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ON DOUBLE ALGEBRA.

ΓFrom the Proceedinqs of the London Mathematical Society, vol. xv. (1884), pp. 185—197. 
Read April 3, 1884.]

1. I CONSIDER the Double Algebra formed with the extraordinary symbols, or 
extraordinaries ” x, y, which are such that

a? = ax + by, 
xy = cx Λ- dy, 
yx=ex+fy, 
y^- =gx-^hy,

or, as these equations may also be written.

where a, b, c, d, e, f, g, h are ordinary symbols, or say coefficients; all coefficients being 
commutative and associative inter se and with the extraordinaries x, y.

The system depends in the first instance on the eight parameters a, b, c, d, e, f, g, h; 
but we may, instead of the extraordinaries x, y, consider the new extraordinaries con­
nected therewith by the linear relations ξ = ax ÷ βy, y=yx + 3y, where the coefficients 
α, β, y, δ may be determined so as to establish between the eight parameters any 
four relations at pleasure (or, what is the same thing, α, β, γ, δ are what I call 
“ apoclastic ” constants) : and the number of parameters is thus properly 8—4, = 4.

2. The extraordinaries here considered are not in general associative; differing 
herein from the imaginaries of Peirce’s Memoir, “Linear Associative Algebra” (1870),
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814] ON DOUBLE ALGEBRA. 61

reprinted in the American Mathematical Journal, t. ιv. (1881), pp. 97—227, which, as 
appears by the title, refers only to associative iιnaginaries, I recall some definitions and 
results. The symbol x is said to be idempotent if = x, nilpotent if x^^ = 0; and the 
systems of associative symbols are expressed as much as may be by means of such 
idempotent and nilpotent symbols : thus the linear systems are {a^ x^ = x, (bj) x!^ = Q. A 
double system composed of independent symbols, that is, symbols x, y each belonging 
to its own linear system, and moreover such that xy = yχ = 0, is said to be “ mixed"; 
thus the mixed double systems are

But Peirce excludes these from consideration, attending only to the pure systems, which 
he finds to be

To these, however, should be added the system

see post, No. 19.
3. In the general theory, where the symbols are not in the first instance taken 

to be associative, we may of course establish between the coefficients such relations as 
will make the symbols associative; and the question presents itself to show how in 
this case the system reduces itself to one of Peirce’s systems. This I considered in 
my note “On Associative Imaginaries,” Johns Hopkins University Circular, No. 15 (1882), 
p. 211 [822] ; I there obtained, as the general form of the commutative and associative 
system.
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62 ON DOUBLE ALGEBRA. [814

the relation of which to Peirce’s system was, as I there remarked, pointed out to me 
by Mr C. S. Peirce: this will be considered in the sequel, Nos. 13 to 19.

4. Startiner now with the general equations 

we may attempt to find an extraordinary ≈ax + βy (a, β coefficients), such that 
= Kξ (^K a, coefficient). In general, K is not = 0, and, when it is not = 0, it may 

without loss of generality be taken to be = 1; we have then = ξ an idempotent 
symbol. But K may be = 0; and then = 0, ξ a rnYpoZeni symbol. To include the 
two cases, I retain K, it being understood that, when K is not =0, it may be taken 
to be =1. We have

Hence, when this is = Kξ, that is,

we have

a cubic equation for the determination of the ratio α : ; and, for any particular
value of the ratio, we can in general determine the absolute magnitudes, so that 

shall be = 1. If, however, for the given value of the ratio we have 

one of these equations, of course, implying the other, then the value of K is =0.

5. It follows that there are in general three idempotent symbols ξ, η, ζ, that is, 
extraordinaries such that = ξ, η~ = η, = ζ. The cubic equation may, however, have
two equal roots, or three equal roots, or it may vanish identically; in this last case,
any linear function etc + βy is in general idempotent. But (as will be considered in 
detail further on) we may, instead of an idempotent symbol or symbols, have a 
nilpotent symbol or symbols. It might be convenient to use the term Potency for a

symbol which is in general idempotent, but which may be nilpotent. Writing = —-,P ΰΟ 
we obtain a cubic equation Ώ = {x, = 0, where obviously the linear factors of ∩ are
the just-mentioned functions ξ, η, ζ', that is, we have ξ, η, ζ as the linear factors of 
the cubic function
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each such factor, except in the case where it is nilpotent, being determined so that 
it shall be idempotent. The cubic function of course vanishes identically if

5r = O, h — c — e = 0, a-d-f=Q, b = 0.

