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799.

ON CURVILINEAR COORDINATES.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. Xix. (1883),
pp. 1—22.]

THE present memoir is based upon Mr Warren’s ©Exercises in Curvilinear and
Normal Coordinates,” Camb. Phil. Trans. t. X1 (1877), pp. 455—502, and has for
a principal object the establishment of the six differential equations of the second
order corresponding to his six equations for normal coordinates: but the notation is
different; the results are more general, inasmuch as I use throughout general curvilinear
coordinates instead of his normal coordinates; and as regards my six equations for
general curvilinear coordinates, the terms containing differential coefficients of the first
order are presented under a different form.

If the position of a point in space is determined by the rectangular coordinates
@, y, z; then p, g, r being each of them a given function of z, y, z we have con-
versely #, y, 2, each of them a given function of p, ¢, », which are thus in effect
coordinates serving to determine the position of the point, and are called curvilinear
coordinates.

But it is not in the first instance necessary to regard @, y, z as rectangular
coordinates, or even as Cartesian coordinates at all; we are simply concerned with the
two sets of variables #, y, z and p, ¢, », each variable of the one set being a given
function of the variables of the other set; and, in particular, the z, y, z are regarded
as being each of them a given function of the p, ¢, r.

Except as regards the symbols & #, ¢ presently mentioned, the suffixes 1, 2, 3 refer
to the variables p, ¢, » respectively, and are used to denote differentiations in regard
to these variables, viz.

Zyy Xy, Xy, Tyyy Trgy Loy <o
C." XII, 1
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2 ON CURVILINEAR COORDINATES. [799

are written to denote
de dx dr dx dz do

G A dp dpdy’ A

and so in other cases; in particular,

@, @y, 3 denote o R
13 gy g dp, dq) dr’
dy dy dy
3/1, 3/2, 3/3 » d_p; dq’ d_T’
de 02 ds
21, 2y, 23 ”» @, @7 d_r-

The minors formed with these differential coefficients are denoted by suffixed letters

£ 7, § thus
&, &, & denote yuzy —yy20, Yot — 2, 2 — Yt

Ny Nas My 2oy — 23Ty, 20y — 513, 2103 — 230y,
G 6 & LoYfs — Z3Ya; Xsth— T1Ys, Lr1Ys— T2,
so that, as regards these letters £, 7, ¢ the suffixes do not denote differentiations.
The determinant | ;, ¥, =2 |is put =L:
Loy Y2y 2
Xy, Y5, 2 |

and the symbols (a,_ b, ¢, f, g, h), (4, B, C, F, @, H) are defined as follows:

i R Y Ad=" &'+ »'+ &
b= x'+ y*+ 2% B= &4+ 92+ &
c= &'+ y'+ 2 C= &+ n+ &
f=am + .y + 22, F=8&+nm+ LG,
8= T + Ysth +2521, G =&& +n9om + 866,
h=zz, + 3.y, + 22., H=E8&E+mm +68,.
We have then, further,

AN h S a, h, g |=1L1L,

Ly Yo 2 |

@y, Ysy 2y | Tl Selalts

|48, o o B 4, BTG =_-Ll-2,
R T Ho B AR
f:»‘: YY) é‘s I G, g it 41

(4, B, C, F, @, Hy=(bc —f* , ca —g*, ab —h?, gh —af , hf —bg, fg —ch ),
I*@a,b,c, f, g, h)=(BC-F, CA— G, AB—H, GH — AF, HF — BG, FG — CH),

which equations are at once proved, and are fundamental ones in the theory.
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799] ON CURVILINEAR COORDINATES. 3

It is convenient to add that we have

(di) d_P d_lj>=]j_(fl’ s §1 );
de’ dy’ dz L

Ez, M2 §2
dg dq dq A
a—m, d'—y, E} an 773) C-i
ar dr dr
de’ dy’ dz

. | ;
that 1s, e Zfl, &c.; and, further, |
do* +dy? +d2*= (a, b, c, f, g, h{dp, dg, dry,
dp +dg*+ dri= 7. (4, B, C, F, G, HYda, dy, de.
Differentiating the values of a, b, ¢, f, g, h, we have {a, = @,y + %1y + 2124, which
may be written in the abbreviated form 4a,=1.11; similarly

f, = @myy + YoY1s + 22213 + Z3ip + Y5Yra + 23210,

which in like manner may be written f,=2.13 +3.12, and so in other cases; observe
that, in the duad part of any symbol, the order of the numbers is immaterial,
2.13=2.31. The whole system of equations is

jam=1.11 . dag=1.12 . day=1.18 :
1b, =2.12 , b,=2.22 , $b=2.28 ,
}e,=3.13 , }6,=8.28 , }6,=8.88 ,

f=2.134+8.12, f,=2.28+3.22, f=2.53+3.23,
=3.11+1.13, g=3.12+1.23, g=3.13+1.33,
hy=1.12+42.11, h,=1.22+2.12, h;=1.23+2.13.

