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834.
ON THE ADDITION OF THE ELLIPTIC FUNCTIONS.

[From the Messenger of Mathematics, vol. X1v. (1885), pp. 56—61.]

Mr ForsyrH’s Note [l.c., p. 23] on my “ Formula in Elliptic Functions” has supplied
a missing link, and I am now able to obtain the addition formule very simply
from the application of Abel’s theorem to the Quadriquadric Curve.

I remark that, instead of coplanar points 1, 2, 3, 4, it is advantageous to consider
coresidual points 1, 2 and 3, 4; that is, pairs 1, 2 and 3, 4, which are each of
them coplanar with one and the same pair of points 5, 6. The difference is as follows:

for the coplanar points 1, 2, 3, 4, we have

duy + du, + dug + du, =0,
giving
Uy + Uy + Uy + uy, = C,

and for the addition theory it is necessary to have C'=0; for the coresidual points,

we have
U+ Uy +Us + U= C, Uy +u,+us+ ug=0C,;

and thence w, + u,=u; + u,, irrespectively of the value of C.

As to the general theory of a curve in space, observe that, when this is a complete
intersection of two surfaces

Sf(@ y, 2, w)=0, g( y, 2 w)=0,
then at the point (z, v, 2, w), if
(z+dz, y+dy, z+dz, w+ dw)

are the coordinates of the consecutive point, the six coordinates of the tangent line

are

ydz—zdy, zde—=zdz, xzdy—yde, zdw—wde, ydw—-wdy, zdw-—wds.
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But considering the line as the intersection of the two tangent planes

&f v vy &, W o
d—xX+CT‘_1/Y+_ZZ+(—iZ) W =0,

d.
and
dg dg a9 , , 49 w_
deX+d—yY+dzZ+%W—0,

the six coordinates are

d(f,9) d(f9 d(fg) dfig) d(f9) d(f 9
d(z, w)' d(y, w)’ d(z w)' d(y 2)’ d(z 2’ d@y)’

so that the six quotients

(yds = ady) / Zg Z; &,

are equal to each other, and may be put =do.

Considering any two quadric surfaces, there is in general a system of four con-
jugate points, or peints such that in regard to each of the quadrics the polar plane
of any one of the points is the plane through the other three points. And then
taking 2=0, y=0, 2=0, w=0 for the equations of the faces of the tetrahedron
formed by the four points, the equations of the quadric surfaces will be of the form

az® +by® + cz® + dw® =0,
az? + by + e+ duw=0;
we then have the six quotients
(ydz — zdy)/(ad’ — a'd) aw, &c;,

equal to each other, and each =dw. Here dw is homogeneous of the degree zero
in the coordinates (#, 7, z w), or, what is the same thing, it is a differential

F<g)d§}, say it is =du; and taking the integrals always from one and the same

fixed point on the curve, we have each point of the curve corresponding to a determ-
inate value of a parameter w.

Supposing that wu,, u,, u;, u; are the values of u, belénging to any four coplanar
points 1, 2, 5, 6; then, by Abel’s theorem, du, + du, + dus+ dus=0; that is, we have

Uy + Us + Uy + U= C,

as the condition in order that the four points 1, 2, 5, 6 may be coplanar; similarly,

we have
Ug + Uy + U + ug = O,

as the condition in order that the four points 3, 4, 5, 6 may be coplanar; and we

have therefore
Uy T Uy = U + Uy,

as the condition that the two pairs of points 1, 2 and 3, 4 may be coresidual.
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The points 1, 2, 5, 6 are coplanar, hence the line 56 meets the line 12, say in
the point A; and the points 3, 4, 5, 6 are coplanar, hence the line 56 meets the
line 34, say in the point B. We can, through the curve and any arbitrary point

in space, draw a quadric surface
(a+ra)a+(b+ Ab) y* + (c +Ae’) 2% + (d + Ad) w* = 0.

Hence we have such a quadric surface through the point A; and this surface, passing
through 5 and 6, will contain the line 56, and therefore also the point B; hence,
passing through 3 and 4, it will contain the line 34; viz. we have the lines 12, 34
as generating lines, obviously of the same kind, on the last-mentioned quadric surface.
I say that if, on such a surface, that is, on any surface

Ax* + By + Oz + Dur =0,
(@ bc f,9 k), @V, f,g, k),

the coordinates of two generating lines of the same kind, then
& 5
T i
This is at once seen to be the case; for, taking 6 an arbitrary parameter, we
have for the equations of a generating line