6. Two extraordinaries ξ, = ax + βy, η, {a, β, y, δ coefficients); may be
such that ξη = 0 : this, of course, does not imply ηξ = () ∙, we have, in fact.

and the required condition is satisfied if

Writing these equations first under the form

and then under the form

we have

a quadric equation for the determination of a : β; and then

a quadric equation for the determination of 7 : δ ; that is, there are two values of the 
left-hand factor ξ, and two values of the right-hand factor η. But, of course, these 
correspond each to each, viz. either factor being given, the other factor is determined 
uniquely.

Writing successively we have the quadric functions {x, yf,

where the linear factors of Φ are the two values ^ι, ^2 of the left-hand factor ξ, and 
the linear factors of Φχ are the two values t/j, θf the right-hand factor η.

7. In the commutative case, c = e, and d=f, we have

www.rcin.org.pl



64 ON DOUBLE ALGEBRA. [814

here ξη≈^, ηξ≈^, and the values may be taken to be (fj, = η), = ξ),
so that = ζv> = ViV'2.5 that is, Φ = Φι, as above. The value of Ω is

8. In the commutative and associative case, taking ξ, η, ζ to be the three idem- 
potent symbols, = ξ, = η, = ζ, we have 

and in this manner we have the six equations 

viz. regarding the right-hand factor as being in each case expressed as a linear function 
of x, y, we have apparently six products of two linear factors, each =0. There is only 
one such product Φ = 0; hence, disregarding coefficients, each of the six products must 
be = Φ, or it must be identically = 0, viz. this will be the case if the second factor 
be =0. We hence conclude that two of the symbols ξ, η, ζ, suppose ξ and η, must 
be factors of Φ, viz. Φ must be = ξη. We have Ω, = ξηξ∙, consequently Ω = ξ'Φ, that is, 
two of the three linear factors of Ω are the symbols ξ, η, which are such that 
ξη (= ηξ) = 0. To complete the theory, observe that ζ must be a linear function of 
t η, =aξΛ- bη suppose (a, h coefficients, neither of them = 0); we thence have

that is, (α≡ — a) ξ + (b'^ — b) η = 0 ; whence α = 1, δ = 1, and therefore ζ=ξ + η', hence 
also ξξ=ξ and ηζ=η] ζ~ ζζ=V, ζ ~ vζ = ζ∙ The six products consequently are 
ζv> ζv> vζ> vζ> θ≡'θiι = Φ or identically = 0.

9. In verification of the theorem that for the commutative and associative system 
the cubic function Ω contains the quadric function Φ as a factor, we may write, as above.

values which give 

which gives the theorem in question. And observe further that 

that is, disregarding coefficients, the two idempotent symbols ξ, η are the linear factors 
of + {d — α) xy — by'^, and the third idempotent symbol ζ is =dx — by.
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10. Introducing coefficients in order to make the symbols ξ, η, ζ idempotent, and 
writing accordingly 

so that 

we have to verify that it is possible to determine K, L, P so that ξ- = ξ, 
ξ^=ζ, ζ=ξ + η. The last equation gives 

and we thence have 

and we can from the equation ζ^ = ζ find P; viz. comparing the coefficients of x, we 
have 

or the values of K and L are 

which should agi’ee with the values of K and L found from the equations = ξ, η, 
respectively. Comparing the coefficients of x, the first of these equations gives 

that is,

9 
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a n d t h e e q u ati o n f or K  b e c o m es

t h at i Sj 

w hi c h  is ri g ht; a n d si mil arl y t h e e q u ati o n f or L  l e a ds t o t his s a m e e q u ati o n.

1 1.  W e  m a y  n o w est a blis h, o n t h e pri n ci pl es a p p e ari n g i n N o.  δ, t h e diff er e nt  
f or ms of t h e s yst e m. Usi n g  i d e m a n d nil  as a b br e vi ati o ns f or i d e m p ot e nt a n d nil p ot e nt  

r es p e cti v el y, t h er e ar e i n all 1 1 c as es.

(i) 3 i d e ms. T a ki n g  t w o of  t h es e t o b e  x a n d y, t h e s yst e m is .

