by i il
"2_32 A E, + a—, .
Comparing this with the equation previously obtained,

or,

9

2 2
%(92—7’2):,@—2”
we see that ¢*=1 and r*=—2. Substituting these values in the differential
equation
16 (¢° + r®)* M? — 25¢r2A* = 0,

it becomes 8M + 2542 =0,
which is the differential equation corresponding to the complete primitive
B.=¢

We shall hereafter consider in detail the theory of that special class of
pure reciprocants (M. Halphen’s Differential Invariants) which retain their
form when any homographic substitution is impressed on the variables; that
is, when, instead of 2 and vy, we write

lo +my +n Ve +m'y +n/
Vstm'y+0” 20 Vavmy+n°
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Since perspective projection is the geometrical equivalent of homographic
substitution, it follows from the definition of Differential Invariants that
they are connected with the properties and relations of curves which remain
unaffected by perspective projection. For this reason Differential Invariants
are sometimes called Projective Reciprocants. Two reciprocants with which
we are familiar belong to this important class. One of them, ¥, or a,
vanishes at points of inflexion on the curve y =jf(z); the other,

9y.2ys — 451,y + 40y, or a*d — 3abe + 207,

which, for reasons given below, we shall call the Mongian, vanishes at
sextactic points; that is, at points where a conic can be drawn having
6-point contact with the given curve.

To illustrate the distinction between a projective and a merely descrip-
tive singularity, consider for an instant the pure reciprocant 4ac — 5b% which,
as we have seen, vanishes at all points of a general curve where 5-point
contact with a parabola is possible. Now, 5-point contact with a parabola is
a descriptive but not a projective singularity; after projection the parabola
becomes a general conic, and 5-point contact with it becomes 5-point contact
with a general conic, which is not a singularity at all. But inflexions and
sextactic points are indelible by projection, and thus belong to the class of
projective singularities.

The differential equation to a conic was originally obtained by Monge in
the form

9y Ys — 45y.y5ys + 40yt = 0

(see Monge, “Sur les Equations différentielles des Courbes du Second Degré,”
Corresp. sur U’Ecole Polytech., Paris, 11. 1809-13, pp- 51-54, and Bulletin de
la Soc. Philom., Paris, 1810, pp. 87, 88). At the end of the first chapter
of his Differential Equations, Boole mentions this form of equation as due
to Monge, but without any reference, and adds the remark: “ But here our
powers of geometrical interpretation fail, and results such as this can
scarcely be otherwise useful than as a registry of integrable forms.” The
theory of Reciprocants, however, furnishes both a simple interpretation of
the Mongian equation and an obvious method of integrating it.

To see that the differential equation of a conic is satisfied at the
sextactic points of a given curve, we have only to remember that at such
points the derivatives of y with respect to z, up to the fifth order, inclusive,
are the same for the given curve as for a conic.

We proceed to show how the Mongian may be integrated. Writing in
the above equation

Yo=2a, y3=2.3b, y,=2.8.4c, y;=2.3.4.5d,
it becomes g a*d — 3abe + 2b* = 0,
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where it can hardly fail to be noticed that the left-hand member of the
equation is an ordinary Invariant as well as a Reciprocant. It will be
proved hereafter that all Differential Invariants possess this double nature.

Now, if u=3¢+w, where ¢ is the degree and w the weight of any pure
reciprocant R, the ordinary theory of eduction shows that

a@ ubR

o BN de —
al £)” T

is another pure reciprocant.

When we consider the letters @, b, ¢, ... in any invariant I to mean

Y Y Ya
DL T RO

the corresponding theorem that if » =37+ 2w, where ¢ is the degree and w
the weight of 7,
o _ b1
e N At dy
daz <a§) a—§+1

A strict proof of this theorem will subsequently be given. For present
purposes it is sufficient to notice the easily verified special cases of the two
theorems

.. the parallel theory of generation for Invariants gives

is also an invariant.

d <4ac — 5b2> _ 20 (a*d — 3abe + 2b°)

de\ o8 a2 ’
d rac—b*\ _ 5 (a*d — 3abc + 2b°%)
and dw( o > = -2 .

It follows as an immediate consequence that the equation
a*d — 3abe + 20° =0
admits of the two first integrals

a8 (4ac — 5b%) = const.

and a_ISQ(ac—bZ)=const.
Now, G0 e s SV el i g Y
oV a” 3 (4ac — 5b%) dw(a' b) ¥ a;“‘(a' Vi

so that the Mongian equation is equivalent to
A Ve d _g i
a}(a )= 0, or to 8;3(?/2 =)

We thus obtain an integral of the form

y2_§=l+ 2mx + na?,
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from which the complete primitive may be found by two easy integrations.

Thus,
dz 1 m + nx

(+2maz+na)t  (In—m?) (L + 2maz + nat)}

3/1+P=f

1
gives ytpe+q=— (l + 2mz + nw2)%

which is the equation of a general conic.

By first interchanging the variables #, y in the Mongian equation (whose
form remains unaltered by this interchange, since a*d — 3abc 4+ 20* is a
reciprocant) and then integrating three times with respect to , we should
find another integral of the form

Z, md A + 2my + 0’y
The solution may be completed by two integrations, as in the former

method.

Mr Hammond remarks that - - (acng - (a§) where ¢ =y,. For, since

L T 1%
dt dt'dz 2a’da’
we have ( §)— a”3.30= %,
and, consequently,
@(a%)= éla.l%(a"%) =20~ (ac — b?).
Hence the integral o™ IBQ(ac — b%) = const. previously obtained for the

2 2
Mongian is equivalent to 0%2(0&%) = constant ; that is, to a;dy—z(yﬁ) = const.
Thus we have another integral of the form .

yzg =N+ 2,“{% + vy,
from which it is also easy to pass to the complete primitive.

I add a few general remarks relating to the subject-matter of this and
the preceding lecture. Instead of the cumbrous terms Projective Recipro-
cants or Differential Invariants, it may be better to use the single word
Principiants to denominate that crowning class or order of Reciprocants
which remain, to a factor prés, unaltered for any homographic substitutions
impressed on the variables. -This is the species princeps. If we go back to
the species infima, we see the beginning of life in the subject. In general
Reciprocants, all that is affirmed is that there exist forms-functions of the
derivatives of y in regard to z which (to a factor prés) remain unaltered
when the variables # and y are interchanged, so that £ (v, ¥s, ¥, ...) becomes
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¢ (21, @, @5, ...). The function ¢ only differs from f by the acquisition of an
extraneous factor (—)<y,*; that is,

f(yu Y25 Yss ) = (_)Kyl"’f(wu Lgy X3y )

A particular species of these general (mixed) reciprocants arises when
f Y1y Yas Ys, -..), differentiated in regard to y,, gives a reciprocant. These are
Orthogonal Reciprocants, and in them we see the first dawn of free con-
tinuous motion as distinguished from mere displacement (or mere interchange
of axes). Orthogonal Reciprocants, when «, y are rectangular co-ordinates,
remain unaltered (save as to a factor) when the orthogonal axes are moved
continuously. A quarter of a revolution of course will reverse their original
positions, so that we see the condition of mutual displacement is fulfilled.
Thirdly, Reciprocants into whose form the first derivative 7, does not enter
are called Pure. Their form is invariable when the axes (now taken
generally) undergo separate displacement (instead of turning round together)
in a plane. Here there is a further development, so to say, of life in the
subject.

Finally, in Principiants, a particular species of Pure Reciprocants, the
invariance remains good, not merely for any position of the axes of reference,
but for any homographic deformation of the plane in which they lie, so that
the evanescence of a Principiant corresponds to some property of a curve
not only intrinsic but indelible by projection, as, for example, an inflexion,
or a double point, or a sextactic point, and so on.

It is clear from this review that the Theory as we have given it goes to
the root of the subject, and that the word Reciprocant is rightly chosen as
conveying the notion of a property which is common to the entire continuous
series of forms bearing that name. All the links of this connected chain are
thus comprehended under the general name of Reciprocants.

LECTURE XIV.

The remaining lectures of the course will be devoted to the theory of
Pure and Projective Reciprocants. I shall first treat of the existence and
properties of the Protomorphs of Invariants and Reciprocants, using the
latter system of protomorphs to obtain all the fundamental forms of
Reciprocants in the letters a, b, ¢, d, e. I shall then pass on to the theory
of Projective Reciprocants, or Principiants, with its applications contained
in M. Halphen’s Thése pour obtenir le grade de docteur és sciences (Paris,
Gauthier-Villars, 1878). It will be seen that M. Halphen’s very ingenious
methods become greatly simplified when his results are read by the light of
an important discovery in the theory of Principiants recently made by
myself and Mr Hammond working conjointly, arising out of a theorem put
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forward by one of my hearers, This theorem, on examination, we found was
necessarily erroneous and would fail at the very first step of its application.
But although the proposition stated was wrong, it contained an Idea which
survives and may be incorporated in a valid and extremely important
theorem, which I will endeavour to explain.

A Principiant, besides being an Invariant in the original letters
a, b,c d,... s also an Invariant in the letters a, 4, B, C, D, ... where each
capital letter is itself a Reciprocant; and, conversely, every invariant in the
capital letters 4, B, C, D, ... is a Principiant. The invariants in the capital
letters form a system of protomorphs for Principiants, so that every Prin-
cipiant is either some such invariant simply, or a rational integral function
of such invariants provided by some power of a. Thus, for example, it will
be proved that the Cubic Criterium (that is, the Principiant which gives,
when equated to zero, the differential equation of a cubic curve) may be
expressed as the quotient of

%A5+2A (42D —34ABC+ 2B%) — (ACE — AD*— B*E + 2BCD — (?)

by the fifth power of a.

The proof of this theorem is based upon the fact that we can form a
series of terms beginning with the Mongian (namely, a’d — 3abc + 20%), say
A, B,C, D, ... such that :

Q4 =0,
a
O B=4 " 3
Q0=2BxZ,
2
QD=3C’><9,
2
where Q = ady + 200, + 3¢dg + ...,

coupled with the fact that every Principiant must be a function of the
letters in such series and the small a.

Each consequent of the series 4, B, 0, D, ... is, so to say, an Invariant
relative to its antecedent; it becomes an actual Invariant when its ante-
cedent vanishes.

In the theorem as originally proposed, each letter of the series was
derived by the operation of an eductive generator upon the one which
precedes. In the true theorem the scale of relation is between three and
not two consecutive terms. Calling the letters w,, u,, u,, ... u;, we have

(?: + 7) Uiyg — Gui+l it (i + 1) Muz 7 O:
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where ( is the ordinary eductive generator,
4 (ac—b%) 0y + 5 (ad — bc) 0, + 6 (ae—bd) 04+ ...,
M is the first pure reciprocant after the monomial @, namely, M = ac — Z (5l
Uy = A = a®d — 3abc + 2b°, and 6u, = GA.
But although, as I have said, the theorem in the form proposed was
absolutely erroneous, its proposer has rendered an invaluable service to the
theory by the mere suggestion of what turns out to be true, namely, that

every Principiant is an Invariant in regard to a known series of Reciprocants
considered as simple elements.

To this theorem there is a correlative one, for it will be shown that there
exists a series of invariants A,, 4,, 4., ..., the first term of which, 4,, is
the same as the Mongian A4, each of the other terms of the series being a
Reciprocant relative to the one that precedes it. In fact, we have

el =0,
VA,=-a4,,
VA,=—2a%4,,

......................

VA, =- naszn-—l’
a2 b?
where V=4-(§> 0y + 5abd, + 6 (ac+§> Oq+...,
and, as a consequence, every Principiant will be an Invariant in respect to
these Invariants and the first small letter a.
Thus, speaking symbolically, we have not only
P=R+1
(a logical equation meaning that P has the same qualities as both R and I,
or that a Principiant is both a Reciprocant and an Invariant), but also
P=IR and P=1I,

meaning that a Principiant is an Invariant of Reciprocantive elements, and
an Invariant whose elements are themselves Invariants.

I may add that the invariantive elements 4,, 4,, 4., 4;, ... are defined
by the equations

Ak

4=B-14,

el - 2 (§>B+ (g) 4,

4,=D-3(3)C+3 (-213)2B—(g>3A,
e N
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so that any invariant in the reciprocantive elements 4, B, C, D, ... is equal
to the corresponding invariant in 4,, 4,, 4,, 4;, .... Thus,

A=4,
AC—B*=4,4,- 47,
A°D —3ABC 4 2B*= Ajd, — 34,4, 4, + 24,
AE ~4BD + 30 = A, A, — 44,4, + 34},

M. Halphen appears not to have noticed the Principiant A% — 4BD + 3C",
which presents itself naturally when the theory is viewed from our present
ground of vantage, but 4, AC' — B* and A*D — 3ABC + 2B occur in his Thése
in connection with the curve

2= yl-
in which a, B, v are any linear functions of z, y, 1.
When A = —1 the differential equation of this curve (the conic aB =«?)

is 4 =0, but it is
AC—-B*=0

when A is a cube root of negative unity, and
A*D —3ABC +2B°=0
when A has an arbitrary value.

Before making out an exhaustive table of all the irreducible forms of
pure reciprocants in the letters a, b, ¢, d, e similar to, but not identical with,
the corresponding table for invariants, it seems to me desirable to say
something of Protomorphs in general; and this will be better understood if
we devote a short space to the protomorphs of Invariants. The simplest
forms of these are the following well-known ones of alternately the second
and third degrees:

P,=ac -0,

Py = a*d — 3abe + 207,

P,= ae — 4bd + 3¢,

Py = a*f — 5abe + 2acd + 8b*d — 6bc?,

Py = ag — 6bf + 15¢ce — 10d?,

P, = a*h — Tabg + 9acf — Sade + 12b*f — 30bce + 20bd?,

....................................................................

e

The quadratic Protomorphs P,, P, P, ..., are absolutely unique, for the
number of invariants of the type j; 2, j is (j; 2, j)—(j—1;2,j)=1if j is
even, and = 0 if j is odd. Their form is so well known that there is no need
to dilate upon it here.
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The cubic ones P;, P;, P, ..., may be derived from the quadratic ones
by means of Cayley’s generators, given early in the course, namely,

P = (ac — %) 0, + (ad — bc) 0, + (ae —bd) 04 + ...,
Q = (ac — 2b%) 0, + 2 (ad — 2bc) 0, + 3 (ae — 2bd) 0g + ....

Let us first use the P generator
P (ac —b*) = a (ad — be) — 2b (ac — b*) = a*d — 3abc + 2%,

P (ae — 4bd + 3¢*) = a (af — be) — 4b (ae — bd) + 6¢ (ad — be) — 4d (ac — b?)
= a*f — babe + 2acd + 8b*d — 6bc>.
Similarly, we find
P (ag — 6bf + 15ce — 10d?) = a*h — Tabg + Yacf — Sade + 12b*f — 30bce + 20bd?,
and so on.

Let 7 be any invariant whatever of the type w; 4, j (satisfied or un-
satisfied) ; then using the original forms of the generators P and @ as given
by Cayley (see Lecture 1V), we have

PI = a (b0, + cop + do, + ...) I —1bl,
QI = a (cop + 2d0, + 3€dy + ...) I — 2wbl,
and, consequently,
(JP—Q)I=0a{jbdy+ (j—1)cop+(j—2)do.+ ...} I — (1 — 2w) bI.
If in this formula we write

0 = b4+ (j—1) By + (j — 2) oo + ...,

it becomes (JP—Q)I=0a0I— (4 — 2w) bI,
which, when 7 is a satisfied invariant, so that 4j — 2w =0 and 0 =0, reduces
to

(GP-QI=0,

showing that the forms obtained by operating with either P or @ on any
satisfied invariant are the same to a numerical factor prés.

Now, each quadratic protomorph is a satisfied invariant (for when w =
and =2, 4j— 2w=0), and therefore the cubic protomorphs found by
operating on the quadratic ones with @ will only differ by a numerical
factor from those already obtained by the operation of P. But we must
not conclude from this that the cubic protomorphs are unique. Their
number is in fact given by the formula

(j; 3, 7)_(.7_1’ 3, .7):
where it is obvious that
(=13 )=(-1;8j-1);
so that the above formula may be written

(J; 3, )—(j—=1; 8, j—1), or say A(J; 3, ) £
25—
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Now, there is a simple rule for finding (j; 3, j); it is the nearest integer

2
('7 T)S) . From the following table, obtained by the use of this rule,
Jj=23]4 [ 6789110 11 12 14 | 16 |
(j; 3 ,])—‘ 2 ’ 3|46 |7(8]|1012] 14 19 94 | 27 |,
A(;,3;)_l 1 11’ 1 2 | 2 2 3

it may be seen that for any odd number j= > 9 there are two or more forms
of extent j equally entitled to rank as protomorphs. If / be the last letter
which occurs in one of these forms, its first term will of course be a?l; the
difference between any two such forms will' not involve the letter /, and will
only extend to %, but will still be of the same (potential) extent as /.

The property of the protomorphs a, P,, Py, P,, ... is that every invariant
is a rational integral function of them divided by some power of a, as appears
from the fact that (), any given rational integral function whatever of the
letters a, b, ¢, d, ¢, ..., may obviously be expressed as a rational integral
function of @, b, P,, P, P,, ... divided by some power of a. Thus,

Q= ax" (g, b P, s Pess e ):
Suppose @ to be an invariant 7; then
Jam=rhapbris sy, Py,

and, consequently,

0 (am) =2 04 +d¢Qb+§]‘f op, + 2%

where ) is the annihilator for invariants; so that
0 (lTa™y= 650w = 030 F = 00O P 070
We have therefore

d¢
P,

QP +

d¢ﬂb-—ad¢ 0.

db db

Hence ¢ does not contain b, but is a rational integral function of the
protomorphs alone, and
de=0iMdilas By, Bay B tivs)e
I shall show how to obtain a similar scale of forms possessing like
properties for pure reciprocants.

LECTURE - XV.

A Protomorph may be defined as a form whose weight is equal to its
actual extent, so that its type is j;¢,j. The first protomorph is a, which
corresponds to j =0. For higher values of j it follows immediately from the
* definition that every protomorph will contain a term @, in which the
letter of highest extent appears only in the first degree multiplied by &
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power of the first letter. The existence of this term enables us to instantly
recognize a protomorph. As in the case of invariants, it will be shown that
every pure reciprocant is either a rational integral function of protomorphs
or else such a function divided by some power of a. But first it will be
better to prove d prior: their existence and exhibit examples of them for the
earlier values of j. |

It was proved, in Lecture IX, that the number of pure reciprocants of the
type w; 1,7 is at least equal to
W34, §) — (=155 +1, j).
Now, obviously, the number of partitions of w into ¢ parts not exceeding
w + € is the same as the number of partitions of w into ¢ parts not exceeding
w, so that
(w; 1, w+e)=(w; 1, w);
and since, by a well-known theorem, (w; 1, j) = (w; j, ©), we see that
(wi;w+ej)=w;jw+e)=(w;j w)=(w;w,j),
a result which follows more immediately from the consideration that the
partitions of w; w +¢, j differ only from those of w; w, j by e columns of
zeros, as we see in the annexed example:
< IR e TR
30000 | 300
21000 | 210
11100 | 111
Hence, if w=j, and = >j, we have
(w; 4 )= J» J)
and (w-1;3+1, =G -1;5-1,5-1).
Thus, the number of pure reciprocants of the type j; j, j is
in other words, the difference between the indefinite partitions of j and those

of 7 —1. Expressed by means of generating functions, this difference is the
coefficient of 27 in

l-=
A-2)1-2)Q-2a%...(1—a))
= coefficient of 2/ in the expansion of
1
A-a)(Q-2%)...(1 —ai)’

This coefficient is a positive integer for all values of j (except j=1, when
it is zero), which proves the existence of reciprocants of the type j; j, j when j
has any value except unity.

But we wish to prove the existence of one or more reciprocants of the
type j; 4, j which actually contain a term of the form @i, where the letter /
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is of extent 5. The number of such forms is the difference between the
number of pure reciprocants of the types j; j, j and j; 7, 7 — 1.

Now, the number of linearly independent pure reciprocants of the type
Js.7» 7 has just been shown to be

(Fihdir=tg= 1 § =1 sy
And, in like manner, that of the linearly independent reciprocants of the
type j;jsj—11is
(455 3-D=0G-1j+L,j-1)
e T g B ot S i Bt
The difference between these two numbers is therefore
(j; j’ .7)_(.77.7’.7_1)=1
For the only partition not common to the two types is j. 07}, made up
of one j and j—1 zeros, which belongs to the first type, but not to the
second. Hence reciprocants of the type j; 7, j contain one term which those

of the type j; j, j—1 do not, and which can only be a/~%. This proves the
existence of protomorphs.

In the latter part of the above proof we have assumed the truth of the
theorem, which, however probable, is not demonstrated, that the number of
reciprocants of the type w; ¢, j is (w; 4, j)— (w—1; 7 +1, j) and no more
[that concerns the subtrahend, namely, (j; 4, 7j—1)—(j—1;j5—1, j—1)]

We shall, however, have an independent method of arriving at Proto-
morphs by direct generation, just as we saw that all the cubic protomorphs
to invariants were derivable by direct .operation of generators from the
quadratic ones.

The difference between the two cases is that the lowest degree of
Invariantive Protomorphs fluctuates alternately between 2 and 3. For
Reciprocantive Protomorphs the lowest degree corresponding to a given
extent fluctuates, but has a tendency to rise, and goes on progressing until
it exceeds any assignable number.

It is interesting to find what the degrees are for successive values of j.
The calculations required are greatly facilitated by an extensive table of
partitions given by Euler in 1750, and partly reproduced by Cayley in the
American Journal of Mathematics, Vol. 1v., Part 11. In the table as
presented by Cayley, the number in column j and line ¢ means the number
of ways of partitioning j into exactly ¢ parts (zeros excluded). Hence, to
find the number of ways of partitioning j into 7 parts or fewer, that is, to find
(j; %, o) or its equivalent (j; 4, j), we must add up the numbers in the
1st, 2nd, 3rd, ... ¢th lines of column j.
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When these summations are made we obtain the subjoined table :

ExTENT j=
00 ey a2y 8o T b e bi B T8 n9 a8 10 S 12818 6 b 1B 586 o 1T4 18

P 1 ] Gao? T gy & 7 g R BT i BB 7 | Loy i L8AIS L ] g e 1 i

9 oL Bt RH ReIar K81 Vs rdi{wdall Baluebolit6 ol |- THaT 8L 18 5.9 o8| 110

8|1 (1|23 |4|5]| 7|8 |10(12|14 (16|19 |21 |24 |27 |30]|33] 387

41|12 |8 |5 )16]91()11|15|18 |23 |27 (34|89 |47 |54 |64 |72]|84

5/ 1|1 |2 |38 |5 |7 |10|18|18]23|30|37|47|57| 70|84 |101|119|141

6/ 1 |1 |2 |38 |5 |7 |11|14|20|26|35|44|58] 71|90 |110|136|163|199

7|1 (1|2 |8 |5 |7 |11|15|21|28|38°49 |65 |82 |105|131|164]201 248

8/ 1|1|2 |3 |5 |7 [11|15|22|29 40|52 | 70|89 |116|146|186 230|288

The number of pure reciprocants of the type j; ¢, j is
G -0G-Li+1L)=05)-(G-Li+L,5-1)

To find the minimum degree for protomorphs of extent j we have there-
fore only to see for what value of ¢ any figure in the j column first becomes
greater than the figure in the column to the left one place lower down. The
fluctuations of the minimum degree are indicated by the dark irregularly
waving line which runs through the table.

Accordingly, we find that the types of the protomorphs, omitting w,
which is always equal to j, are as follows:
(2, 2), (3,3), (3,4), (4,5), (3,6),(4,7), (4,8), (5,9), (5,10), (5,11), (5,12), ...,
whereas for invariants they are
(2, 2), (3, 8), (2,4), (8,5), (2, 6), (3,7), (2,8), (3,9), (2, 10), (3, 11), (2,12), ....
Corresponding to the extents
2,8, 4,5678,910,11,12, ...,
the lowest degrees of the Reciprocantive Protomorphs are
: 2,3,3434,45,5,55,...
Contrast this with the regularly fluctuating series
2581218723, 25 8521185 2,585 05
which shows the minimum degrees of invariantive protomorphs for successive

extents.

It may be proved, from known formulae in the theory of partitions, that
as the extent increases the minimum degree of reciprocantive protomorphs
increases (on the whole) and ultimately becomes infinite when the extent
is so.
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The apparent number of protomorphs to the several types is

(2, 2), (3, 3), (3, 4), (4, 5), (8, 6), (4,7), (4, 8), (5, 9), (5, 10), (5, 11), (5,12), ...
1 it 1y 1 1 1 2 3 4 2 3

The explanation of this multiplicity is the same as that previously given
for the case of invariants: the difference between any two protomorphs of a
given type j; ¢, j will be a reciprocant (no longer a protomorph) of the type
Jij—1. :

For the only term containing the letter I (of extent j) will disappear
from the result of subtraction; and, accordingly, the above numbers, each
diminished by unity, will give the numbers of a set of reciprocants of the
same degree-weight as the protomorphs, but of a smaller (actual) extent. )

Assuming that the number of pure reciprocants of the type w; 4, j is
correctly given by the formula
(w; 2, ))—(w—1; ¢+1, ),
Euler’s great table of partitions, already referred to, enables us to carry on

the determination of the minimum degree and multiplicity of protomorphs
for all extents as far as 59.

If m is the multiplicity corresponding to the minimum degree 7 of a
reciprocantive protomorph whose extent is j, we form without difficulty,
using only the principles explained above, the following table:

o J= e e S e | 2l b Biile digalnebes | LG o 8ails 20 1] O-laclol
O R N Gl o e B8 S . . S . T 0 o T s e
m=|1 10| 1 1 1 1 i 1 R s T T
J=1:12 | 18| 14| 15" 16 | 17 [ 18 | 19.] 20 |21 | 22-| 23
i Bt e 6 | 6 Bt 7 Tl BeT, 7RIk B
m=| 3| 6 | 8 |'5 5 |15 |18 (12 |12 | 2 | 40 | 32
j=|24|125(26|27]|28129]80|31|82|83]|34]835

g= 318 | 8 I UGG - 107 9 =T QT T QST ON S L 04 [ TO S
m=|32|14 | 6 | 84| 82| 58 | 45 |207|211|180|161|102

J=136 |37 |38|39 |40 |41 |42 | 43 | 44 | 45 | 46 | 47
t="10T 1T 1T A I T T HL P IS 42 (18 1 18 T 3%
m=| 45 | 482|469 |391|320|167 | 13 [1126/1064| 881 | 687 | 337

J=|48|49 |50 | 51| 52|53 | 54| 55| 56 | 57 | 58 | 59
t=13 |13 |13 |13 |18 |13 |13 | 14 | 14 | 14 | 14 | 14 |.
m = |2829|2666/2492|2097|1643| 892 | 26 |6394|6017|5227|4266|2755

Notice the repetitions of ¢ indicated by the series

12,502, 21,083 54l 31 43 SBEBELTS R 08 1108 1] 811 98] 318 dcks;
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It will be observed that there is a general tendency of the number of
equal values of ¢ to increase, but that this is subject to occasional fluctua-
tions. When j =5, ¢ = 4; but when j=6, i=3, so that the minimum value
of 7 recedes. After this point is reached, 7 either advances or remains
stationary, but never recedes.

In order actually to find the protomorphs, we may use the annihilator V.
This was my original method of obtaining them ; a shorter way, analogous to
that used by Halphen for differential invariants (principiants), has been
previously mentioned, but it will be instructive to begin with the method
of indeterminate coefficients. In the first place we have the form a of
weight 0, which is annihilated by

V = 2a%0, + 5ab0, + (6ac + 3b%) 94 + (Tad + The) 9, + ...

For weight 1 there is no pure reciprocant. We could not make R = Aai1b,
for then VR =2xa, which cannot vanish unless A =0 and consequently
E=0.

To find the Protomorph of extent 2, assume R =\ac + ub*; then

VR = 4ua?b + 51a*b = (4 + 5\) a?b.
Hence A and u are proportional to 4 and — 5, and we may write
R = dac — 50
For extent 3, assuming R = ra*d + pabe + vb?, we have
VR = 2uaPc + 6va2b? + 5ua’h® + 6 a’c + 3na?b?,
which vanishes when
2u+6A=0, 6v+ 5u+ 3N =0.
We may therefore write A =1, u = — 3, =2, and thus obtain
R = a*d — 3abc + 2b°.

For extent 4 the table of minimum degrees indicates the existence of a

protomorph of degree 3. To find its value we assume
R = ka*e + Aabd + pac® + vb.

Operating with V, we find
a’d  a*be ab®

VR=2N "4y
10u bv
; 6N 3)

Gt e

In order that VR may vanish, we must have
A+ 76 =0, 40 +10u + 6N+ Tk =0, and 5» + 3A=0.
To avoid fractions, let « = 50; then A = — 175, »=105, and u = 28; thus,
R = 50a% — 175abd + 28ac® + 105b%;
whereas, the protomorph of extent 4 for Invariants is ae — 4bd + 3¢c>.  There
is no reciprocant of degree 2 weight 4 to correspond to this.
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LECTURE XVL

By using the generator for pure reciprocants instead of the annihilator
V, we readily obtain the protomorph of extent 5 and of the fourth degree
whose existence is indicated in the previously given table of minimum
degrees. We have only to operate on the protomorph of degree 3 and
extent 4 with

G=4(ac—b*)0,+ 5 (ad — bc) 0. + 6 (ae — bd) 04 + 7 (af — be) O + ...
Thus, G (50a% — 175abd + 28ac® 4+ 105b%)
=4 (ac— b*) (— 175ad + 210bc)
+ 5 (ad — be) (56ac + 105b%)
+ 6 (ae — bd) (— 175ab)
+ 7 (af — be) (50a?).
Rejecting the numerical factor 35, which is common to all the terms in

the result, and at the same time writing the terms themselves in reverse
order, we have

10a? (af — be) — 30ab (ae — bd) + (ad — be) (8ac +150%) + 4 (ac — %) (— 5ad + 6bc)
= 10a*f — 40a%be — 12a’cd + 65ab*d + 16abc® — 39b%,
which is the protomorph in question.
The form just found is irreducible, as indeed it ought to be, since the
minimum degree for extent 5 is greater than that for extent 4 by unity,
which exactly corresponds with the unit increase of degree due to the

operation of G But if we use G to generate a protomorph of extent 4
from that of extent 3, the resulting form will be reducible. In fact

G (a*d — 3abe + 2b°)
= 4 (ac — b*) (- 3ac + 6b°) + 5 (ad — be) (— 3ab) + 6 (ae — bd) a?
= 3 (2a% — Ta*bd — 4a*c® + 17ab’c — 8b*).
If now we write §
ac—z b= M,
a*d — 3abe + 20°= A,
ate — —; a*bd — 2a’c* + 121 ab’c — 4b* = B,
we have shown that GA =65,
But
50B + 128 M* = 25 (2a%¢ — Ta*bd — 4a?c® + 1Tab’c — 8b*) + 8 (4ac — 5b%)?
= a (50a% — 175abd + 28ac* + 105b%) ;

so that B is reducible, being expressible as a rational integral function of
a, M, and the previously obtained protomorph of degree 3 and extent 4.