These may also be written

Ve g R G TR PN
"L e . 2.22=1b, B 1 R A
3.11= g, —}a, G v A Sl T P ,
R = T S I R kv N ,
2.23= 4b, , 2.81=4(fi—ga+hs) 2.12=13b, :
3.23=}c, L ik SR8, 1wl s B,

It is to be observed that we can, from each system of three equations,-express a
set of second differential coefficients of the @, 7, 2z in terms of the first differential

1—2
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4 ON CURVILINEAR COORDINATES. [799

coefficients of the a, b, ¢, f, g, h; thus the three equations containing 11, written at
length, are ;

&Ly . &y + Y1-Yn +2,.2n= ‘%8.1,
Ly + y2 » +2 , = hl T %a‘ﬂ)
Zy 5 TYs '»n +25 » =81 %a'sy

three linear equations for the determination of @y, ¥y, 2u; hence for 2, we have

Zyy \‘ @, Y, 2% |=3%8 (Y2 — Ys2:) + (hy — 320) (Y521 — th2) + (81— 3as) (hza— Y221),
l Loy Yoy 25
w3) ys» Zs

or, what is the same thing,

Lz, =18,. & +(h;—3a,) &+ (g — $a;) &,

and so for w,, z,; or if (as in the sequel) we desire the value of a linear function
azy + Byy + yzy, calling this for a moment [J, we join to the foregoing a mew equation

azy + Byn + yzu =0,
and then, eliminating the three quantities, we have
a, B, w, DO =0,
i, Y1y B idm
%, Yo, 2 h—73a,
| @5 Y5 2, Gi—3
giving L(J as a linear function of }a,, h, — $a,, g - 4a,.
We can in like manner form the expressions for the second differential coefficients

of the a, b, ¢, f, g, h: these will of course contain third differential coefficients of the
z, Y, &

Writing down only what is wanted, we have
o, =12.12+1.122,

4b, =12.12+2.112,
hy=12.12+11.22+1.122 +2.112,

where of course 12.12 denotes &%+ 3%, +2%, 1.122 denotes z,.&+ 4. Y1 + 21 . 21,
and so in other cases: it follows that

¥ (8 + by — 2hy) = 12.12 - 11. 22,

so that the third differential coefficients of #, y, z, which enter into the expression of
ay + by — 2h,, destroy each other, and this combination contains really only second
differential coefficients of z, y, 2.
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799] ON CURVILINEAR COORDINATES, 5

Similarly
fu=81.234+83.124+ 8.123 +2.133,
gn= 31.23+33.12+ 3.123+1.233
Gy =12 .81,023 +2:8..123
hy=2.31.23 +1.233 +2.133,
and thence :

f31+g23_cu— h33= -2 (31 .23—33. 12),
so that here again we have a combination containing only second differential coefficients
of & v, 2

There are thus, in all, the six combinations

1o Bt D L i G SO U R R S S (),
LT e O e (B),
gt ey 0T 0L T B SR T S SRR S e, UL (@),
e e e S S R RN LY (%),
B R e L ooinin s paie sy nss saab sty s ip aha o (G),
e e G s L o s b e e R (9),

each really containing only second differential coefficients of #, y, z; and we thus under-
stand how each of these combinations may be expressible in terms of the first
differential coefficients of (a, b, ¢, f, g, h). We have, in fact, for thus expressing these
combinations the six equations called (), (B), (€), (), (@), (H) about to be obtained,
and which are the generalisations of Warren’s six equations for normal coordinates.

I consider the several determinants of the form
Ty, Yu, 2u |
Z, Y%, 4
| ® 9, %]

in all 18, since the suffixes for the top row may be 11, 22, 33, 23, 31, 12, and those
for the second and third rows 2, 3; 8, 1; or 1, 2. Each determinant is a linear
function of second -differential coefficients of =, y, z (thus the determinant written down
is = E@y, + NsYn + 2n), and as such it can, by what precedes, be expressed by means
of the first differential coefficients of the a, b, ¢, f, g h. Thus, if the determinant
above written down be called OJ, writing &, #;, & for a, B, v, we have

