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ON THE TWISTED CUBICS UPON A QUADRIC SURFACE.

[From the Messenger of Mathematics, vol. xιv. (1885), pp. 129—132.]

A CUBIC (twisted cubic) on a quadric surface meets each generator of the one 
kind twice, and each generator of the other kind once (Salmon, Solid Geometry, 
Ed. 4, p. 301). There are thus on the surface two kinds of cubics, viz. distinguishing 
for convenience the generating lines as generators and directors, a cubic may meet 
each generator twice and each director once; or it may meet each generator once 
and each director twice. And two cubic curves are accordingly of the same kind or 
of different kinds.

Consider for example the quadric surface xw — yz=Q, and the cubic

X : y : z : w = 1 : φ : ; φ®.

If we call the line (x = ky, kw = z) a generator, and the line (x = kz, kw =y) a, director, 
for the intersections with a generator we have 1 = kφ, kφ^ — ; equations with the
common root kφ = 1, or there is a single intersection; for the intersections with a 
director, l≈kφ^, kφ^ = φ, equations with the common roots kφ-=l, or there are two 
intersections.

Consider on the same quadric surface the cubic

X ; y : z : w = α.^-γ : Θ — a,.θ-e.θ- ζ∙. Θ — Ζ.Θ — β.Θ-y∙. Θ — Ζ.Θ — e.θ - ζ',

or as, for shortness, I write these,

X : y : z : w = aβy : aeξ : 8βy : 8eζ,

viz. α is written to denote θ — a, and so in other cases; for the intersections with 
a generator, we have aβy = kaeζ, k8eζ = 8βy, equations having the two common roots 
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β y ≈ k e ζ', or t h er e ar e t w o i nt ers e cti o ns wit h  t h e g e n er at or. A n d  i n li k e m a n n er  
t h er e is o n e i nt ers e cti o n wit h  t h e dir e ct or. T h e  c u bi c

X  : y ; z : w  =  a β y  : a e ξ : 8 β y  : δ e ^

is t h us a c u bi c of  diff er e nt ki n d fr o m

X  : y : z : w  =  1  : φ : : φ .̂

A n d  i n t h e s a m e m a n n er  it a p p e ars t h at t h e c u bi c

X  : y : z : w  =  a β y  : 8 β y  : a e ξ : 8 e ζ

is of  t h e s a m e ki n d wit h

X  : y : z : w  =  1  : φ : φ ^ : φ ∖

T h e  t w o c u bi cs of diff er e nt ki n ds i nt ers e ct i n 5 p oi nts; t h e t w o c u bi cs of t h e 

s a m e ki n d  i n o nl y 4 p oi nts. I n f a ct, f or t h e i nt ers e cti o ns wit h  t h e c u bi c

X  : y : z : w =  1 : φ : ■ φ ,̂

y v e h a v e xz  - y' ^ =  (i, y w  —  =(i,  a n d s u bstit uti n g h er ei n t h e ̂ - v al u es,

X  : y : z ; w =  a β y  : a e ξ : 8 β y  : 8 e ξ,
w e  fi n d

α δ ^ V  - =  0,  - 8 ^ ^ y ^  =  0,

e q u ati o ns wit h  t h e c o m m o n fi v e r o ots 8 β " ^ y ^  —  a e ^ ζ' ^  =  0 ; w h er e as  f or t h e ̂ - v al u es  
X  ∙. y ∙. z : w  ≈  a, β y : δ∕ 3 γ : a e ζ  : w e  h a v e θi ^ β y e ζ  —  ̂ ^ β ^ y ^ =  0, 8' ^ β y e ξ  —  =  0,
e q u ati o ns wit h  t h e c o m m o n f o ur r o ots —  δ ≡∕ 3 γ  =  0.

I r e m ar k i n p assi n g t h at t h e e q u ati o ns j ust o bt ai n e d h a v e e a c h of t h e m a r o ot 
3 =  < X) , b ut t his w o ul d  h a v e b e e n a v oi d e d if t h e ̂ - e q u ati o ns h a d b e e n t a k e n i n t h e 
sli g htl y alt er e d f or m

X  : y : z : w  =  a β y  : b a e ξ : c b β y : b c 8 e ζ,  
a n d

X  ∙. y ∙. z ∙. w  =  a β y  : c δ∕ 8 γ : b ct, e ζ : b c 8 e ξ,

b, c b ei n g  ar bitr ar y c o nst a nts; a n d t h e s p e ci al v al u e is t h us of  n o i m p ort a n c e.