\A/A\AI\A/! Y r
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The general theory of the generator G is contained in that of the
differentiation of absolute reciprocants, in which, if u =37+ w, where w is
the weight and ¢ the degree of any pure reciprocant R, we have

By B
=t
as - B

and, consequently,

4 (B\_, dy d (R,
de\ &) “da’dyl &)’
a® a,’

where R, and @, are what R and ¢ become when # and y are interchanged.

Hence
UG iy i
iz~ 8V dn

I

L+l
ad

and therefore also the numerator of this fraction is a reciprocant.

Remembering that
da db de

d_x= 3b, ZZ‘Jé = 40, ‘5= 5d, ey
the numerator may be written
dR
a % = /.Lb.R =GR,

The ordinary expression for (¢ is found by writing

ai—pb=a(3baa+ 4oy + 5do, + ...)

dz
— b (300, + 460y + 5¢0, + ...).

If the actual extent of R is j, that of GR is j + 1; for the operation of G
introduces an additional letter. Both the weight and degree are also
increased by unity. Thus, the type of R being w; 14, j, that of GR is

w+1; 441, j+ 1L
Suppose the weight of R to be equal to its actual extent; then R is a
protomorph of the type j; 4, j, and GR, whose type is j+1; ¢+1, j+1, is
also a protomorph. This proves the existence of protomorphs for every
possible extent. Starting with the form 4ac — 5b* we obtain, by successive
eduction, a series of protomorphs of the type j; j, j for which the general
expression is
G2 (dac — 5b°),

where j has any of the values 2, 3, 4, ....

If R is a protomorph of minimum degree, GR (if irreducible) will also
be a protomorph of minimum degree. Hence the minimum degree can
never increase by more than one unit when the extent is increased by unity.
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The second educt G*R is always reducible; for -
G2R={a—d——(,u.+4a)b}<aozi—yb)R
d? d
{a” (2,u+1)ab———4a;mc+p(u+4)b2
Combining this with M = ac— . b2, we have

5C¥2R+4«,u.(,u‘+4)]1413-—(1{50,;2 5(2,u+1)bdiw+4-;»(p—l)c}R

where the right-hand side is divisible by a, showing that the degree of G*E
is always depressible by unity. R being a protomorph of degree ¢ and
extent j,

d d
{5“019;2 5(2M+1)b;i—w+4~/4(y.—1)c}R

is one of degree 741 and extent j+ 2. Hence we may conclude that an
increase in the minimum degree for protomorphs cannot be immediately
followed by another increase ; for, if this were possible, the minimum degree
for extent j+ 2 would be 7+ 2, instead of being ¢+ 1 at most.

This conclusion is in accordance with the sequence of the values of 7 in
the table of minimum degrees, and as far as it goes confirms the exactitude
of the formula (w; 1, j) — (w —1; 141, j) for the number of pure reciprocants
which was assumed in calculating the table.

The method previously employed to prove that every invariant is a
rational integral function of protomorphs, or such function divided by a
power of a, may be very easily extended to the case of reciprocants.

In the first place, it is obvious that every rational integral function of the
letters a, 0, ¢, d, ... is by successive substitutions reducible to the form

a2 Db, B, ul i)
where P; means the protomorph of extent j.
Let any reciprocant R be put under this form ; then

@R =®(a,b, P, P, P, ... P),

V@R) =2 Va+ VL I VP4 . +$’VP

Now, V annihilates R, a, Pz, Ps, Pj, since these are all pure recipro-

and, consequently,

cants. Hence the above identity reduces to if%) Vb =0, from which (since
Vb does not vanish) we conclude that ® does not contain b explicitly. Thus,
a’oR: (D(a/; P?: P3) Pd; ses P])}

and the theorem is established for reciprocants,
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The Protomorphs for Reciprocants as far as extent 8 are as follows :
P, = 4ac — 507,
P; = a%d — 3abe + 207,
P, = 50a% — 175abd + 28ac* + 105b%,
P; = 10a*f — 40a*be — 12a%cd + 65ab*d + 16abc® — 39b%,
Py =14a*g — 63abf — 1350ace + 1782b% + 1470ad? — 4158bcd + 2310¢?,
P, =Ta*h — 350%bg — 539a’cf + 735ab*f + 605a*de + 306abce — 1485b%
— 2135abd? + 1001ac*d + 3465b%cd — 1925b¢,
Py = 4200 — 2310a%bh — 25648a*cg + 9240a*df + 21780a%¢* + 36680ab%g
+ 85386abcf — 191730abde — 59220ac’ + 120540acd?
— 126945b°%f + 252126b%e + 169260b*d* — 419034bc*d
+ 129360¢*.

The work necessary for obtaining the first four of these, P,, P;, P,, P;,
has been fully set out. Since P, is of degree 3, its second educt, G*P,, is of
degree 5 and its reduced second educt of degree 4. A linear combination of
this with a form whose leading term is a’ce becomes divisible by @ and gives
Py; but as this requires the preliminary calculation of the form (a’ce), it is
simpler to find P; directly by the method of indeterminate coefficients, and
thence by eduction to get P, and P;. Thus (to ‘a numerical factor prés) P,
is the educt and P the reduced second educt of P5.- Beyond this point the
calculation of protomorphs has not at present been carried.

Referring to the table which gives the minimum degree and multiplicity
for a Protomorph of any extent, we see that the multiplicity exceeds unity
when the extent j = > 8, and is exactly equal to 2 when j =38, 11, or 21.

Hence the protomorphs as far as P, inclusive are unique ; but there are
two forms of extent 8 and degree 4, any linear combination of which
(provided it contains the term a%) may be regarded as a protomorph. One
of these forms is P;, whose value is given above; the other is a linear
combination of Py with a form, whose leading term is a’cg, hereafter to be
set forth.

The irreducible forms for extent 2 are ¢ and F,; every other form must
be simply a power of P, multiplied by a power of a. We proceed to the
calculation of all the Irreducible Forms for the extents 3 and 4 respectively.
When j =3, we may combine the protomorphs

4ac — 50
and a*d — 3abe + 20°
with one another.

Adding 125 times the square of the latter to 4 times the cube of the
former and dividing by a, there results the form
125a*d? — 750a%bed + 5000°d + 256a%c* + 165ab*c® — 300bc.
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This form is analogous to the discriminant of the cubic, but is of a higher
degree by one unit. Its type is 6; 5, 3, whereas that of the discriminant is

a4
In the case of invariants, we have to combine ac — b* with a*d — 3abc + 20°.
The square of the second, added to 4 times the cube of the first, gives
a‘d? — 6a®bed + 4a2b’d + 9a*b*c* — 12abic + 4b° + da’c® — 12a%b%c* + 12ablc — 40°.
Here the term 12ab‘c is nullified by — 12ab%, so that the result contains
@’ the other factor being the discriminant
a*d? — 6abed + 4b°d + 4ac? — 3b%?,
which is of the type 6; 4, 3.

We may show & prior:, assuming the problematical but highly probable
formula (w; %, j) — (w —1; v+1, j), that the type 6; 4, 3 does not belong to
any reciprocant.

For, as seen in the partitionments set out below,

(6; 4, 8)—(5; 5, 3)=5—-5=0

3.3 3.2

S 2l S )

al gl 2025
2.2.2 2ealadiial
a2 il 10 [ ey P &

We can by no other means combine the protomorphs with one another
or with the Quasi-Discriminant (125a°d?...) so as to obtain additional
fundamental forms. Every Rational Integral Pure Reciprocant of extent 3
is therefore necessarily a rational integral function of the four forms
deg. wt.

10, 8

2.2 4M =4dac— 5b?

B A = a?d — 3abc + 203,

5.6 (a*d?) =125a%d* — 750a%cd + 5006°d + 256a2¢® + 165ab%*c® — 300b%.

These are connected by a syzygy of degree-weight 6 . 6, namely
12542 + 256 M2 = a (a*d?),
analogous to the syzygy of the same degree-weight, in the Theory of the
Binary Cubic, which connects the Discriminant with ¢ and the Protomorphs
of extent 2 and 3.

It will be clearly seen from an inspection of the fundamental forms that
there is no law for the coefficients of Reciprocants akin to that of their
algebraical sum being zero in Invariants.
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LECTURE XVII.

The fundamental reciprocants for extent 3, given in the last lecture,
agree with the irreducible invariants of a binary cubic both in number and
type, with the single exception that the degree of the cubic discriminant is
lower by unity than that of the reciprocant corresponding to it. When the
extent is raised to 4, both the discriminant and its analogue cease to rank
among the irreducible forms, the former being expressible as a rational
integral function of invariants of lower degree, and the latter as a similar
function of reciprocants. But the increase of extent introduces three addi-
tional reciprocants whose leading terms are a’e, a’ce and a’e?, whereas the
additional invariants are only two in number and begin with ae and ace
respectively. :

The irreducible reciprocants of extent 4 are as follows:

deg. wt.
b Oisia)
2.2 4M =4dac-—5b?
8.034 4 = a?d — Sabc + 203,
3.4 P, =50a%—175abd + 28ac*+ 105b%*,
4.6 (a’ce) =800ua’ce — 1000ab% — 875ad? + 2450abecd — 1344ac? — 35)°,
5.8 (a*¢?) =625a’e® — 4375a%bde — 49T700a%c% + 128625ab*ce — T8750b%

+ 55125a%d? — 61250ab%d? — 156800abcd + 183750b%cd
+ 84868act — 102165b3¢?.

The similar list of invariants for the quartic is

deg. wt.
1 B0 R
2.2 ac-"0,

3.3 ad—3abc+ 2%
2.4 ae—4bd+3c?,
3.6 ace—b—ad®+ 2bcd —c
To obtain the fundamental forms of extent 4 we have to combine M, A
and the Quasi-Discriminant
(a*d?) = 125ad? — 750a%bed + 500ab*d + 256a°c* + 165ab%? — 300b‘c
with the additional Protomorph
P,= 50a%e — 175abd + 28ac® + 105b%

* P, is the protomorph of minimum degree; the other protomorph, B, which will be used
when we treat of Principiants, is, when expressed in terms of the irreducible forms,

= 1 =Y 2
B=; (aPy~128?).
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in such a manner that the combination contains a -factor . The removal of
this factor gives rise to a form of lower degree, and the process is repeated
as often as possible.

Calling that portion of any form which does not contain a its residue, the
residue of 4M is — 50% that of (a’d?) being — 300b, and that of P, being
105b%. Thus :

16MP, — 7 (a*d?)

contains the factor a, and leads to (ace) of the type 6; 4, 4, which is the
analogue to the Catalecticant

(ot s
A A R
Cht adiee

The form (a*d?) now ceases to be a groundform (= irreducible form) and
is replaced by the Quasi-Catalecticant (a*ce), for

(@*d?) = 1—76 MP,— % a (a’ce).

Similarly, the Cubic Discriminant, a groundform gud the letters a, b, ¢, d,
becomes reducible when a new letter, ¢, is introduced, and is then replaced
by the Catalecticant.

We now come to an extra form which has no analogue in invariants. The
residue of the Quasi-Catalecticant (a’ce) is — 35b%? and consequently

Pz —252M (a*ce)

divides by a numerical multiple of @ (as it happens by 4a) and yields the
form (a’®), whose type is 8; 5, 4.

Here the deduction of new fundamental forms comes to an end on account
of the appearance of ¢ in the residue of (a’?). It would have ended sooner
but for the apparently accidental non-appearance of the term b°d (of the same
type 6; 4, 4 as b%*) in the residue of (a*c¢). Had this term appeared, no
combination could have been made leading to a new groundform after (a’ce).
We are able to show from @ prior: considerations that it cannot exist.

For the arguments in the annihilator V, up to 9, inclusive, are

a0y, abo,, acda, b*0q, add,, and bco,.

If, now, the term wb*d were to form part of a Pure Reciprocant, b%a
operating upon it would give ub®; but every other portion of the operator
would necessarily give terms containing one or other of the letters a, c.
Since such terms cannot destroy ub’, we must have ub®=0. Hence the term
in question is necessarily non-existent.

www.rcin.org.pl



42] Lectures on the Theory of Reciprocants 401

The method of combining the protomorphs which we have followed shows
that the fundamental reciprocants of extent 4 are connected inter se by the
two relations or syzygies

7(256 M3 +1254%) — 16aMP, + a*(a*ce) = 0,
P2 —252M (a*ce) — 4a (a?e?) = 0.

The invariants of the binary quartic are connected by only one syzygy,
similar to the first of these; the second has no analogue in the theory of
Invariants. It has been shown that the irreducible reciprocants of extent 3
are connected by the syzygy

2560 + 12542 — a (a*d?) = 0.
Substituting in this for the Qliasi-Discriminant (a*d?) its value expressed in
terms of the fundamental forms of extent 4, by means of the equation
16 MP,— T (a*d?) = a (a’ce),
we obtain the first of the above syzygies. By a precisely similar substitution,

the syzygy connecting the invariants of the quartic is derived from the one
which connects the invariants of the cubic.

Every reciprocant of extent 4 is a rational integral function of the six
fundamental forms given in the table; and, by means of the syzygies, powers,
but not products, of 4 and P, can be removed from this function. For the
first syzygy gives A* and the second gives P as a rational integral function
of the four remaining forms a, M, (a*ce), and (a’%?). Hence every reciprocant
of extent 4 is of one or other of the forms

D, AD, PP, APD,

where ® does not contain either 4 or P;, but is a rational integral function
of the other four fundamental forms.

Let the four forms which appear in ® occur raised to the powers «, \, y, »,
respectively, in one of its terms. Since the degree-weights of these four

forms are
102202 40 16 sand =B 8,

any such term may be represented by
ax (azxﬂ))\ ((114-@6)”' ( aﬁws)r.
Thus the totality of the terms in ® will be represented by

9 2 4,6\ (1578 — 1
Za“(a xﬂ)"(a w‘*) (aw) = {1 —a)(1—a*?)(1 — a'2®)(1 — a°z¥) ¥

Now, 4, P, and AP, have the degree-weights
3.3, 3.4 and 6.7,

and consequently the totality of terms in
O, AD, P® and APD
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(that is, the totality of the pure reciprocants of extent 4) will be repre-
sented by '
(1 + a®2® + a®* + a’a") 2, a*(a*a® ) (a'as) (a’a®)”
1 4 a®2® 4 a’x* + a’s”
(A =a)d—a*) (1 — a'®) (1 — a’a®)’

Hence the number of Pure Reciprocants of the type w; 7, 4 is the

coefficient of a2 in the expansion of a fraction whose numerator is
1 4+ a*z® + a®z* + o’

with the denominator
(1 =a)(1—a%® (1= a%f) (1— a’a®).

This fraction is called the Representative Form of the Generating Function,
in contradistinction to the Crude Form, which is a fraction with the numerator
1—aa

having for its denominator
1=-a)(1 —az)(1 —az®)(1— az®)(1 — az?).

The crude form expresses the fact that the number of pure reciprocants of
the type >y

w; i,
is (w; 7, 5)—(w—1;7+1, 7).
Its numerator is 1 — a7« for all extents; for the general case in which the
extent is j, its denominator consists of the j+ 1 factors

1-a)(1 —az)(1 —az®) ... (1 —az)).

The removal of the negative terms [corresponding to cases in which
(w; 1, 7)< (w—1; 7+1, )] from the crude form would give either the repre-
sentative form.or one equivalent to it, according as the representative form is
or is not in its lowest terms. In the parallel theory of Invariants the terms
to be rejected are those for which 7 — 2w < 0; but we do not at present
know of any similar criterion for reciprocants, and are thus unable to pass
directly from the crude to the representative form of their generating
function.

Knowing both the crude and the representative form for reciprocants of
extent 4, we may verify that the difference between these two forms of the
generating function is omninegative. It will be found that

l=o o
(L —a)(l—az)(l —az®) (1 —az®) (1 — az?)
1 + a®2® + &’z + o2’
T (1 =a)(1 =) (1 — a'’) (1 — a°ad)

1 ol 4 a*x® | 2+ a’at
T —ar)(1 —aw*)(l—am‘)( 1 — a* l—a“.z's)

)k z+a’2® o’ + a’a”
T (I—af)(1-a'2®) (1 —a”x")( 1—aa? 1—ax~*‘">‘

www.rcin.org.pl




42] Lectures on the Theory of Reciprocants 403

Thus the crude form is seen to consist of an omnipositive part, equal to
the representative form, and an omninegative part.

@There is no difficulty in obtaining the representative form of the generating
fanction for pure reciprocants of extents 2 and 3. In the one case every
reciprocant is a rational integral function of two forms of degree-weight, 1.0
and 2. 2 respectively. The generating function is therefore

1
(1-a)(l—a%?)"
In the other case (that is, for extent 3) every pure reciprocant can be expressed
as a rational integral function of four forms, of which the degree-weights are
1.0, 2.2, 3.3 and 5.6, no higher power than the first of the form 3.3
occurring in the function. Thus the representative form is
1+ aa®
(1—a)(1—a*?) (1 —a’at)’

LECTURE XVIIL

The number of Pure Reciprocants of a given degree is finite ; the number
of Invariants of the same degree is infinite. Thus, for example, we have the
well-known series of invariants

ac —b? ae —4bd + 3¢, ...,
all of degree 2, but of weights and extents proceeding to infinity. This may
be proved from the theory jof partitions (see American Journal of Mathematics,
Vol. v., No. 1, “On Subinvariants,” Excursus on Rational Fractions and Parti-
tions). It will be seen in that article that if IV (w:1) is the number of ways
in which w can be divided into 4 parts, and if P is the least common multiple
of 2, 3, 4, ..., 7, then N(w:7) can be expressed under the form

F(w, 7) + F'(w, 7, p),
where p is the residue of w in respect of P,

0 SGFD

Writing 4 v,

F(w, ) is of the form
y1
R 5 ) TR
all the succeeding indices of the powers of » in F (w, 1) decreasing by 2, and

their coefficients being transcendental functions of « which involve Bernoulli’s
Numbers.

In F'(w, 4, p) the highest index of » is one unit less than the number of
: PP N TG AR , — 3 : i
times that ¢ is divisible by 2, that is, is 5Ok T B according as ¢ 1s even
or odd.

26—2
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Thus, for the partitions of w into 3 parts, we have the formula

Yoy 1
New:3)= {5 - g} + 5= U+ 5 an),
where v='w+l—%=w+3.

And, for the partitions of w into 4 parts,

N(w 4!) v 5v l’(_)v+ly+l< v+1+ vl A vl v—l)
144 96§ © 132 ) et B T R

B _:_ (q:lv+1 e i2v+1 el ,L‘lv—l gy ,’:21/-—1)} g

where v=w+ ﬂ#— w+ 5,
and p1, p are the roots of p*+p+1=0,
il; 7:2 ” 2 7’.2 + 1 = O;

in other words, p, and p, are primitive cube roots, and 4,, %, primitive fourth
roots of unity.

The principal term of N (w:3), regarded as a function of w, is

2 3 3
102 22 3, that of N(w:4) being 144’= 22—’3‘;—4
And in general the principal term of N (w:7) is
w1
2. 3. 4., (i—1p.¢

Hence it follows, from a general algebraical principle, that for all values
of w above a certain limit, which depends on the value of 7+ and may be
determined by the aid of partition tables, (w; ¢, ©) —(w—1;%4+1, ) must
become negative.
(w—1;74+1,0)  w

(w; 5, 0)  s(@+1)
than unity. This shows that beyond a certain value of w there can be no
pure reciprocant, and consequently that the number of pure reciprocants of a
given degree 1 is finite.

Mr Hammond remarks that the formulae for N (w :3) and N (w : 4) may,
by the substitution of trigonometrical expressions for the roots of unity,
accompanied by some easy reductions, be transformed into

Ultimately, which must eventually be greater

1. ve 4 . vw
N (w:3) = T3 + gsint 5 = Geint 7,
B stod’B 3k i BT B i 1
and N(w:4)= 144 12+16's)1n 5 +8s1n 5 9'\/361111

where, in the first formula, v =w + 3, and in the second »=w+5. He also
obtains the principal term of IV (w:7) from first principles as follows:
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The partitions of w into ¢ parts may be separated into two sets, the first
containing at least one zero part in each of its partitions, the second consist-
ing of partitions in which no zero part occurs.

Suppressing one zero part in each partition of the first set, we see that
the number of partitions in which 0 occurs is N (w:4—1). Diminishing
each part by unity in those partitions which contain no zeros, their number
is seen to be N (w—1¢:1). The sum of these two numbers is N (w :1), which
is the total number of partitions, and consequently

N(w:)=N(w:t—1)+N(w—17:7).
Let the principal term of N (w:¢—1) be aw2, where a is independent
of w, and write
w=1w, N(w:i)=uy N(w—1:9)=2u,,.
Then Up— Uy = W2 L =l T2 ...,
Hence, by a simple summation, we find
Up=at 2 @2+ (z — 1) 2+ (2 = 2) 2+ ...} +....

But, since only the principal term of u, is required, this summation may
be replaced by an integration. Thus the principal term of u, is

yi—2 gi—1
-2 [ airdo = 2
1—1
Restoring w=1z and N (w:7)=1u,,
i—1
we see that the principal term of N (w:7)is (:%1)—1‘ Thus the principal
term of NV (w : ) is found from that of NV (w :7— 1) by multiplying it by
A AR
G—1)1°
y e A a1 w?
When ¢=3, the principal term is 5y it is therefore 5 gt when
w1

t=4; and for the general case it is 3.4, =14

The value of N (w:4) is given in line ¢ and colomn w of the following
table :

L R TR R WM Ry Ty A e ) s 1 R A e g
AR R R N B ' e I SR W Y T ot S M R By S -

(oo i T 18 o e s M R e 28 s 81 0 S 0 B S

41112 85| 6|9 |11[15|18 23|27 384]89 |47

5§(1 2|8 |5|7|10]|13|18 (23|30 |87 4757|170

O 1.2 8 (6 aT vl 34420, .26 35 | 44 | 58 71 | 90
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From an inspection of the tabulated values of N (w:7) we see that

N (w:2)— N (w—1:3) is negative or zero when w > 2,

Nw:3)—N(w-—1:4) z 5 w > 6,
N(w:4)—N(w-—1:5) 3 s w>8,
N(w:5)—N(w-—1:6) % 5 w> 12.

Hence for pure reciprocants of indefinite extent, whose degrees are
2, 8, 4, 5,
the highest possible weights are 2, 6, 8 and 12, respectively.

In like manner, from Euler’s table, in his memoir “ De Partitione Numero-
rum ” (published in 1750), it will be found that

2|8|4|5|6]|7|8]9]10[11|12|13
2/6(8|12|16|21|26|80|36|42|49|55|

Further than this the table, which goes up to w =59, will not enable us
to proceed.

for degrees
the highest weights are

The actual number of pure reciprocants of degree ¢, weight w, and of
indefinite extent, is seen in the following table, which gives the value of
N(w:1i) — N (w—1:17+1) when positive, blank spaces being left in the table
when this difference is zero or negative.

WEIGHT w =
D1l o T Rt S % %8 9i+110 111,12, 18114

old I
H‘ 1 1 A1
Rl aad s
B 0% |l 11250 A8 3 M ~2
=] PAIOTA B o)

5|1 1 21142 1 8. 1251, 4418 fled ihi 28

Thus, for degree 2, there is only one pure reciprocant, namely
(ac) = 4ac — 5b%
For degree 3 the table shows that, in addition to the compound form
a(ac) = a (4ac — 5b%),
there-are three others whose weights are 3, 4 and 6 respectively.
These are the three protomorphs,

(a*d) = a*d — 3abc + 203,

(a%) = 50a% — 175abd + 28ac? + 105b%,

(a*g) = 14a*g — 63abf — 1350ace + 1782b% + 1470ad? — 4158bcd + 2310¢".
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With the above forms and @ we are able to form the following compounds

of degree 4: ]
a*(ac), a(a’d), (ac), a(a’e), a(a’q),

whose weights are 2 3, 4, 4, 6.

The forms of degree 4 and weights 5,7, 8, and one of the forms of weight
6, cannot be similarly made up of forms of inferior degree, and are therefore
groundforms. Three of them are the protomorphs (a*f), (a*h) and (a%) of
weights 5, 7 and 8, whose values were given in Lecture XVI. The ground-
form of weight 6 is the Quasi-Catalecticant given in the last lecture. All the
forms of degree 4 have thus been accounted for except one of the two forms

of weight 8, which will be seen to be of extent 6, and to have a’g for its
leading term.

We know from Euler’s table that N (8:4)— N(7:5)=2; that is,
(8;4,8)—(7;5,8)=2.
Now, (8;4,7)=DN(8:4)—1, the omitted partition being 8.0.0.0,
(8;4, 6)=N(8:4)—2, the partition 7.1.0.0 being also left out,

: : for 6.2.0.0 and 6.1.1.0 are excluded from
By Blr (o) Ay {(8 ; 4, 5),but make their appearance in (8 ; 4, 6).

Similarly, ((e: 0= e 0),
(7;5,6)=N(7:5)—1,
(7;5,5)=N(7:5)—2.
We have, therefore, (8;4,8)—(7;5,8)=2,
B8;4,7)—(7;5 7)=1,
(8;4,6)—(7;5,6)=1,
(8;4,5)—(7;5,5)=0.
Hence we may draw the following inferences:
(1) No pure reciprocant exists whose type is 8 ; 4, 5.
(2) The one whose type is 8; 4, 6 must contain the letter g.

(3) No fresh form is found by making the extent 7 instead of 6, so that
there is no pure reciprocant of weight 8 and degree 4 whose actual eatent is 7.

(4) There is a pure reciprocant (the Protomorph whose leading term is
a*) whose actual extent is 8.

(5) This, with the one whose actual extent is 6, makes up the two given
by (8;4,8)—(7; 5,8)=2.

\A/AAAA/
VVVVV.I
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LECTURE XIX.

The following is a complete list of the irreducible reciprocants of indefinite
extent for the degrees 2, 3 and 4:

Deg. wt.

2.2 (ac),

3.3 (a¥d),

3.4 (a%),

3.6 (a%),

4.5 (o),

4.6 (a’ce),

4.7 (a*h),

4.8 (a%), (a%g).

The values of all of them except (a%g) have been given in previous lectures,
and the method of obtaining them sufficiently indicated. Thus (ac), (a*d),
(a%e), (a*f), (a’g), (a*h) and (a®*) are the Protomorphs of minimum degree
P,, P;, P,, P;, P;, P, and P, respectively; and (a’ce) is the Quasi-Cata-
lecticant whose value has been set forth in the table of irreducible forms of
extent 4. It will be remembered that (a’ce) was found by combining the
Quasi-Discriminant (a*d?) with P, P, linearly in such a manner that the
combination, which is of the 5th degree, divides by « and gives (a’e) of
the 4th degree. If we try to find (a’cg) by a similar process, it will be
necessary to rise as high as the 7th degree, and then to drop down by
successive divisions by a to the fourth.

In fact, since to a numerical factor prés the residues of
P2’ P3; —PA’ PD

are b2vbss i biel e,
that of P, P; will be b,
and that of P2 P, will be bc.

Thus a linear combination of P, P; and P2 P, will be divisible by @, and, taking
account of the numerical coefficients, we shall find

26P2P,+ 875P; P;=0 (mod. a).

As a result of calculation, it will be seen that the above combination of
the protomorphs divided by a,

1 (26PsP,+875P,P,),

has (to a numerical factor prés) the same residue as Pg2.
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Making a second combination and division by @, we find
v (26P22 P,+87 5P3P,)
a /

— 25P2=0 (mod. a) = a8, suppose.

Then, by actual calculation, the residue of S is found to be
— 262500b% + 612500b°cd — 339080b%.
Two reductions have already been made in obtaining this form S of the 5th
degree. A final combination of S with P,P; and the form (a’¢?), whose value
was given in a former lecture, enables us to divide out once more by a and
thus get the form (a’cg) of the 4th degree.
It is the fact that P,P; and (a*?) have residues which are nct the same to
a numerical factor prés which necessitates the long calculation above described.
No linear combination of P,P; and (a%?®) with one another is divisible by a,
and it is necessary to find a third form S a linear combination of which with
both P,P; and (a*?) will divide by a.
There is, however, another way of arriving at the form (a’cg) by using the
eductive generator
G=4(ac—b")0+ 5 (ad —bc)0, + 6 (ae — bd) 0z + ....
Starting with the Quasi-Catalecticant
(a2ce) = 800ace — 1000ab% — 875a2d? + 2450abed — 1344ac® — 35b%?,
and operating on it with @, we have
G (a*ce) = 4 (ac — b*) (— 2000abe + 2450acd —70bc?)
+ 5 (ad — be) (800a% + 2450abd — 4032ac? — 70b%)
+ 6 (ae — bd) (— 1750a*d + 2450abc)
+ 7 (af — be) (800ac — 1000ab?).
The terms of this expression contain the common numerical factor 10, which
may be rejected ; thus we have
G (a*ce) =10 (a’cf),
where (a’cf) = 560a*cf — 700a?b*f — 650a*de — 290a2bce + 1500ab’e
+ 2275a2bd? — 1036a2c*d — 3710ab*cd + 1988abe® + 63b*c2
This form (a’cf) is the first educt of (ace), and is irreducible (but, being of
the fifth degree, does not appear in our list, which contains no forms of higher
degree than the fourth). Operating on it with @, we obtain the educt of
(a*¢f'), which is the second educt of (a*ce). This second educt will be of the
6th degree (its leading term will be a‘cg), but is reducible to the 5th when
combined with
(4ac — 5b°) (a*ce),
a8 we know from the general theorem coucerning the reduction of second
educts. We shall thus obtain a form (a’cg), the reduced second educt of
(a%ce), of the 5th degree, and a final combination of (a*cg) with one or both of
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the forms P,P; and (a?) will enable us to divide once more by a and thus
arrive at (a’cg) of the 4th degree. ;
By either of these methods we obtain
(a%cg) =1176acg — 8085a*df + T040a%* — 1470ab*y + 18963abcf
—16940abde — 27160ac% + 26460acd* — 9555b°F
+ 28098b%ce + 12740b%d* — 52822bc*d + 21560¢t;

but the second way, besides being more direct, gives us at the same time the
value of the irreducible form (a’cf).

Every Pure Reciprocant is an Invariant of a Binary Quantic whose
coefficients 4, B, C, D, ... are functions of the original elements @, b, ¢, d, ..
such that

AT

VB =",
VC=2B,
VD =30,

and conversely, every Invariant of this Binary Quantic, or of a system of
such Binary Quantics, is a Pure Reciprocant.