‘ fx: s> CS) D =07

&y, Y, %, $a,
a0 s P

| @ Y5 2, g —d |
L. D = - Es: UES §3 ’
%ab &y, 3/1) Zl
hl_%a'm Xy, :’/2» 2y

gl o ?}‘3'3; X3, Ys, 23

that is,
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6 ON CURVILINEAR COORDINATES,

where the right-hand side is
= Yo, E& + mam + §1§s
= (hl = ‘«}3'-_)) Mg (Eefs + nams + §2§3)

an (gl il %as) . Esz + 72+ &3
which 1is

=G .42, + F(h,— $a,) + C (g — 3a,),
or, as this might be written,
=(@, F, CQa, h,, g))—3(G, F, Ofa,, a,;, a).
Retaining the former form, the result is

L.0O =G.§a1+F(hl—lgaz)+0(g1—%aa),

and it is now very easy to write down the complete system of the 18

[799

equations ;

viz. if the determinant above written down be called 11.1.2, and so in other cases, then

we have

2.8 A b G
il H B : F
AR G F C
L1} , = ia h, — 3a, g — a
L ID e L h, - b, 3, f, — &b,
s A gs— 3¢ f; — e, % c
. 23, =%(—f +g + k) ib, i c
T R 3a, 1(fi—g.+hy) % ¢
R b e R Y 3b, 3 +g.—hy):

read for instance

L.11.1.2=G.4a + F(h, — 3a,) + O (g — }3y),

the equation obtained above.

There are eighteen functions-as shown by the following diagram :

A0S s YA G T

(22) (33) — (23) 2
(33) (11) — (31) 3
(11) (22) — (12 1.
(31) (12) — (11) (23) | 2
(12) (23) — (22) (31) | 3
(23) (31)—(33) (12) | 1

N = W N = e
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799] ON CURVILINEAR COORDINATES. 7

viz. in any line of the diagram the bracketed duads may belong to any one at
pleasure, but all to the same, of the three pairs 2.3, 3.1, 1.2; thus the first line
might be :
(22.3.1)(33.3.1)—(23.3.1),

or, instead of the 3.1, we might have 2.3 or 1.2. But of the 18 functions I dis-
tinguish 6, viz. those in which for the six lines respectively the pairs are 2.3, 3.1,
1.2, 2.3, 3.1, 1.2, as shown in the diagram. Each of these six functions can be
obtained under two different forms, and by equating these we have the equations
2A), (B), (6), (F), (G), (9), before referred to; thus (€) is obtained by equating two
different forms of the function (11.1.2)(22.1.2)—(12.1.2)*; and (£) is obtained
by equating two different forms of the function (23.1.2)(31.1.2)—(33.1.2)(12.1.2).

The determinants 11.1.2, &c., may be denoted by accented letters a, b, ¢, f, g, h,
as follows: :

’ /’ ’ 4 / ’
Imll) x22) $33, a"zn wsl: xlﬂ w?: ws =a ’ b ) c ) f ) g ) h ’
Y, Yoo Ysss Yoo Yns Y2 | Y2 Ys
2u, %, Zy, RPuy, 2n, Pun| 4, 2
” 7 ” 10 ” ”
» » Z3, H=a , b » C f 2 8 h )
Ys, % ]
23) 24
meoyan e prr o W,
2 ”» &y, Zy=2a , b » C ) f o h ’

3/1, yz

21y 2

Viz.
o, @, « |=a, &

Yu, Y2 Ys

Zu, %3, %3

In this notation, (€) is obtained by equating two values of a”’b” —(h™), and (&)
by equating two values of f”/g” —c”h™.

The forms which I call the second are those given by the immediate substitution
of the foregoing values of (11.1.2), &e.; to obtain the first forms, I proceed to
calculate those of (€) and (§).

Forming by the ordinary rule the product of the determinants (11.1.2) and
(22.1.2), which are : i

Zn, Y, “Zu and | @, Yoz, 22 |,
T, Y, 4. T, Y, 4

Xy, Ya, Za. Zyy Yo 22 |
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8 ON CURVILINEAR COORDINATES. [799
this is
115220 1 L At 2 ead a8 i
i L0 LA R N [ )
21399, 1 25 ag

where 11.22 denotes @@+ 91w+ 2n2xn, and the like for the other symbols. In like
manner, the square of the determinant (12.1.2), that is, of

lwm- Yz, %12 |»
Z , yls 2
-sz yz; zz
is :
120 09 Ll 2 112 Sl s
1LA2; A a2
2 A2 %l 5 202

or, observing that in the two resulting determinants the terms 11.22 and 12.12 are
multiplied by the same factor, the expression for the difference gives :