T h e  t w o c u bi cs i nt ers e cti n g i n δ p oi nts c o nstit ut e t h e c o m pl et e i nt ers e cti o n of a  
q u a dri c s urf a c e a n d a c u bi c s urf a c e ; a n d c o n v ers el y w h e n  a q u a dri c s urf a c e a n d a  
c u bi c s urf a c e i nt ers e ct i n t w o c u bi cs, t h e n t h e c u bi cs m ust  h a v e 5 i nt ers e cti o ns, a n d  
ar e t h us b y w h at  pr e c e d es c u bi cs of diff er e nt ki n ds i n r e g ar d t o t h e q u a dri c s urf a c e. 

I n f a ct, c o nsi d eri n g t w o c u bi cs m e eti n g  i n 5 p oi nts, w e  c a n, t hr o u g h t h es e 5 p oi nts,  
t hr o u g h 2 p oi nts ass u m e d at pl e as ur e  o n t h e first c u bi c, a n d t hr o u g h 2 p oi nts  ass u m e d  

at pl e as ur e o n t h e s e c o n d c u bi c, dr a w a d et er mi n at e  q u a dri c s urf a c e : t his m e ets  e a c h  
of t h e t w o c u bi cs i n 5  +  2 p oi nts, a n d c o ns e q u e ntl y it e ntir el y c o nt ai ns t h e c u bi c;  

vi z. w e  h a v e t hr o u g h t h e t w o c u bi cs a d et er mi n at e q u a dri c s urf a c e. A g ai n,  t hr o u g h 

t h e 5 p oi nts, t hr o u g h 5 p oi nts at pl e as ur e o n t h e first c u bi c a n d t hr o u g h δ p oi nts  

at pl e as ur e o n t h e s e c o n d c u bi c, w e  m a y  dr a w  a c u bi c s urf a c e ; t his m e ets  e a c h c u bi c
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i n 5  +  5 p oi nts, a n d t h er ef or e it e ntir el y c o nt ai ns t h e c u bi c ; w e  h a v e t h us a c u bi c  
s urf a c e t hr o u g h t h e t w o c u bi cs. T h e c u bi c s urf a c e h as b e e n s u bj e ct e d o nl y t o 
5  +  δ +∙ 5 = 1 5 c o n diti o ns, a n d t h e e q u ati o n t h us c o nt ai ns h o m o g e n e o usl y 2 0  — l δ, = 5  
c o nst a nts; vi z. if Θ =  0 b e t h e q u a dri c s urf a c e t hr o u g h t h e t w o c u bi cs t h e g e n er al  
f or m is ( α z c ⅛ β y  +  ηz- ∖-  δ w)  Θ  +  ∖ U  =  0  ; disr e g ar di n g t h e t er m i n Θ,  w e  h a v e t h us, i n 
f a ct, a d et er mi n at e c u bi c U  =  0.

T a ki n g  as a b o v e t h e first c u bi c as gi v e n b y  t h e e q u ati o ns

x ∖ y ∖ z ∙. w  =  1  : φ : φ- : <∕ > ≡,

a n d t h e s e c o n d c u bi c as gi v e n  b y t h e e q u ati o ns

X  '. y '. z ∙. w  =  ι n β y : α e ξ " : Z β y  ; δ e ,̂

t h e e q u ati o n of  t h e c u bi c s urf a c e w hi c h  c o nt ai ns t h e t w o c u bi cs will  b e of  t h e f or m

( Λ x +  £ y  +  Cz  +  J) w)  ( y w —  z'-) +  (J. " a; +  B " y  +  G "z  +  D' w }  { xz —  y- }  =  0.

S u bstit uti n g h er ei n t h e ̂ - v al u es a n d o mitti n g t h e c o m m o n f a ct or a. e ^ ζ' ^  —  w e
h a v e

δ  { A a β y  +  B a e ζ  +  C 8 β y  ÷  D 8 e ζ)  - a  { A " a β y  +  B " a e ζ  +  C " δ ^ γ  4-  D " 8 e ζ)  ≈  0,

w hi c h  is of t h e f o urt h or d er i n θ. W e  m a y  ass u m e ( 7" =  0, a n d 7) "  =  0; i n f a ct, t h e 
t er ms i n C "  a n d D "  mi g ht  b e g ot ri d of  b y t h e s u bstit uti o ns

z { xz —  y- *)  =  y  { x w —  yz)  —  x  ( y w —  z " ^ ∖

w  { xz —  y " ^) = z ( x w —  yz }  —  y  { y w —  z " ^ } ∖

w e  t h e n h a v e 6 c o effi ci e nts A,  B,  C,  D,  A ",  B'',  a n d e q u ati n g t o z er o t h e t er ms i n 
θ °, θ ∖ θ-, θ ,̂ t h e r ati os of t h es e ar e d et er mi n e d b y t h e fi v e e q u ati o ns : a n d w e  
h a v e t h us t h e r e q uir e d c u bi c s urf a c e.