H e n c e  ∩  =  ( 1 —  c  —  e) χ- y  +  ( 1 —  d —  f } x y' ∖ s o t h at t h e t hir d f a ct or is

T his  m ust  n ot r e d u c e its elf t o x or y, f or, if s o, t h er e w o ul d  b e  a t w of ol d i d e m; vi z.  

as n e g ati v e  c o n diti o ns w e  m ust  h a v e c  +  e  ≠  1, d +∕ ≠l.

A n d  w e  h a v e  

w hi c h  m ust  b e  a n i d e m: vi z. w e  h a v e  t h e f urt h er n e g ati v e  c o n diti o n ( c +  e')( d  +/)  ≠  1.

(ii) 2 i d e ms a n d 1 nil. T his  aris es fr o m (i) b y  ass u mi n g t h er ei n 

f or t h e n, writi n g  z  =  —  ( c +  e)  x  +  y, - ∖n q  h a v e  

vi z. is a nil. A n d,  if i n t h e e q u ati o ns i nst e a d of t h e i d e m y λ n q i ntr o d u c e t h e 

nil  z, t h e n t h e e q u ati o ns ass u m e t h e f or m 

wit h  t h e i d e m y  =  ( c +  e)  x  +  z : h e n c e t h e n e g ati v e c o n diti o ns c  +  e  ≠  1 or 0, i m pl yi n g 

d +f +  1.

B ut  t h e e q u ati o ns ar e o bt ai n e d i n a m or e  si m pl e f or m b y  t a ki n g x f or t h e i d e m 
a n d y f or t h e nil ; vi z. w e  t h e n h a v e  c( ^  =  x, x y  =  c x-i-  d y,  y x  ≈  e x  +  f y, y ^  =  0: ∖ n q  m ust  

t h e n h a v e z, ≈  -( c +  e' } x- V  { ^ y ~ d-f) y, f or a n i d e m; t his gi v es z ^ =  —  { c +  e)  ( d +/)  z, 

a n d w e  h a v e  t h e n e g ati v e  c o n diti o ns c  +  e ≠ 0,  or 1.
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(iii) 1 i d e m a n d 2 nils. T his  m a y  b e  d e d u c e d  fr o m (ii) b y  writi n g  t h er ei n d +f = {)∙,  
f or t h e n z, =  —  ( c +  e)  i c +  y,  is a nil. T h e  e q u ati o ns ar e a ? ” =  x, x y  =  c x  +  d y,  y x ≈ e x-  d y,  

=  Q ↑, a n d if, i nst e a d of  x, w e  i ntr o d u c e t h er ei n z b y  t h e e q u ati o n =  —  ( c +  e)  a;  +  y,  

t h e e q u ati o ns b e c o m e y ^ = Q, yz  =  [—  e  +  d { c  +  e } ∖ y  —  ez, =  [—  c  —  ¢/  ( c +  e)] y  +  g z , Z “ 0,  

wit h  t h e n e g ati v e  c o n diti o n c  +  e ^ Q.

B ut  it is m or e  si m pl e t o t a k e x, y as t h e nils : t h e e q u ati o ns t h e n ar e x ^  =  0,  
x y  =  c x  +  d y,  y x ≈ e x +f y, y ^ ≈ ^ ^  m ust  h a v e z, =  ( c +  e) a;  +  ( d+∕) y,  a n i d e m: t his
gi v es =  ( c ÷  e)(i Z ÷∕) ; a n d w e  h a v e  t h e n e g ati v e  c o n diti o ns c  +  e ≠ 0, d∙ }∙f ^ .̂

W e  c a n n ot h a v e t hr e e nils. F or i n (iii), t o m a k e  z a nil, w e  m ust  h a v e  
c  +  e  =  0 or i Z +∕ = 0, a n d i n t h e t w o c as es r es p e cti v el y z, =  ( c +  e)  a;  +  ( ci +  f) y, b e c o m es  
=  X  a n d =  y, s o t h at a; or y is a t w of ol d nil. Or,  w h at  c o m es t o t h e s a m e t hi n g, 
w e  h a v e  

a n d ∩  h as  a t w of ol d f a ct or if c ÷ e  =  0 or  d- ∖-f =().