(11.1.2)(22.1.2)—(12.1.2)
=(11.22—12.12))1.1, 1.2|+ 0, M1 SL1T b B TR SR
1.2

2.2 G O T N T T (4 IS O
2.22 1.2, 2.2 2.12, 1.2, 2.2
containing 11.22—12.12, which, by what precedes, is
= — % (an + by — 2hy,);
the other terms are also known, viz. the whole value is
= — % (an + by — 2hy,) (ab — h*) + | 0 , %a, h—3a, |[—| 0, 2a, 3b |,
I h,—4b,, a, h 3a,, a, h
3b,, h, b by, hy i b

which is

=—1% (an+ by — 2h,,) (ab — h?)
+a (3b? — b,h, + }a,b,)
+b (3a,> —3a,h, + }a,b,)
+ h (}a,b, — }a,b, + h;h, — $a,h, — b hy),
= (ab —h?)k, where k& is the measure of curvature.
In the same way, we have

(23.1.2)(31.1.2)—(33.1.2)(12.1, 2)
=|23.381, 1.31, 2.31!_ 12.33, 1.33, 2.33 |,

1,88, 11,02 7T T SO S
2588, 12, 2.2 2.12, 1.2, 2.2
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799] ON CURVILINEAR COORDINATES. 9

which is
=(23.31-12.83) | 1.1, 1.2 |+| O , 1.13, 2.13|—| O , 1.33, 2.33,
(5.8 cHon i 11750 (R [ A R 1 2 [ SRS ()
2230 L2 =Y ZAIZS I 2 1D D

containing 23.31 —12.33, which by what precedes is
=_%(g23+f31"012"h33);
the other terms are also known, and the value is

=“'%(gn+f31_012—h33)(ab—h2)

+ 0 ’ %as; ‘;’(fl—ge"f‘ ha) '—| 0, g:s—?}cl, fs—‘%cz »
$(—fi+g+h), a, h das, 097 alisiiiun
ib, Tpilt SO AT (RS

or finally this is :
= — 1 (gu + fu — ¢ — hy) (ab — h?)
+a (3bif; — Ibsf, — bic, + 3byg: — 1bshy)
+ b (a8 — 1,8 — dmc, + Fasfy — fashy)
+ h {Ja,b,+ 3bic, + dasc, — 3byg — daufy + 2hi— 1 (f,— go)?).

The remaining four of the six functions can of course be obtained from the two
just found by a cyclical interchange of the letters and suffix-numbers 1, 2, 3, and it
is not worth while to write down the values.

The two values of (11.1.2)(22.1.2) - (12.1.2)* are
— (ag + by, — 2hy,) (ab — h?) +a (1b,* — 4b.h, + }a,b,)
+b (1a,* — $a,h, + ta,b))
+ h {1 (ab; —a,b,) + h;h, — b, h, — $a,hy),

{G .32, + F (b, — $a)) + C(gi —$a)} . {G (hy— b)) + F. kb, + C'(f: — §by)}
— (G .38, + F.3b, + C. 3 (L + g — )],
where, in the first value, for a, b, h, ab—h?® we must write L=2(BC - F?), L=*(CA - @),
L—2(F@ - CH), and L*C'; making this change, multiplying by 4 and equating, we obtain
— 2L2C (s + by, — 2hy,)
+ (BC — F*) (b — 2b,h, + a,b,)
+ (04 — G*) (a,* — 2a,h, +a;b,)
+ (FG — CH) (a,b, - a,b, + 4h;h, — 2b, h, — 2a,h,)
— {Ga, + F (2h, — a,) + C(2g: — a,)} {G (2h, — b,) + Fb, + C (2f, — by)}
4 {Gay+ Fby+ C(f,+ g — hy)J? =
©i XTI,

and

o @
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10 ON CURVILINEAR COORDINATES. [799

Developing the fourth and fifth lines, it appears that in this expression the
coefficients of F? (G* and FG each of them vanish; the whole equation is thus
divisible by C, and omitting this factor throughout, the equation becomes

0 =— 22 (an + by — 2hy,)
+ A4 (a,? — 2a,h, + a,b,)
+ B (b*— 2b,h, + a,b,)
+ C {—ayb, + 2a,f, + 2b,g, — 4f, g, + (f, + g — hy)?}
+ F {(a;b, — a,b;) + 2 (b,g, — b,g;) + 2 (bsh, — b, hy) + 2 (a,f, + b, f; — 2h,f,)}
+ G {aby —asb, + 2 (a.f, — a,f,) + 2 (azh, — a,hy) + 2 (a,g, + bygy — 2g,hs)}
+ H { 2 (a,h, + byh, — 2h, h,)} ;
this is substantially the required equation (@), but the form of it may be greatly
simplified.
Forming the identity,
0=2L[(a,—h) L+ (b,—hy) L,]=— A (a,b, — a,h,— a,h, +a,? )
‘ — B (b2 —Dbh,—b,h, +a,b,)
— O (bie; +a,¢, —chy, —cyhy)
2F (bf, + af, — f,h, —f£,h,)
- 2G (b8 + 2,8, — gih,—g,h)
— 2H (a,h, + bh, — 2h,h,),

we add hereto the last preceding equation; the coefficients of 4, B, F, G, H thus
assume new and simple forms, but the coefficient of ' requires a further transformation.