This is a particular case of the more general theorem, due to Mr Ham-
mond, that if ® is the operator,

¢, (@) 0+ ¢.(a, b)0, + ¢s (a, b, ¢) 0g + ...,
where ¢,, ¢,, ¢, ... are arbitrary rational integral functions, and if
Ao O e U SR L e L

be any rational integral functions of the original letters a, b, ¢, ... which
satisfy the conditions

®A4=0, ®4’'=0, 04" =0,
®B=A, ®B =4, OB’ = A",
®C=2B, @EH=—2 D O (=9 B
®D=30, D =3C, ©D"=30"

.......................................

then every invariant in respect to the elements
Ay B B et o R AN el o B, R b o
is a rational integral solution of the equation
0=0.

Obviously, every rational integral solution of ® =0 is an invariant in the
above elements, so that the converse of the proposition is true. For the only
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conditions imposed upon 4, 4’, A”, ... are that they shall be rational integral
functions of a, b, ¢, d, ... annihilated by ®. Let

DA B NE RN B TA B MO TR ST AB Y O, DY o)

be any invariant in the large letters. We have to show that

Od =0.
add dd dd
Now, ®¢=ﬂ®A+g§®B+WOC+"'
dd ,  dd , dP y
+v ..........................................
Hence, writing for ®4, ®B, OC, ..., their values given above, we have

OD = (40, +2Bd, +3C0) +..)®
+(4'0y +2B 0y +3C 0y +...) @

= 0 (since P is an invariant);

which proves the proposition.
Confining our attention to a single set of letters, the Binary Quantic

(4, B,C, ... J, K, L=, y)*,
whose coefficients are formed from one another by the successive operation of
® as above, may be called a Quasi-Covariant; and it will follow immediately
from the Theory of Binary Forms that every Covariant of a Quasi-Covariant
1s itself a Quasi-Covariant, and that every Invariant of any Quasi-Covariant
(or system of Quasi-Covariants) is an Invariant in respect to the letters

4, B, C, ..., and therefore, by what precedes, a rational integral solution of
0=0.

Writing the terms of
(4,B,C, ... J, K, LY, y)»
in reverse order, we have
Ly™ + nKayr + F%Qnyn—z + .. + Aa®,
where ®L=nK, OK=(n—-1)J,...04 =0.

Thus the Quasi-Covariant may be written

x2 n—2 __.._®nL
Ve Ton gy

2
Lyn o @nyn—l + %

x®
n—ynev ) L
L )
where @11 [, = 0,

This is the general symbolic expression for a Quasi-Covariant. An example
of a Quasi-Covariant has already been given in Lecture II [p. 310, above],
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where it was stated, and afterwards proved [p. 360], that the reciprocal of
the nth modified derivative could be put under the form

v
o (e—z) Qe

The numerator of this reciprocal expression, which may be called the
reciprocal function, is
14
(e %) an,

which is identical with the general expression

x®
Of (e v ) L,
if ==L wi=—F ] —alandi@=I}
Hence every Invariant of the reciprocal function is a Pure Reciprocant.

This property of the reciprocal function was discovered independently by
Mr C. Leudesdorf, who published his results in the Proceedings of the London
Mathematical Society (Vol. XviL p. 208). Mr Hammond’s résults were given
in two letters to me dated January 15th and January 20th, 1886, and were
briefly alluded to by him at a meeting of the London Mathematical Society.
They are here published for the first time.

Recalling the form of the operator
O =¢, ()0 + ¢p>(a, )0, + ¢s (@, b, ¢) 0y + ...,
where ¢,, ¢,, ¢;, ... are rational integral functions, we can form a Quasi-

Covariant of extent j by a finite number of successive operations on a single
letter of that extent.

To fix the ideas, take the letter d of extent 8, and operate on it with ©;
then
Od = ¢;(a, b, c).
Since ¢, ¢,, Ps, ... are by definition rational integral functions, we can, by
operating a finite number of times with ®, remove first ¢ and then b from
¢ (@, b, ¢), and thus obtain

®7d = funct. a,
where n denotes a finite number of operations. Since @a = 0, we have
Ortid = 0.
In this manner we form the Quasi-Covariant of the nth order
z0
y"(e” ) d.

If ¢,, ¢s, ¢4, ... do not contain higher powers than the first of the last
letter in each, the order of the above Quasi-Covariant will be the same as its
extent. This is the case with the reciprocal function, which is a co-recipro-
cant (that is, a Quasi-Covariant relative to V).
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V2

L2

The discriminant of this is the pure reciprocant
S5a? (ac - 5—b2) .

il
As an additional example, consider the pair of linear co-reciprocants
4a (4ac — 5b*) x + (5ad — Tbe) v,
50a (a*d — 3abe + 2b%) « + (25abd — 32ac® + 5b%) y.
The resultant of this pair is
2a (125a2d? — 750abed + 500ab’d + 256a%* + 165ab*c* — 300bc),

that is, is the Quasi-Discriminant multiplied by 2a.

P4
Ex. yﬂ(e v ) c=cy*+ Vexy + 2 = cy? + Sabzy + 5022’

LECTURE XX

“Quintessenced into a finer substance.”—Drummond of Hawthornden.

Before proceeding with the proper subject of this day’s lecture, I should
like to mention a geometrical theorem which has fallen in my way, and
which, inter alia, gives an immediate proof of the existence of 27 straight
lines on a general cubic surface. It is proved by means of a Lemma (itself
of quasi-geometrical origin) which finds its principal application in an ex-
tension of Bring’s or Tschirnhausen’s method, and shows how any number of
specified terms, reckoning from either end, can be taken away from any
equation of a sufficiently high degree*.

Subjectively speaking, I was led to the Lemma by considering the
question, closely connected with Differential Invariants, of the method of
depriving a linear differential equation of several terms.

Let ¢ be a cubic and u a linear function in «, ¥y, 2, ¢, say

p=azr®+...+f2'y +...,
u = lz + my + nz + pt.

Then, if 4 is a scroll which contains all the straight lines on ¢ + A,
when the parameter A has any arbitrary numerical value from + o to —
I prove that

V=¢24 + ¢puB +uC,

* I recover all Hamilton’s results contained in his Report to the British Association, 1836,
“On Jerrard’s Method,” in & much more clear and concise manner, and make important additions
to his theory.
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where 4 is of the degree 15 in the variables z, y, z, ¢,
........................ 6 in the coefficients (7, m, n, p) of u,
L, g nnl Rt Ca)b: st )of ¢
Or, more briefly, in @ [
4 is of degree 15 6 11, and consequently
e 901,

The intersections of ¢ with +J are its intersections with u® and with C, of
which the intersections with the arbitrary plane u® are clearly foreign to the
question, but the cubic ¢ and the 9°C intersect in 27 straight lines, which
are the 27 ridges on ¢.

C is identical with the covariant found by Clebsch and given in Salmon’s
Geometry of Three Dimensions at the end of the chapter on Cubic Surfaces.
It may with propriety be called the Clebschian.

By giving the parameter A (which occurs in ¢ + Au?) an infinitesimal

variation, it is easily proved that

B=-2EC, A=EC, EC=0,
where E is the operator I*0,+ ...+ 3mds + ..., which may be simply and
completely defined by its property of changing the general cubic ¢ into
(le + my + nz + pt)s.

The equation Z°C'=0 expresses a new property of the Clebschian: it
shows that if a, f are the coefficients of #?and any other term in ¢ containing
22, neither a® nor ¢*f can occur in any one of the terms of (. Defining a
principal term in ¢ as one which contains the cube of one of the variables,
and a term adjacent to it as one which contains the square of the same
variable, this is equivalent to saying that neither the cube of the coefficient
of a principal term nor its square multiplied by the coefficient of any adjacent
term can appear in any of the terms of C.

An interesting special case of the general theorem is when the arbitrary
plane u is taken to be one of the planes of reference, say u=2. Then

P Sy — = = D)

and the operator Z becomes simply g&/ . Thus we learn that

2

‘7”2%&2“2“34’ %+w“0

is a Scroll of the fifteenth order which contains all the Ridges on
¢ +\a?

for any arbitrary value of the parameter .

It also contains 6 times over the curve of intersection of ¢ =0 with z = 0.
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I now propose to give the substance, with a brief commentary, of some
very interesting letters I have recently received from Capt. MacMahon.
I abstain from giving a proof of his results, as I am informed that he intends
to do this himself at an early meeting of the London Mathematical Society.

Using V to signify the Reciprocant Annihilator and Q the Annihilator of
Invariants, we have studied the properties of :

d d
VEZE i v
d d
and those of 0) a9 Q.
These may be written in the form
d d
e I =
d d|’
Y@l |2
d d :
and may be called alternants to V, o and to Q, o respectively.
It has been shown in Lecture VIL [p. 341, above] that
d d B
Vd.—z—d_x V=23 +w)a.
The corresponding formula is
d d J
Q%—%Q—&-{—%w,
as may be seen by writing k=0, A=3, u=4, v=35, ... in a more general

formula given in Lecture V. [p. 329, above].

g :
Observe that operating with the alternant to (2, dn equivalent to

multiplication by a number, and that operating with the alternant to V, j—w

merely introduces a numerical multiple of a as a factor. No such property

exists for the Alternant
7O -Q7V,

but one much more extraordinary.

MacMahon has found that this alternant, which he calls J, is a generator
to a Reciprocant and a generator to an Invariant; that is, it converts a
Reciprocant into another Reciprocant, and an Invariant into another Invariant.
As regards a Differential Invariant, which is at once an Invariant and a
Reciprocant, it is an Annihilator. He shows, in fact, that
R =0
and VJ-JV=0.
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If, then, QR =0, it follows immediately that Q (JR)=0; that is, if R is

an invariant, JR is so too. And in like manner, if -
VR=0, V(JR)=0,
that is, if R is a reciprocant, so is JR.

Of course, if M is a Differential Invariant,

JM=V(QM)—-Q(VM)=0.

Let me here give a caution which may be necessary : The fact that a form
is annihilated by J is not sufficient to show that it is a Differential Invariant,
though all Differential Invariants are necessarily annihilated by J. Forms
exist which are subject to anmihilation by

J = a?0, + 3abog+ ...,
but are, notwithstanding, neither invariants nor reciprocants.
Such a form is the monomial b, which is obviously annihilated by J.
Another is ad —3bc. For, since
a*d — 3abc + 20
is a Differential Invariant, we have
J (a*d — 3abe + 2b*) = 0.

But JB¥ =0 and Ja=0;
therefore, also, aJ (ad — 3bc) = 0.
The general theorem is as follows, and is a most remarkable.one: If we
write
mP (m, p, v, n) = pa™d, + (u+v)ma™bo,
+ (u + 20) (mam*lc + @—(%:l) i 62) Oy

+ (p + 30) {mam“ld +m(m —1)a™2bc

-}

m(m—16)(m—2)am—3bs}a o

Onyg * °

where the coefficients of the terms inside the brackets are the same as those
of the corresponding terms in the expansion of (@ +b + ¢ + ...)™ and where a,
stands for the mth letter of the series a, b, ¢, d, ..., then Capt. MacMahon
establishes that the alternant of any two P’s us another P.

A question here suggests itself naturally : What would be the alternant
of three or more P’s? For instance, would the alternant

0 S
P1 -P2 P3 =P1P2P8“P1P3-P2+P2P3-P1_P2P1P3+P3P1P2_-P3P2P1
S R

be another P?*

* In my Multiple Algebra investigations, which I hope some day to resume, I have made
important use of similar Alternants, which, it may be noticed, do not vanish when their elements
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Moreover, he obtains expressions for the parameters m, u, v, n of the
resulting P in terms of the parameters of its two components. He proves
that if P,, P, are the two components whose alternant is P, supposing

my, pa, U1, 7y to be the parameters of P,
) TPyt ) AR s i RIS i
then the parameters m, u, v, n of their resultant P are given by the equations
m=m, +my—1,

w=(my+my—1) {% (pa + nay) — —;:71 (pe+ nlvg)} .
2 1

1 v_l_ml—-l "
: Vs e Mo,

My —

v = (ny — ) 0,0, —
n=ny + n,.
It will be seen that Q and V are special forms of P. Thus,
Q=P(1,1,1,1),
V=P(2, 4 1,1).
Now, if the second and third parameters are zero, every term of P vanishes,
and MacMahon finds that in the following two cases the second and third
parameters of the resultant above given vanish.

(1) Supposing 1 4o be an integer, this takes place when the two

ml'l)l
component systems of parameters are

My, M, Y, My,
Mg,y My, My, Ny + 'S (m2 —my).
my,
(2) When they are

ml: F'l’ vl, nlr

M1
Ma, MMy, My — 1, —— (my— 1).
C A i § ) 4 5 ’mlvl( 2 )

Now, P1,1,1,1)=0,
P2 41,1)=7,
and by the law of composition
J=QV-VQ=P(@221,2).

Al
i ?’ ?’ i’ ?} will be found to come under the first case ;
and P et A v ~
941, 1} ................................. ... the second.

are non-commutative. In this connection it is well worthy of observation that the P’s (as
indeed would be true of any operators linear in the differential inverses) obey the associative law.

It would be interesting to ascertain under what arithmetical conditions, if any, other than
MacMahon’s, any two linear operators of the same general form as his P’s become commutative.

Perhaps it would also be worthy of inquiry whether the P theory might not admit of extension
in some form to operators non-linear in the differential inverses, and whether to every such
operator of degrees ¢ and j in the letters and their differential inverses there is not correlated
another in which i and j are interchanged. :

S 1v. 27
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Hence, QJ—-JQ=0 and VJ-JV=0.

The above theorem is one of extraordinary beauty,and must play an important
part in the future of Algebra.

In another letter Capt. MacMahon calls my attention to the fact that the
operator called by me Cayley’s generator P, in Lecture IV. of this course
[p. 328, above], is a particular case of one of a much more general character
given by him in the Quarterly Mathematical Journal (Vol. XX., p. 362).

He also states that every pure reciprocant, when multiplied by the needful
power of @, is an invariant of the binary quantic

2.2n+ D!} ot —n {11(2n + 1)1} a2 bt

ol ({L; 1 {21(2n)!} {a"‘% gl 2 a”*“b’} ¢
- ZZ(LI-—I%(—%——z) {31(2n -1)!} {a”‘sd +(n—3)a™*bc + @7_173)2(—”3;4!) a”‘ﬁb“} gk

which I have written in the non-homogeneous form.

But this expression is (to a numerical factor prés) identical with the

n+2
numerator of Z—y'% when ¢, @, b, ... are taken to be the modified differential

RIS e e e B
derivatives do’ 0dat’ 3 Sadad’
Inversion of the Independent Variable [Vol. 11. of this Reprint, p. 44].

See my note on Burman’s law for the

The property that its invariants are pure reciprocants has already been
proved in the lectures [above, p. 412].

LECTURE XXI.

I take blame to myself for not earlier communicating to the class the
substance of a note of Mr Hammond’s under date of January 20th, 1886, in
which he makes an interesting application of the theorem that any invariant

of the form
y(ev” ) F(a, by, ...),
in which the function ¥ is subject to the condition
Vrr = 0,

or of any combination of such forms, is a pure reciprocant.
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Forms such as the above, whose invariants are pure reciprocants, he calls
co-reciprocants. It follows that any covariant of one or more co-reciprocants
is itself a co-reciprocant, for any invariant of a covariant is an invariant.

Taking F to be a single letter b, ¢, d, he forms the functions

by + 2a%z, | (1)
cy? + babxzy + bata?, (2)
dy? + 3 (2ac + b*) xy® + 21a*bay + 14aa?, 3)
in which 2a2= Vb,
li%c
bab= Ve, 5a®= 13
) V2d Vid
3(2a0+b2)= Vd, 21a2b=r2, 14(1'4=1.2.3.
On writing y =¢, # =—1, it will be observed that these three forms are
the numerators of
1de 1de 1d
3ldy’ 4ldy*’ 5ldy”

The Jacobian of (1) and (2) is
(dac — 5b°) ay ;

the coefficient of ay is the familiar pure reciprocant 4ac — 5b%

The Jacobian of (1) and (3) is the determinant
b 2a?
dy® + (4ac — 50°) xy (2ac+ 6?2 |’
which is divisible by y, giving the quotient
(2a2d — 2abc — b*) y + 2a* (4ac — 5b°) . 4)

This is y (e¥ V) (2a%d — 2abc — b°),

2
the terms involving %,

D

o vanishing identically.

Looking at 2a*d — 2abc — b* as the anti-source to a Co-reciprocant*, we
might at first sight expect that it would give rise to a co-reciprocant of the
third order in @, y, whereas we see it is the anti-source of a linear co-
reciprocant.

* What differentiates Reciprocants from Invariants is that we have no reverser to ¥ as O is
I’-O Q in the theory of Invariants, that is, no reverser which does not introduce an additional
etter,

) The coefficients of a covariant are obtained either from the source by continually operating
With 0, or from the anti-source by continually operating with @. But in the case of a co-recipro-
cant, we are only able to proceed in one direction (namely from the anti-source, or coefticient of
the highest power of y, to the source), as we have only one operator, ¥, at our disposal.

27—2
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We have V (2a°d — 2abc — b*) = 20 (4ac — 5b°).

Combining this with :
V (a*d — 3abe + 2b°) =0 (the well-known Mongian),

and dividing by a, he obtains

V (5ad — The) = 4a (4ac — 50%).
Hence (5ad — Tbe) y + 4a (4ac — 5b°) z (5)
is a co-reciprocant. It is in fact (4) reduced in degree.

The Jacobian of (5) and of ¢y + Sabzy + 5a°#® that is,
5ad — Tbe 4a (4ac — 5b%)
2¢cy + babz  Haby + 10a’z

will divide by a, and gives the new linear co-reciprocant

(25abd — 32ac? + 5b%) y + 50a (a*d — 3abe + 20°) . (6)

b

The coefficient of y is of weight 4, but instead of giving rise to a co-
reciprocant of the 4th order, we see that this again is the anti-source of
a linear co-reciprocant.

The resultant of the two linear co-reciprocants (4) and (6) divided by a
numerical multiple of @ gives the well-known Quasi-Discriminant 125a%d* + ...,
as was stated at the end of Lecture XIX [above, p. 413].

The noticeable fact is that (including by + 2a°z) there exist 3 linear
independent co-reciprocants of extent 3. Probably there are no more, but
this requires proof.

The promised land of Differential Invariants or Projective Reciprocants is
now in sight, and the remainder of the course will be devoted to its elucida-
tion. Twenty lectures have been given on the underlying matter, and
probably ten more, at least, will have to be expended on this higher portion
of the theory.

: One is surprised to reflect on the change which has come over the face of

Algebra in the last quarter of a century. It is now possible to enlarge to an
almost unlimited extent on any branch of it. These thirty lectures, embracing
only a fragment of the theory of reciprocants, might be compared to an
unfinished epic in thirty cantos. Does it not seem as if Algebra had attained
to the character of a fine art, in which the workman has a free hand to
develop his conceptions as in a musical theme or a subject for painting?
Formerly it consisted almost exclusively of detached theorems, but now-a-
days it has reached a point in which every properly developed algebraical
composition, like a skilful landscape, is expected to suggest the notion of an
infinite distance lying beyond the limits of the canvas.

It is quite conceivable that the results we have been investigating may
be descended upon from a higher and more general point of view. Many
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circumstances point to such a consummation being probable. But man must
creep before he can walk or run, and a house cannot be built downwards
from the roof. I think the mere fact that our work enables us to simplify
and extend the results obtained by so splendid a genius as M. Halphen, is
sufficient to convey to us the assurance that we have not been beating the
wind or chasing a phantom, but doing solid work. Let me instance one
single point: M. Halphen has succeeded, by a prodigious effort of ingenuity,
in obtaining the differential equation to a cubic curve with a given absolute
invariant. His method involves the integration of a complicated differential
equation. In the method which I employ the same result is obtained by a
simple act of substitution in an exceedingly simple special form of Aronhold’s
S and 7, capable of being executed in the course of a few minutes on
half a sheet of paper, without performing any integration whatever. This
will be seen to be a simple inference from the theorem invoked under three
names, to which allusion has been made in a preceding lecture and the
demonstration of which will shortly occupy our attention.

Before entering upon the theory of Differential Invariants, I think it
desirable to bring forward the exceedingly valuable and interesting com-
munication with which I have been favoured by M. Halphen establishing
@ priort the existence of wnvariants in general.

SUR L'EXISTENCE DES INVARIANTS.
(Eaxtracted from a Letter of M. Halphen to Professor Sylvester.)

Dans des théories diverses on a rencontré des Invariants sans qu’on ait
pénétré la cause générale de leur existence. C’est cette lacune qu’il s'agit ici
de faire disparaitre.

1. Soient 4, B, ..., L des quantités auxquelles on puisse attribuer des
valeurs ad libitum.

Une substitution consiste & remplacer ces quantités (4, B, ..., L) par
d’autres (a, b, ..., 0).

Les substitutions, que I'on doit considérer ici, sont définies par des rela-

tions algébriques, de forme supposée donnée, mais contenant des paramétres
arbitraires p, g, ....

gef (4, B .. L; o g

b AL B0 L, g ) (1)
Soit maintenant une seconde substitution, de méme espéce, mais avec d’autres
parametres m, ¥, ..., et donnant lieu & (g, B, ..., \), en sorte qu'on ait

@' (A B W ol T, Nes ) ;

B =2 QA B el i 8 (1 bis)

....................................
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2. DEriNiTION.  Les substitutions dont il s'agit forment un GROUPE, si,

quels que soient les parametres p, g, ..., m, %, ..., ainsi que 4, B, ..., L, il
existe des quantités P, @, ... vérifiant les égalités semblables

R R (2 MRS B et iy

(R o s B O (1 ter)

..................................

Les tnwariants sont Uapanage exclusif des substitutions jformant groupe.
On va le montrer. Mais auparavant, pour éviter toute confusion, on doit faire
une remarque sur la définition.

3. Dans les diverses théories ot I'on a rencontré des Invariants, les sub-
stitutions forment groupe, en effet, suivant cette définition; mais il sy
rencontre encore une circonstance particuliere de plus, c’est que les parametres
P, Q, ... de la substitution composée (1 ter) dépendent uniquement des
paramétres p, ¢, ..., m, X, ... des substitutions composantes (1) et (1 bis).
Cette propriété n'est pas nécessaire & 'existence des Invariants, et nous ne la
supposerons pas ici. Il sera donc entendu que P, @, ... peuvent dépendre,
non seulement de Dy Gy eeey Ty X, --., Mais aussi de 4, B, ..., L.

EXEMPLES :
ik a=Ap,, b=Apq+Bp, c=A4¢+2Bg +0C;
a=An* PB=Amrxy+Bmr, y=Ax*+2Bx+0C;
a=aP?, B=aPQ+bP, y=0a@Q®+ 20Q+c;

ol U i A o
P ¢ p

P et @ ne dépendent pas de 4, B, C.
IL. a=A%, b=A4%q+ ABp, c¢=A¢ +2Bg+C;
a=A*r?, B=Amx+ ABw, y=Ax*+2Bx+0;
a=a*P?, PB=aPQ+abP, y=al?+2bQ +c;

R LY, A
P= Asps’ Q e Ap &
P et @ dépendent de 4.
g T L B—AC
Dans ces deux exemples, il y a un invariant absolu, Ty

4. Dans la substitution (1) nous supposerons que le nombre des para-
metres soit inférieur au nombre des quantités 4, B, ..., L.

Soient ainsi m le nombre des paramétres p, g, ...,
n le nombre des quantités 4, B, ..., L,

on suppose m < .
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Cela étant, on peut éliminer les parameétres entre les équations (1), et il reste
(n— m) équations

P (a, by issA By 1y =0

.......................................

F(ab, .. 1; A B ...L=0
l: A, B : (2)

THEOREME : St les substitutions considérées forment GROUPE, les (n — m)
équations (2) peuwvent étre muses sous la forme
Dy (a5iby s ) = D (4, Byesai L)
D; (0, b; . s1l) =Dy (A B 1 S5l v (3)

.........................................

en d’autres termes, @l ¥ a (n—m) invariants absolus.

Réciproquement, sl y a (n — m) invariants absolus (distincts), les substitu-
tions forment groupe.

5. DEMONSTRATION. Prouvons d’abord la seconde partie, ou réciproque.
Voici 'hypothese : des équations (1), par élimination de p, g, ... resultent les
équations (3).

Par conséquent, 4, B, ..., L et a, b, ..., I étant quelconques, mais

satisfaisant aux équations (8), on peut déterminer p, ¢, au moyen des
équations (1).

Soient 4, B, ..., L, p, q, ..., m, %, ... pris arbitrairement, et a, b, ..., I,
a3, ..., A déterminés par (1) et (1 bis). Suivant I'hypothése, on a

D (05,14 516510) = DA o By 05 B) et iy Pi(as Bive by X) = Difds B, wus L)
donc D (a,b,...0)=D(a, B ..., N), ete.

Donc on peut déterminer P, @, ... par les équations (1 ter), ce qu'il fallait
démontrer.

Démontrons maintenant la premiere partie, ou théoréme direct. Par
hypothese, 4, B, ..., L, p, ¢, ..., 7, X, ... étant pris & volonté et a, b, ..., I,
a, B, ..., A déterminés au moyen de (1) et (1 bis), il en résulte les relations

(1 ter).

Des équations (1) résulte le systéme (2); de méme, de (1 bis) et de (1 ter)
resultent

G o8 = B Vet L s Bt 90 i
B (7B N AN B Rl =105 (2 bis)
e BN e b D =10
B (o B, N e Nisvaubpers i) 5 0 (2 ter)

Je dis que le systéme (2 ter) résulte de (2) et de (2 bis).
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En effet, a, b, ..., I et a, B, ..., A n’étant definis que par (1) et (1 bis),
le systéme (2 ter) résulte de (1) et de (1 bis) par I'élimination de p, g, ...,
™ X --- € A, B, ..., L. Mais Idlimination de p, ¢, ... remplace le systéme
(1) par le systéeme (2), celle de 7, , ... remplace le systéme (1 bis) par (2 bis);
donc (2 ter) résulte de I'élimination de 4, B, ..., L entre (2) et (2 bis).

Le systeme (2), (2 bis) est formé par 2(n — m) équations, et cependant
I'élimination de n lettres 4, B, ..., L, au lieu de donner (n— 2m) équations,
en donne (n —m), les équations (2 ter). Si donc on élimine seulement (n — m)
lettres 4, B, ..., G, les m autres H, ..., L disparaitront d’elles-mémes. Tirons
A, B, ..., G des équations (2), et nous aurons

. B (0 R AT A £ S )
B0, 0 S USRS S
Tirons de méme 4, B, ..., G des équations (2 bis), et nous aurons
A=V (B dan Ty Nyt g
BN (o 13, Wi s ER ISR
Le résultat de I'élimination est donc représenté par (n—m) équations telles
que
Wby S Uy H o Dy = e B PN R )
W Casrbyt syl Srsaly= s By oy N ol i ALY P, (4)

et 'on sait que H, ..., L disparaissent, d’eux-mémes, de ces équations.
En assignant donc & H, ..., L des valeurs numériques & volonté, on voit
donc bien que les équations résultantes, équivalentes & (2 ter), ont la forme
D (a0 d 1l =D B 5N,
D (a,0,...,0)=D,(2, 8, ..., \),

C’est ce qu’il fallait démontrer.

6. REMARQUES. Si les équations (4) sont rationnelles, la disparition de
H, ..., L exige que ¥ ait la forme suivante

V=d(a,b,...,1)OH, ..., L)+ 0(H, ..., L),

et de méme pour W,, etc. Sous cette forme, on voit que ® et 6 disparaissent
dans les équations (4), et I'invariant résultant est P.

Mais, si les équations (4) sont irrationnelles, la disparition de H, ..., L
peut n’étre pas immédiate. En assignant & H, ..., L des valeurs numériques
4 volonté, comme on I'a dit dans la démonstration, c’est-a-dire en considérant
H, ..., L comme des constantes arbitraires, on voit les invariants se présenter
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avec des constantes arbitraires. Ceci ne doit pas étonner, puisqu'’il s'agit ici
d’invariants absolus, que I'on peut effectivement modifier en leur ajoutant
des constantes arbitraires ou en les multipliant par des constantes arbitraires,
sans troubler la propriété d’invariance.

L’analyse employée dans la démonstration fournit un moyen régulier de
former les invariants; ce moyen consiste & éliminer les parametres dans les
équations (1), puis & résoudre par rapport & (n—m) quantités 4, B, ..., G.
Mais, les substitutions formant groupe, on peut aussi résoudre par rapport
a a0, ...,g en éliminant les paramétres.

EXEMPLE: a=Ap*, b=Apg+Bp, c=A4¢+2Bq+ C.

En résolvant par rapport & ¢, c’est-a-dire en tirant p, ¢ des deux premieres,
on obtient

c=A(b—B]o

b—Bp b B_bk B
Ap

2
) + 2B
Voici I'invariant C — %

B—AC ;
Afﬁ> + ¢, ce qui

En résolvant par rapport & b, on trouve b= ya \/ (

! : B Sk
donne l'invariant ———— +¢, ol ¢ est une’constante arbitraire.

A

LECTURE XXIL

E pur si muove.

The theory still moves on. We have now emerged from the narrows and
are entering on the mid-ocean of Differential Invariants, or of Principiants,
as I have called them. These, it will now be seen, are perfectly defined by
their property of being at one and the same time invariants and pure
reciprocants. In other words, if P’ be a Principiant, it has both Q and V" for
its annihilators. Thus, for example, the Mongian

A =a*d — 3abc + 2b°
1s necessarily a Principiant. For
QA = (ady + 269, + 3cdq) (a*d — 3abe + 2b%) = 0,
and at the same time
VA = {2a%, + 5abo, + (6ac + 3b*) 0a} (a*d — abe + 2b*) = 0.
Among Pure Reciprocants, those only are entitled to rank as Principiants

whose form is persistent (merely taking up an extraneous factor, but other-
wise unchanged) under the most general homographic substitution (see
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Lecture XIII. [pp. 379., 382 above]. We have therefore to show that such
reciprocants and no others are subject to annihilation by €.

With this end in view, let us consider the effect of substituting ﬁ}-ﬁ' for
Y
1+ ha
with respect to . Suppose that, in consequence of this substitution, the

function

2z and

for  in any rational integral function of y and its derivatives

F (Y, 91 Yas Y55 -+ Yn)
becomes changed into

Fl (w; :I/) yla y2, ys; Lo yﬂ);
then the transformed function will be

YO I N B S R

el R s T
where X-1+ T8 Y= i he'
derivatives of ¥ with respect to X.

and Y,, ¥,, Y, ... ¥, are the successive

If, for the moment, we agree to consider A as an infinitesimal (we shall
afterwards give it a finite value), neglecting squares and higher powers of £,
we may write '

j( =x — ha?,
Y=y —hay.
Hence, by n successive differentiations of ¥ with respect to X, neglecting
squares of A whenever they occur, we deduce
Y, =y, + hay, — hy,
Y, =y, + 3hay,,
Y, =y, + bhay, + 3hy,,
Y=y, + Thay, + 8hys,,
Y, =y, + Shay, + 15hy,,

Yo =yna+@2n—38)hayn .+ (n—1) (n—3) hyns,
Yi=ya+(2n-1) h‘xyn +n(n — 2) hyp.