(i v) A  t w of ol d i d e m a n d a o n ef ol d i d e m. T a ki n g  x f or t h e t w of ol d i d e m a n d y  
f or t h e o n ef ol d  i d e m, ∩  m ust  r e d u c e its elf t o ( 1 —  c  —  e)  x ^ y, n ' ∖z . m ust  h a v e d +f = ,̂  
or s a y / = 1- d. T h e  e q u ati o ns ar e aj ≡  =  a 7, x y  =  c x-)-  d y, y x  =  e x +  () —  d } y, y ^  = y, a n d  
w e  h a v e t h e n e g ati v e  c o n diti o n c  +  e ≠l, f or ot h er wis e  Ω  w o ul d  v a nis h i d e nti c all y.

( v) A  t w of ol d i d e m a n d a o n ef ol d nil. T a ki n g  x f or t h e t w of ol d i d e m a n d y  
f or t h e o n ef ol d  nil,  t h e n t h e e q u ati o ns ar e o c ^ = x, x y  =  c x +  d y,  y x  =  e x  +  () ~  d } y,  y' ^  =  0',  
a n d w e  h a v e  t h e n e g ati v e  c o n diti o n c  +  e  ≠  0.

( vi) A  t w of ol d nil  a n d a o n ef ol d  i d e m. T a ki n g  t h es e t o b e  x a n d y, t h e n d  +/ = 0,  
a n d t h e e q u ati o ns ar e x ^  =  0, x y  =  e x  +  d y, y x =  e x  —  d y, y " ^ =  y ∖ a n d w e  h a v e t h e 
n e g ati v e  c o n diti o n c  +  e ψ).

( vii) A  t w of ol d nil a n d a o n ef ol d nil. T a ki n g  t h es e t o b e x a n d y, w e  h a v e  
c Z+/ = 0,  a n d t h e e q u ati o ns ar e a-∙'- ≡ =  0,  x y  =  c x  +  d y,  y x  =  e x- d y,  y ^  =  0 ∖ wit h  t h e n e g ati v e  
c o n diti o n c  +  e  ≠  0.

( viii) A  t hr e ef ol d i d e m. T a ki n g  t his t o b e x, t h e n ∩  m ust  r e d u c e its elf t o g a ,̂  
ΝΪ Ζ. w e  m ust  h a v e h  =  c  +  e, 1  = d +f ∖  a n d t h e e q u ati o ns ar e x ^  =  x, x y  =  c x +  d y,  
y x  = e x  +  ( 1 —  d }  y, y ~  =  g x  +  ( c +  e)  y ; w e  h a v e  t h e n e g ati v e  c o n diti o n g f or ot h er wis e  
Ω  w o ul d  v a nis h  i d e nti c all y.

(i x) A  t hr e ef ol d nil. T a ki n g  t his t o b e  x, t h e n w e  m ust  h a v e  h  =  c  +  e, 0  =  d +f ∖  
t h e e q u ati o ns ar e x P  =  0,  x y  =  c x  +  d y,  y x  =  e x  - d y,  y ^  =  g x  +  ( c +  e }  y  ', a n d t h er e is a g ai n  
t h e n e g ati v e  c o n diti o n ≠  0.

( x) Ω  =  0 i d e nti c all y: i nfi nit y of i d e ms, 1 nil. Ω  will  v a nis h i d e nti c all y if g  =  0,  
h  =  c  +  e, a ≈ d +f,  b  =  0. If t h er e is 1 i d e m, t h er e will  b e a n i nfi nit y of i d e ms, a n d  
1 nil. F or,  ass u m e a n i d e m x, χ p  = χ∙,  a n d, if p ossi bl e, l et t h er e b e n o ot h er i d e m; 
t h e n t h er e will  b e a nil y, y∕ ^  =  0. W e  h a v e c  +  e  =  0, d  +f =  1 ; a n d t h e e q u ati o ns

9 — 2
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ar e a c ^ ≈ x,  x y ≈  e x  +  d y, y x  =  —  c x +  ( 1 —  d }  y, y' ^ =  Q ∖  w h e n c e  x y  +  y x  =  y. T a ki n g  α, β  
ar bitr ar y c o effi ci e nts, w e  h a v e

h e n c e λ x  +  β y  is a n i d e m, e x c e pt i n t h e c as e α  =  0,  w h e n  it is t h e ori gi n al nil  y.

If b esi d es t h e i d e m x w e  h a v e a n i d e m y, t h e n t h e c o n diti o ns ar e c  +  e  =  l, 
d +f ≈l'.  t h e e q u ati o ns ar e

w h e n c e  x y  +  y x  =  x  +  y. C o nsi d eri n g  t h e c o m bi n ati o n a x  +  β y,  Nf Q  h a v e

T his  is a n i d e m, e x c e pt i n t h e c as e a  +  β  =  0,  w h e n  it is a nil ; or,  s a y w e  h a v e  t h e 
si n gl e nil  x  —  y.  h a v e  t h us a g ai n a n i nfi nit y of  i d e ms, 1 nil.