Assume
Q = (bye; — £2) + (o8, — g2*) + (a;b; — h?)

+ (gohs + gshy — aufy — ayfy) + (hofy + hofs — bigs — by ) + (fig, + f,g, — ¢,h, — e,hy)
then, if we add to the equation C' multiplied by this value and subtract CQQ, the coefficient
of C takes its proper form, and the equation is

— 212 (89 + by — 2h,,)

+ 2L[(b —hy) L, + (a,— h)) L,] — CQ

4 {—(ah; —a,h)}
B { (bh,—b,h,)}
C {= (af, — a,f)) + (byg, — bygs) — (8:hs — gshs) — (hyfy — by fy) + 3 (g, — f21)}
F {— (a,b; — a;b,) + 2 (b, g, — begy) + 2 (bshy = bihy) — 2 (h,f, — h,f,)}
G- (a3 , — arby) — 2 (a,f, — a.f)) — 2 (8, hy — ashy) — 2 (g, h, — gy hy))
H {—(a,b, —a,b,)}
=0;
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799] ON CURVILINEAR COORDINATES, 11

where, as a verification, observe that the letters (a, b), (f, g) may be interchan ged if
at the same time we interchange the suffixes 1 and 2.

The two values of (23.1.2)(31.1.2)—(33.1.2)(12.1.2) are
— % (= + fy, — ¢ — hy) (ab — h?)
+a (%blfi*‘ - ibsfl - ibICZ i ibsge = i‘bsha)
+9 (%3'283 e ia'sg‘z e iazcl =t 1‘3'3f1 T iashs)

+ h {}a;b; + }byc, + }ase, — 4bigs — Fa.fy + 1h — 1 (£, — gu)2),
and
{G.3(—fi+g+h)+F.3b+C.4c} {G.3a+ F. 3 (fi— g2 +hy) + C. e}

—{G (g—3c)+F(f,—3c) +C.%c} {G.Fa.+F.3b +C.3 (fi+ g, —hy)},
and here for a, b, h, ab—h?, substituting their values, multiplying by 4, and equating,

we have

— 2120 (g + fa —c1a— hyy)
+ (BC — F?) (2b,f, — byf, — b,c,+ bsg. — bshy)
+ (CA — (?) (28,85 — 858 — 8,0, + 85f; — a3hy)
+ (FG — CH) (a;b; + byc, + a,¢, — 2b,gs — 2a,£; + hy? — £2 + 26 g, — g2)
— (G (= £, + g + hy) + Fby + Ocy} {Gay+ F (f; — g + hy) + Ccy}
+ (G (2g; — ¢1) + F (2f;, — ;) + Ceg} {Gas + Fby + O (f, + g. — hy)} =0.
Here again the terms in F?, F@G, G* all vanish, hence the whole equation divides
by C'; throwing this factor out, we have '

— 2L (g + fn — € — hy)
+A( 22,8 —a,8 — e+ afi — agh;)

+B( 2bf,—byf, — bies+ byga— bshy)

+0 (= e +ef, + cg— ch)

+ F (= (bye, — bicy) — 2¢,f, +2fifs + 2g.f; — 2f;hy}

4+ G (20— 850 — 20,8+ 2618 +28:8— 2g;hy)

+ H(- aby—bie, — agc, + 2b,g; + 2au.f; — hy + f2—2fig, + g2) =0,

which is substantially the required equation (£); but the form has to be altered. First,
multiply by 2, then forming the expression

L [(f, — ¢) Ly + (8 — &) Lo+ (£ + g2 — 2bs) Ls]
(£ — c)(da, + Bb, + Cc, +2Ff, + 2Gg, + 2Hh)

+(gs— <) (Aay+ Bb,+ Ocs + 2Ff, + 2Gg, + 2Hh,)
+(f+ g — 2h;) (dag + Bb,+ Ces+ 2FF; + 26Gg, + 2Hhy),