The last of these, for instance, is obtained as follows :

We have Yn=%.
d 1 d d
oy XTI i hE) g
U O
and TdE = b {Yna + (2n—3) hay, , + (n— 1) (n — 3) hyn—s}

=Yn+ (20— 3) hay, + n (n —2) hyn_,.
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Consequently, Y, = (1 + 2hz) ‘-i—i%:l

= (1 + 2ha) {yn+ (2n —3) hay, +n (n—2) hyyn—}
=Y +(2n—1) hay, +n (n— 2) hy,_.

On substituting the above values of ¥, ¥;, ¥,, ... ¥, in the transformed
function, we find immediately

FY, Y,7,.. Y,)=Q0+hev+10O) F(y, 11, Ya, --- Yn),
where » and ® are the partial differential operators
v = — Y0, + 110y, + 3Ys0y, + 550y, + TY0y, + - ..,
O = — Y2y, + 3y,0y, + 8us0y, + 150y, + ..o + 1 (0 —2) Yp_10y,.
Changing to our usual notation, we write
n=t y.=2a, ¥;=2.3b, y,=2.8.4c,...,

and then if F, is what F (a rational integral function of a,b, ¢, ...) becomes

: x Y ; SRR,
when we substitute Ty, R g e for #, y (regarding h as infinitesimal), we
have

F, =1+ hav + 1hO) F,
where v=— Y0y + t0; + 8ad, + 5b0y + Tcd, + 9doz + ...,
and ® = — y0; + ady + 200, + 3¢dy + 4do, + ... .

In general » is merely the partial differential operator written above ; but
when its subject, ¥, is homogeneous, of degree 7, and isobaric, of weight w, in

the letters 7, t, a, b ¢ d, ... supposed to be
of degrees 114 3 Pl 7 () g IR [
and of weights -2, -1, 0, 1, 2, 3, ...,

its operation is equivalent to multiplication by the number 3¢+ 2w. For in
this case we have

YOy + 10y + a0q + b0y + €0, + dg + ... =1,

and — 240, — 0, + boy + 2¢0, + 3dog + ... = w;
so that we may regard » as a number, simply writing
v=30+ 2w

when we have occasion to do so.

We are now able to show that if ¥ is a persistent form, we must neces-
sarily have
BF = 0.
hOF

For 1=1+vh.76+'—F—,

N
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and consequently, if F, is divisible by F (this is what is meant by saying

that F is a persistent form), unless OF vanishes, oF must be a rational

F

integral function of 7, ¢, @, b, ¢, .... But since the operation of ® diminishes

the weight by unity without altering the degree, @)TF must be of degree 0

and weight —1. The impossibility of the existence of such a function leads
to the necessary conclusion that

OF =0.
Let us apply this result to the case of a pure reciprocant. We have
= — Y0 + a0y + 200, + 3c0g+ ... = — Yo + Q.

Thus when F is a pure reciprocant, or indeed any function in which ¢ does not
appear, 40, F =0 and © reduces to 2. We have therefore shown, in what
precedes, that the condition

OQF=0

is necessary to ensure the persistence of the form of F under a particular

homographic substitution ; & fortiort, this condition is also necessarily satisfied

when the form of F is persistent under the most general homographic sub-
le+my+n  le+my+n

Ve +m’y+0” UV'e+m"y+ n”) .

stitution (in which #, y are changed into

The satisfaction of QF =0 is of itself inadequate to ensure persistence
under the general homographic substitution; the necessary and sufficient
condition of pure reciprocants

V=)

must also be satisfied. This follows from the fact that the general linear
substitution, for which all pure reciprocants are persistent, is merely a
particular case of the most general homographic substitution.

It only remains to be proved that the two conditions VF=0, QF =0,
taken conjointly, are sufficient as well as necessary.

In what follows I use a method which may be termed that of composition
of variations. Its nature and value will be better understood if I first apply
it to the rigorous demonstration of the theorem that the substitution of
# + hy for z in the Quantic

(a, b, ¢, ...02 y)*
changes any function whatever of its coefficients, say
F(a, b, ¢, «.), into e H'(w, b, c, ...).
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This is not proved, but only verified up to terms of the second order of
differentiation, in Salmon’s Modern Higher Algebra (3rd ed. 1876, p. 59).
Remembering that, whatever the order » of the Quantic may be, the changed
values of the coefficients a, b, ¢, d, ... are

¢ =c + 2bh + ah?,
d = d + 3ch + 3bh? + al?,

what we have to prove is that, for all values of A,
F (ol bl o d pa) = e B (a, biic.d, ..
In other words, if for brevity we write
(b ) =
and e Ohe ) ="
it is required to show that

iy 0 Y el O ML
| 1.2 1.2

3
3QF+...,

where Q = ady + 200, + 3c¢oq + ...
When £ is infinitesimal, it is obvious that
F,=F+hQF.

Hence, when % has a general value, we may assume

2 3 4
F,=F+hQF + : L A

13l +1 938t gl

Let % be increased by the infinitesimal quantity e; then, considering this
increase as resulting from a second substitution similar to the first, we see
that F, becomes

F, + eQF,.
But it also becomes

(h+e) (h+ e dF,
Fi(h+e)QF + 5~ P+1 3 3Q+ —F+edh
h3
—F+e(QF+hP+—Q+1 sgB+.).
Equating this to F, + ¢QF,, we obtain
h?
QF, = QF+hP+1 2Q+ 5 31’2+
h? h?
But QF1=Q(F+hQF+l Pio5Q+. )
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The comparison of these two expressions gives

P =QF,
Q=QP = O'F,
R=0Q=0F,

Substituting these values in the assumed expansion for F,, there results

h? h?

F = F+M‘F+—.02F+1 3" 3.Q**F+

which is the expanded form of
F, = e"F.

A similar method of procedure will enable us to establish the corresponding
but more elaborate formula

1o
Fy=(1 + hx) ettt F,
in which F' is any homogeneous and isobaric function*® of degree 7 and weight

w in y and its modified derivatives (t, a, b, c, ...) with respect to x; the
operator ® = — y0; + ady + 2b0, + 3¢04 + ...; the function F, is what F' becomes

in consequence of the substitution of ——— for @, y; h is any finite

1+ hw 1+ h
quantity, and » = 3¢ + 2w.

Before giving the proof of this theorem, I will show that, upon the
assumption of its truth, two inverse finite substitutions will, as they ought,
nullify each other, leaving the function operated upon unaltered in form.

To avoid needless periphrasis, we call the substitution of % hz T e Frip

for @, y the substitution A.

Either of the two substitutions, 2, — &, reverses the effect of the other;
for the substitution — A turns

d nto oA -1 ha =z
1+ha W R e
i g i he  _
Bt 1+ ha e T 0k 1+1—ha:_y'

The two substitutions %, — h, performed successively on F, ought there-
fore to leave its value unaltered. But by hypothesis the substitution %
converts #' into F; consequently the substitution — /A performed on #, ought
to change it back again into #.

* F need not be integral or even rational; whenever it is homogeneous or isobaric, » will be
a number.

Nl
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It must be carefully observed that (since the operation of ® decreases the
weight by unity, leaving the degree unchanged) the weight of ®<F is « units
lower than that of ¥, whilst the degree is the same for both.

Thus for F we have 3i+ 2w =,
and for O<F 3 +2(w—k)=v— 2.
Hence the substitution — A, which changes
1o
F into (1 —ha)e -4 F,
nar
also changes QI (L= ha)ie Lila @R

he

®F , (1—ha)y—te -7 @°F,

.......................................

1o
and in general OF into (1 — ha)—>¢ 1-h= @<F.

ha i
1—ha:=(1_}w) 1, so that

Moreover, 1 + hz becomes 1 +

he

(1 4 ha)'-<@<F becomes (1 — hz)~-¥) (1 — ha)~2x¢ 1~z @<F

h®

=(1—hz)-xe =" @F
e
=¢ 17M (1 — hay) O~ F (since © does not act on z).

h®

Consequently, (1 +hAz)F  becomes ¢ 1~ F,

h®

(1 +hzy®OF , e =% (1—ha)"OF,

he

(1 +hay—*@F . e "m(1 —hz)26O°F,

.........................................................

And since, by the formula to be verified,

F.=1 +hz)yF+h 1+ ha)OF + l—h—% 1+ h2)y2@F + ...,

he

o 2
F, becomes e 1"”‘{1 +h(1—he)?O+ 1~h—2 (11— ha)20 + } F

__he_ ke
—¢ 1-twgi-hzs F— F.
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LECTURE XXIII.

We now proceed to show how the composition of variations can be made

to furnish a strict proof of the formula
he

F,=(1 + ha) e+ F,
which was set forth in the preceding lecture.

As before, calling the change of #, ¥ into ¥ ka: i hm’ the substitution

h, it is easy to see that the product of two substitutions, 4, ¢, is the substitution
h+e For

—w_.'_l_l_e & = o
1+ha 1+he 1+(h+e)a’
0 A i Yo Yy
1+h.z"1+61+ha: 1+(h+e)z’

This shows that if

F, is what ¥ becomes on making the substitution A,
and Y R 5 % - » €,
then Bl it i ¥ » h+ e

Thus we can find two expressions for F,, the comparison of which will enable
us to assign the coefficients of all the powers of A in the expanded values

of s

The first two terms of this expansion were obtained, in the preceding

lecture, by treating . as an inﬁnitesimal We may therefore write
3
= F+h(ux+®)F+ N+1 ;L 3N

Changing % into A + ¢, we deduce

Fo=F+ (it o oa+0)F+ Ty, MUELop I
For greater simplicity, let e be an infinitesimal, and write
P,
Then AF,=(vz+ ®)F+hN, +1 5 N +..

Now look at each term in the expansion of If"1 and find its increment (that
is, its A) when #, ¥ undergo the substitution . We thus obtain

B3

123AN+

AF,= AF + 1A (o + ©) F+ % AN, +
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Comparing these two values of AF,, we find
N;=A(wz+ O)F,

Ns - AN2’
N4 - ANs:
and generally N,= AN, ,;1.

These equations are sufficient to determine all the coefficients of F,; it
only remains to show how the operations A may be performed.

We have in fact

By = F+hAF+—NF }; 3A3F+

where AF = (vo + O) F.
But we must not from this rashly infer that
A"F = (v& + O)F.
To do so would be tantamount to regarding » as a constant number, whereas

its value depends on the degree and weight of the subject of operation.

This will be clearly seen in the calculation which follows*. We first

generalize the formula
AF =@z +0O)F

by making O« F the operand instead of 7.
Then, since ¢ is the degree and w — « the weight of ®<F, instead of

3t + 2w = v,
we have 3+ 2((w—k)=v—2.
Thus, AG+F = {(v—2x) x + O} O<F.
Atk 44 05N ) e Ll
gain, since Az (1 Y x)+e€ &

we find
ABOF <A €. A + PAGF =~ NAOF + (0~ )0+ ©) BT,
Hence we obtain the general formula
AzrOF = 2 (v — 2k — \) « + O} O<F,

* If our sole object were to show that ©F=0 is a sufficient as well as necessary condition of
the persistence of F, we might dispense with all further calculation. Thus it is obvious that,
since AF = (vx +©) F, A*F must be of the form (z, ©)* F'; for the dependence of » on the degree-
Weight of the operand will not affect the form of A®, but only its numerical coefficients. Hence
We conclude that F, is of the form ¢ (z, ©) F' ; and remembering that 62F=0, ©F=0, ... when-
ever OF =0, it is at once seen that not only (as was shown in the last lecture) must OF vanish
when F ig persistent under the substitution h, but, conversely, that when ©F=0, the altered
value of ¥ contains the original value as a factor (the other factor being in this case a function
of © only); that is, F is persistent.

S Iv. 28
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by means of which we calculate in succession the values of A?F, ASF, ....
Thus,
AF =A(vz+ @) F
=vAaF + AOF
=vz{v-1)2+B} F+{(v—2)z+ 06} OF
=r(r—-1)2+2(r—1)20 + G} F.
Hence
AMF=p(v—1)Az?F+2(v—1) Az®OF + AGF
=v(r—1)*{(r—2)z+ 0Ol F+2(r—-1)z{(rv—3)z+ O} OF
+{(v—4)z + B} OF
= -1)@-2)2+3(w—-1)(v—2)2*O + 3 (v — 2) 20* + B} F.
If [v] is used to denote v (v —1) (v —2)... to n factors ([¢]* will of course
mean »), we have shown that
AF = ([v]'x + O) F,
AF =((vPa*+2[v—1]120 + ©*) F,
MF=((vPa*+3[v—1F2*0 + 3 [v—1]'20*+ ©°) F,
and by induction it may be proved that in general
n(n—1)
12
"That the last term of this expression is ®"F is sufficiently obvious; what we
wish to prove is that, when m is any positive integer less than n, the term in
A™F which involves O™ will be
n(n—1)...(n—m+1)
T 208 i
To find the term involving ®™ in A"HF, we need only consider the operation
of A on two consecutive terms of A™F; none of the remaining terms will
affect the result. Suppose, then, that
A"F: Ll pwn—m @mF+ qw'npm-r-l @m—1F+ R
Operating with A, we find
AP = ... 4 pAg=m@F + qAz "1 @™ 1F 4 .,
=... + pa" ™ {(v —n—m)z + O} @"F
+ g™y —n—m+1)z+ O} O F + .,
=..+{p(v—n—m)+ g}atr"m@"F + ....
Now, assuming the general term of A™F to be as written above, we have
_n(mn—1)...(n—m+1)
AR B0, 3 e
_n(n—=1)...(n—m+2)
1.2.3...(m—1)
m(v—m+ 1)}
n—m+1

AnF = {[v]" at+n [v—1]""12"10 + [v—2]2" 2@ +... + (H)"} F.

[V o m]n—vm. an—m @m F

[v—m]*—,

[V —m+ l]n—m+1 :

so that q=p{
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Thus the general term of A"t has for its numerical coefficient
m(v—m + 1)+(y—n—m)(n—m+l)}

p(v—n—m)+q=p{

n—m+1
_ [+ (w=n) @+Dn...(n—m+2) Rionidea
—p{ n—m+1 | 1.2.3...m e B

which shows that the numerical coefficients in A"*1F obey the same law as
those in A"F'; and as this law is true for n =1, 2, 3, it is also true universally.

We have thus shown that the general term in A”F is
nn—1)...(n—m+1)

[v = m]n—m n—m @mF’

52488 dom
and, consequently, the corresponding general term in
A" F . [1/ T, m]n—m A g —n hm@Em g
1.2.84m « 1:2.3...(n—m) 203
Now, as we have already seen, ]
S PR N el LN
‘“( g pi e SaRAESE 37 ) ’

which, by merely expressing the symbolic factor as a series of powers of ©,
may be transformed into

F = (1+ [u]‘hw+[1i]22h2w2+l.[VT]T3h3w’+ ) F

e 2 2, 3
+ (1 g 1]lhw+[”—;lh2x2+[5—l,]ksas+ ) LOF

1% s 8
v—2] — 2P RO F
+(1+[V—2]1h$+[;—1.—2]h2w2+[1%2*—.3§h3$3+ ...) 1.2~

where, remembering that [»]* stands for » (v — 1) (v — 2) ... to n factors, it is
evident that the functions of # which multiply ¥, h®F, 1]L,.3 @?F, ... are all

of them binomial expansions. Hence we immediately obtain

Fi=1+ha)F+ 1+ hzy hOF + (1 + ha)—* 1h—22 O F + ...

2 ()2
=(1+ hw)"{l + (1 +h2)hO +(1 +hx)—2hl—®2ﬁ-’+ } F,
_he_
and finally, F,=(1 + ha) e " F,

Mr Hammond has remarked that, with a slight modification, the foregoing
demonstration will serve to establish the analogous theorem, that

_an
Fy=(1+ht)y e 170 F,
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where, as before, # means any homogeneous and isobaric function of degree ¢
and weight w in the letters y, ¢, @, b, ¢, ...; and F, is what F becomes when,
leaving y unaltered, we change « into « + hy, where % is any finite quantity.
Instead of the operator

® = — Yo, + ady + 200, + 3c0q+ ... = — Yo, + Q
we have -V, = ytd, + t*0; — 20%0y — 5abo.— ... = yto, + ?0,— V *;
and instead of » = 81 + 2w, a different number, u=3¢+w (which I have
called the characteristic), taken negatively.
If we suppose that
F, is what F becomes on changing z into  + Ay,

and Fg ) F ) 9 ”» r ,, T+ €Y,
then TR F g ” » @ , a+th+ey.
: h?

Hence, if = F+hP+1 2Q+1 3 3R+
we must have F,=F+(h+ )P+(h+E)Q+(1h;€%R+

dF,

ke e

Thus, if € be regarded as infinitesimal, and we write

b4 il 00 A

€
: he
it follows that AF1=P+}LQ+1—2R+....
But, by the direct operation of A, we find
AR = AF+hAP+1h2AQ+ 1

and, comparing these two values of AF,,

P =AF,

Q=AP = A

REAQ 0T
Hence it follows that

h? h?

€= F+hAF+ A2F+ 123 A3F+

* This theorem was stated without proof in Lecture VIII, where, through inadvertence, the
term ytd, in the expression for V; was omitted [p. 352, above].
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It remains to find the value of A”F. This can be effected by means of
formulae given in Lecture VIII. [p. 350, above], where it is shown that

Az =y,

Ay =0,

At =—8,

Aa = — 3at,

Ab = — 4bt — 202,

Ac = — 5c¢t — 5ab,

Ad = — 6dt — 6ac — 3b?,
Ae=—Tet —Tad — The,

.............................

We now show that
AF =— (ut+ V) F,

where V=V — 0, — yto,,
just as in the cognate theorem we had
AF = (vz + ©) F.
Since F is a function of y, ¢, a, b, ¢, ... without #, it is evident that
M:%Ay+%/&t+
= — ¢ (10; + 3a0, + 4b0y + 5¢0, + ...) F
— {2020, + 5abd, + (6ac + 3b*) 0z + ...} F,

where the part of AF which is independent of ¢ is — VF.

Now, Yoy + 10+ ady +00 +de +...=1
and — 240, — to, + 005 +2c0,+ ... =w;
so that t0; + 3ad, + 400y + 5¢0, + ... = 31 + w — Y0, — ;.

Hence, writing 3¢ +w =y,
AF=—t(p—ydy—to) F—VF
=—(ut+ V) F,
where V=V — 80, — yto,.
Observing that V,*F is of degree i+« and weight w — «; since
30+ k)+ (w—k)=p+ 2,
we see that AV*F=— {(p+2«)t + Vi} Vi< F.
Again, ARVEF = AV F . At + AV <F
=MV F —tM(u+ 26) t+ V,} Vi< F.
We thus obtain the formula

APVEF = —tM(u+N+26)t+ Vi} Vi< F, (1)
analogous to the one previously employed,
AZ\OF =z {(v — 2¢ —\) 2 + O} @<F, (2)
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The remainder of the work will be step for step the same for this as for
the previous theorem. In fact, by using (1) just as we used (2), we shall
deduce

nv,
F,=(1+ht)y* e 1+t F, (3)
just as we deduced the analogous formula
LA
F,=(1+ ha)’ ettt F., 4)

The reason of this is obvious: by interchanging # and ¢, u and — », ® and
— V., we interchange the formulae (1) and (2), (3) and (4).

It may be well to observe that if we use S to denote a substitution of
such a nature that

SeSh o Sh-f—u
and if (regarding e as an infinitesimal) we write
Se—1_ "
€
then in general ; SpF'= "L,

The proof of this proposition is virtually contained in what precedes.

LECTURE XXIV.

Whenever a rational integral function of z, ¥, ¢, @, b, ¢, ... is persistent
in form under the general linear substitution, it cannot contain explicitly
either #, y or ¢, but must be a function of the remaining letters a, b, ¢, ...
(the successive modified derivatives, beginning with the second, of y with
respect to x) alone.

For if, keeping y unaltered, we change # into # + a, where a is any arbi-
trary constant which may be regarded as an infinitesimal, the derivatives
t, a, b, c, ... are not affected by this change, and consequently the function

F=F(z vyt a,b,c, ...) becomes F+a%,

which cannot be divisible by F unless g =0,

(The alternative hypothesis of %,_f;’ being divisible by F is inadmissible,

because F is a rational integral function.)

Hence F cannot contain « explicitly; and if we write y + 3 for y, keeping
« unchanged, we see, in like manner, that # cannot contain y explicitly.
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Again, if in the function
A =Fi(tua bac, k. )
we change z, y into # + a, y + B,z + 3, the effect of this substitution will be
to increase ¢ by the arbitrary constant 3,, without altering any of the remain-
ing derivatives a, b, c, ... .

Hence, in order that the form of F may still be persistent, we must have
dF

i 0; the reasoning being just the same as that by which gy was seen to

dz

vanish. Thus, F does not contain ¢ explicitly. Moreover, the function
E=ill (@ biue, oo )

must be both homogeneous and isobaric.

For the substitution of ax+a, B,y + Bz + B for =, y, respectively, will
multiply the letters

o Bikl N A R

by o P b A S Yk o/ S S B SR
Each term of F will therefore be multiplied by a positive power of 8, and a
negative power of a,.

Let one of the terms of F be adbhchedr ... It will be multiplied by

B AgtA FAgHA .. o —(2)\o+3)\,+4)\,+5)\3+...)_
1 g

In order that F may retain its form, this multiplier must be the same for
every term of F, no matter what arbitrary values are assigned to a, and 3,.
This can only happen when, for all terms of the function F, we have

Ao+ AN+ Ao+ Ag + ... = const.
and M+ 20 + 3N + ... = const,,
that is, when F is homogeneous and isobaric.

We have thus proved that among all the rational integral functions of
z, Y, t a,b c ... the only ones persistent under the substitution of a + a,z,
B+ Bz + B,y for z, y, respectively, are such as simultaneously satisfy the
conditions of not explicitly containing @, y or ¢, and of being homogeneous
and isobaric in the remaining letters a, b, ¢, ... .

If F, any function satisfying these conditions, merely acquires an extra-
neous factor when, leaving y unaltered, we change x into @ + hy, the form of
F will be persistent under the general linear substitution. For both
a+a,(z+hy) and B+ B, (x+hy)+ B,y are general linear functions of
x,y, 1.

Now, the change of  into #+hy converts (as was shown in the preceding
lecture) F into

A
F,=(1+ht)y»e T F,
where Vi=V — 20, — ytdy.
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But, since neither y nor ¢ occurs in F, we must have
0yF'=0 and 0.F'=0.
Consequently, V.F=VF, V32F=V?F,

and so on. Hence
A4

Fy= (14 ht)—re 1+IF
= (L hty ™ F = (L bty += BV E+ (1 bty i

Unless VF, V2F, V3F, ... all of them vanish, F, cannot contain ¥ as a
factor. If it could, VF, V:F, ... would all have to be divisible by F. But
this is impossible ; for VF, a rational integral function of a, b, ¢, ... whose
weight is w— 1, cannot be divisible by F, a rational integral function of
weight w.

We must therefore have

VF=0
(which implies V2F =0, etc.) as the necessary and sufficient condition of the
persistence of the form of ¥ under the general linear substitution. In other
words, /" must be a pure reciprocant.

In order that F may also be persistent in form under the general homo-
graphic substitution, it must (besides being a pure reciprocant) be subject to
annihilation by the operator

Q = ady + 200, +3¢05+ ... .
For it was seen, in the preceding lecture, that the special homographic

substitution in which 1 + ha' T h,x are written instead of z, y, respectively,

has the effect of changing any homogeneous and isobaric function F' into F,
where
)
F,=(1 + ha)el*te F,
® =0 - yat o

When the letter ¢ does not occur in ¥, we may write 9,F =0, so that ®

becomes simply , and the above formula becomes
I
F,=(1 + hzye*t= F.

Hence it follows immediately that, when #' is a rational integral function
of the letters a, b, c, ..., the condition QF =0 is sufficient as well as necessary
to ensure the persistence of the form of # under the special homographic
substitution we have employed.

But when F'is a pure reciprocant it also satisfies the condition VF =0,
and it is the simultaneous satisfaction of QF =0 and VF =0 that ensures
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the persistence of the form of F under the most general homographic substi-

z Y .
1+ ha’ 1+haz;(fo1
which F is persistent when, and only when, QF =0) with the general linear
substitution (for which VF =0 is the necessary and sufficient condition of
the persistence of the form of /'), so as to obtain the most general homo-
graphic substitution. Thus the linear substitution

tution. This may be shown by combining the substitution

z=lz, + my, +n)
y=le+m'y,+n)’
when combined with
wl/ g//l

ki B8 e Sl 1= 7

"

gives the substitution

e lgcv,, +my,,+ n (1 + hz,)

5 1+ ha,

Nz, +my,+0' A+ hw,,)J' !
4t 1+ha,

in which both the numerators are general linear functions.

By combining the substitution just obtained with the linear substitution

L T 7\,.%',” i Y. +7, Y=Y
the denominator of each fraction is changed into a general linear function,

and thus, by combining the special homographic substitution — -

@

1+ha’ 1+ha
with two linear substitutions, we arrive at the most general homographic
substitution.

This proves that the necessary and sufficient condition of F being a
homographically persistent form is the coexistence of the two conditions
VF=0, QF=0.
Thus a Projective Reciprocant, or Principiant, or Differential Invariant,

combines the natures of a Pure Reciprocant and Invariant in respect of the
elements.

Notice that every Pure Reciprocant is an Invariant of the Reciprocal

¥ i I g d'z . dy
unction (that is, the numerator of the expression for ap in terms of 3

a2

d\;’ ..., or what is the same in terms of the modified derivatives ¢, a, b, ...),

but the elements of such invariants are not the original simple elements, but
more or less complicated functions of them.

What has just been stated is obvious from the fact that all invariants of
the “reciprocal function” have been shown to be pure reciprocants (vide*
Lecture XIX.). The ordinary protomorph invariants of this function will

[* above, p. 412.]
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have for their leading term a power of @ multiplied by a single letter. Con-
sequently, by reasoning previously employed in these lectures, every pure
reciprocant will be a rational function of invariants of the Reciprocal Func-
tion divided by some power of @. Thus, for example, the Reciprocal Function

l4a* — 21a?t + 3 (2ac + b°) & — dt* = (a, B, vy, 8Y 1, — t)?
if a=14a%, B="Ta%, y=2ac+1?b? §=d.
The two protomorph invariants of this reciprocal function are
ay — [3* = Ta* (dac — 5b%)
and a?8 — 3afBy + 232 = 196a° (a*d — 3abc + 2b°).

All other pure reciprocants of extent 3 may be rationally expressed in
terms of @ and the two protomorphs 4ac— 50 a*d — 3abc + 2b%; that is, all
pure reciprocants of extent 3 are invariants of the reciprocal function of
extent 3.

The reasoning employed can be applied with equal facility to the general
case of extent n.

x Y ’ . ; .
Instead of i3he T let us consider the special homographic sub

stitution %, % employed by M. Halphen.
Writing Xwl aridoad;
z Z.

let ¥, ¥,, Y,, ... denote the successive derivatives of ¥ with respect to X,
and ¥y, ¥s, s, ... those of y with respect to . Then '

Y= oy

1
Y1=—w(y1—;}y>,
Y2= wsy‘n

3
Y3=—$5<y3+;y2>:

8 12
= (y4+53/3+?y2>,

15 60 60
Y5=—x9(y5+;y4+?y3+;‘3‘yz> )

..........................................

Hence, if a, b, ¢, d, ... are the successive modified derivatives (beginning
with the second) of ¥ with respect to @, and «, b', ¢, d/, ... the corresponding
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modified derivatives of ¥ with respect to X, it follows immediately that

Attributing the weights 0, 1, 2, 3, ... to the letters @, b, ¢, d, ..., it is very
easily seen that if F is any homogeneous and isobaric function of degree 7
and weight w,

5 1 2 1
2obl e = (=)W goitaw i ay Bal
F(a,b,c,...) ( ) sl F(a,b+ a, c+—b+ a,...).

But we proved (in Lecture XXII.) [above, p. 429] that for all values of 7
F(a, b+ ah, ¢ +2bh +ak?, ...)=e"®F (a, b, ¢, ...).

Hence, making & = —1{'3, we obtain

F,b,cd,..) =(—)ww3i+2wegF(a, ' B !
which proves that the satisfaction of
QF(a, b, ¢, ...)=0
is the necessary and sufficient condition for the persistence of the form of F

! Dyt
under the Halphenian substitution g ‘%

Similarly we might prove that F(y, ¢, a, b, ¢, ...), which contains y and ¢, -
but not «, is changed by the substitution g g Y into
z’ @
e
(-)vare* F(y, t, a,b,c, ...),
where O = — y0; + ady + 200, + ... = Q — y0y;

or we may deduce this result from the formula, demonstrated in the preced-

Ing lecture of this course, {
®
Fl et (1 & h.’l})v e1+hz F’

In which F, is what F becomes in consequence of the substitution T3k’

Ti? Jc 'mpressed on the variables.

www.rcin.org.pl



Ht Lectures on the Theory of Reciprocants [42
Let ¢ be the degree and o the weight measured by the sum of the orders
of differentiation in each term of
R AR T

If we measure the weight by the sum of the orders of differentiation of
every term of # diminished by 2 units for each letter in the term, then

w=w—2i and 20 —i = 3¢ + 2w = ».
Let F(y, ¢t a,b,c, ...) become F'(y,¢ @, b, ¢, ...),

when we change
z into qz + p and ¥ into ry;

then F'(y,t ablec .. )=r¢geF(y i abde..)
Sy x ey : - 2 e
A further substitution P impressed on the variables in F”,
will convert the original variables into
qz ry
Tt i

p 1+ ha)+ qz i i

that is, into Ry nd 7 g e

The function #” is at the same time changed into

)
rig=e (1 + ha) e+ F (y, t, a, b, c, ...).
If now, in the above, we write p=h, ¢ =—h? r="h, we shall have changed

hy

the original variables #, y into Tihetis o n

and the original function F
into .
e 1o

h’b( hz)—m(1+hw) e1+hxF ( )wh‘b—2w (1+hx) 61+h:vF ( )'w <1+h‘_z‘) el+ha:F

: 0.0 h hy wfl+hz 1+—h
Let & become infinite; then TTha’ m and (-) ( ) A

(2]

become %, % and (—)* ¥ e* F, showing that the substitution alc’ . changes ¥

®
into (—)? a” e* F.
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LECTURE XXV,

In a letter to me dated June 14th, 1886, M. Halphen calls forms which
are persistent under the substitution %, %, Invariants d’homologie. He uses
the letters

SIS B S
to denote y and its successive modified derivatives with respect to «; and,

supposing them to become
AO: Al: A2) A3) e A

n

in consequence of the substitution n %, gives, in the briefest possible man-

ner, two very ingenious proofs of the formula
n—2 (n—2)(n—3
Ay =) {an T R ;o An—y +'%1 )Z( ) n—2 } )
from which he deduces the theorem that the substitution in question
changes any homogeneous and isobaric function f] of degree 7 and weight » in
Ao, Uy g, A, ... Qy,

c]
into F=(—)awie
where ® is the partial differential operator
— @y0q, + ¥20a5 + 20500, + ... + (1 — 2) @y_104,.
I give the two proofs mentioned above in M. Halphen’s own words,

adding occasional footnotes, and making slight changes in the literation of
his formulae when it seems desirable to do so.