{zN/(4) + 1y V(B)} + 6 {2 /(C) + 1w 5/(D)} =0,
6 eV (A) =1y V(B)} — {2/(0)—1w (D)} =0,
and the coordinates (a, b, ¢, f, g, h) of this line are
1/(AD)(1—6), +(BD)(-1-6), (CD)26,
tA/(BO)(—1+6), V(CA)(1+6), i4/(AB)(—-26);

we have

o

that is, the quotients %, 3, % are each of them independent of @; and they have

consequently their values unaltered when for the original line we substitute any other
generating line of the same kind. Or, to prove the statement in a different manner,
the equation of the quadric surface through the line (a, b, ¢, £, g, h) is

agha® + bhfy* + cfgz* + abcw?=0 ;
hence, if this contains the line (¢, b, ¢/, f/, ¢/, &), we must have
agh : bhf : cfy : abc=d'g'h’ : VRf' : c¢f'g’ : a'bc,
equations which give either

af ' +af=0, by +bg=0, ch/+ch=0,
or else
af ' —af=0, by —bg=0, ch'—ch=0.

In the former case, the two lines are generating lines of different kinds; in the
latter, they are generating lines of the same kind.
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Now, considering (a, b, ¢, f; g, k) as the coordinates of the line 12 and (alabl, ol i, b))
as those of the line 34, the equations just obtained are

Y12 — Y22, o
Wy — Xy

Ys2s — YiPs
TW, — TWy

5%y — 227,

_ %y — 240y

oy LY — Zoly WYy — TaYs
YWe — Yoy Yyw, — yaw,’

Wy — 25W;  ZW, — ZWy

Of course the equations hold good if, instead of the two lines, we have one and
the same line; the equations

az® + by*+ c2* +dw=0, a'z*+ by 422+ dwr=0,

considering therein 2, 42, 22, w® as coordinates, may be regarded as the equations of
a line; and thus the points (2 % 2% w?), &c., will be four points on a line.
And we have thus
a -yt | yad — yis
2MWet — wiw? wtw? — ziw?2’

&c.,

equations which are, by means of the foregoing set, converted into

Yoty _ Yot Y
LWy + T, Wy + Ty’

2%+ 2z, + 2,

25, TiYs + LYy _ T3y + &Yy
YiWe+ Yy ysw, + yan,’

Wy + ZW,  ZW, + 20y

If for #, y, z, w we write s, ¢, d, 1, then the equations are

ey — ety _ e, — ey dis,—dos, _ dsi—ds;  8,0,— 8,01 80, — 8,0y

81— 8, 83— 84 C,—0C Cs— 0y - dl—d? dy—d, ’
cd, + C2d; v s + c,d; dys, +dos, 3 dys, + ds, 8102+ 8201 _ 83Cs + 8405
S+ 8, S3+ 8, (e C3+ C4 . dy+d, i ds+di ’

where s,, ¢, d; are the sn, cn and dn of u,, &c.; and where the relation between
the arguments is u; +u; = u, 4 u,.

In particular, if u,=0, we have s, ¢, d,=0, 1, 1; and then writing u for u,,

and consequently s, ¢, d for s,, ¢,, d,, the relation between the arguments is w=1u, +u,;
and we have

01d2—02d1=c—d d8; — do8, for 80— 80, _ 8
81— 8 7 € — Gy 1-¢’ R
01d2+02d1=c d ds+ds_ s nGF o0 8
s+ 8 T ¢ + ¢ 1+¢’ A o T

The last two pairs give

140 _(ds—ds) (e +0)

! -0 (dlsz - d231) (ci—c)’
that is,
¢ = 51010, — 8,6,
810y, — 850,d;’
C. XII.

d+1 (816, —8,0) (dy+ dy)
d—1" (8,6 + 8:0,) (dy — d)’

A 10162 — 83sC
81Colls — 85C1dl;

38
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These last values give

b

—d=&t8) (ad — cxdy) _ (81— 8) (cds + cudy)
g 816y — 8,0,y rigte 8100 — 8,6,
c—d d

OF: gy W8 obtain

and then, from the given value of either

4 82—82
Tigin g g
viz. the resulting equations thus are

1, 8 =8’ Hisd 8,160 — 8y o 8101C, — 8oty
8160y — 8,6, 816o0s — S0,y 816ty — 8;,0,dl;°

which are one of the four sets given (p. 63) of my ZElliptic Functions; it may be
noticed that they have the advantage of not containing % explicitly, and the dis-
advantage of becoming vanishing fractions for w, =u,. To obtain the ordinary forms,
we have only to multiply the numerators and denominators each by scd,+s,c,d;; the
denominator thus becomes = (s?—s°) (1 —£k%,%.,?), and each of the numerators has, or
acquires, the factor s,? — % so that this factor divides out.
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