( xi) Ω  =  0 i d e nti c all y; a n i nfi nit y of nils. T a ki n g  t h e t w o nils x a n d y, t h e 
c o n diti o ns ar e c  +  e  =  0, ¢/ +/ = 6 5  t h e e q u ati o ns ar e zr ≡ ^ = O, x y  =  c x- ∖- d y, y x = ^- c x- d y,  
2/ 2  =  0; w h e n c e  x y  +  y x  —  0. C o nsi d eri n g  t h e ar bitr ar y c o m bi n ati o n « λ · +  β y, h a v e

VI Z.  « λ ; +  β y  I S a nil ; or  t h er e ar e a n ι u n nι τ, y 0 1 mis.

1 2. T h e  diff er e nt c as es m a y  b e  gr o u p e d  t o g et h er as f oll o ws:—

A.

B.

C.

D.

E.

1 i d e m a n d 1 nil,  (ii), (iii), ( v), ( vi), ( x).

2 nils, (iii), ( vii), ( xi).

. T hr e ef ol d  i d e m, ( viii).

T hr e ef ol d  nil,  (i x).

T h e  s e v er al c as es of  A,  B,  C  r es p e cti v el y ar e disti n g uis h e d  b y  n e g ati v e  c o n diti o ns w hi c h  
n e e d  n ot  b e  h er e  r e p e at e d.

1 3. I c o nsi d er, as i n m y  N ot e  b ef or e r ef err e d t o, t h e c o n diti o ns i n or d er t h at 
t h e s yst e m m a y  b e  ass o ci ati v e. W e  h a v e  t h e 8 pr o d u cts,  zr ≡, x " ^ y, x y x, ;j; y-, y χ-, y- χ,  y x y, y ,̂  

gi vi n g ris e t o e q u ati o ns x . x ^  =  x ^ . x, x  . x y =  a ?  . y, ..., y  . y " ^ =  y " ^  . y, w hi c h,  o n p utti n g  
t h er ei n f or x ,̂ x y, y x, y ~ t h eir v al u es,  m ust  b e s atisfi e d i d e nti c all y. W e  t h us o bt ai n i n
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t h e first i nst a n c e 1 6 r el ati o ns, b ut s o m e of t h es e ar e r e p e at e d, a n d w e  h a v e a ct u all y  
o nl y 1 2 r el ati o ns; vi z. t h e r el ati o ns ar e

(t wi c e) h  ( c —  e ) =  0,

δ(∕- d)  =  O,  

g( c  - e  ) =  0,

(t wi c e) g(f- d)  =  Q,

(t wi c e) h g —  c d =  0,

(t wi c e) b g —  ef  = Q,

c  ( c —  h)  - ∖- g { d —  d)  =  Q,

d  { d  - d)  +  b  { c - h)  =  0,

e ( e - K) Λ-  g {f- d }  =  (), 

h  { e - h } =

a  { c —  e }  —  cf  +  d e = Q,  

h  {f-  d)  —  cf  +  d e =  0.

1 4. Fr o m  t h e first f o ur e q u ati o ns it a p p e ars t h at eit h er &  =  0 a n d g  =  ̂ , or els e  
c  =  β a n d d =f. I att e n d first t o t h e l att er c as e, vi z. w e  h a v e h er e t h e c o m m ut ati v e  
s yst e m

a ?  =  a x  +  b y, x y  =  y x ≈ c x  +  d y, y ^  =  g x∙ }∙  h y.

I n or d er  t h at t his m a y  b e  ass o ci ati v e, w e  m ust  still h a v e  t h e r el ati o ns

b g  —  c d  =  0,  

c ( c —  h)  +  g  ( d —  a)  =  0,  

d  ( d —  tt) +  δ  ( c -) 1) =  0,
or, as t h e y m a y  b e writt e n.

T h es e  ar e s atisfi e d b y =  y,  A  =  . , a n d w e  h a v e  t h us t h e c o m m ut ati v e a n d

ass o ci ati v e s yst e m of  t h e N ot e.