; i
Soient M= Yol
x x
Par une formule connue (Schlomilch, Compendium IL)
dmy =
m == (_ l)nmn+1 Aot (mn 1y)*
* An easy inductive proof of this may be obtained as follows :
: d d a<ty a (dxy
DA AT R N IR AR e 301 e
Since 5= vkt we have G @ x<dX"
Hence, assuming the truth of the formula when n=«, we find

K+
ZX"E{:( — ) g2 :x %xx+l_ (wx-xy)é

=( =)K+1 2 {pk+l it zx—l + K+1 xxd_x(zn—l?
dz<H Y

=(_)x+lxx+2 ;xdx:l(xx—l ) (K+1) ax (x"—ll’)g

K41 k2 R 3
=(-)"a da*+1 (*y).
Thus, if the formula is true for n_x, it will be equally so when n=x+1. But it is obviously

true when n=1 <when it becomes (i? - ’all:> , and therefore holds universally.

www.rcin.org.pl



446 Lectures on the Theory of Reciprocants [42

et puisque Vi=iXy,

il en resulte

=X gihtn St = (1 (I @) -0 22 ()
= (= 1yigm {yn b n (;z .;2).%»—1 Y (n— 1)1(n2—w22) (n—3) ¥ } *.
Si l'on pose (;}{:n!An, =g
il vient
n=(—1)y*an {an o+ nl——j data (n—12)24(1;2—3_) (n— + } : @
Soit Of =% (1=, L+

on aura Oa,=n—2)an_,
®a,=(n—2)(n—3) ay_,,

= tpam ot o But O

1
1.2.4°
Par conséquent, pour une fonction contenant a,, @, ds, ..., de degré ¢ et
0y 3 gy >
de poids o, & chaque terme, on aura

e © 20— _1_ 1 i
F=(—1)a* {f+1.w®f+m®2f+...}+. C.Q.F:D:

* For, expanding by Leibnitz’s Theorem,

B (el e i =2 n(n-1) n—3
2o @ 7Y) ~ gy (@) =2y n (0= 1) SRy + 7 (n=1) (1-2) 2"yt
—n "y + (0= 1) (0= 2) Py p ..

n(n-1) (n—2)(n-38)
1.2

=z ly,+n(n-2) 2" 2y, ,+ 2 Yp gt e

+ The summation extending to all positive integral values of », from 1 to @, so that
" 0= —ayl, + aza,,s + 2a38a4+ 3a0, +....

Remembering that Halphen’s a,, a1, ag, as, ... have the same meaning as our v, ¢, a, b, ...,
this operator is —y0,+ a0y + 2b0,+ 3¢04+ ... identical with the © used in previous lectures.

+ We may show without much difficulty that, when 6, 6;, 63, ... are each of them equivalent
to ©, but 6, acts on u only, ©; on v, O3 on w, and so on, Ouvw ...=(0,+ O3+ O3+ ...) uvw ....
From this it can be deduced that ©*uvw ...=(0,+ 03+ 63+...)uvw ..., when & is any positive
integer. Now let the number of the functions u, v, w, ... be i, and suppose that

U= V= D=0y s
suppose, also, that the weight n+p+¢+...=w. Then
A Apdy. _(—)"’x2“°'(e-z an) (ez a,,) (ew ag/...=(-)Pa-iex (OOt oyt )a,,apaq...
(- et a,apag ..

(for by what precedes 6, +6,+6;+ ... may be replaced by ©). Taking a,apa,... and 4, 4, 4q ...
to be corresponding terms of f and ¥, we see at once that

®

F=(-)atetenf.
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Autre Demonstration de la Formule (I)*.

Si I'on change X et z en X + H et + 1, on a

H

”="X(X_+H)'

Maintenant la formule

Y= a,+ ha, + KPa,+ ... + h*a, +
écrite symboliquement+

ger
Y=1"ah
; A H
devient = m .
D’ailleurs ‘ Y=X+H)y;
donc symboliquement
. X(X+Hy
b o 73 g A

Si 'on développe le second membre (IT) suivant les puissances ascendants
de H, le coefficient de H™ est 4,. Or ce développement est

AR AT
..+(—1)ﬂ(X> (1+ ) (X’f) +}

* If x becomes x+h in consequence of the augmentation of X by an arbitrary quantity H,
the increment of x will not be a constant, but will depend on X as well as on H. The

1 1
value of & may be found at once by eliminating & between X = and X+ H=—— , when we

z+h’
obtain X+ H:L and consequently h= — B Sl §
1+rX’ X (X+H)
This increase of X also changes y and Y (functions of « and X, whose original values were a,
and 4, before the augmentation of X took place) into
y=ay +ha; +hlay +...+h", +...
and into Y=4y+H4,+ H?49+ ...+ H* 4, + ....

These altered values of y and Y are the ones used in this second proof; the other letters retain
their original signification.

+ The word symboliquement indicates, whenever it is used, that powers of a are to be replaced
by suffixes of corresponding value. For example, in the final result

A= (=) 1 (a"+zl;2a"‘1+ )
\ z
is to be replaced by d,=(-)ra1 (a,,+7L;—2 Qg+ > 2

n
In our notation the final result is 4,, o= (- )"a*3 (a, b, ¢, d, Q;’ ; 1) .

www.rcin.org.pl



448 Lectures on the Theory of Reciprocants [42

donc symboliquement
o (_ ]_)'n 1 <1 =+ a)n—-2 2 — (_ l)nwzﬂ—l 1>n—2 2
e X -+ X i (a et o a

ce qui est justement la formule (I).

We may regard the coefficients a, b, ¢, ... of the ordinary binary Quantic

in u, v,
(50, cite O, )2,

as the successive modified derivatives, beginning with the second, of a new
variable y with respect to another new variable .

Any invariant I of this Quantic will then retain its form unaltered, or at
most merely acquire an extraneous factor, if

(1) leaving #, y, v unaltered we change wu into u + Av,

(2) i u, v » 2 2 Z, Y 5 il

(3) » 7.1/, v ”» 2 ” .T, ?/ 2
where A and % are arbitrary constants.

For we have seen that these three substitutions will severally convert
any homogeneous and isobaric function F, of degree ¢ and weight w in the

letters a, b, ¢, ..., into
1o

AOF, (1 +ha)y e F, and (—)* w"e“”F
where, in each case, Q = a0, + 2b0, + 3¢03+ ..., and v =37 +2w. From our
point of view an invariant is defined as a homogeneous and isobaric solution
of the equation
Q=0
Hence the above substitutions convert the invariant 7 into
I, (1 +heyl, and (—)*a*I, respectively.

An absolute invariant with respect to any substitution is one which, dis-
regarding its sign, remains unchanged in absolute value by that substitution.
Thus, any invariant for which

v=38t+2w=0
is an absolute invariant with respect to each of the three substitutions here
considered.

An invariant is of odd or even character with respect to any substitution
according as its sign is or is mot changed by that substitution. Thus,

A
z

invariants are of odd or even character with respect to the substitution 1,
®

according as their weights are odd or even.
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This corresponds to the theorem that the character (with respect to the
interchange of « and y) of a pure reciprocant is odd or even according as its
degree is odd or even [p. 316, above].

From any two invariants for which » has the same value we can form an
absolute invariant (that is, one for which »=0) by taking their ratio, and
then by differentiating the absolute invariant thus formed obtain another
invariant.

Suppose I, to be an invariant of degree ¢, and weight w,

I 2 » ”» » 1o » w2 )
and let 3u+ 2wy = vy, 30+ 2w, =v,;

then the v for I, is the same as that for 7,2, and consequently /27,7 is an
absolute invariant.

d . ; :
We proceed to show that o (Ly2I,™) is an invariant, though not an

absolute one.

Using accents to denote differential derivation with respect to #, we have
d ’ ’
& (@l ™) = I, Y (0l 1, - vilid,).

If, then, we can prove that »,I,'l,— »,/, is an invariant, it will follow
that C;l—w(ll"ﬂl,!"'n) will be one also, and the proposition will be established.

It may be very easily shown that this is the case by using Cayley’s generators
P and Q. For [p. 327, above], I being any invariant of degree i and weight
w, PI and QI are also invariants where

P = a (bda + 0y + d0, + €dg + ...) — ib,

and Q = a (coy + 2d0, + 3€0q + ...) — 2wb.
Hence (8P + Q) I is an invariant.
Now, since 3b0, + 4c0y + 5do+ ... = (%: ¢
and 3+ 2w =1,

(BP + Q) I =a (3b0, + 4cop + 5d0, + ...) I — (31 + 2w) bl = al’ — vb1.
Consequently al, — vbl, and al, —v,bl,

are both of them invariants. Hence the combination
vl, (aly — vbl,) — w1, (al, — vbly) = a (vol,'1, — v, 1,1))
s also an invariant; that is
vl I, — vi LIy
1s one; which is the theorem to be demonstrated.

8 V. 29
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The invariant al’—vbI, which we generated from 7, is of degree 7 + 1
and weight w + 1; its v is therefore the original » increased by 5 units, three
for the unit increase in the degree and two for the unit increase in the
weight. Hence, on repeating the process of generation, we obtain the
invariant

{a (% —(v+5) b} (aI’ — vbI)=a2T" — 2 (v + 1) abI’ — dvacl + v (v + 5) b1,

By adding on the invariant » (v + 5) (ac — 0*) 1 and dividing the sum by
a, the above invariant is reduced to
al” =2(w+1)bI'+v (v +1)cl,
which is an invariant of lower degree by unity than the unreduced form.
The results obtained above may be compared with the corresponding ones
in the theory of reciprocants.

Thus to the invariants correspond the reciprocants
I (deg. v, wt. w), R (deg. 1, wt. w),
al’ —vbl, aR' — ubR,
vl I,— nl, 1}, /-"2R1/R2 =+ ,UquRzl,
al” =2 (w+1)bI' +v(v+1)cl, 5aR” —5(2u+1)bR' +4u (u—1)cR,
where v =31+ 2w, where w=31+w.

Defining a plenarily absolute form to be one whose degree and weight are
both zero (¢=0, w=0), the theorem I shall now prove may be stated as
follows :

By differentiating a plenarily absolute principiant we obtain another
principrant.

Let P be any principiant of degree i and weight w. Then, by what pre-
cedes, since Pis both an invariant and a reciprocant,

a L S vbP is an invariant,
dz
and a 2—5 — pbP is a reciprocant.

Hence, when » =0 (that is, when 37 + 2w = 0),

dP ; ]
—— 18 an 1nvariant,

dx
and when p =0 (that is, when 37 + w = 0),

—— 18 a reciprocant.
@

d
When both u =0 and »=0 (which happens when 7= 0, w = 0),
% is both a reciprocant and an invariant ;

¢ dP . T
that is, o 18 @ principiant.
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LECTURE XXVI.

In the theory of Invariants the annihilator ) has two independent
reversors any linear combination of which will also be a reversor. To each of
these reversors there corresponds a generator for invariants. Thus Cayley’s

two generators
@ (b0y + ¢c0p + do, +€dg+ ...) —1b,

a (c0y + 2d0, + 3edq +.ou) — 2wb,
correspond to the two reversors
b0y + Oy +do,+edg+ ...,
¢0p + 2d0, + 3edy B2 25
The only linear combination of these which does not increase the extent
J as well as the weight of the operand is
0 =3b0y + (j = 1) cOp+ (j — 2)do, + ...
It is convenient to take this for bne of our reversors, and for the other

% = 8b0, + 4c0y + 5do, + ...,

which is a reversor to V, the annihilator for reciprocants, as well as to €, the

annihilator for invariants.

We saw in Lecture XI. [p. 364, above] that when /' is any homogeneous
and isobaric function of degree 7 and weight w in the j + 1 letters a, b, ¢, ...
(20 -0Q) F=(yj — 2w) F.
The method employed in proving this can also be applied to show that
g
(@ - 5Q) F=vr.

where v = 37 4 2w.
! d
Corresponding to the reversors O and az e have the two generators

for invariants

d s
L e vb and a0 — (4 — 2w) b,

Wwhich are linear combinations of Cayley’s generators.
Thus, if 7 be any invariant,

/d M
Ka e yb) I and {aO — (vj — 2w) b} I

are also invariants.
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The operator(;l has, but O has not, analogous properties in the theory of

Reciprocants ; namely, o is a reversor to V and a “ — ub is a generator for
P V> dz da M g

reciprocants. Thus, we have shown in previous lectures that

oL .
(V%—%@ F=2udF,
where F' is any homogeheous and isobaric function, and u =3¢+ w, and that
g g ; d :
if R is any pure reciprocant <a e p.b) R is one also.

Now, Mr Hammond has found that if

2 n i B3 5 2 ___: 3
W=—b—8a+—qrb2 bab+‘3ad Sgbc+bac+m’
a a a

W is a reversor to V, and a*W — b is a generator for pure reciprocants. In
fact we have

VW WV:V@)a,,
+{V<2“ca b) W(2a"')}8b

i {V (3a,2d —230/b0 + b ) i, W(5ab)} %

e et Sl R
But, since
b
il g
V(Q‘w i b”) = 10b — 4b = 6b,
a
3a*d — 3abc + b° b? b e
V(—“a3_> a <180+9a> (15 +60)+62 =12,
and W (2a?) = 40,

W (5ab)= 5 ’) - + 5  Code ) = 10c;

it follows that
VW — WV =2a0, + 2003 +2¢0, + ... = 21.

Thus W is a reversor to V. Moreover, a*W —1b acting on any pure
reciprocant generates another.
Let R be a pure reciprocant of degree ¢; then, by what precedes,
(VW —-WV)R=2iR.
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But, since R is a pure reciprocant, VR = 0, and consequently VWR = 2/R.
Now, V(@*W —1i)R=a*VWR—iRVb=a*.2¢R —1iR.2a*=0.
Hence (W — ) R

is a pure reciprocant ; that is  a*W—1b

is a generator for pure reciprocants.

Mr Hammond shows that W is a reversor to ¥V in the following manner :
Let u=a, +ae® +a,e?® +aze?® +...,
d(u)y=A4, +4,¢° + 4,6° + Aze* + ...,
Y(u)=4, + A,/e® + A,/¢* + Ae* + ...,
and consider the operators
P=2A40,, +(N+p) 4:104,,, +(M+2u) A40q,,, + ...
Q=NA4/04, + (N +p) 4,04, ., + (N +2u") 4,04, + ...
Regarding e as an operative symbol defined by the equation
& [Oa,] = 0ae

we may write
P={ndoe™+ (M +p) 46"+ (A + 2) A0 + ...} [00,]
=e"N (4, + A6 + 4,0+ ...) [04,]
+e™u (A6 + 24,6 + ...) [Oao)

= (nt u 30) 6 (0 [0l
Similarly, . Q=e® (7\' + u %) VY () [0g,)-
Now, PQ — QP = {Pe""’ (x o d%) ¥ () — Qen® (x +u d%) é (u)f [Oac]

= fro (v 4w ) Po - (vt ) 09 0} B

For Qb ()= QA,+ QA, + Q4. + ... ;
so that end Ed? Qe (w)=e" (ePQA, + 26¥QA.+ ...)
and ke (% ¢ (u)=e" (4, +2¢¥4,+...);
so that Qen® % ¢ (u) = e (°QA, + 2¢¥QA, + ...)

d
— N0 __
=’ Q¢ (u).
Similarl Pt - Y (u) = e™? & P (u)
v dé dé ;
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Moreover,
Py (u) =" (w) Pu= ' (u) P(a,+ €% + ae? +-...)
= (u) {e"NAy+ e\ + p) A, + e (N4 2u) Ao+ ...

= g () (N + 1 g b (0
Similarly, Qo (u) = e ¢’ (u) (?»' +u (%) Y ().
Hence
PQ-QP={ere (4.4 ) e 4 () (1ot 1 ) 6 )
— e (7\.+/.de ) v ¢’ (w) <7\, + p d0> Y (u)} (0]
=m0 G ) ) () 0
(vt ) 0 (N 4 ) ¥ 0 Lo

If in this we write
2
¢=%, Al p=l, pel,

Y=logu, M'=0, w'=1, n'=-1,

we have
b d d
PQ-QP= { 1+ , 4+d0) <3+d0>ud010gu} (9]
du d
{ 2u+5) - (3+ ) d()} [eo]
d d d
2 { (1+ de) (2 +38)~ 3+25) de} t [Oao]
= 20 [0a, ).
Now, 20 [0ay) = 2 (@ + 1€° + ase® +...) [0g,]
= 2 (0ay + W0ay + WDy + -..).
Also P=4A404+ 54,04, + 640,,+
Q=404+ 24,04, + 3400, + ...,
1
where 3 (a+ a,€® + a.e®® + 7..)2 =4+ 4,60 + A0 +
and log (a, + a.€® + a.e®®+ ...)=log a, + A,'¢® + A,'¢*® +
Equating coefficients, we have
A0=% A, =000, A= ayay + %’2,
/___q_l ok 2“0“2_(?/}2
Al_ao’ Aﬂ— 2@02 Y REe
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It is easily seen by expanding the logarithm that the general value of 4,
is (—)ntt %" where S, denotes the sum of the nth powers of the roots of
A" + 2"+ a2 24 ...+ ay,.
Thus we have shown that if |
P =204, + 500,04, + (64a; + 30,*) Ogq

2a,a, — a,® 9. + Bagia; — 3a.0,a, +
g’

then PQ— QP = 2 (404 + 0104, + #s0gy + ...) = 2.

and Q=Z—:)8ao+ Oy +

The general formula obtained for PQ— QP is an extension of a result of
Capt. MacMahon’s, who considers the case in which

b=, ="

When ¢ (u) and v (u) have these values, the general formula becomes

m+m'—
PQ — QP —_— e(”+’n')0 {(X’ + w n + dde) (Xu — 1 + #um+m’—2 %)
ST TR, GREANRE L } [3ac]
But (7\.' + un+p %) (In&z wmEm =1 g gt —2 g%)
- f i o d A 2 d m+m'—1
= (7\ Pl ot (E)(m+m+m -1 do)"
Consequently :
’ ’ X d
b e {(" +ain+ i o) (2t o1 20)
A U ST GELR AR } i G

In Capt. MacMahon’s notation
: P=(m,\ p,n), Q= (m/, N, Wy )5
In our notation

P=g*(r+ ,L(w) [P,

Q=evo (N + 4 ) L Tl

If now we write

d um+m'—1
PQ B QP b E (Xl 4 " (70) m + m’ —

which is equivalent to
PQ_ Q—P=(m+ml—1’ A,y HMas n+nl)’

[ ao]!
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we have (7»’+,u,’n+,u,'(—i‘%) {%(m+m’_1)+ﬁ%}

/ d\ (W ) Sy d
—()\,+,u.n +,u,d—6> {W(m+m -1 +p d—ajx=7\1+,uqd—0.

Hence we Obt}ain
X e (’m + ’”7/, = 1) - (X, /n) —, (X nl)
1 + /L 7 + /.lf >

Ny
2 (m-1).

’ ’ A ] ’
P = pp (n-n)+ﬁ”(m ' 4
This agrees with Capt. MacMahon’s result, a statement of which was

given in Lecture XX. [above, p. 417].

Let @ be a reversor to the operator P = xa"d,+(...)9;+(...) 04+ ..., and

suppose that

(PQ—- QP)F = ka™'F,
where F is any homogeneous and isobaric function and x some number
depending on its degree and weight. Then Aa@Q — «b will be the generator
corresponding to €. In other words, we have to prove that

P (AaQ) — kb) F=0 whenever PF=0.
Now, by hypothesis, Pa =0, Pb=Aa™, and when PF =0,
POF = ka2
Thus, P (AaQ — kb) F = aPQF — «F. Pb
= Aka™F — NcqmF =)

As an example, consider the case of the reversor i in the theory of

dz
reciprocants. Here

P=V, A=2 m=2;

il Wi (VO% o B V) F=2paF,

we have « =2u. Hence the corresponding generator is 2 (a‘% - ,u,b) ; or, dis-

regarding the numerical factor 2, we may take a %— wb for the generator in

d.
question, which is usually denoted by the letter G.

We may also write G in the equivalent form
G=4(ac—b*) 0, + 5 (ad —bc) 0, + 6 (ae —bd) 05+ ...,
which it is sometimes more convenient to use.

I shall now show that
QG - GQ = aw - b,

where w is the weight of the operand.
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It is very easily seen that
Q (ac—b*) =0,
Q (ad — be) = 2 (ac — b?),
Q (ae — bd) = 3 (ad — be),
Q (af — be) = 4 (ae — bd),
Hence it follows, by a direct and very simple calculation, that
QG - GQ=2(ac—b°) 0.+ 3 (ad — bc) 04 + 4 (ae — bd)0, + ...

But, since b0y + 2¢0, + 3dog + 4€d, + ... = w,
and ady + 200, + 3¢0g + 4do, + ... = Q,
aw—bQ = 2 (ac — b®) 0.+ 3 (ad — bc) 04 + 4 (ae — bd) 0.+ ....
Consequently QG - GQ = aw — bQ.

The use of this formula will be seen in a subsequent lecture.

We may also prove an analogous theorem relating to the invariant

generator a@— —vb, which we shall call G'".

dz
Let the operand be F, a homogeneous and isobaric function of degree ¢
and weight w. Then VF is of degree 14+1 and weight w—1; its » is

therefore
30+1)+2(w—-1)=v+ 1L

Thus, (VG'—G'V)F= {V@%-yb) R (aa‘%—yb-b) V} F

o hiig
=a(Vaa—6—(%V)If’—u(Vb—bV)F+bVF.
But (Vi‘l——iV>F=2 oF =2 (3i + w) aF
dx dz £ ?
and VoF=bVF + 22°F.

Consequently V@' —G' V=2 (3¢ +w) a*F — 2va*F + bVF
=2Bi+w—v)a*F+bVEF
= —2wa*F + bVF.

It is perhaps worthy of notice that if 7 is an invariant of weight w and R
a pure reciprocant, also of weight w, then

QGI = awl and VG'R = —-20*wR ;
whereas QG@'I=0 and VGR=0.
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LECTURE XXVIIL

I should like to make a momentary pause in the development of the
theory which now engages our attention and to revert to the proof of Cayley’s
theorem for the enumeration of linearly independent invariants contained in -
Lecture XI. and expressed by the formula (w; <, j) — (w—1; 1, j).

Since that proof was written out I have endeavoured to obtain one that
might be capable of being extended to the supposed analogous theorem,
regarding pure reciprocants, expressed by the formula (w; 4, j)—(w—1;2+1,),
but all my efforts and those of another and most skilful algebraist in this
direction have hitherto proved ineffectual.

In aiming at this object, however, I obtained a second proof of Cayley’s
theorem, less compendious than the previous one, and subject to the drawback
that it assumes the law of Reciprocity, but which possesses the advantage
over it of being more direct and of looking the question, so to say, more squarely
in the face. The forms of thought employed in it seem to me too peculiar
and precious to be consigned to oblivion. I am not one of those who look
upon Analysis as only valuable for the positive results to which it leads, and
who regard proofs as almost a superfluity, thinking it sufficient that mathe-
matical formulae should be obtained, no matter how, and duly entered on a
register.

I look upon Mathematics not merely as a language, an art, and a science,
but also as a branch of Philosophy, and regard the forms of reasoning which
it embodies and enshrines as among the most valuable possessions of the
human mind. Add to this that it is scarcely possible that a well-reasoned
mathematical proof shall not contain within itself subordinate theorems—
germs of thought of intrinsic value and capable of extended application.

That such was the opinion of our High Pontiff is shown by the publica-
tion of his seven proofs of the Theorem of Reciprocity, a number to which
subsequent researches have made almost annual additions (like so many
continually augmenting asteroids in the Arithmetical Firmament) to such
an extent that it would seem to be an interesting task for some one to
undertake to form a corolla of these various proofs and to construct a reasoned
bibliography, a catalogue raisonnée, of this one single theorem. For these
reasons, I shall venture to put on record (valeat quantum) the following
Second Proof of Cayley’s Theorem.

The notation which I proceed to explain will be found very convenient.
A rational integral homogeneous isobaric function will be called a gradient;
its weight, degree, extent (extent meaning the number of letters after the
first) will be denoted by w; 1, j and spoken of as the type of the gradient.
Either a single letter, such as ¢, will be employed to denote a gradient, or
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else its type enclosed in a parenthesis thus [w; 7, j]. The abbreviation T'¢
signifies the type of ¢; thus, T¢ =w; 1, j.

The number of terms in the most general gradient whose type is the
same as that of ¢ will be spoken of as the denumerant of ¢. The letter N
will be used to denote such a denumerant; thus, N¢ signifies the denumerant
of ¢.

In like manner, the letter A will be used to denote the number of linear
relations between the coefficients of any gradient, whenever such relations
exist. Hence N¢p—A¢ expresses the number of terms in ¢ whose coefficients
are left arbitrary. Obviously, when ¢ is the most general gradient of its
type, we have

Ap=0.

We also use £ to denote the 7j — 2w, which may be called the excess, of
the gradient of type w; 2, j. Thus, if T¢ =w; ¢, j, we write E¢p =vj — 2w.

The operators which we shall employ, namely, Q and ', are defined by
the equations

Q = 4y0q, + 004+ A0y + -,
Q= 1055 + 030y + 1.

The first of these is of course an equivalent, but for present purposes

more convenient, form of ad+ 200, + 3cdg+ ..., the ordinary invariant

annihilator Q ( as will be evident on Writing Aol th = %, a2=1—c2—, ),

the second of them, £, is merely Q deprived of its first term.

We may now give the following enunciation of the theorem to be proved:

If ¢ is the most general gradient of its type, O is also the most general
graduent of its type whenever E¢ vs not negative. In other words, we shall prove
that, subject to the condition stated above, AQ¢ =0 whenever Ap =0. This
1s equivalent to Cayley’s Theorem on the number of linearly independent
invariants. For the number of forms of the same type as ¢, and subject to
annihilation by Q, is

Np— NQp+ AQd;
and Cayley’s Theorem states that the number of such forms is N¢p — NQ¢,
which will be the case when
AQ¢ =0.

The theorem of Reciprocity enables us to dispense with the discussion of
those cases in which the extent j is greater than the degree 7. For since
[Vol. 1. of this Reprint, p. 151] the number of linearly independent
Invariants for the type w;j, ¢ is the same as for the type w; ¢, j, we can
substitute the first of these types for the second, using 4, whose type is
w; J, v, instead of ¢, whose type is w; 4, j. Thus we have

Ny — NQy + AQyr = N — NQ¢ + AQ4.
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But by Ferrers’ proof of Euler’s Theorem (vide “A Constructive Theory of
Partitions” [p. 1, above]),

Ny=N¢ and NOrfr = NQqS.

It obviously follows that

A = AQ¢.

Cases for which the extent is greater than the degree may therefore be
made to depend on those for which the degree is greater than the extent.
Hence Cayley’s Theorem depends on the proof that AQ¢ =0 wheni=>j
and 7 = > 2w.

In the course of the demonstration, the following Lemma will be used :

It T =w; 1, j and T =19 — w; 1, j, then N = N,

The types of the two gradients we are now considering may be said to be
complementary, and then the Lemma may be enunciated in words as follows :

The denumerants of two gradients are equal when the types of the gradients
are complementary.

The proof consists in showing that to each term of the type w; 1, j there
corresponds a term of the type4j —wj; 7, 5. Let aaMa™ ... a be any term
of the type w; 1, j; then

w= M 20 43N + . N
and i=7\.0+7\.1+ M"‘l“ XS+-.-+M.
Writing the suffixes of the letters a,, a, @,, ... @; in reverse order, every-

thing else being kept unchanged, we obtain the term afoa;_ a5 ... a,
whose weight we will call w". Then
W=+ (G-DM+G =DMt + N
—j(?»o+7»1+7\q+ AN = (M 2N+ BN+l )
=4 —

The degree of the transformed term is still 7, and its extent is still j, while
its weight has become #j — w; its type is therefore complementary to that of
the original term. Hence to each term of any given type there corresponds
a term of the complementary type, and consequently the total number of
possible terms (that is, the Denumerant) for each type is the same.

By means of this Lemma it can be shown that AQ¢ =0 when ¢ =—1.
Let

T¢=w;1,j where 4j—2w=—1;
then, since TQ¢=w=1;71, j, the types T'¢ and T'Q¢ are complementary (the
sum of the weights being w + w — 1 =1j).

It follows from the Lemma that the Denumerants of ¢ and Q¢ are equal.

Hence
AQp=0.
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For if not, the number of independent terms in Q¢ being less than the
denumerant of Q¢, will also be less than its equal, the denumerant of ¢, and
therefore there will be one or more invariants of the type w; 7, j for which
the excess is negative. Since this is known to be impossible, we must have

AQ¢ =0.
We next prove that, in all cases for which 7= > w, the number of linearly
independent invariants of the type wj; ¢, j is correctly given by the formula
(w3 7, j) = (w—1; 1, j),

which is equivalent (as we showed at the beginning of Lecture XV.) to

(w; w’j)_(w X 17 w, 7))
or, what is the same thing, to the coefficient of @*2* in the expansion of

¥ l-2
T (Q-a)(1-azx)(I -az’)(1—a2®)...(1 —azi)’

Let the expansion of

G 1l—2 .
(1—az)(1—az*)(1—az®)...(1 —axd)
be l+4(@=-1a+d42°+ ...+ 4,2"° + ...
The expansion of F' is obtained by multiplying that of @ by the infinite
geometrical series

l+a+a®+a®+....

But we only require the coefficient of a”* in the expansion of F, so that
we need only retain the portion

Ayl +a+a+...+av)

of the above product instead of its complete expression.

It is of importance to notice here that A4,, which is independent of ,
cannot contain any higher power of @ than a®. (That this is so will be
evident from the constitution of the fraction G, for clearly no power of @ in

the expansion of @ can be associated with a lower power of #.) Thus we see
that
Ayp=aa® + Ba* ' +ya® 2+ ... + ka + N,

and consequently
Apa*(l+a+a*+...+a)=...+a%z”(a+B+y+...+6+N)+....
Hence the coefficient of a*a® in the expansion of /' is
a+B+oy+...+e+A,

which is the value assumed by 4,, when in it we write @=1. Call this value
4., and let the value of G when @ =1 be denoted by G'. Then 4, is the

coefficient of 2% in
1

TA=a(1—a...(1 —ai)’

GI
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Hence we see that, when ¢ => w, the value of (w; 7, j) — (w—1; 7, j) is the
total number of ways in which w can be made up of the parts 2, 3, ... j.

