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ON SEMIN VARIANTS.

[From the Quartei'ly Journal of Pure and Applied Mathematics, vol. xιx. (1883), 
pp. 131—138.]

The present paper is a somewhat fragmentary one, but it contains some results 
which seem to me to be worth putting on record.

I consider here not any binary quantic in particular, but the whole series (a, b, c^x, y}', 
(a, b, c, d^x, y'f, &c.; or in a somewhat different point of view, I consider the indefinite 
series of coefficients (a, b, c, d, e,...}∙, here, instead of covariants and invariants, we 
have only seminvariants; viz. a seminvariant is a function reduced to zero by the 
operator 

for instance, seminvariants are

A seminvariant is of a certain degree θ in the coefficients, and of a certain 
weight w (viz. the coefficients a, b, c, d,... are reckoned as being of the weights 
0, 1, 2, 3,... respectively); it is, moreover, of a certain rank p; viz. according as the 
highest letter therein is a, c, d, e,... (it is never b), the rank is taken to be 0, 2, 3, 4, ..., 
and we have w= or <^pθ. The seminvariant may be regarded as belonging to a 
quantic (a, ...](ir, y)”, the order of which, n, is equal to or greater than p; viz. in 
regard to such quantic the seminvariant, say Λ, is the leading coefficient of a covariant

where the weights of the successive coefficients are w, w + 1,... up to ηθ — w; hence 
number of terms less unity, that is, μ, is = nθ — 2w; the least value of μ is thus 
= pθ — 2w, which is either zero, or positive; in the former case, w = ^pθ, the semin­
variant is an invariant of the quantic (a, ...~^x, y^, the order of which is equal to 
the rank of the seminvariant; but if w < ^pθ, then it is the leading coefficient of a 
covariant {A, B,..., yf^~^ of the same quantic (a, y~y ∙, and in every case,
taking n > p, the seminvariant is the leading coefficient J. of a covariant 

of a quantic
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T a k e  Λ  as b el o n gi n g t o t h e q u a nti c ( a,... ~ ^ x, i/)” ; c orr es p o n di n g t o s u c h q u a nti c,  
w e  h a v e  a n o p er at or  Λ  of  t h e s a m e r a n k n,  vi z.

O p er ati n g  wit h  Λ  o n  Λ,  w e  h a v e  a s eri es of  t er ms

b ut t h e n e xt t er m a n d of c o urs e e v er y s u c c e e di n g t er m, is =  0, a n d t his
b ei n g  s o, t h e c o effi ci e nts of  t h e c o v ari a nt (J., B,  ..., 

or w h at  is t h e s a m e t hi n g, e a c h c o effi ci e nt is o bt ai n e d fr o m t h e n e xt pr e c e di n g o n e  
b y  t h e f or m ul a e

T h e  c o effi ci e nts Λ  a n d K,  B  a n d J,  ... ar e d eri v e d  o n e  fr o m t h e ot h er  b y  r e v ers al 
of t h e or d er of t h e c o effi ci e nts of ( a, b,  y Y, wit h  or wit h o ut  a c h a n g e of si g n,
a n d t h us it is o nl y n e c ess ar y t o c al c ul at e u p t o t h e mi d dl e  c o effi ci e nt, or p air of  
c o effi ci e nts ; a n d w e  o bt ai n,  m or e o v er,  a v erifi c ati o n.

C al c ul ati n g  i n t his m a n n er  t h e c o v ari a nt

w hi c h  b el o n gs t o t h e q u a nti c  ( a, y Y, if w e  h er ei n  c h a n g e a, b, c, ... i nt o a x  +  b y,
b x  +  c y, c x  +  d y,... w e  o bt ai n t h e c o v ari a nt b el o n gi n g t o t h e q u a nti c ( a, ... ~ ^ x, 
a n d i n t his c o v ari a nt m a ki n g  t h e li k e c h a n g e, or w h at  is t h e s a m e t hi n g, i n t h e first- 
m e nti o n e d  c o v ari a nt c h a n gi n g α,  b,  c, ... i nt o { a, b, c ^ x,  y ,̂  ( b, c, d ~ ^ x,  ( c, d,  e ^ x,  y } ,̂ ...
w e  h a v e t h e c o v ari a nt b el o n gi n g t o ( a,... ∖ x, y Y ^ ∙̂, a n d i n li k e m a n n er  w e  o bt ai n  t h e 
c o v ari a nt b el o n gi n g  t o t h e q u a nti c  ( a, ... ^ x, y Y  of  a n y gi v e n  or d er  n.