2—2
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12 ON CURVILINEAR COORDINATES. [799
this is
= A ac—ac+ af, +af, + ag+ 2,8 — 2a5h,)
+ B (= bica—bye, + bify +byf, + big,+ byg, — 2bshy)
+ C (=2c,c, + of) +of, + cogi+ g — 2¢;hy)
+ 2F (= o f, —cf, +26f, + f.g, + f,g. — 2f;hy)
+2G (— e =g+ fig+ f;g, + 2g.g,— 2g:hs)
+ 2H (= e;hy—c;hy+ ghy+gyh,+ hyf,+ h,f, — 2h?);
then adding this expression
(fs—c)) I+ (g, — ) Ly + (f, + g, — 2h,) L,
and subtracting its foregoing value, we have an equation with new coefficients of
4, B, C, F, G, H, all of which, except that of H, are in the proper form, and for the
coefficient of H, recurring to the foregoing value of , we must add to the equation
2H multiplied by the value of Q& and subtract 2HQ. The final result is
— 4L (gx + fn — c1o— hy)
+ 2L [(f, — ¢;) L+ (g — &) Ly + (f, + g, — 2h,) L,] — 2HQ
o 1l { 3 (g — 2;8,) — (Cra, — Cay) + (ayf; — a,fy )}
{= 3 (bsfy = byf;) — (byc, — bye,) — (bogs— bsgs)}
+ C{  (efi —eufy) —(cogs — C:gy) }
+2F {_ (bse; —byc;) + (erfy —eofy) — (fogs — 58 )}
+26G {— (cots —Cotr) — (018 — Cag) — (g1 — £18)}
+2H {~ (byg —bigy)+ (a:f; — aty) }=0,
which, it will be observed, remains unaltered by the interchange of a and b, f and g
A and B, F and @, the suffix numbers 1 and 2 being at the same time interchanged.

We have thus the required six equations, in which
L?= abc — af? — bg? — ch? + 2fgh,
Q =b,c,—f? + c,a_— g +azb, —h?
+ (gohs + gshe — asf; — asf) + (hsfy + by fy — bygy — by gy) + (fige + .81 — aufo — a.fy),

and where I write also, for shortness, abl2 for a,b,—a.b,, &c.; viz. the equations are

0=— 212 (by + ¢y — 2fy) ().

& BB i) o B) B ()] ~ 40

+ 4 {5 — bg3l+ chl2 + 3.gh23 — hf31 — fgl2}
+ B {-bf23 }
+ C [+ cf23 }
+ F {—bc23 }
+ G{—be31+2.cf12 . +2.ch23 . _2.fg28}
+ H{—bcl2 — 2.bf31 — 2.bg23 J SR T
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0 =— 2L%(cy, + ag — 2gy)

+ 2L [(e;—gs) In F + (a; —

e by ag31

C { —  cg3l
F {— ca23
G {— ca3l

+ 4+ + + +

0 =— 2L? (ap + by — 2hy,)

B oabgg to0 e ehivs

—2.cg12~2.ch31 — 2. fg31

H {— cal2 + 2.af31 + 2.ag23

+ 2L [(b,—hy) L, + (a, — h;) L,

+ 4{ . . — ahl2
+ B{ . o s RS
+ C |- af23 + bg3l -
+ F {— ab23

+ G {—abdl .  —2.af12
+ H{—abl2

0=—4l* (g12+h31 —ay — fy)

J
J
J
+2.bgl2 + 2.bh31 — 2.hf12)
J
J

@) L] — BQ

J
gh23 + 3.hf31 -  fg31}
}
}
}
!

2.gh31

gh23 —  hf31 + 3. fgl2

+ 2.ah23 —2.ghl2

+ 2L [(g, + hy — 2£) Ly + (g, — 8) Ly + (b —a;) L,] —2FQ

i agl2 —
B {—ab23 + bgl2 + 3.
C {— ca23 — 3.cgl2 —
+2F { . +  bg3l —
+ 2G {— cal2 + ag23
+ 2H {— ab31 4 -

0=—4L2(hy +fo—by — gx)

ah31
bh31
ch31
chl2

ah23 —

J

— gh31

j
}
}
J
ghl2}

+ 2L [(f, = by) Ly + (hy + £, — 2g,) Ly + (h, — by) L] —2GQ

+ A {—ab3l — 3.ah23 —
B { bh23 —
C {—be3l + ch23 +3.
+ 2F {~ bel2 i
+ 2G { + chl2 -
+ 2H {— ab23 +  bh31

afl2
bf12
cf12
bf31
af23

J
J
J
— hf23}
J

— hf12}
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=— 4L* (fn + gu— Cn—hy) (D).
+ 2L [(f;— ) Ly + (g — ¢&1) Lo+ (fy + 8 — 2hy) ;] — 2HQ
+ A{—cal2+ af3l + 3.ag23 }
+ B {—becl2 —3.bf31 — bg23 }
+ C{ cf31 — ¢g23 - }
+ F {—be3l + cfl12 : — fg23}
+ G {- ca23 g - cgl2 - fg31}
+ H{ . + af23-— bg3l }

It would be possible in these equations to introduce the symbols AB12, &c., in
place of abl2, &c., and then writing 4 = B= =1, all these symbols other than those
where the letters are GH, HF or FG would vanish, and we should obtain Mr Warren’s
six equations for normal coordinates. But in the general case it would seem that there
is not any advantage in the introduction of the new symbols AB12, &c., and I retain
by preference the equations in the form in which I have given them.