We have yet to show that this number is the same as that of the linearly
independent invariants of the type w; ¢, j when ¢= > w.

This follows from the known theorem that every invariant is either a
rational integral function of the Protomorphs a, P,, P, ... P; (meaning the
invariant ¢ and those of the second and third degrees alternately whose first
terms are ac, a*d, ae, a*f, ...), or can be made so by multiplying it by a suit-
able power of @. Thus, if / be any invariant of degree ¢ and weight w,

Ta¥ = @ (a8 Byys o),
where @, which is of degree-weight w.w when expressed in terms of @, b,¢, ...,
is rational and integral as regards the protomorphs.

When ¢ = >w, writing

I=a"v® (a, Py, Py, ... Py,
® consists of a series of terms of the form Aa®P Py ... Pp, each with an
arbitrary coefficient, where, since

N +3utdv+...+jp=w,
the number of arbitrary constants in ® is the total number of partitions of w
into parts 2, 3, ... 7. Hence the number of linearly independent invariants
of the type w; 7, j is also this number of partitions, that is, by what precedes
is (w; 1, j) —(w—1; 7, 7). This proves Cayley’s theorem for cases in which
t=>w.

But when ¢ < w, the equation

Ta*5=®(a, Fy, P, ... P
shows that the coefficients of ® are not all arbitrary, but must be so chosen
that @ may be divisible by a*~%, and the reasoning employed in the case of
1= > w no longer holds.

It will be convenient at this point of the investigation to review the
results we have hitherto obtained and to see what remains to be proved.

Cayley’s Theorem has been demonstrated for cases in which the degree is

not less than the weight. This will be expressed by saying that
AQ [w; 7, j]=0 when 1= > w.
We have also proved that
AQ [w; 4,5]=0 when 4j—2w=-—1.
The law of reciprocity has been expressed in the form
AQ[w; 4, j] = AQ [w; j, 1],

where [w; 1, j] denotes the most general gradient of the type w; 7, ;.
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The theorem to be proved is that
AQ [w; 4,71 =0 when 7 —2w=>0;

but we may at once dismiss those cases in which ¢ = > w, and (assuming the
theorem to have been proved for Quantics of order inferior to j) those in
which 7 < j, for these depend on the truth of the theorem for a Quantic of
order <.

It remains, then, to prove that, when ¢ — 2w =>0, AQ [w; <, j]=0 for
values of ¢ inferior to w, but not inferior to 5. This may be effected as
follows :

Let ¢ be the most general gradient of the type w; ¢ + 1, j, and suppose
¢=P + Qa + Ra? + Sa?,
where P,  and R do not contain the letter a, though S may do so. Then,
writing
¢b.=Q + Ra + Sa?,
¢, is the most general gradient of the type w; 1, 5.
Now, if Q = ady + b0, + c0g + ..., and Q" = b0, + c0z+ ..., we have

BgL Q’P+(QQ+dP)a+(Q'R+fl‘g>a2 (Qs+"fi—};)as, 1)

and Q¢ =0Q+ (Q’R + 3%2) a+ (QS -+ d—f) a.

Confining our attention for the present to Q¢,, it is clear that if no linear
relations exist among the coefficients of Q'R (that is, if AQ'R = 0) the coeffi-

cients of 'Q are not connected with those of Q'R + ‘flg
e .

db is the sum of a single coefficient
of @ and an independent linear function of the coefficients of R. Moreover,
dR
db’

If, then, the coefficients of Q'Q are not related wnter se (that is, if
AQ'Q = 0), we have

sonmaffonsBor(@stel.

by any linear relation.

For the coefficient of each term of Q'R +

obviously the coefficients of Q'Q are unconnected with those of QS +—-

Looking now to the expression (1) for Q¢, we see immediately from (2)
that any linear relation subsisting between the coefficients of Q¢, will also

subsist between those of Q¢, and therefore that AQd, is not greater than
AQ¢.

If, then, AQ¢ =0, it follows that AQ¢, =0, provided that both the
supplementary conditions AQ'Q =0 and AQ'R =0 are also satisfied.
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Now, since ¢, =Q + Ra + Sa* is the most general gradient of the type
w39, ,

@ will be the most general gradient of the type w—14;4,j5—1,
and R 3 3 % ¥ 4 w—14+1;0—1,7-1,
when in @ and R we change b, ¢, d, ... into @, b, ¢, .... This change converts
Q' =bd,+ ¢0;+ ... into Q=ady+ b0, + .... Hence the conditions AQ'Q =0
and AQ'R =0 are respectively equivalent to

AQ[w—17;1,j—1]=0 and AQ [w—<+1;2—1,5—-1]=0.

Supposing these supplementary conditions to be satisfied, what we have

proved is that when
AQ[w; 7+ 1, j]=0 (that is, AQ¢ = 0),
then also AQ [w;4,5] =0 (that is, AQ¢, = 0).

Now,

Tp =w;i+1, j, so that B =+ 1) j— 2w = (4 — 2w) +7,

TQ=w—7;%j—1,s0 that EQ=1(j — 1) — 2(w—1) = (4j — 2w) + 1,

TR=w—1+4+1;4i—1,j—1,s0othat FR=(¢—-1)(j—1)—2(w—1+1)
= —-2w)+:1—5—1.

Thus, when 7j — 2w = >0 and ¢ = > j,

E¢ and E() are both positive.

ER is in general = >0, but in the special case where 7j—2w=0 and ¢ =,
we have ER=—1. Except in this case (which gives us no trouble, since we
have seen that AQR =0 in consequence of ER = — 1), we have never to deal
with a type of which the excess is negative.

Hence, if we assume Cayley’s Theorem to have been proved for all
extents up to j—1 inclusive, we have

AQ [w—15%7—1]=0,
and AQw—-1+1;7—1,7—-1]=0,
(that is, the two supplementary conditions are satisfied).
We wish to extend the theorem to the extent j.
Subject to the conditions = >j and 7j — 2w = > 0, we have
AQ [w;1,7]=0 if AQ[w;2+1,5]=0.
But we need consider no value of ¢ greater than w, as we have proved
that
AQ[w; w, j]=0=AQ [w; w+«, j];
therefore AQ[w;,w—-1,35]=0,
AQ[w, w—2,45]=0,

........................

AQ[w;j,j]  =0.
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As previously shown, the theorem is true for all values of ¢ inferior to j if
it is true for all Quantics of inferior order. Thus the theorem is true for a
Quantic of order j and for every value of ¢ if it is true for all Quantics of
order inferior to j. But it is true for the Quadric (where j = 2)*; therefore
also for the Cubic (j=3); therefore also for the Quartic (j=4), and
so universally. Hence the theorem to be proved is demonstrated.

LECTURE XXVIIIL

We now resume the theory of Principiants and proceed to prove the
important theorem that every Principiant is either simply an invariant in
respect to a known series of pure reciprocants, which we call 4, B, C, D, ...,
or else becomes such an invariant’ when multiplied by a*—%, where w is the
weight and ¢ the degree of the Principiant in question. Using the letter M to

denote the pure reciprocant ac — % b%, and G the ordinary eductive generator,
4 (ac —b*) 0, + 5 (ad — be) 0, + 6 (ae — bd)0q+ 7 (af — be) 0, + ...

(which, it will be remembered, is only another form of ai — wb, with the

dx
advantage of the u being suppressed, that is, only implicitly contained), we

obtain in succession the valuesof 4, B, C, D, ... from the following equations:

54 =GM,
6B =G4,
70=GB—MA,
8D = GC — 2MB,
9E = GD — 3MC,

.....................

On performing the calculations indicated by these equations we shall find
A = a*d — 3abc + 20,

B =a% — 2a’* — —;a“‘bd + 1—27 ab’c — 4b*,
0= atf — Saved — tatbe + 13a%bet + 20 abid — 1> ale + 5 1,

D=a’g — 25—? a‘d® — 6a‘ce + Ta’c® + terms involving b,

E =a'h - 1?0 a’de — Ta’cf + 29a‘c*d + terms involving b.

* When j=2 the condition {j= > 2w becomes identical with i=>w; but we have already
Seen that the theorem is true whenever i= >w.

8 1V, 30
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The fact that D is a pure reciprocant enables us to calculate the terms in
E which are independent of b without a previous knowledge of the values of
those terms in D which involve b. For, since

G=4(ac—0)0p+ ... and V'=2a%+ ...,
@*G — 2 (ac — b*) V does not contain 9.
Hence the operation of a*G —2(ac —b*) V on terms involving b cannot
give rise to terms independent of b. But,
D being a pure reciprocant, VD =0;
so that {a*G — 2 (ac—b%) V} D=a*GD,
and the terms of a2GD which do not involve b are found by operating with
[a*G — 2 (ac —b%) V]

on the terms of D which do not involve b.

If, now, we use M,, 4,, B,, C,, ... to denote those portions of M, 4, B, C, ...
which are independent of b, and write

[a*G =2 (ac — %) V]peo = a*Gy,
we shall still have 9E, = G,D,— 3M,C,;

and in general the law of successive derivation for 4,, By, Cy, D,, ... is the
same as that for 4, B, C, D, ... except that ¢, takes the place of G.

We have
@*Gy=[*G — 2 (ac — %) V]p=s
= a*(5add, + 6aedg + Taf0, + 8agds + Yaho, + ...)
— 2ac {6acog + Tadd, + (8ae + 4¢®) 9 + (9af + 9cd) 0y + ...} ;
so that
Gy = 5ad0, + 6 (ae — 2¢*) 9g+ 7 (af — 2¢d) 0,

+ g(a{q— 2ace — ¢*) 05 + g(aﬁh— 2acf —2¢*d) 0y + ...;

and consequently (since M, = ac),

54,=G.M, gives A, =a*d,
68, =G4, 5 By=a’e— 2a%?,
70,=G,B,— M,A, »  Cy=a*f — 5a’cd,

8D,= G0, —2M,B, , Dy=aig— 0 akdt — Gateo + Taic,

9B, = G,D,—~3M,0, , Ey=ah— " ade—Tavf + 20atcd,
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Thus, for example,
8D, = G, (a*f — 5a’cd) — 2ac (aPe — 2a*c?)

= — 25a'd? — 30a’c (ae — 2¢%) + 8a? (a*g — 2ace — ¢*) — 2ac (a’e — 2a°c?) ;

whence D, = a’g — 28—'? a*d® — 6a'ce + Ta’c.
; 25
Again, 9E, = G, <a5 Peat a‘d? — 6a‘ce + 7a3c3> — 3ac (a*f — 5a’cd)

= 5ad (— 6a‘e + 21a’c®) — '%5 (ae — 2¢®) a*d — 42 (af — 2cd) a‘c
+ 9 (a*h — 2acf — 2¢°d) a* — Bac (a*f — 5a’cd),
gives Ey=ah— 1—25 a’de — Ta’cf + 29atc’d.

Similarly, from the known values of D, and E, we may deduce that of the
next letter, #,, and so on to any extent.

It may be noticed that each of the pure reciprocants 4, B, C, D, ... can
be determined without ambiguity, by means of the annihilator V, when the
portions of them, 4,, B,, C,, D,, ... independent of b are known.

For suppose R and R’ to be two reciprocants, of weight w, for each of
which the terms independent of b are the same. Then their difference is
divisible by b. Let

R — R’ = b¢; then V(bgp)=0; that is, 2a°p + bV = 0.

Hence ¢ is divisible by b, and R — R’ is divisible by 0*; say R— R’ = b™J.

Then
V(b%) = 4a?byp + b2V = 0,
showing that - is divisible by b, and R — R’ by 0%

By continually reasoning in this manner, we prove that R — R’ must be
divisible by 5*; and then the remaining factor (being of weight 0) is neces-
sarily of the form Aaf, where A and 0 are numerical constants. Thus

R — R'=Xafb", and consequently V (Aafb®) = 0.

This is impossible unless A = 0, when the two reciprocants R, R’ become
equal, showing that there cannot be two different reciprocants for which the
terms independent of b are the same. When, therefore, the terms which do
not involve b of any pure reciprocant are known, the complete expression of
that reciprocant can be determined without ambiguity.

Each reciprocant of the series 4, B, €, D, ... possesses the property of
being, so to say, an Invariant relative to the one which precedes it, meaning
that the operation of Q= ad,+ 200, + 3¢d; + ... on any letter gives (to a

30—2
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factor prés) the one immediately preceding it. The first letter, 4, is an
Invariant in the ordinary sense. We can in fact show that

04 =0,

OQB=A x%,
QC’=2B><%,
QD=3C’><%,
QE=4D><%,

..................

The proof depends on a formula established in Lecture XXVL of this

course [p. 457, above], namely

06 - GQ = wa—bQ,
where G is the generator 4 (ac—0°)d,+ 5 (ad—bc)0;+ ..., and w is the
weight of the operand.

Thus, observing that the weights of 4, B, C, D, ... are 3, 4,5, 6, ...

respectively, we have
G-G2)A=38a—-00) 4,

(QG —GQ) B =(4a —bQ) B,
QG - GQ) 0= (5a -bQ) C,
Now, since 4 is the well-known invariant a*d — 3abc + 2b°, we may write
Q4 =0 in the first of these equations, which then reduces to

OGA = 3aA.
But, since 6B=GA,
we have 6B =0GA =3aA.
Thus OB=4 x ;

Again, substituting for QB in the formula
(2G - GQ) B = (4a —bQ) B,

we find 0GB - @ (‘124> = 4aB - %b 4,
where, since G (which is linear in 9y, 0,, ... and does not contain 9,) does not
operate on a,
G (%) =4 G4 =3aB,
and consequently QGB+ %b A= B,
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Now, 7C=GB—- MA4;
so that _ 700 =QGB—- AQM - MOQA.
: 5b? ab
But, since QM =Q (ac - T) -y and QA4 =0,
ab
700 =QGB +3 A =D
Thus QC=2Bx3.
We may, in exactly the same way, prove that
QD=30x3,
QE=4D x5,

and so on to any extent.

In the following inductive proof it will be convenient to denote the
letters

A B OAD X, ..
by Uoy Un, Us, Ugy Uy -oo
and then the theorem to be proved is that

a
Qu, = 0ty X 3

When this notation is used, the law of successive derivation which defines
the capital letters is expressed by the equation
(n+7) Upiy — Qupya + (0 + 1) Muy =0, (1)
where @ is the generator 7
4 (ac —b*) 0y + 5 (ad —bc)0.+ ..., and M = ac —-%—2.
. Operating with Q on the above equation, we obtain
(n+T7) Qups — QGUp + (0 + 1) (MQuy, + u, QM) = 0. (2)
Now, the weights of w,, u,, %, ... are 3, 4, 5, ... respectively, and conse-

quently the operation of
QG - GQ = wa — dQ

on 2,4, (whose weight is n + 4) gives
(QG - GQ) upyy = (0 + 4) aupg = bQuuny,.

Or, assuming that Qu, = ku,_, X g for all values of « as far as » + 1 inclu-

sive (it has previously been shown that QB=4 x% and QC'=2B x%, S0
that the theorem is true for ¥ =1 and « = 2),

QGupyy = GQupyy + (n + 4) attnyy — bQupiy

=(n+1)@G (g un> +(n+4) aupyy — (0 + 1) %I? Up o

e TR www.rcin.org.pl
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But (remembering that G* does not operate on a, so that G . % Vipi= gGun)

we have, in virtue of equation (1),

G (% un) — % {(n + 6) upy + nMu,_,}.

Hence 1t follows that

1
OQuy = n% a {(n + 6) Upiy + nMup} + (0 + 4) Qttpy, — (n+ 1) %b Un
2 7 ' 1 N/
3 WL;H) e m;_> b e b 0_26 .

On substituting this in (2) we obtain
(n+7) {Quwr2 —(n+ 2)% u,H_l}

+(n+1) M{Qun— n% un_l}

+(n+ 1)u,,{QM+‘32§}=0.

This reduces to Qupia=(n+ 2) % Usiga

For, according to the assumption previously made in the course of the
demonstration,

a
Qg =m 3 Uniis

so that the second term vanishes; and the third term vanishes because
50 ab

QM—Q (GC—T>=——2—.

We have therefore proved that if the theorem is true for Qu,, when « has
any value up to n + 1 inclusive, it is also true for Qu,.,. But the theorem
holds for x =1, and for x =2. It therefore holds universally for any positive

integer value of .

Recalling the known values of the reciprocants M, 4, B, C, D, ... we
observe that their principal terms are ac, a*d, a’, a‘f, a°, ..., where it is to
be noticed that the most advanced of the small letters in the expression for
any capital letter occurs only in the first degree multiplied by a power of
a. In other words, M, 4, B, €, D, ... form a series of Protomorphs, and
consequently every Pure Reciprocant can, as we have already seen (vide
[p. 384, above]), be expressed as a function of a, M, 4, B, C, D, ... rational
in all of them and integral in all except a.
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But it is further to be noticed that whereas

a is of degree 1 and weight O,

M 5 2 » 2,
'A » 3 » 31
B » 4 » 4‘)

and in fact that every capital letter is of equal weight and degree.

From this it will follow that every Pure Reciprocant will be the product
of a power of @ into a function of the capital letters alone.

For let v be the degree and w the weight of any pure reciprocant ex-

pressed in terms of a, M, 4, B, C, ..., and suppose one of its terms to be
anMPA<BA\CO- ... ;
then n+20+3c+4N+5u+ ... =1,
and 20+ 8k + 4N+ bu+...=
Hence n=1—w,

which is the same for every term of the pure reciprocant in question. Thus
each term contains a™* as a factor, and the reciprocant is of the form

a—v®(M, A, B, C, D, ...).

Let us now consider any Principiant P; since P is a pure reciprocant, we
must have

Pea>O(M A, 8.0D,...)
But Principiants are subject to annihilation by €, and consequently
QP =0, which gives
dd dd dd

dMQM QA+dBQB+dOQC+
On writing for QMo 4, QB, e &
their values -bx (QL’ TR | >< el %,

we obtain % (— b3y + Ay + 2Bog + 300y + ...) @ = 0.

From this it would follow that @ is an invariant in the two sets of letters
by M and A, B, 03D, s}
but it is easy to see that it is an invariant in the latter set exclusively. For
M and 4, B, €, D, ... being all of them pure reciprocants,
® and 0,P, 0P, 0,P, 9,9P, ...,

which are functions of M, A, B, C, ... exclusively, must also be pure
reciprocants.

| www.rcin.org.pl
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If, then, we operate with ¥ on
(= b0y + A0p + 2B0; + 300y, ...) =0,

we shall find V' (—b0,)®=0 (every other term being annihilated by V).
Thus
V (b03) @ = (05 P) Vb= 2a%0,,P =0,

and consequently 9,,$ = 0. Hence
(405 + 2Bo; + 300, + ...) P =0.

The equation 9,,® =0 shows that M does not appear in the expression for
any principiant in terms of the capital letters, while

(4op +2Bo; + 300, + ...) P =0
shows that ® is an invariant in 4, B, C, D, ....
We have thus shown that every invariant of
(4,8, 0C,...)(x, y¥
is a principiant, and conversely that every principiant is an invariant of
(4, B, C, ...) (=, yy,

or such an invariant multiplied by a power of a.

LECTURE XXIX.

From the theorem that every Principiant is (to a power of a prés) an
Invariant in the reciprocantive elements 4, B, C, ... we readily deduce its
correlative in which, everything else remaining unchanged, the reciprocantive
elements 4, B, C, ... are replaced by a set of invariantive elements which we
call 4,, 4,, 4,, .... The equations connecting the new elements with the
old ones are as follows :

Ay
A1=B—(g>A,

A—0—2(’l)B A"

.= 5) B+ 2) 4,

o _3<g)0+3(g>23_(g)344,

.............................................................
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We have, in the first place, to prove that 4,, 4,, 4,, ... are all of them
invariants in the small letters a, b, ¢, .... This is an immediate consequence
of the identities

QA =0,

a
QB=AX§,
Q0=2Bx2

established in the preceding Lecture, coupled with the fact that Qb=a.

Thus
QA,=04 =0,
b a
Qm=—2QA+(QB—Ax§>=Q
b\? b a a
(hb:@)QA—Q(Q(QB—Ax§)+@nhﬂBx§=0;

and in general, writing the equation which gives 4, in the form

da= (2T ans{ iR L jER

2 2 CEESAT R
(DO,
and operating on it with Q, we find
QAn=<—gyRL4+n(_%yﬂ<QB-nAx%)
-H“?;lx—%fﬂ(ao—szg)
4l§ﬁ{i%g—?x—%yﬂ(QD—3Cx%>+“.

=0 (each term vanishing separately).
We next observe that
(4,, 4,, 4,, ...) (, y)i, being equal to (4, B, C, ...) (w - gy, y)] !

18 a linear transformation of (4, B, C, ...) (z, )/,

l b
X b L0 e :
and that the determinant of the transformation 2 | is equal to unity.
Ol
Hence every invariant in 4,, 4,, 4,, ... is equal to the corresponding

lnvariant in 4, B, O, ..., which proves the theorem in question.
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Each of the invariantive elements 4,, 4,, 4,, ... is, so to say, a recipro-
cant relative to the one which immediately precedes it, just as in the cognate
theorem each of the capital letters 4, B, O, ... was an wnvariant relative to
its antecedent. It is in fact easily seen that '

VA4,=0,
VA,=-A,a,
VA,=—-2A,a,
VA,=—-384,a,
and in general VA,=—nd,_a%

Thus, for example, if we operate with 7 on

A3=D—3(g>0+3 <%>2B—(%>3A,

remembering that 4, B, C, D are pure reciprocants, we shall find

Va=—2 {0_ 2<b>B+(b>2A} VB,

2 2
b b\?
But C—2<§>B+(§) AL A and Vh=2a s
so that VA,=—34,a%

In like manner, operating with V on

An=(A,B,O,...)<—%, )

. n b n—1
we obtain VA4,=-;(4, B, C, ...)(——, 1) Vb
2 y {2
=—nd, ,a%

This property enables us to give a proof (exactly similar to the proof of
the cognate theorem in the preceding Lecture) of the theorem that every

principiant is expressible as the product of an invariant in 4,, 4,, 4,, ... by
a suitable power of . We first observe that, using N to denote ac — b,
N: AO; Al’ A?: K

form a series of invariantive protomorphs of equal degree and weight.

Hence it follows that any invariant of degree ¢ and weight w can be
expressed in the form

ai—wq) (Nl AO; Al’ -A-Z) "')7

and consequently that every Principiant can be expressed in thig form, pro-

vided only that
Vo =0.
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Substituting for VA4,, VA,, VA,, ... their values given above, and at the
same time observing that

VN =7V (ac —b*) = 5a°b — 4a? = a’b,
we find Vo =a*(boy — A0y, —24,04,— 34,04,—...) P=0.
Finally, we prove that @ does not contain N, but is an invariant in
4,, 4,, 4,, ... alone, by operating with £ on
(boy — 4404, — 24,0,4,— 34,04,— ...) P =0,
when it is easily seen that every term vanishes except the first, which gives
Q (boxy D)= Qb x oyP =0,

where, Qb = a being different from zero, we must have 9y ® = 0.

The invariants N, 4,, 4,, 4,, ... obey a law of successive derivation
similar to that which holds for the reciprocants M, 4, B, C, ....

Starting with IV = ac — b* and operating continually with

L 4 (% L (O Tyt (a2 50 65 (B0 = Tho) 2 + ...,
we shall find G'N=5A,,
@4, =64,
G4, =74,— NA,,
@4, =84,-2N4,,
G'A, =94, — 3N A,

and generally G'4,=(n+6)A4,,—nNA,_,.
These equations are exactly analogous to
GM =54,
GA = 6B,
GB="T70+ MA,

GC=8D + 2MB,
GD=9E + 3MC,

in which M = ac —21)2, and GM, GA, GB, ... are the educts of M, 4, B, ...
obtained by operating with

G=ad%—(3i+w)b=44 (ac— %) 0y + 5 (ad — be) 0 + ...
It should be noticed that the two generators G and G are connected by
the relation

G’ =G — wb,

where w is the weight of the operand.
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Also, that
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Gb = 4 (ac —b*) = 4N, and G'b=4ac — 5b*= 4.

We may easily verify that

G'N =54,=5 (a*d — 3abc + 2b%)
by operating with G’ = (4ac — 5b%) 9, + (5ad — Tbc) 9, on N = ac — b

To prove that
we operate on
for which the weight is 3, with

@' =G —3b.

Thus

For by definition

A1=B—<g

G A4, — 645
A )

G'A,=(G—3b)A=6B—3bA =64,.

)4.

In general, to find G’4,, we have by definition

o A B ...)(—Il )

and, since the weight of 4, is n + 3,

2)

F'Ap=GA4,— (n+3)b4,.

Now
b n
GA,=G (4, B,C, ...)(-é, 1)

b

~(64, @B, G0, ...) (—5,

b

1)" ~2(4,B,0,..) (—2 1)"_1 ab.

Substituting for G4, GB, GC, ... their known values, and remembering

that Gb =4N and that (4, B, C, )(

GA,= (6B, 70, 8D, ...) (_ % 1)"

+ M (0, 4, 2B, 3C, )(

b

=6(B,C, D,...)<—§,

+M(0, 4, 2B, 30, )(

But (0, C, 2D, 3E, ...) <—% ! 1)"

sty (- 5’2-)_ +nm—1)D (— g)"

—n(C, D, E, ...)(-%, 1)""’;

Fiac
2’

M1
I

n—1
1) = An,_,, we have

b

-3 1)"— mNA,_,

1)"+(0, 0, 2D, 3E, ...)(-g, 1)"

b

-3 1)" — 20N A,

2

& +’L@ME(_I’>”—3+

1.2




42] Lectures on the Theory of Reciprocants 477

and similarly

b n b n—1
(0, 4,2B,30, ...) (3, 1) S4B 0, .. (—5, 1) R
Hence
; b n b n—1
G4,=6(B, C, D, ...)(-5, 1) +n(C, D, B, ...)(—5, 1)
+n(M—-2N)A4,,.
Now let U=(4, B, C, ...) (u, v)*;
al
then H i (B Cla)i(u o) s
and %: (B G D s e )

whence it follows that
= (A B0 0) o)t =y 2B O ) (o 0)
+v (B, C, D, ...)(u, v)* . (1)

Similarly, we see that
R C DY (st = (B, G vy (oY
+v(C, D, E, ...) (u, v)» (2)

Writing u = — % and v=1 in the above equations, and remembering that
(8 B0l (— g 1)" S
we obtain immediately from (1)
(B,C, D, ...) (— g j 1>”_’ Al s % Au
and then (2) gives
(© D, E,..) (- 4 )" = (Awir+ 2 4,) + g@ i 4ns)
=A,n,+04,+ %QA,,_I.

But it has been shown that

b

GA,=6(B,C, D, ...)(-5,

1)” +n (C’, D, E, ...) (-“% - 1>"-1
+n(M—2N)An,.
Hence, by substitution,

Gay=a (AW + g A,L) + n(A,L+l +b4,+

bf; An—1> +n (M - 2N) Any

—(n+6) A+ (n+3)bA,+n <M+ % i QN) PR
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2
Now, 6'dy= Gy (0 +3)bdy=(1+6) Avetn (U + Z_ i 2N>A,,_1,

where M+I§=ac—gb2+§=ac-b2=l\ﬁ
Thus G'A4p,=n+6)A,,—nNA,_,,

which proves the law of successive derivation for the invariantive elements
Ay, A s

We now proceed to explain the method of transforming a Principiant,
given in terms of the small letters @, b, ¢, ..., into one expressed in terms of

oy AR
Remembering that the expressions for
A BrCSD§H. L
have for their most advanced small letters
diel fhaiiss.,

and that, in each capital letter, the most advanced letter occurs only in the
first degree, multiplied by a power of @, it follows, as an immediate conse-
quence, that we may, by continually substituting for the most advanced
letter, eliminate d, e, f, g, h, ... from any rational integral function

b (@, b, c,id;e gl s
and thus transform it into another function whose arguments are
;b io Al L Gl B
and which is rational in all its arguments, and integral in all of them, with

the possible exception of the first argument, a.

But (see Lecture XXVIIL.) [above, p. 471] the result of this elimination
is known to be
w4 B0 DK i)
in the case where ¢ is a Principiant of known degree ¢ and weight w. Hence
b and ¢ must disappear spontaneously during the process of elimination.

This being so, we can give b and ¢ any arbitrary values, without thereby
affecting the result, and it will greatly simplify the work to take b =0 and
c=0.

It is also permissible to take a =1; for, although the factor a*~* is
thereby lost, it can always be restored in the final result because both 7 and

* The establishment of the scale of relation between the terms of the 4,, 4y, 45, ... series,
and the above proof of it, is due exclusively to Mr Hammond.
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w are known numbers. Now, if we write a=1,b=0, ¢ =0 in the known
expressions for 4, B, C, D, ..., we shall find

Uil
B=e;
o=
DLgBa

=g g &

15
E=h—- & de,
Hence we have to eliminate d, ¢, f, g, h, ... between the above equations

and
B =i 080 0diedf, 0, Mot )

where P stands for the given Principiant. In other words, we have to
substitute for

a, b; c, d» e, .f? 9, h’
1,0,1 107 i B @B BAS Ar B 4B, .
in P=¢(a bc doef,ogh,..)
The result of this substitution will be
B = (Cd VRS0 C) T k),
where, to compensate for the factor lost by taking ¢ =1, we must multiply ®

by ai=*. As an easy example, consider the Principiant which Halphen calls
A, and for which he obtains the expression

b vicrsud e 0 g

ah-JulRgaide d e |
~ag 0  -b? 2bc 2bd + ¢* } .

0 a@ 2ab 2ac+b* 2ad+ 2bc |

| 110,71 1101 v g? 3ab 3b* +3ac |

Here the degree v=28 and the weight w=38; so that +—w =0, and no
factor has to be restored. On making the substitutions spoken of, the

determinant becomes
Q- 05 idni i BEE)

TRt 10 TRAT G
= e ) D R g (0l
e i ol
07 + 0411040
which immediately reduces to 4 C'— B* by striking out the first three columns
and the last three rows.

Of this Principiant we shall have more to say hereafter.
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LECTURE XXX.

The method of substituting large letters for small ones will be better

understood if we employ it to obtain an expression of the form
a= =DM A By CRD B )
for any pure reciprocant
d(a,b,50; dye Fogyh, i)
of known degree 7 and weight w in the small letters.

The transformation is effected by substituting in ¢ fore¢, d, ¢, f; 9, A, ...
their values (which are perfectly definite) in terms of @, b, M, 4, B, C, D, E, ...
But since b does not appear in the final result, we are at liberty to give it
any arbitrary value, and it will be convenient to take b =0, for then (see

Lecture XX VIIL,) [above, p. 465] we have

M= ac,

A =01}

B = a* — 202,

C=a‘f— 5a’cd,

D =a’g — % a‘d? — Gaice + Tadcs,

E=a‘h - % a’de — Ta’cf + 29a'c’d,

.............................................