E v er y  s yst e m is of t h e f or m A,  B,  C,  D,  or E ; a n d it c a n b e s h o w n t h at t h e 
c o m m ut ati v e a n d ass o ci ati v e s yst e m is n ot of t h e f or m D.  F or,  if D  w er e  c o m m ut ­
ati v e, w e  s h o ul d h a v e e  =  c, d  =  ⅜,  vi z. t h e e q u ati o ns will  b e ≈ x,  x y  =  y x  =  e x  +  ⅜ y,  
y' ^ =ι  g χ- ∖-  2 c y, t h at is,

a, b, c, d,  g, h =  1, 0, c, ⅜,  g,  ̂ c ∖

a n d  t h e l ast of  t h e t hr e e r el ati o ns, vi z. d  { d —  α)  +  b  ( c —  h)  =  0,  w o ul d  t h us b e  ⅜  ( ⅜ —  1)  =  0,  
w hi c h  is n ot s atisfi e d. H e n c e  t h e c o m m ut ati v e a n d ass o ci ati v e s yst e m c a n o nl y  b e  of 
o n e  of  t h e f or ms A,  B,  C,  a n d E.
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1.5,  First, if the form be A, B, or C; there will be the two idem-or-nil symbols 
X and y, that is, we may assume b = 0, g = 0; and the associative conditions then 
become c(∕ = 0, c(c-h) = O, d{d-a) = Q, viz. for the forms A, B, C, t

But for the form A, if c = 0, ¢/=1, that is, xy-yx = y, then, writing z = x-y, we have 
= yz = zy= y"^ = y. And similarly, if c = 1, t∕ = 0, that is,, xy = yx = x, then, writing 

z = — X + y, have z^ = z, zx = xz-^, x^ ■= x. That is, each of these is reduced to the 
first case c = 0, d = 0; that is, x^ ≈x, xy = yx≈ 0, ]f = y.

For the form B, if c = 0, iZ = l, then the system is x^ = x, xy = yx = y, y^ = Q', and 
this cannot be reduced to the first case = x, xy = yx = 0, y^ = 0.

For the form C, there is only one case, as above.
For the form E, we have α = 0, b = 0, (c = e, d = (), in order that the system may 

be commutative), h = 2c, viz. the equations must be x^ = 0, xy = yχ~ ex, y^ = gx+ ^cy. 
The associative conditions then give c = 0; or, the system is x^ = 0, xy = yx = 0, y^ = gx.

Writing - instead of x, and for convenience interchanging x and y, the equations are

16, The commutative associative system is thus seen to be reducible as follows :—
A. system is ικ^=∙x, xy = yx = 0, y^ = y, first mixed system, see No. 2.
B. „ χ∙^ = X, xy = yx = y, y^^ = 0, Peirce’s system

or else
B. „ x"^ — X, xy = yx= y'^ = 0, second mixed system.
C. „ x^ = 0, A∙y = yx = 0, y^ = 0, third mixed system,
E. „ y, xy = yx=Q, y- = 0, Peirce’s system (ca).

I said, at the end of my Note before referred to, that it had been pointed out 
to me “that my system [the commutative associative system], in the general case 
ad — be not = 0, is expressible as a mixture of two algebras of the form (aj, see 
Λmerιean Jorirnal of Mathematies, vol. ιv., p. 120; whereas, if ad — be = 0, it is reducible 
to the form (cg), see p. 122 (l.e.)." The accurate conclusion is as above, that the 
commutative associative system is either a mixed system of one of the three forms, 
or else a system {a,^, or (cj).

17. Considering next the non-commutative associative systems, we have here, ante. 
No. 14, 6 = 0, g = 0; and the relations which remain to be satisfied then are

ed = 0, ef= Q, e(c- h) = Q, d(d — a)≈0, e{e-h} = 0, f{f- = θ,
a(e — e)- ef+ de = h {f- d} — ef+ de = 0.
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T h e  first e q u ati o n gi v es c d  =  0, t h at is, c  =  0 or  < Z  =  0 ; b ut  w e  m a y  att e n d e x cl usi v el y  
t o t h e c as e c  =  0, f or t h e c as e d  =  0 m a y  b e d e d u c e d fr o m t his b y  t h e i nt er c h a n g e of  
a;, y. W e  h a v e  t h e n ef =  0 ; a n d it will  b e c o n v e ni e nt t o s e p ar at e t h e c as es  

t h at is,

1 8.  W e  h a v e  t h us fi v e c as es ;

I. ( a) d  =  0:   = a x,  x y  =  = y ^  =  jι y↑ c o m m ut ati v e, a n d s o i n cl u d e d i n w h at

pr e c e d es.