To the foregoing may be joined a symmetrical equation obtained (as by Mr Warren)
by multiplying the several equations by a, b, ¢, f, g, h respectively, and adding; the
result is in the first instance obtained in the form

=230+ 2LV -~ BIAY L1 =0, 5.0 ol eiiis s susainsns (M),
where
O= a (bys+cy —2f;)

+ b(ey +ay — 2gn)
+ ¢ (aw+ by —2hy,)
+ 2f (g +hy —ay —1fy)
+ 2g (hy + fis — by — gm)
+ 2h (f;; + g — 1o — hy).

For W, collecting the terms which contain L,, L,, L, respectively, and attending
to the values of (4, B, C, F, G, H),

= (bc — {2, ca—g? ab —h? gh—af, hf - bg, fg—ch),
this is easily reduced to the form
V= (4,+ H,+ G;) L+ (Hi + B+ Fy) L, + (G, + F. + C;) L.

The term in  is
=—(da+ Bb+ Cc+2Ff+2Gg + 2Hh) Q,

= — 3120, as above.
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For the calculation of O, collecting the terms, we have [0 =

PSR O | G THIT RS I A TRB G G e s G TR 7 19 g 72 O A
T)Ac" - a be —-g-2h- a be | tih -2g Bl
ca —f- b-2h ca —liib ca |=h -2f- b
ab -f - ¢ —2g [ab |-g - ¢c=2f | ab Lo ity
af b-c —2g 2h |af | h 2b | af |-g =96

bf —-a bf -3h -2g —2a | bf -g

of a cf h cf 3g 2h 2a

ag | 3h 2f 2b|ag | b agalf

bg ~h -2 | bg [-a +c 2 -2h | bg | £ %

cg ~h cg -b cg | -3f -2b-2h

ah |- 3g -2 -2f | ah |-f ah |-¢

bh g bh 3f 2¢ 2g | bh | (v

ch g 2a ch —-f-2b ch | a-b —2f +2g

gh [-3a-b-c gh —-2f -2b | gh —2¢-2f
hf -2g —2a | hf [—a 3b-c¢ hf -2 - 2g
fg —2h - 2a fg —2b-2h fg |—a-Db+3c

viz. this is

O =be23. —aF + be3l (— gC — 2hF —a@) + bel2 (— hB — 2gF — aH ) + &e.

Some however of the coefficients require reduction; for instance, that of be3l is
=-—(a, h,g§@G, F, C)—hF,=—hF; and so —hB—-2gF—aH is =—(a, h, g0 H, B, F)—gF,
= —gF. After these reductions, the value is found to be O =

be23. —aF + be3l . — hF + bel2. — gF
+ ca23.—h@ + ca3l . —b@ + cal2 . — fG
+ab23. —gH . + ab3l. —fH + abl2. —cH L
+ af23 (—gG +hH) + af31 (bH — @) + afl12 (fH — cG)
+ bf23.—aB + bf31.—hB + bf12.—gB
+ cf23.aC + cf31 . h( + cf12. gC'
+ag23.h4 + ag3l.b4 + agl2.fA
+ bg23 (gF —aH) + bg31 (— hH + fF) + bgl2 (cF —gH)
+ cg23. —hC + ¢g31.—bC + cgl2. —fC
+ ah23.- g4 + ah31.—f4 + ahl2.—cd
+ bh23.gB + bh31.fB + bhl12.cB
+ ch23 (aG — hF) + ch31 (hG — bF) + chl2 (—fF +g@®)
+ gh23 (3a4 —bB —c()+ gh31.2h4 + ghl2.2g4
+ hf23 . 2hB + hf31 (- ad + 8bB —cC) + hf12.2fB
+ fg23. 2gC + fg31. 2fC + fg12 (—ad — bB + 3cC);
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or, arranging the terms in a different order, this may be written