There is an additional advantage in taking b= 0, namely, that then the
values of the wnvariants N, 4,, A, 4,, ... (see their definition at the begin-
ning of * Lecture XXIX.) exactly coincide with those of the reciprocants
M, 4, B, C, ... set forth above. Hence, merely interchanging the capital
letters, the same substitutions enable us to express any invariant in terms of
a, N, 4,, 4,, ..., as well as any reciprocant in terms of a, M, 4, B, ....

e

The solution of the above equations will give (g, 2 in terms of

g, :—;, g, ...; but we can, without loss of generality, put ¢ =1, when we

shall find a=1,
0:=10,
c=M,
d=4
e= B+ 2M?,
f=C+5MA,

g=D+?§Az+6MB+5Ms,

h=E+ .12'? AB+7TMC + 6M A2,

[* p. 472, above.]
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The substitution of these values in the pure reciprocant

$(a,b,c,d e fogh..)

(M, A,B,C D,E,...).
We have written a =1 for the sake of simplicity ; but without doing this
we have, since ¢ is homogeneous of degree <,

will convert it into

. ciiig e
<;b(a,0,c,d,e,...)_a¢<1, °’E’E’&"">'
Hence, substituting for 4 x é, _e’ ... In terms of%, f%, E,, ek
(i) aieats g
W | AR Eati
¢.(a,0,¢c,d,8 ...)=adD <‘?, T >,

or, since M, A4, B, ... are of weights 2, 3, 4, ... and P is of weight w,
6(a,0, 6,d,6..0=a""D(M 4,B,...).
Thus, in consequence of writing a =1, the factor a*~ has been lost ; but
this factor can always be restored, both ¢ and w being known numbers.

When ¢ is a Principiant, M will not appear in the final result, which will
be identical with that obtained by the simpler substitutions of the preceding
Lecture. If, for example, we substitute for

a, b; C, d; e, f’
L0, L AR MR O M A
instead of ) R IRy Do 1 B, C,

in the determinant expression for Halphen’s A, previously given, it becomes
0 M A B+2M* C+5MA
d i 4 B+ 2M?

g L 0 e
o TR oM 24
"I A | 0 3M

Subtracting the 4th row multiplied by M from the first, the determinant
reduces to

0 4 B (C+3MA

1 M A B+2M?
-1 0 0 M

) a0 3M

Again, subtracting the 2nd column multiplied by 3M from the last, and
reducing, the determinant becomes

0, » B, (0}
]., A, .B‘—.M2 =‘4C_Bﬂ,
=il 00 M

Where M disappears, as it ought to do, because A is a Principiant.
8. 1v 31
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In what follows we shall have frequent occasion to make use of the fact

that if R, is an absolute pure reciprocant, i,&
atdx

, which we know is a pure

reciprocant, is also an absolute one.

This is very easily proved. For let R be any pure reciprocant, of degree
1 and weight w, which becomes R, when made absolute by division by a
power of a, then
R,,=]—i, where u =3¢ +w,
ad

and, using ( as usual to denote the generator for pure reciprocants,

dR._ GR
dz e a§+1 ;
Hence @1 = 4R ’
adde
&3
which is an absolute pure reciprocant because G'R, which is of degree ¢+ 1
ntd

and weight w+ 1, must be divided by @ ® in order to make it absolute.
Thus, if M,, A,, B,, C,, ... are what M, A, B, C, ... become when each of
them is made absolute by division by a power of a, we have

a“lfd

dxMa= 5Aa;
3 d
a éd—xA.a/=6Ba,

1 d
a_-ﬂ-g‘%Ba= 70a+MaAa,

We shall use these results in deducing the complete primitive of the

differential equation
AC-B*=0

from that of the equation in pure reciprocants,
254*— 16M* =0.
This equation may be written in the form
254,.2=16M,%;

whence, by differentiation, we obtain

1 d L1
| 50Aa<a‘§d;Aa) — 48 M, (a K%MQ,
which gives 50A4,.6B,=48M,*.5A4,;

that is, 8Bs=4M>
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Differentiating this result, we find
510, +M,A,)=40M,A,;

which gives Ci=M_4;.

We now restore the non-absolute reciprocants M, A, B, C'; that is, we
write

5B=4M* and C = MA.

Hence 25(4C—B)=M (254°—16M*)=0 (because 254 =16M?).

Now, the equation AC' — B*=0 remains unaltered by any homographic
substitution, so that it will be satisfied not only by any solution of the
equation in pure reciprocants 2542 — 16 M°= 0, but also by any homographic
transformation of such solution. But it has been shown (in Lecture XIIL.,
[p. 379, above]) that the complete primitive of 2542 — 16M* =0 is a linear
transformation of y = 2%, where A\? =\ + 1 =0 (that is, where \ is a cube root
of negative unity).

Consequently any homographic transformation of y = 2 is a solution of
AC-B=0.

Moreover, this is its complete primitive ; for the highest letter, , which
occurs in AC — B, corresponds to the seventh order of differentiation, and if
we write

¥ X
Foighash s
where X, ¥, Z are general linear functions of a, y, 1 (that is, if we make the
most general homographic substitution), y =a* becomes ¥ = X*Z!~* which
will be found to contain exactly 7 independent arbitrary constants. Thus
the complete primitive of AC—B=0 is ¥ =X*Z1"A where X, ¥, Z are
general linear functions of z, y, 1, and \ is a cube root of negative unity.

Observe that although any solution of M =0 also makes 4, B, C, ... all
vanish, and so satisfies AC — B* =0, we cannot from this infer that a homo-
graphic transformation of the parabola y =a* will be the complete primitive
of AC— B*=0. For, though YZ = X* is a solution of AC'—B*=0, it only
contains 5 independent arbitrary constants, and therefore cannot be its
complete primitive. Neither can YZ = X* be obtained from the complete
Primitive by giving special values to the arbitrary constants. Hence ¥Z=X®
Is a singular solution of AC — B*=0.

We may also deduce the differential equation of the curve ¥ =X 21—
Where N has a general value, from the corresponding equation in pure
Teciprocants,

25 (2N — 5N+ 2) A2 +16 (A + 1) M2 =0,
Which has (see [p. 877, above]) for its complete primitive any linear trans-
formation of the general parabola y=ar

31—2
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Writing for shortness
2N —50+2=p and A+ 1) =g,
and at the same time making both A and M absolute, the above equation -

becomes
25p A, + 16g M2 =0.

Hence, by differentiation, we obtain
50pAq. 6B, +48qMz2. 54,=0,

which gives 5pBy + 4qM* =0.

After a second differentiation we find

5p (710, + MoA,) + 40gM,A,=0;

that is, TpCu+ (p +8¢) M,4,=0.

We now replace the absolute reciprocants M,, A4, By, Cy by M, A, B, C,
and thus write the original equation and its two differentials in the form

25pA*= — 16qM°,
5pB =— 4qI*,
TpC=—(p+8q) MA.
Hence we find
5.7.p*(AC— B*) =—25p (p +8¢) MA* — 16. T¢*M*
=16q (p + @) M,
58,78, p°(AC — B2 =16%* (p + q)* M™,
5%piA® = 164 M*,
and, eliminating M from the two last equations,
20, 7. p*g(AC — B =5 (p + q)° A~

Now restoring p=2N-5A+2=A—2)(2A—1)
and g=A+1),
we have Pp+q=3MN—A+1);
so that the final equation becomes

2. T8 (A 1)P (V= 2)2(2n — 1)2 (A0 — B2 = 37, 52 (A2 = A+ 1) A

The same reasoning as before will show that, for a general value of A, the
complete primitive of this equation is the general homographic transforma-
tion ¥ =X*Z'* of the curve y =«

There is, however, a special exceptional case in which the differential

equation becomes
20. 73 (AC - B?)* = 32, 54,

the corresponding value of the parameter A being either 0, 1 or o, as may
be seen by solving the equation
A+1IPA=2PECA—1P=4 (N =N +1).
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In the case where A=0 or o we can, in the same manner as before,
show that the complete primitive is a homographic transformation of the
curve y=¢* by deducing the differential equation from the corresponding
equation in pure reciprocants,

254°% + 8M* =0,
whose complete primitive is (see Lecture XIIL) [p. 379 above] a linear
transformation of y =¢2

When A =1 the corresponding equation in pure reciprocants is
2542 — 64M* =0,
whose complete primitive may be shown to be a linear transformation of
y=walogx. The reason why these two distinct equations in pure recipro-
cants lead to the same equation in principiants is that the two curves
y = ¢* and y =« log & are homographically equivalent but not linearly trans-
formable into one another. For we may write the equation y = log # in the

v
form @ = e®, which is a homographic transformation of y =e*.

Besides the special case just considered, in which the complete primitive
b
of the equation in Principiants is Zzez, we may notice that in which the

parameter A is either — 1, 2, or %,

A =0 simply, and its complete primitive ¥ = X*Z'~* being the equation to
a conic, as it should be. The case where A2—A+ 1 =0 and the differential
equation reduces to AC'—B*=0 has been considered already. There remains
the case in which A =3, when the complete primitive becomes YZ*= X?*
(the equation of the general cuspidal cubic) and the differential equation
assumes the simple form

the differential equation reducing to

/AC— By (A)S
2 )

L2
which is therefore the differential equation of cuspidal cubics.
We shall hereafter show that in this case the Principiant
28 (AC - By — 34",
which is apparently of the 24th degree, loses a factor a* and so sinks to the

20th degree. It is, however, generally difficult to determine the power of @
contained as a factor in a Principiant given in terms of the large letters.

The results obtained in the present Lecture agree with those of
M. Halphen contained in his Thése sur les Invariants différentiels (Paris,
Gauthier-Villars, 1878), which contains a complete investigation of the
properties of the Principiant AC — B2, which he calls A. But our point of
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view is different from his. He obtains A in the form of a determinant
from geometrical considerations. With him A=0 is the differential equation
which expresses the condition that, at a point «, ¥ on any curve, a nodal
cubic shall exist, having its node at #, v, and such that one of its branches
shall have 8-point contact with the curve at that point. With us AC — B:
is the simplest example, after the Mongian A4, of an invariant in the capital
letters 4, B, C, ....

LECTURE XXXI.

We may include A among the arbitrary constants in the primitive
equation ¥ = X*Z'A which can also be written in the form

AMog X —log Y+ (1 —=2)log Z=0,
or (X, Y, Z being general linear functions of #, y, 1) in the equivalent form
Mlog (y +az+ B) —log (y + d’z + B') + (1 — ) log (y + o’z + B”) = const.,
which evidently contains 8 independent arbitrary constants.

One of these will be made to disappear by differentiation, and thus we
shall obtain a differential equation of the first order, containing 7 arbitrary
constants, identical (when the constants are rearranged) with

(y—at) (le + my)+ t (Ve +m'y +0')+ "z + m"y+ n” = 0,
which is known as Jacobi’s Equation.
For, by differentiating the primitive equation, we obtain
AMt+a)(y+tar+B) ' —(t+a)(y+dz+B)
+(1 =N (t+a")(y+a"z+B") =0,
which, when cleared of negative indices by multiplication, becomes
AMy+de+8){(y+a'z+B") (t+a) — (y+ax+ B) (t+a")}
+(y+a+B)|{(y+dz+B)t+d) - (y+d'z+B")(t+ )} =0.
Writing this equation in the equivalent form
Ay +da+B) (a—d’) (y—at) + (8"~ B) t + (aB’ —a'B))
+(y+az+B) {(@ —o)(y —at) + (B —B") t + ("B —aB")} =0,
it is easily seen to be identical with Jacobi’s equation given above.

The seven arbitrary constants which occur in Jacobi’s equation are the
mutual ratios of the eight coefficients I, m, I, m', »', l”, m”, n”, any one of
which may have an arbitrarily chosen value assigned to it.

Taking m = —1, the equation may be written in the form
Pt+ley — 2+ 1"z +m"y +0" =0,
where P=lao+my+n' —la*+ay.
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In order to eliminate »” and !”, we differentiate the above equation twice.
The first differentiation gives

2aP +t(P +le—2y+m’)+1ly+1"=0,
where P’ =%§ =104+ m't— 2lz + y + t, and the second differentiation gives

6bP + 2a (2P + lw— 2y +m")+ ¢ (P + 20 — 2t) =0,

Now, P"= ZZ =2a (m' 4+ z)+ 2(t—1); so that, on substituting this

value, the above equation becomes
3bP +aQ =0, (1)
where Q=2P +Ilz—2y+m" +m't + at
=2l +3m't — 3lw + 3t +m”.
Differentiating (1) we have
12¢P + 3bP’ + 3bQ + aQ =0,

where Q' =3(t—1)+6a(z+m')=3R+ 6aS, suppose.

Thus we have 4cP + bP + bQ +aR +2a*S = 0. (2)

Differentiating this 4 times in succession, and at each step substituting
for

P/I, Q/, R/’ S”
their values 2R + 2aS, 3R +6aS, 2a, 1

we obtain 4 more equations, from which, combined with the 2 previously
obtained, we can eliminate

Pkl 10 1S,
Thus, differentiating (2), we find
20dP + 8cP' +b (2R + 2a8) + 4cQ + b (3R + 6aS)
+ 3bR + 2a% + 12abS + 2a* =0;

b

that is, 5dP + 2cP’ + ¢Q + 2bR + 5abS + a* =0, (3)
and continuing the same process,
6eP + 3dP’ + dQ + 3cR + (6ac + 3b*) S+ 3ab = 0, (4)
TfP + 4¢P’ +eQ + 4dR + (Tad + Tbc) S + (4ac + 2b*) =0, (5)

89gP + 5fP + fQ + 5eR + (8ae + 8bd + 4¢*) S + (5ad + 5bc)=0.  (6)
The result of elimination is

3 0 a0 0 0

4c b bitice 2a? 0

8y 20 " 0iev 4y 20 4 bab a? e
6e 3d. d  -8c 6ac+3b? 3ab :
U 4e e 4d  Tad+Tbe 4ac + 2b*

8 5f f 5e 8ae+8bd+4c Sad+ 5be

where the determinant equated to zero is a Principiant.
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In his Thése sur les Invariants différentiels, p. 42, M. Halphen states that
this equation can be found by eliminating the constants from Jacobi’s equa-
tion, but he does not set out the work. When in the above determinant
twice the 3rd column is added to the second, it becomes exactly identical
with the one given by Halphen, which he calls 7.

We proceed to express the above result in terms of the capital letters,
using the method explained in Lecture XXIX., and observing that the deter-
minant is of degree 8 and of weight 12; so that in this case 1—w=8-12=—4,
showing that the final result has to be multiplied by a=.

Substituting in the determinant for
a.b 0. .dief g

L 0G0 A4 BLCLD S 2; A2
it becomes 0 0 L 0 0 0
0 0 [0 it 20
54 0 0O o0 0 i
6B 3idi bgdy 0 0 0
7C diBsai B (v diAs it Al s 0
8D +254* 6C. C HB.. 8B 5A

Subtracting the last column multiplied by 54 from the first, and the 4th
column multiplied by 2 from the 5th, and then striking out rows and columns,
we obtain

Rk e o
0 o g g
peni gyt AR by tpyisiiing
6B~ St DA e 0
RNy e
P T I v L ey e
Dt 4% & gy b
B @ Oh s G
B et
901D & el
8D 50 5B —2B 54
PRI e
qmaao ol g
4 -
8D 5C —2B 54| |8D 5C 2B

=24 (A2D - 3ABC +2B).
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If, using Halphen’s notation, we call the principiant now under considera-
tion 7', what we have proved is that

T=24a*(A4°D —3A4A BC +2B?),
and consequently that 42D — 34 BC + 2B° is divisible by a*.
The differential equation 7= 0 corresponds, as we have seen, to the com-

plete primitive ¥ = X*Z'A in which A is counted as one of the arbitrary
constants.

This result may be otherwise obtained. For we have shown in the pre-
ceding Lecture that the differential equation of the seventh order, from which
all the arbitrary constants except A have disappeared, has the form

(AC — B =xA4?,
where « depends solely on A.
Writing this equation in the form
(AC — B*) A% = const,,
and differentiating with respect to @, we remove the remaining arbitrary con-

stant, and thus obtain the differential equation of the 8th order free from all
arbitrary constants, a result which, to a factor prés, must coincide with

=i

We proceed to show how this differentiation may be performed without
introducing any of the small letters. In the first place, it is clear that since

G =4 (ac—b*) 0+ 5 (ad —bc) 0, + 6 (ae — bd) 9+ ...
does not contain 9, and is linear in the other differential reciprocals 0y, 0., ..
Gal® (4B Gl = a"G<I>(A B, C’ )

=( GA+ GB+ G0+)

)

And since we have

GA =61
GB=T70C+ MA,
GC=8D+2MB,

.....................

it follows immediately that
Ga®® (4, B, C, ...)=a? (6Bo,+ 7005 +8D0; + ...) P
+ a®M (A0z+ 2Bo, + 300, +...) .
This is true for any function of the capital letters, whatever its nature

may be; but when ® is a principiant, it is also an invariant in the large
letters ; so that in this case we have

(AaB+2Bac+3CaD+ .--)¢=0
and Ga®® = a® (680, + 7C05+ 8Do; + ...) .
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Now, the operation of G on a function of degree ¢ and weight w is equi-

valent to that of a %—(3i+w) b, or to that of d%, when both ¢=0 and

w= 0 (which happens in the case of a plenarily absolute form). Hence, if :
we suppose P to be a plenarily absolute principiant, G® is also a principiant,
though not a plenarily absolute one.

For a is a principiant, and %i—) is a principiant; therefore azll—i) or GP is

one also*. Thus

6Bo,+ 7C0; +8Dog+ ...,

acting on any plenarily- absolute principiant, generates another principiant,
but not a plenarily absolute one.

We now resume the consideration of the equation
(AC — B%) A~ % = const.
Differentiating and multiplying by a, we have

ad% (AC— B) A~ =0.

Hence, by what precedes,
(689, +7C05+8D0d) {(AC—B) A% =0;
or, using ® to denote the operator,
6B0, + 7C05+8Do,+ ...,
A ‘%®(AO—B2)—§ A-%(AC—B)®4=0;
or, observing that ®4 =65,
ABG(AC—-B*) - 16B(AC - B*)=0.
This gives A (6BC—14BC+84D)—16B(AC—-B)=0;
or finally A*D — 34BC + 2B = 0.
We may find a generator for principiants expressed in terms of the large
letters similar to the expression for the reciprocant generator @ in terms of
* Bee the concluding paragraph of Lecture XXV. [p. 450 above], where it was shown that P,
being a principiant (of degree i and weight w), aj—f~ (3i+ w)bP is a reciprocant, and

apP : § # e & s .
a %—(3L+2w) bP an invariant. This proves, what we omitted to mention there, that P

being a zero-weight principiant,

dz
It may here be remarked that a principiant of degree i and of zero weight is equal to the
corresponding plenarily absolute principiant (which is a function of the large letters only)
multiplied by the factor af, on which the operator G does not act.

Gl = <a .46 3ib) P is a principiant.
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the small letters. For let P be any principiant, of weight w, which, when

reduced to zero weight by division by 43, becomes PA ™ 3 ; then

(P4 3)
is a principiant. But

®(PA 8)=A4 3" (40 —20wB) P,

- W
where, remembering that A3 ' isa principiant, (4® — 2wB) P is one also.

Now, the weights of AL BROSD 3
being B S T Y
we may write w=340, + 4Bog + 500, + 6Do, + ...,

and consequently
A0 —2wB=A (6B0,+ 7005+ 8Doy+ 9Eop + ...)
—2B(340,+4Bog+500,+6D0p+ ...)
=(TAC—-8B%) 03+ (84D —10BC)0,+ (9AE —12BD)op + ...,
which is the generator in question.
As an easy example of its use, suppose it to operate on AC — B?; then
{(TAC—-8B*) 03+ (84D— 10BC)9,} (AC — B?)
=—2B(7TAC-8B*)+ A (84D —10BC)
=8 (42D —-34BC+ 2B?).
The generator just obtained,
(7TAC—-8B*) 03+ (84D —10BC)o,+(9AE —12BD)o, + ...,

is a linear combination of Cayley’s two generators (given in Lecture IV,
[p. 327, above]), which, when we write 4, B, C, ... instead of the correspond-
ing small letters, become

(AC—-B*0z+(AD— BC)oy+(AE—-BD)op+ ...
and (AC—2B* 03+ (24D —4BC)0,+ (3BAE —6BD)0op + ... .
Thus we shall obtain the principiant generator by adding the second of
Cayley’s generators to six times the first. Either of Cayley’s generators
acting on a principiant would of course give an invariant in the large letters

(that is,a principiant), but the combination we have used has special relation
to the theory of the generation of principiants by differentiation.
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LECTURE XXXII.

I will now pass on to the consideration of the Principiant which, when
equated to zero, gives the Differential Equation to the most general Algebraic
Curve of any order.

The Differential Equation to a Conic (see the reference given [p. 380,
above]) was obtained by Monge in the first decade of this century. This
was followed by the determination, in 1868, by Mr Samuel Roberts, of
the Differential Equation to the general Cubic (see Vol. X. p. 47 of
Mathematical Questions and Solutions from the Educational Times). 1 do
not consider that any substantial advance was made upon this by Mr Muir,
in the Philosophical Magazine for February, 1886, except that he sets out
explicitly the quantities to be eliminated in obtaining the final result. These
may, of course, be collected from the processes indicated by Mr Roberts, but
are not set forth by him. In speaking of the history of this part of the
subject, I pass over M. Halphen’s process for obtaining the Differential
Equation to a Conic. It is very ingenious, like everything that proceeds from
his pen, but, being founded on the solution of a quadratic equation, does not
admit of being extended to forms of a higher degree, and consequently,
viewed in the light of subsequent experience, must be regarded as faulty in
point of method.

Let the Differential Equation to a curve of any order, when written in its
simplest form, containing no extraneous factor, be ¥y =0. It is convenient to
give x a single name ; I call it the Criterion. The integral of the Criterion
to a curve of order » must contain as many arbitrary constants as there are
ratios between the coefficients of a curve of the nth order. The number of

2
these ratios being 7%71-——2— 1, the order of the Criterion ought to be
S

It must be independent of Perspective Projection, because projection does
not affect the order of a curve. Hence it is a Principiant, and as such ought
not (when y is regarded as the dependent and # as the independent variable)

to contain either #, y or Z—z (see Lecture XXIV. [p. 438, above]).

Let U =0 be an algebraical equation of the nth order between z,y. I
write symbolically

U=(p+q+yr=u",

where the different powers and products of p, ¢, 1 which occur in the expan-
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sion of u™ are considered as representing the different coefficients in U; so
that, for example, if n = 3 the coefficients of

¥, 3y, 3y, 3y’ Gyzv,v oY, &%, 8a?, 8wy 1

are represented by

1, ¢ p» & pg P, ¢ PP PP
The number of terms in U is ;

1+2+3+...+(n+1)=%(n+2).

The number of these containing y is

_nr+1)

14243+ ... 4 3

To obtain the Differential Equation we equate to zero the Differential
Derivatives of U of all orders from n + 1 to 4(n*+3n) inclusive, and from the
% (* 4+ n) equations thus formed eliminate the 4 (n®+n) coefficients of the
‘terms in U containing v.

All the coefficients of pure powers of # will obviously disappear under
differentiation; for no power of z higher than ™ occurs in U, and no
differential derivative of U of lower order than n -+ 1 is taken.

We thus find a differential equation of the order 4 (n* + 3n), free from all
the & (n*+8n+2) coefficients of U. This equation might conceivably contain
z,y and all the successive differential derivatives of y with respect to .
But we know & prior: that it ought not to contain either z, y or 8 and in

dz

fact we shall be able so to conduct the elimination that z, ¥ and % appear

only in the quantities to be eliminated and not in the final result.

Treating w=p + g# +y as an ordinary algebraical quantity, we have, by
Taylor’s theorem,

1 i drun 4 h h3 n
T 1“(“”1"”21 gt Ui g3t ) ,

where u,, Uy, s, ... are the successive differential derivatives of u with respect
to #. And this result will remain true when for «" we write U, meaning

thereby that 1—2——13—— ozll{wﬂl be the quantitative interpretation of the

function of w, u,, Uy, ... which multiplies 2" in the expansion of

) h2 n
(U/ + ulh+u21—2+ ...) s

subject to the condition that this function shall be linear in the coefficients
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of U. This condition can be fulfilled in only one way, so that there is no
ambiguity in such interpretation. Hence the equations obtained by equating
to zero the successive differential derivatives of U of all orders from n+1 to
% (n* + 3n) inclusive may be written under the form

h” +uh + L &+ % a0

co. 1n(u wh+u 7 u3123 >—,

where r=n+1,n+2,n+3, ... 40+ 3n).

Now, using 4, ¥, ¥s, ... to denote the successive differential derivatives of

y with respect to «, we have
Uy =Q+ Y, U=1Ys, U=1s, ...,

and, in general, u; = y; when ¢ is any positive integer greater than 1. Thus

g h? h? n
co'hrln(u+u1h+yzﬁ +yng3 +> =10

or, employing the usual modified derivatives a, b, ¢, ...,
co. h" in (u + w, b + ak® + bh* + ch* + ... )" = 0.
Writing now Q = ah?+ bh3 + ch +
and expanding (u + u,h + @) in ascending powers of @, we have

n(n

co. b in {(U+u1h)n+ﬂ(u+ulh)n—lQ+ 1)(u+u1 )‘n,—2Q2 }.:O,
where, remembering that » > n, the value of co. 2" in (u + w, k)" is zero; so
that, omitting this term, we may write

co. h” In {n (u+ wh)1 Q + -

n(n—1

( )(u+ulh)"‘“2 Q*+ ... + Q"} — (0}
The quantities to be eliminated will now be combinations of the various
powers of u, u; and 1. Their number will be the same as that of the terms
in (u,-u,, 1)"7, which is § (n* + n), the same number as that of the equations
between which the elimination is to be performed.

We now use (m.u) to denote the coefficient of 2™ in @Q* (which, since
Q = ah? + bh?® + ch* +

will be independent of the combinations of « and u, to be eliminated), and in

writing out the § (n* +n) equations which result from making the coefficients
n2+3;
of bty vt ok 2 n in

n(w+ why Q + ”(’1'”—21) (U + k)= Q* + ... + Q
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vanish, we arrange their terms according to ascending values of m and u.
Thus, making the coefficient of A"+ vanish, we find
nn™ (2 1)+n(n—1)u1"‘2u(3.1)+7—L(;z—_21—)u1"‘2(3. 2)+...+(n+1.2)=0,
and similarly, making the coefficient of A*+* vanish,

L52
So in general the equation obtained by making the coefficient of A7+* vanish
consists of a series of numerical multiples (which are independent of the
value of «) of u,"~*uf—" (6 + «, n) where 7 has all values from 1 to 6 inclusive,
and @ all values from 1 to n inclusive. Hence, by elimination, we find

2.1) (3.1) (3.2) (4.1) (4.2) (4.3) (5.1) (5.2) (5.8) (5.4)...
(3.1) (4.1) (4.2) (5.1) (5.2) (5.3) (6.1) (6.2) (6.3) (6.4)...
(4.1) (3.1) (5.2) (6.1) (6.2) (6.3) (7.1) (7.2) (7.3) (7.4)...
(5.1) (6.1) (6.2) (7.1) (7.2) (7.8) (8.1) (8.2) (8.3) (8.4)...
(6.1) (7.1) (7.2) (8.1) (8.2) (8.3) (9.1) (9.2) (9.3) (9.4)...

(3. 1) + n (n — 1) w5 (4. 1) + W (4.2) + ... +(n+2.7)=0.

(7.1) (8.1) (8.2) (9.1) (9.2) (9.8)(10.1) (10.2) (10.8) (10.4)...|=

(8.1) (9.1) (9.2)(10.1)(10.2)(10.3) (11.1) (11.2) (11.3) (11.4)...
(9.1) (10.1) (10.2) (11.1) (11.2) (11.8) (12.1) (12.2) (12.3) (12.4)...
(10.1) (11.1) (11.2) (12.1) (12.2) (12.8) (13.1) (13.2) (13.3) (13.4)...
(11.1) (12.1) (12.2) (13.1) (13.2) (13.3) (14.1) (14.2) (14.3) (14.4)...

................................................................................................

where the determinant on the left-hand side, consisting of 4(n* + n) rows and
columns, is the Criterion of the curve of the nth order.

Thus in the case of the Cubic Criterion, which we shall specially consider,
we have n =3, and the elimination of 3u? 6u,u, 3u,;, 3u? 3u and 1 between
the six equations

3u,?(2. 1)+ 6w u (3.1) +3u, (3.2) + 30 (4. 1)+ 3u (4. 2)+ (4.3)=0,
3u2(3.1)+ 6uyu (4. 1)+ 3u, (4.2)+3u2(5.1)+3u(5.2)+(5.3) =0,
3u? (4. 1)+ 6u,u (5.1) 4+ 3uy (5.2)+3u(6.1)+ 3u (6. 2)+(6.3)=0,
3u? (5.1) 4+ 6uu (6. 1) + 3u, (6.2) +3u* (7. 1)+ 3u(7.2)+(7.3)=0,
3u?(6.1) + 6w, u(7.1)+3u, (7.2)+3u?(8.1)+3u(8.2)+(8.3)=0,
3u2(7.1)+ 6w u(8.1)+ 3u,(8.2)+3u*(9.1) +3u(9.2)+(9.3)=0,

gives the Cubic Criterion in the form of the determinant

(2.1) (3.1) (3.2) (4.1) (4.2) (4.3)
(8.1) (4.1) (4.2) (5.1) (5.2) (5.8)
4.1) (5.1) (5.2) (6.1) (6.2) (6.3)
(5.1) (6.1) (6.2) (7.1) (7.2) (7.3) |’
6.1) (7.1) (7.2) (8.1) (8.2) (8.3)
(7.1) (8.1) (8.2) (9.1) (9.2) (9.3)
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Remembering that
(m . w) = co. ™ in (ah® + OIP + ch* + ... ),
it is easy to express the Criterion explicitly in terms of @, b, c, ... .
Thus, since
(ah® + bh® + ch® + ... = a*h* + 2abl® + (2ac + b%) 1 + (2ad + 2bc) k7
+ (2ae + 2bd + ¢*) h® + (2af + 2be + 2¢d) I + ...

and

(ah® + bh® + ch* + ... = @*h® + 3a*bh™ + (3a’c + 3ab?) h?

+ (3a*d + 6abe + )W + ...,

the Cubic Criterion may be written in the form

o)) c 0

(b d 2ab 0

¢c d 2ab e 2ac + b’ a?

d e 2ac+ b J 2ad+ 2bc 3a*b

e f 2ad+ 2bc g 2ae+2bd+c¢*  3a’c + 3ab?

J g 2ae+2bd+ct b 2af+ 2be+ 2cd 3a*d + 6abe + b°

in which it was originally obtained by Mr Roberts.

M. Halphen has remarked that the minor of A in the Cubic Criterion is
the Principiant which he calls A (our AC — B*) multiplied by a (see p. 50 of
his These).