St arti n g  fr o m eit h er c u bi c c o nsi d er e d as a c ur v e o n t h e gi v e n q u a dri c s urf a c e ; 
if t hr o u g h t h e c e ntr e w e  d es cri b e a c u bi c s urf a c e, t his m e ets  t h e q u a dri c s urf a c e i n 
a s e c o n d c u bi c a n d t h e t w o c u bi cs i nt ers e ct e a c h ot h er  i n 5 p oi nts. I n p arti c ul ar,  if 
t h e o n e c u bi c is x : y : z : w =l  : φ  : : φ θ, it a p p e ars b y w h at  pr e c e d es t h at t h e
ot h er c u bi c m a y  b e t a k e n t o b e

X  : y : z : w  =  c n β y : a e ζ  : ̂ β y : 8 e ζ,

i nt ers e cti n g t h e f or m er i n t h e δ p oi nts gi v e n b y t h e e q u ati o n δ ^ γ'∙ ^  —  a e ^ ζ ^  =  0. T h e  
fi v e p oi nts  ar e of  c o urs e p oi nts of  c o nt a ct of  t h e q u a dri c  s urf a c e a n d t h e c u bi c s urf a c e.

A  v er y si m pl e i nst a n c e is t h e f oll o wi n g. T h e  q u a dri c s urf a c e x w- yz  =  Q  a n d t h e 
c u bi c s urf a c e

y  { xz  - y ~ } +z { y  w =  Q

i nt ers e ct i n t h e t w o c u bi cs

X  -. y : z ∙. w =l  : φ  : : a n d x ∙. y z ∙. w  = Υ  ∙. '. θ ∙.
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T h e  t w o c u bi cs m e et  i n t h e 5 p oi nts

θ  =( 0,  0 0, 1, ω,  ω ^) ; φ  =  ( 0, ∞,  1, ω ,̂  ω },

or, w h at  is t h e s a m e t hi n g, i n t h e 5 p oi nts

( x, y, z, w }  =  (l, 0, 0, 0),  ( 0, 0, 0, 1),  ( 1, 1, 1, 1),  ( 1, ω,  ω ∖  1),  ( 1, ω ≡,  ω,  1),

w h er e  ω  is a n i m a gi n ar y c u b e r o ot of  u nit y.

I w as  a n xi o us t o w or k  o ut t his r es ult n ot  f or its o w n s a k e, b ut  as a n ill ustr ati o n 
of a p oi nt w hi c h  first aris es as t o o cti cs : a u ni c urs al o cti c c ur v e is n ot i n g e n er al  
sit u at e o n a n y s urf a c e l o w er t h a n a q u arti c s urf a c e ; if o n t h e o cti c w e  t a k e at  
pl e as ur e 3 3 p oi nts, w e  m a y  t hr o u g h t h es e dr a w t w o q u arti c s urf a c es U  =  0, V =  0,  
e a c h of w hi c h  will  e ntir el y c o nt ai n t h e c ur v e : t h e t w o s urf a c es m e et  i n a s e c o n d  
o cti c als o u ni c urs al, a n d t h e t w o c ur v es i nt ers e ct i n 3 4 p oi nts, w hi c h  ar e p oi nts of  
c o nt a ct of t h e t w o q u arti c s urf a c es. W e  c a n n ot, b y a dj oi ni n g t o t h e gi v e n o cti c a n y  
c ur v e of a n i nf eri or t o its o w n, o bt ai n a c o m pl et e i nt ers e cti o n of t w o s urf a c es : t h e 
m ost  si m pl e c as e is w h e n  w e  a dj oi n t o t h e gi v e n o cti c as a b o v e a n ot h er u ni c urs al  
o cti c, a n d t h us o bt ai n a c o m pl et e i nt ers e cti o n of  t w o q u arti c s urf a c es.  It is t o b e
o bs er v e d t h at t h e s e c o n d c ur v e is d et er mi n e d  c o m pl et el y a n d u ni q u el y  b y  t h e gi v e n
c ur v e : c o nsi d eri n g t h e f or m er c ur v e as gi v e n  b y  t h e e x pr essi o ns of t h e c o or di n at es

i n t er ms of a p ar a m et er ψ,  t h e d et er mi n ati o n  of t h e li k e e x pr essi o ns  f or t h e l att er
c ur v e w o ul d  a p p e ar t o b e a pr o bl e m of  v er y gr e at diffi c ult y.
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