0=
A { a(3.gh23 —hf31 —fgl2)+b.ag31l —c.ahl2 —c.ahl2
+ f(agl2 —ah31) +g(2.gh12—ah23)+h(2.gh31 + ag23))
+ B {—a.bf23 + b (— gh23 + 3. hf31 — fg12) + c. bh12
+f(2.hf12 + bh31) + g (bh23 — bf12) +h(2.hf23 - bf31))
+ C{ a.cf23 —b.cg3l +c(-gh23 —hf31+3.fg12)
+ f(2.1g31 — cgl2) + g (2.fg23 + cf12) + h(cf31 — cg23)}
+ F {—a.bc23 —b.ch31 +c.bgl2
+ f(bg31 —ch12) + g(bg23 —bcl2) — h(ch23 + be31)}
+ G {+a.ch23 —b.ca3l —c.afl2
—f(af31 + cal2) +g(chl2 —af23) + h(ch31 —ca23)}
+ H {—a.bg23 +b.af31 —c.abl2

+ f(af12 —ab31) —g(bgl2 +ab23) + h(af23 —bg31)}. -
Attending to the values of 4, B, C, F, G, H, we have
A+ By + Oy + 2F5+ 2Gy, + 2H,,
= bey, + cbyy, — 2ff;, + 2 (b,c;, —£2)
+  cap + acy — 2ggw + 2 (c.a, — g5)
+  abg+ bag — 2hhy, + 2 (azb; — hy?)
+ 2 {ghy + hgy —af,, — fa, +  gohs + gohy — a.fy —af, |
+ 2 {hfy; + fhy; —bgu—gbu+ hsfy +hf; —b,g —b,gy}
+ 2 {fg, + gfis —chy,—he+  fige +f,g —chy — by},
which 1is, in fact, =20 + 2Q.
Hence the foregoing equation (M) may alco be written
— L (Ay + By + Co + 2F 5+ 2G5 + 2H,,) + 2LV — 120 + 0 =0,
where ¥, Q, [0 have their before-mentioned values.
In the particular case where f=0, g=0, h=0, we have
4, B, C, F, G, H=be, ca, ab, 0, 0, 0; L*=abc;

Q =b,c; + c;a,+ aby;
the equation (2) becomes

— 2abe (by + C) + [, (asbe + byca + c,ab) + by (a;be + byea + e;ab)] — be (b, ¢, + €2 + asby) = 0,

that is,
— 2abe (by + ¢4,) — beb, ¢, + ca (byc, + by?) + ab (bye; + ¢.*) = 0,

www.rcin.org.pl



799] ON CURVILINEAR COORDINATES.
and the equation (§) becomes

4abc . ay — [ay (asbe + byca + c,ab) + a, (a;be + byea + c;ab)]
— ca (a,b; — a;b,) — ab (c,a; — ca,) =0,
that is,
4abc . ax — 2bc . aa; — 2ca. a,b; — 2ab . a,b,= 0.
Dividing by —2abc and 4abc respectively, and completing the system, the
equations are
baet ol bica bacs

b“+c”—§ﬁ_2_c:+%_%_?€=o .................. ),
cll+am—g—3§—%%q+%z2—c§—:3 s P s YO (B),
(RS UL LR ©),
By —a—gg‘?‘—%%—a;? R A @),
b —132?—%%—%‘? ol (©),
e —%Z:’— 52%{3)1—"2‘29 = e ($).

These are in fact Lamé’s equations, Legons sur les coordonnées curvilignes,
Paris (1859), pp. 76, 78, viz. the first of the equations (8), p. 76, is

@H 1 ai dH, 1 aH di,
dp.dp, H, dp, dp, H, dp, dp,’

which, in the notation of the present paper, is

(Va)a = 75 (Va), (V) + . (Va (Vo).
Here
% 3')2 =% s%:
Ay Agg %a‘2a3 .
Wa)ﬁ%(ﬁ)f”va‘ v}

and the equation therefore is

AR A T
va ana 24ba b %4c ya e’
which, multiplying by #/a, gives the foregoing equation

_Pafs Saby  aCy

a b c
C. XII. :
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The first of the equations (9) p. 78 is

d el d Y wd (L dH 1 dH dH, _
i o)t 3 () H B, o=
which, in the notation of the present paper, is
b 1 .
{(i/«/%)zh + {(—“éa)’}l +5 (Wa)i (Wb) = 0.
This gives first
Ay b, a, by 3
(et () a0
and then
% 3‘22 il i a’22 a0 | a"lb2
Va /b avayb ~ *byayb : Wb o
by ab, + clafainb i

+ % b]] fan: i Azl
Manb  *baayb  *ananb
which, on multiplying by +a VB and reducing, gives the foregoing equation

a? b a b, a.b, aabs_
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