We proceed to determine the degree and weight of the Criterion of the
curve of the nth order. These are the same as the degree and weight of its
diagonal

(2.1)(4.1)(5.2)(7.1)(8.2)(9.3)(31.1)(12.2)(13.3) (14. 4) ...,
which consists of 4 (n? + n) factors, separable into n groups,

(2.1), (4.1)(5.2), (7.1)(8.2)(9.3), (11.1)(12.2)(13.3)(14.4),...

containing 1, 2, 3, 4, ... n factors respectively. Now,

(m . p)=co. ™ in (ah® + bh*+ ch* + ...)~

=co. A" 1in (@ + bh + ch®*+ ...),
and consequently (m.u) is of degree p and weight m —2u. Hence the
degree of the Criterion (found by adding together the second numbers of the
duads which occur in the diagonal) is
1+14+2)+1+243)+(1+24+3+4)+...+(1+24+3+... +n)
=143+46+10+..+ 74"

_n(n+1)(n+2)
T
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To find the weight of the Criterion, we begin by arranging the factors of
its diagonal according to their weight. This is done by writing each group
of factors in reverse order, so that the diagonal is written thus:

(2.1)(5.2)(4.1)(9.3)(8.2)(7.1)(14.4)(13.3)(12.2)(11.1).....
n* +n

i
there being §(n*+n) factors in the diagonal, one of them of zero weight. Hence
the weight of the Criterion is

2
1+2+3+...+<n ;’"—1)

The weights of the factors are now seen to be 0, 1,2, 3, ...

(’?2 b 1) il L
2 2 (—Dn(+1)(n+2)
2 i 8 ’
If, in the above formulae, we make n=2, we shall find that the degree
1s 4 and the weight 3, whereas the Mongian a*d — 3abc + 2b° (which is the
Criterion of the second order) is of degree 3 and weight 3.

To account for this discrepancy, observe that in this case

@Y @B e b 9O
(3.1) (4.1) (4.2) |=|b ¢ @ |,
| 4.1) (5.1) (5.2) | |ec¢ d 2db

which is divisible by a, the other factor being the Mongian, as may easily be
verified. This is the only case in which the determinant expression for the
Criterion contains an irrelevant factor.

To express the Cubic Criterion in terms of a, 4, B, C, D, E, we first
.4.5 2.8:4:.5

& 10, and its weight i 15. Thus

deg.  wt. 4
the Cubic Criterion is expressible as the product of ¢=*(10 — 15 = — 5) into a
function of the capital letters, which we determine by the usual method of
substituting for

o T SR ey PR L RN , h :

remark that its degree is—3

100,00, s o D g L g
When these substitutions are made, the Cubic Criterion becomes
P () 0 0 1 0
Oy 1 A 0 0
O 0 B 0 1
- Bl 0 C 240
B ¢ 24 D+2 4> 3B 0
¢ D+Z24 9B E+AB 20 34
8. 1V 32
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Subtracting the first column of this determinant from the fifth and reducing,
we obtain

0 Boseid 0 0
4 it B 0 1
B 0 e A0
¢ 24 D+%5A2 B 0
D+%A2 2B E+%AB c 34

Again, subtracting the second column multiplied by 4 from the third and
reducing, there results

4 B o1
B c Ao
sty D+.§AsBo,

D+%5-A2 E+%AB ¢ 34

which, after subtracting the first row multiplied by 34 from the last and
reducing, becomes

B 0 )

% D+§A2 B

Delar BidaB @
8 5

=B(0D+%A20-BE—2AB2)+0(BD+%A23—02)
5 4B ot
+A<OE+—2-AB0—D —ZA*D—aA)

= (ACE ~ BE— AD*+ 2BCD — C%)— » 4 (A*D —34B0 + 2B") - G4

This expression, which is of degree-weight 15.15, instead of 10.15, must be
divided by a® to give the correct value of the Cubic Criterion.
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LECTURE XXXIII.

In this Lecture it is proposed to investigate the differential equation of
3

a cubic curve having a given absolute invariant 7

3
Since the value of % is the same for any homographic transformation

of the cubic as for the original curve, the differential equation in question

must be of the form
3

Plenarily absolute principiant = —?,—2 i

This equation is (as we see at once by differentiating it) the integral of
another of the form

Principiant = 0,
which is satisfied, independently of the value of the absolute invariant, at ail
points on a perfectly general cubic.

Now, the differential equation of the general cubic is of the 9th order,
and when expressed in terms of 4, B, C,... contains no letter beyond .
Hence the integral of this equation, which we are in search of, will be of the
8th order and will contain no capital letter beyond D.

When no letters beyond D are involved, all plenarily absolute principiants
are functions of the two fundamental, or protomorphic, ones,

AC—B* A*D—3ABC+2B°
L A :

Thus the differential equation of a cubic with a given absolute invariant is
of the form

<AC’ — B2 A2D—-3A4BC + 2B3> S3
F S b T e
A3 A4 Vi

M. Halphen actually integrates the differential equation of the general
cubic, which he shows (on p. 52 of his Thése sur les Invariants Différentiels)
may be put under the form

gt +{E-5 €+ 3+ 2 de =0,

where, in our notation,

24(A2D — 34BC + 2B) 288 (AC — B2y
£= i , g== e T
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The integral of this equation, which M. Halphen obtains partly from geo-
. 3
metrical considerations, involves an arbitrary parameter depending on %

His result is as follows :

R*=1hQ:,
where
PR =203+ 20 3[(E— 32+ 2¢. 3] &2+ 22. B (E+ 3P (£ —32.5) £+ (E+ 8%,
2Q =200+ 2 (E+ ) (E—3°.5) L+ (E+ 37
and T — 64hS® = 0.
(Two misprints, which are here corrected, occur in the expression for R as
given on p. 54 of the Thése.)

In this result the invariant S differs in sign from the invariant usually
denoted by that letter. Thus the diseriminant is 7 — 648® instead of
7" + 64.8°.

When A=1 the discriminant vanishes and the differential equation
becomes

R:—@*=0.
This is divisible by a numerical multiple of §*; in fact,
Ri=Q®+ 2°.3°8°P,
where 2P = (280 + E2—2.3E -3 +20.38°=0
is the differential equation of a nodal cubic, previously obtained by Halphen.

It is from a knowledge of the fact that P =0 and another algebraic
relation between £ and ¢ which he finds by trial to he @ =0, constitute two
particular integrals of the differential equation to the general cubic, that he
arrives, not by any regular method but by repeated strokes of penetrative
genius, at the general integral i

R2=hQ?.

In establishing the relation 7" — 642S* = 0 he supposes that, by means of
the equation to the cubic and its differentials as far as the 8th order inclusive,
the coefficients of the cubic have been expressed in terms of the variables z, ¥
and the derivatives of y with respect to # up to the 8th order, and that the
values thus obtained for the coefficients have been substituted in Aronhold’s

S and 7.

The abbreviations introduced by the use of our notation enable us to
actually perform this calculation, which would otherwise be impracticable in
consequence of the enormous amount of labour required ; and we shall use
this method to obtain the plenarily absolute principiant which, equated

SE : i ; | :
to 7o gives the differential equation to a cubic with a known absolute
invariant.
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Using the symbolic notation explained in Lecture XXXII.[above, p. 492],

the equation of the cubic and its first eight differentials are

we=0

wiu, = 0,

2uu® + uPu, = 0,

2u,® + Guw, U, + utuy, = 0,

3u,*(2.1) + 6u,u (3. 1) + 3u; (3.2) + 32 (4.1) + 3u(4.2) +(4.3) =0,

3u? (3.1) + 6uyu (4. 1) + 3u; (4. 2) + 3u*(5.1) + 3u(5.2) + (5.3) =0,

3u (4.1) + 6w u(5.1) + 3u, (5.2) +3u(6.1) + 3u (6.2) + (6.3) =0,

3u,°(5.1) + 6u,u(6.1) +3u,(6.2) +3u*(7.1) + 3u(7.2) +(7.3) =0,

8u,?(6.1) + 6wy (7.1) + 8, (7. 2) + 3u*(8.1) + 3u (8.2) + (8.3) =0,

where wu=p+qr+y, wu=q+t u=2a u;=6b;
_dy ol dy , 1dy
as usual, t—d_w’ =35 5 b—g'd_w”"""

(m.p) denotes the coefficient of A™ in (ah®+ bh® + ch*+ ...)*; and if, as in

Salmon’s Higher Plane Curves (2nd edit., p. 187), the equation of the cubic
is taken to be

7+ 3a,x + 30,y + 3bya® + 6,2y + 3b,3° + o2® + 3,27y + 3.2y + ¢y° = 0,
then, in the above equations, the symbols
P’ P’ P P9 P8 Py 4 9 ¢ 1
stand for e R g Ol o e Dat Dy N o 2 11 Cay Ca
These nine equations are sufficient to determine the values of the

3
coefficients of the cubic which have to be substituted in %
obtain our differential equation, which will be, as we have seen, of the form

7 AC— B2 A2D—3ABC+2B3) 1 82
(‘ L At Py
Since this equation contains nothing which tnvolves , y, or ¢, these letters
must have disappeared spontaneously in the process of forming it, and con-
sequently we may, at any stage of the work, give z, y, and ¢t any arbitrary
values without thereby affecting the result. Let, then,

2=0, y=0,t=0, so that u=p, u,=q, U= 2a, u, = 6,

in order to

and the first four equations become
w=p* =r =0,
wu,=pg=0a,=0,
%(Quuf + uuy) = pg* + p*a=b, + a,a =0,

% (2u,® + Guw, uy + uus) = ¢* + 6pga + 3p*b = ¢, + 6b,a + 3a,b = 0.
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Writing in the last five equations
u’=q =ac,

U= pq=b,
ul=q =c2’
w=p =a,
u=p =bzy

s =t g

we have
3c,(2.1)+6b,(8.1) +8¢,(3.2) + 32, (4.1) + 3b,(4.2) + ¢;(4.3)= 0,
8¢;(3.1) 4+ 6b,(4.1)+ 3¢, (4.2) + 32, (5.1) +3b,(5.2) +¢,(5.3) =0,
3¢,(4.1)+6b,(5.1)+ 3¢,(5.2) +3a,(6.1) + 3b,(6.2) + ¢;(6.3) =0,
3¢,(5.1) +6b,(6.1) + 3¢,(6.2) + 32, (7.1) + 3b,(7.2) 4+ ¢;(7.8) =0,
8c,(6.1) +6b,(7.1) + 3¢,(7.2) +3a,(8.1) + 3b,(8.2) +¢;(8.3)=0*.
Substituting in % for r, a,, by, c, their values given by the equations

r=0, a,=0, by+aa=0, c,+ 6ba+ 3a,b=0,
and for the mutual ratios of a,, b;, by, ¢, ¢,, ¢; their values found by solving
the last five equations, we obtain the differential equation required.

Referring to Salmon’s Higher Plane Curves, p. 188, we see that, when
r=

: 8 = (ca?) + (cb*a) — (B),

T =4 (¢*a®) — 8 (c*b*a?) — 12 (b%) (cb*a) + 8 (b*),,
where (c?a?), (cb*a), ... are functions of a@,, a,, by, by, b, Co, €1, Cs, €5, Which,
when a,=0, become °
(c*a®) = (coe: — ¢?) a@?,
(cb?a) = (bo*cs — Bbybycy + bybyey + 2b%c, — bibycy) @y,
(b2) =byb, — b2,
(c*a@®) = (¢ cs — Beyerca + 2¢1°) @,
(c*0*a®) = (c2by? — 4y, 0,b, — 204C,b,by — 40Cyb% + 86450,b,
+ 8¢,2b,% + 4¢,2byb, — 12¢,¢,b,b, — 8cyc5b,2 + 9¢,2b52) @y’

We have now reached a point at which the work will be greatly facilitated
by the introduction of the capital letters 4, B, C, D. This is usually done by
writing for

a, b, gfid,wep fiv g,
1,0,0,4, B, ¢, D+ 42

* These equations are only set out for the sake of distinctness; when our abbreviations are
introduced, only two terms survive in the first three, and only three terms in the last two of
these five equations.
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But in the present instance we may make a further simplification by writing
A=1, B=0, C=0, D=D,
for the only effect of this will be to make the final result take the form
F(G, D)=
F(AC’—B” A°D — 3ABC + 2B3> Y
F 1 il A =
The form of the function will not be affected by writing in it A=1, B=0,

and the letters 4, B can be restored at pleasure by making

s AOA—-S B |, _4°D-34B0+ 28"
El

instead of

A4

Hence we may write for
o' b o @y i o

1; O; 05 1) 0) Cl) -D1+

Instead of the coefficient of
™ in (ah? + bh® + ch* + ... )",

25
=

(m . p) will now signify

co. k™ in {m +10+ Ol +(Dy+ %) hs}".
Thus we have
(2uily.—a
(8= 0 (3.2) =0
(4.1)=0 (4.2)=1 (4.8)=0,
(55 Lyl (5.2)=0 (5.8)=0,
(651 =10 (61 2)=0 (o=l
(1.1) =0, ((:2)=2 (0i3) =0,
(8.1)=D1+28§ 8.2)=0 (8.3)=0.
Hence the equations which give a,, b,, bs, ¢, ¢, ¢; become
¢+ b,=0,
G F =0,
6b, +c; =0,

¢+ a,C + 2b,= 0,

26,0, + 2¢, + a, (D1 + %O) =0.

From the first four of these, coupled with the equations
bo+a,=0, c¢,+6b,=0,
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obtained by making ¢ =1 and b =0 in the original equatlons which give b,, ¢,,
we find

= ;= —06b,
6= —b,== 032
Co= v =—a, =0},
by assuming a,=— C, (which we are at liberty to do since any one of the

coefficients may be chosen arbitrarily).

The last equation then gives
Dy 9

b= + 16"

Substituting these values in the prev1ously given expressions for (c’a?),
(cb*a), ... we have

(c?a®) =—(6b, + C?) C?,

(cb?a) = — (40,2 — 9b, — C?) O,

b)) =02 —bp,
(c*a®) = (216b* + 18b,Cy + 2CF°) O,
(c2b*a?) = (312b,® + 20,2 C;? — 24b, O + 90y + 4CF) Ci2.

Hence S =(c*a?) + (cb*a) — (b*)

= — O + 3b,C® — 2b,2C? — by,
and T = 4(c*a®) — 3 (c*b*a?) — 12 (b?) (cb*a) + 8 (b)?

= — 80" — 3(8b2> — 12b, + 9) C\* — 12b,* (2b, — 3) C;® — 8b,°.

To express S and 7 in terms of 4, B, C, D, we write

0 _AC—B b_D 9 _4D-34B0+32B* 9
§ * 16 24 16’

or, if we use Halphen’s notation in which
288 (AC — By 24 (A*D—-3ABC+ 2B3)
C i A8 s E A*
we have 2.302=¢ 2¢.3b,=£+3,
and consequently,

92:.8(2b,—8)=£—8.5,
25,32 (8b2 — 12b, + 9) = (2¢.8b, — 2°.3%) + 2, 3¢ = (£ — 3?)* + 21, 3¢,
Hence
— 26,348 =216, 3400 4 21, 34p, (2b, — 3) O + 2. 34b;¢
=202+ 24(E+ B (E—32.5) &+ (E+ 3,
— 20 35T = 9% 350,94 20, 37 (8b* — 12b, + 9) O
+ 2%.37b°(2b, — 3) C# + 2% . 3%,
= 2004 2. 3[(E— 3 + 2.3 ¢
+22.3(E+ 3P (E—-8.5) ¢+ (E+ ),
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where the expressions on the right-hand side are 2°Q and 2°R in Halphen’s
notation. Thus
—-20.3¢8=Q, —22.3T=R;
Q® ol 64.8°
SO that Fz=—-224.3121,’5=— T2 5
This result agrees exactly with Halphen’s, if we remember that his S is
taken with a different sign from ours.

: 9 A*D- 2B
Since bl=%+%= 32613;0'*' B +%’

we may write
D = 2¢44b, = 22 (42D — 3ABC + 2B%) + 3244,
and in like manner
WSO = (CAC — B3y

Now 2548 (b2 + C%) = P2 + 200,
which is divisible by 4% Hence if
P2+ 227 = 420,

we have ® =234°(b2 + C¥)
= 20(A42D* - 6ABCD + 4AC* + 4B°D — 3B*(C?)
+ 24,8242 (A*D - 3ABC + 2B®) + 3:4°.
The equations which give S and 7 in terms of b, and (), may be written
— 8 =2+ C2)P—3b0p
—T=23(b2+ 02— 22.32 (b2 + 0) b, O + 3°C,
and consequently,
— 2184128 = @ — 212,39V,
— 2148 = @3 — 21. 3DV + 22, 324272,
where ©, @, ¥ are the rational integral principiants
© = 2¢(42D* — 6 ABCD + 4AC? + 4B°D — 3B("?)
+ 24,3242 (42D — 3ABC + 2B?) + 34°,
®=2(A4*D - 34BC + 2B?) + 3°4,
V¥ =(AC — B,
which, as we have seen, are connected by the relation
P2+ 28V = 4?0.
The differential equation of cubics with a given absolute invariant is
(0 — 22 ,30V) I
(8 —21 3200V + 22, 34* ¥ T2’
or, as it may also be written,
(02— 22 30V T + 2083 (0® — 21, 32ODVW + 2%, 32 4*¥?)* = 0.
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For a nodal cubic, the discriminant 72 4 26,82 vamshes Hence the differential
equation of a nodal cubic is

(0° — 21, 320DV + 22, 3242V?2) — (@2 — 222, 30V )=0.
When expanded, and divided by 2%. 3*W?2, this reduces to
40° — @22 — 211, 32420DV + 24P + 2%, 3344 W2 = (),
which (since 4?0 — ®? = 25W) divides out by 28, giving
02— 22, 324200 + 203 + 22, 3344V = 0,
or, what is the same thing,
02 —2°. 324°0P 4 2°P* + 2¢. 3244 (A0 — D) =0.
This may also be written in the form
(©@ —22.3242P + 28, 3249 + 25 (P — 3244)* =0,
or, replacing ® and ® by their values in terms of 4, B, C, D,
{2¢(A42D*— 6ABCD +4A4C% +4B*D + 3B*(C?) ‘
—2¢.3247(4*D—- 34 BC + 2B%) — 3! A°}* + 25 (A°D — 3BABC + 2B%)* = 0.
For a cubic whose invariant S vanishes, the differential equation is
®— 212 30V =0,
and for a cubic whose invariant 7' vanishes,
®2 — 21, 30DV + 22, 3242V =0.
For the cuspidal cubic, both S and 7' vanish, so that the algebraic equation

of the cuspidal cubic is a particular solution of each of these equations. We
can, however, replace the system

@2 — 212 3V = 0, (1)
®°— 21, 3209V + 2. 32°4*¥? =), (2)
by another pair of equations, for one of which the cuspidal cubic is a particular
solution, and for the other the complete primitive.
Multiplying the first equation by ® and subtracting the second from it,
we have, after dividing by 2.3,
OP — 21, 324*¥ = 0. 3)
From (1) and (3) we obtain
©2@? = 22, 3PSV = 2%, 34442,

Hence Pi=108 3044V, 4)
But A20 = @2 + 287,
so that A20D = P32 28DV,

Substituting in this the values of @® and @* found from (3) and (4) and
dividing by ¥, we have :

20, 3244 = 2°,3%44 + 2P,
which gives Q=32 44, ()
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Substituting this value of ® in (4) and rejecting the factor 3344 we obtain

P4t = 20V
: A\¢ sAC— B¢
that is (5) = (T) .

In the course of the work we have only rejected powers of W (that is of
AC — B?) and of A, of which neither corresponds to the cuspidal cubic.

Since ® =324+ it follows that 42D —3A4BC + 2B%=0. The equation to
the cuspidal cubic above obtained is a particular solution of this, its complete
primitive being (see Lecture XXXI. [above, p. 486]), ¥ = X*Z**, where A
is an arbitrary constant.

LECTURE XXXIV.

The preceding 33 lectures contain the substance of the lectures on Reciprocants
actually delivered, entire or in abstract, in the course of three terms, to a class at the
University of Oxford.

A good deal of material remains over which the lecturer has lacked leisure or energy
to throw into form, which he hopes to be able to recover and annex to what has gone
before as supplemental matter in the convenient form of lectures numbered on from those
which have already appeared.

The one that follows is entirely due to Mr Hammond, who has rendered invaluable aid
in compiling, and in many cases bettering, the lectures previously published.

It constitutes probably the most difficult problem in elimination which has been
effected up to the present time. Jiids s,

The problem in question is to obtain the differential equation correspond-
ing to the complete primitive
Ve + m'y +n') = (o + my + n))(Vz +m"y + n”y—2
(say ¥ = X*Z") by the process of eliminating all- the arbitrary constants
except A.

The eliminations to be performed become greatly simplified by aid of the
following Lemma. If X be any linear function of # and y, and M, the
absolute pure reciprocant corresponding to M; then

X, —4M,X,=0,
dX dX dX.
where Tk Xy oty X ol X.
For if we suppose X =lz+my+n,

two successive differentiations give
abX, =1+ mt
and a2X, +a X, = 2ma.
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Writing the second of these equations in the form
a X, +a %X, =2m,
and differentiating again, we find
X,—a 10X, +a X, + (4ac —50°) a " ¥X, =0,
or, since 4M, = (4ac —5b6*) a1
X, +4M,X,=0.

N.B.—Throughout the following work all letters with numerical suffixes
are to be considered as derived from the corresponding unsuffixed letters in
the same way as, in what precedes, X,, X,, and X, are derived from X;

namely by successive differentiations, each of which is accompanied by a
division by a?.

Writing the equation
Y=X*7

(in which X, Y, Z denote any three linear functions of #, %) in the form
logY =Alog X + (1 —2A)log Z,

we obtain by differentiation and division by a?,

%:X%+(1—X)£z’. 1)
Let now X, =uX,
Y, =Y,
Z,=wZ,

so that (1) takes the form
v=2M + (1 =2)w,
and consequently =My + (1 =A)w,
V= Aty + (1 — X) w,.

By means of the Lemma it can be shown that

u* + Buuy +uy + 4Mu =0, (2)
v+ 3vv, +v, +4Muw =0, (3)
w? + Sww, + w, + 4M,w = 0. (4)
For, since X, = Xu,
we have Xo=Xu+Xu, =X (w*+u)
and Xy =Xu+2Xu; + Xu, = X (v + Buw, +u,).
Substituting these values for X, and X; in
X, +4M,X,=0,
we obtain w4+ Buu, + uy + 4Mau = 0,
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which proves equation (2). The equations (3) and (4) connecting v, v;, v, and
w, w,, w, are similarly established. We now write

u+v+w=3w}

U—w=3z
These, combined with v=2M+ (1 —A)w,
give u=w—NAN—-2)z

v=0—(1-2)\)zf,
w=w—A+1)z

which, when operated on by a =% i twice in succession, yield

da
m=w,—(A—2) 2z U=wy— (A —2) 2,
n=w,—1—2\) 2z}, 1)2=w2—(1—2>»)z2}.
w=w,—(A+1)2z Wy=w,—(A+1)2, )

When expressed in terms of w, w;, », and 2z, z, z,, equations (2), (3), and (4)
become transformed into

Pl D0 TSR =G S =, (5)
P-(1-20)Q+(1—2APR—(1—2\s=0, (6)
P-(A+1)Q +(A+1PR —(n+1ps =0, (7)

where, for the sake of brevity, we write
®* + 30w, + 0, + 4M,0 = P,
3w’z + 3wz, + 8w,z + 2, + 4 M,z = Q,
3w2z® + 32z, = R.

In order to simplify (5), (6), and (7), we multiply the first of them by A,
the second by — 1, and the third by 1 -2\, and take their sum, which is
obviously independent of P, and from which it is easily seen that the terms
containing ¢ and 2* will also disappear. For

Ak AR AR+ 1) =0,
and AA=2P—A=20P+ (1 =AM (A+1)*=0.
We are thus left with

A=2p=1=22P+(1 =M A+1)} R=0,
which, on restoring the value of R and reducing, becomes
AA=1)z(wz+2)=0.

Now the values of u, v, w, which are equal to % ’ A é respectively, being

YoiZ
distinct from each other, z cannot vanish; for z=0 would imply u=v=w.
Hence, considering A\ to have any finite numerical value except 1 or 0, we

may write
wz+2=0
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in equations (5), (6), (7), which will then become
P—(A—2) (Bwyz+2+4M,2)—(A =28z =0, (8)
P—(1—2)) (B0n2 +2,+ 4M,2) — (1 — 20) 28 = 0, (9)
P—(A+1) Bwz+2z+4Mz)—(A+1)p2 =0. (10)

Adding these together, we find
BP={A—2P+(1—-22P2+(A+ 1)}z
=3A—-2)1-22)(A+1) 2%
Restoring the value of P, and writing for shortness
M- +1)(EA-1)=p,
there results ®° + 30w, + @, + 4M,0 + pz* = 0.
From any pair of the equations (8), (9), (10) we obtain by subtraction
3w,z+2,+4Muz +3 (N —N+1) 22 =0.
Thus, for example, subtracting (10) from (8), we have
3Bwz+ 2+ 4Muz)={(A-2P-(A+ 1P} 2=—9 (N =N+ 1)z

Collecting our results, we see that equations (5), (6), (7) may be
replaced by

@* + 30w, + 0, + dM,0 + pz* =0, (11)
3w,z + 2, + 4M,z + 3¢z* =0, (12)
wz + 2, =0, (13)
where p=(A=2)(A+1)(2r-1),
and g=M-—-2A+1.

Differentiating (13), we obtain
0,2+ wz,+ 2,=0.

Subtracting this from (12) and adding (13) multiplied by w, the result
divides by 2z, and we find

@*+ 2w, + 4M, + 3q2* =0, (14)
which, when multiplied by @ and subtracted from (11), reduces it to

o, + 0, + pz* — 3¢z°w = 0. (15)
Now it has been shown in Lecture XXX. [above, p. 482] that

d
d_.Z’Ma pis 5Aa;

a_é

d
et #
a p) A,=6B,

ad
) a~} ds

whence it follows that (14) gives on differentiation
0w, + v, + 104, + 392z, = 0.

Ba 5i's 70a s MaAa:
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Combining this with (15) we have
104, = pz* — 39z (wz + 2,),
or, finally, since wz + 2, =0,
104, =p2.
Differentiating this, we have
: 20B, = pz*z, = — pPw;
that is 2B, + Aqw =0, (16)
whence, by differentiation,
14C, + 2M, A, + 6Byo + Ago, = 0.
Subtracting (14) multiplied by 4, from the double of this, we have
280, — A,0* + 12B,0 — 3g2*4, = 0.
Substituting in this for @ its value ——2;1% , found from (16), there results
28 (4,0, — By?) = 392°A 2
But it has been shown that
104, = p2°.
Hence the elimination of 2z gives
28** (AoCy — B2y = 3°¢*p* 24 ,° = 10°33¢3A ;5.

Or restoring for p and ¢ their values in terms of A, and replacing the
absolute reciprocants 4,, By, C, by the non-absolute ones 4, B, C' (which is
effected by merely multiplying throughout by a power of @), we have

2. TAN=2PA+ 1PN —1p(AC—-B*P=3.52(\*—=A+1)p 4% (17)
For other methods of obtaining this differential equation see Halphen’s
Thése sur les Invariants Différentiels, p. 30, and Lecture XXX, of the present
course. It corresponds in general (that is unless A=0,1, ® ) to the complete
primitive '

¥ = XAZ5A
When A =0, 1, o, the differential equation (17) becomes
285 (AC — B2y = 3. 5248, (18)

which corresponds to the complete primitive

z
Y == Xe¥, (19)
This case has been discussed in the Thése and in Lecture XXX. [above,
p. 480].
We may obtain (18) from (19) by a method of elimination similar to that

employed in deducing (17) from its complete primitive. Thus the first
differential of (19) may be written

¥, Xy _l_ZlX—ZXl
gl [y R0 PR
which becomes v=1u+ 3z

when we assume X, =Xwu, Y,=Yv, Z,=Zu+ 3Xz.
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By means of the Lemma we obtain

u? 4+ Bu, + uy + 4Muu = 0, (20)
¥+ 3vv, + v, + 4Muw =0, (21)
3uz + Bu,z + 3uz, +2, +4Myz = 0. (22)

The first two of these are identical with (2) and () previously given ; the
third is found as follows. Since

Zy=Zu+ 33Xz,
Zy=2wu+Zu, + 3X,2+ 33Xz
=7 (u*+uy) + 3X (2uz + z,).
Hence

Zy =2, (W +wy) + Z (2uwy + ) + 3X, (2uz + 2) + 38X (2w, 2 + 2uz, + 2,)
=7 (u® + uw, + u,) + 3X (Bu’z + 3w,z + 3uz, + 2,).
Thus we have
Zy+ 4AM,Zy = Z (w* + Buu, + uy + 4M,u) + 3X (3uz + 3uy 2 + Suz, + 2, + 4M . 2).
But Z;+4M,Z, =0, and »* + Suu, + u, + 4M,u = 0, which shows that
3uz + 3wy, 2 + Buz, + 2, + 4M,z = 0.

Equations (20), (21), and (22), of which we have just proved the last, are
merely convenient expressions of the fact that X, ¥, Z are linear functions
of z,y. We combine them with the first, second, and third differentials of the
primitive equation (19) by writing

v=u + 3z
n=1u+3z}.
Vy = Uy + 32,

When this is done (21) becomes

(v + Buu, + uy+ 4Mu) + 3 (Buz + Suz, + 3w 2 + 2, + 4M ,2)
+27z(uz + 22 + 2,) =0,
which, in consequence of the identities (20) and (22), reduces to
(u+2)z2+2=0.

Let now u=w—2 (so that wz+ 2z =0). Substituting in (20) and (22) we
find

®° + 3w, + 0, + 4Muw — 3 (0 — 2) (wz + 2,) — 22 — 30,2 — 2, — 4 M2 =0,
and (Bw —62) (wz + 2,) + 32° + 3w, 2+ 2, + 4M 2 =0
respectively. Adding both equations together, and remembering that

wz+2,=0,
we obtain ®* + 3w, + 0, + 4M,o + 222 =0, (23)
3w, 2+ 2,4+ 4Myz +323=0, (24)
which, combined with wz+ 2,=0, (25)

replace the system (20), (21), (22).
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Comparing these equations with (11), (12), (13), we see that the two sets
are identical if we make A =0, when p becomes 2 and ¢ =1. Hence, by
performing exactly the same work as in the previous case, we shall find

pd, =2 (instead of 104, = pz°)
and 28 (4,0, — B,*) = 3224,* (instead of 3¢qz?4,?).
And, finally, eliminating z between this pair of equations, at the same

time replacing the absolute reciprocants 4,, B,, U, by the corresponding
non-absolute ones A4, B, C, we have

28°(AC — B2y = 3* . 524",

which is what (17) becomes when A has any of the values 0, 1, or o.
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