I. ( 6) d  =  a,  h ≈ Q∙. a ?  =  a x, x y  =  a y, y x  =  (), y' ^ =  writi n g  as w e  m a y  d o
α  =  l, t his is i c ≡ =  Λ 7,  x y = y, y χ =() ^ y∙ ^ =  Q∙ ^  w hi c h  is P eir c e ’s s yst e m ( b, .̂

II. ( c) d ≈f = a'. a c ^ ≈ a x, x y  =  y x  =  a y, y-  = J u y. c o m m ut ati v e, a n d s o i n cl u d e d
i n w h at  pr e c e d es.

II. ( d) d  =  Q,  f = a, h  =  Q∙.  x ^  =  a x,  x y  =  0, y x =  a y, =  0 ; or,  writi n g  as w e  m a y
d o α =l,  t his is x ^ ^  =  x, x y  =  (i, y x = y, y ≡  =  0 ; w hi c h  is t h e s yst e m ( c/ o).

III. ( e) d  =  a,  e  =  h'.  a x,  x y  =  a y,  y x  =  h x, y " ^ =  h y',  0ι, writi n g  as w e  m a y  d o

α =l,  h =l,  t his is a ^  =  x, x y  =  y∙, y x  =  x ∖ y " ^ =  y. I ntr o d u ci n g h er e t h e
n e w s y m b ol z, =  x  —  y, ∖ n q h a v e z ^ =  0,  =  z, z x  =  0, yz ≈  z, z y  =  0.
T h us  a;, z f or m t h e s yst e m = xz  = z, z x =- ,̂  =  0 ( or, w h at  is t h e
s a m e t hi n g, y, z f or m a s yst e m y ^  =  y, yz  =  z, z y = Q,  =  0) ; e a c h of
t h es e is P eir c e ’s s yst e m ( 0 a).

T h e  c o n cl usi o n is t h at e v er y n o n- c o m  m ut ati v e  ass o ci ati v e s yst e m is eit h er P eir c e ’s 
s yst e m ( b ,̂ or els e t h e o mitt e d s yst e m ( y d, .̂ H e n c e,  disr e g ar di n g t h e mi x e d  s yst e ms, 

e v er y ass o ci ati v e s yst e m is eit h er { a ,̂  ( C g), θr  ( d .̂

1 9.  It m a y  b e pr o p er t o s h o w t h at t h e s yst e ms ( h ,̂ x ^  =  x, x y  =- y,  y x ≈  0,  =  0,
a n d ( ⅛), =  ι > c, x y =  0,  y x  =  y, y' ^  =  0, or  s a y

a h c d ef g h

1 0 0 1 0 0 0 0

( ⅛) 1 0 0 0 0 1 0 0,

ar e r e all y disti n ct fr o m e a c h ot h er. O bs er v e  t h at t h e y e a c h b el o n g t o t h e c as e ( x), 
Ω  =  0, a n i nfi nit y of i d e ms a n d 1 nil ; vi z. i n e a c h of t h e m writi n g  z =  x  +  β y, β  a n  
ar bitr ar y c o effi ci e nt, w e  h a v e 2 ≡  =  x ^  +  β  ( x y +  y x }  +  β " ^ y " ,̂ = x Λ-  β y,  =  z, h a v e  z a n i d e m, 
a n d 2/ is t b e o nl y  nil. A n d,  t his b ei n g s o, w e  h a v e i n t h e first s yst e m z y  = y,  yz  =  0,  
vi z. t h e s yst e m is z " ^ =  z, z y =  y, yz  =  0, y' ^ —  0, r et ai ni n g, w h e n  w e  writ e  z f or x, its 
ori gi n al f or m. A n d  si mil arl y, i n t h e s e c o n d s yst e m, z y =  0, yz  =  y ; vi z. t h e s yst e m is 
z y =  z, z y =  ̂ , yz  =  y, y " ^  =  ̂ , r et ai ni n g, w h e n  y v e writ e  t h er ei n z i or x, its ori gi n al f or m. 
T h e  t w o ar e t h us disti n ct  s yst e ms, i n n o  wis e  tr a nsf or m a bl e t h e o n e  i nt o t h e ot h er.
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