I n p arti c ul ar, if w  =  ̂ p θ, t h at is, if t h e gi v e n s e mi n v ari a nt b e a n i n v ari a nt of  
( a, ... ^ x, y Y, t h e n w e  o bt ai n t h e s eri es of c o v ari a nts dir e ctl y fr o m Λ  b y t h er ei n 

c h a n gi n g α,  b, c, ... i nt o a x- ∖- b y, b x Λ- c y,  c x  +  d y,... a n d i n t h e r es ult m a ki n g  t h e li k e 
c h a n g e ; or w h at  is t h e s a m e t hi n g, i n Λ  c h a n gi n g a, b, c, ... i nt o ( a, b, c' ^ x, y }-,  
{ b, c, d' § y c, y'f, { c, d, e ^ x, y } ^ ^ y ...: a n d s o o n u ntil w e  o bt ai n t h e c o v ari a nt f or t h e 
q u a nti c  ( a, ... ~ ^ x, y) ^ of  t h e gi v e n  or d er  n.

A  s e mi n v ari a nt w hi c h  c a n n ot b e e x pr ess e d as a r ati o n al a n d i nt e gr al f u n cti o n of  

l o w er s e mi n v ari a nts is s ai d t o b e irr e d u ci bl e. T h e  t h e or y is disti n ct  fr o m t h at of t h e 

irr e d u ci bl e c o v ari a nts of a q u a nti c of a gi v e n  or d er; f or i nst a n c e, as r e g ar ds t h e c u bi c  
( a, b, c, d ^ x,  y Y, w e  h a v e  t h e irr e d u ci bl e c o v ari a nt (i n v ari a nt) 

b ut  t his is n ot  a n irr e d u ci bl e s e mi n v ari a nt ; it is 

or, w h at  is t h e s a m e t hi n g, t h er e is n ot f or t h e q u arti c ( a, b, c, d, e' ^ x, y) ∖ or f or 

t h e hi g h er  q u a nti cs,  a n y irr e d u ci bl e c o v ari a nt h a vi n g  t his f or t h e l e a di n g c o effi ci e nt.

w w w.r ci n. or g. pl
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We may consider the question to determine the number of asyzygetic seminvariants 
of a given degree and weight. For instance, taking the weights up to 12, so that 
the series of letters extends as far as m, then for the degrees 1, 2, 3 we have as 
follows :
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For the degree 1, the line of differences shows that the only seminvariant is 
( ψ = 0), the seminvariant a.

For the degree 2, the line of differences 1, 0, 1, 0,..., shows that the number of 
seminvariants is = 1 for each even degree, = 0 for each odd degree; thus for the 
weight 0 there is a seminvariant = α≡, which of course is not irreducible; while for 
each of the other even weights we have a single irreducible seminvariant; as is well 
known, the forms are

For degree 3, the line of differences shows that for

but inasmuch as for each even weight there is a quadric seminvariant, which multi­
plied by a gives a cubic seminvariant, to obtain the number of irreducible cubic 
seminvariants we subtract 

or the numbers of irreducible cubic seminvariants are as in the line last written 
down.

C. XII. 4
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There is a convenience however in giving, for each even weight, as well the 
rejected reducible covariant; and the entire series of results is found to be
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The canonical form given for the quintic in my Tenth Memoir on Quantics [693] 
belongs to a series, viz. writing now the small roman letters (instead of the italic letters) 
for the series of coefficients, and using the italic letters α, c, d, e, f,... to denote 
seminvariants, they are as follows :

Writing also (instead of d in the tenth memoir)

so that the equation α≡d — α⅛c + 4c≡ —= 0 of the tenth memoir, is in the present 
notation α≡e — α⅛c + 4c≡ — = 0, then the series of canonical forms is 

the series of coefficients being 

these values being, in fact, the expressions in terms of the seminvariants a, c, d, &c. of

4—2
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I annex verifications of the foregoing values:
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It would be interesting to obtain the general law for the expressions of the 
canonical coefficients in terms of the seminvariants.
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