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O N  T H E  Q U A D RI Q U A D RI C  C U R V E  I N C O N N E XI O N  WI T H  T H E  

T H E O R Y  O F  E L LI P TI C  F U N C TI O N S.

[ Fr o m t h e M at h e m atis c h e  A n n al e n,  t. x x v.  ( 1 8 8 5), p p. 1 5 2 — 1 5 6.]

I C A L L  t o mi n d  t h at, if w e  h a v e o n a li n e t w o p oi nts ( a, β,  γ, δ), ( α', β',  δ'),
a n d t hr o u g h t h e li n e t w o pl a n es

A x  +  B y  +  Gz  +  D w  =  0,  R'ι∕  +  +  =  0,
t h e n 

a n d t h at, p utti n g  e a c h of  t h es e t w o e q u al s ets of  r ati os

=  a  ; b : c : f : g  : h,

t h e n t h e q u a ntiti es { a, b, c, f, g, h ∖ w hi c h  it is e as y t o s e e s atisf y t h e r el ati o n 
q∕ * +  b g  +  c h  =  0, ar e s ai d t o b e t h e “  si x c o or di n at es  ” of t h e li n e: as o nl y t h e r ati os 
of t h e si x q u a ntiti es ar e m at eri al,  a n d as t h e l ast- m e nti o n e d e q u ati o n est a blis h es a  
si n gl e r el ati o n b et w e e n t h es e r ati os, t h e s yst e m of  ‘t h e si x c o or di n at es c o nt ai ns f o ur 
ar bitr ar y r ati os or p ar a m et ers, f or t h e d et er mi n ati o n of t h e p arti c ul ar li n e. S e e  m y  
p a p er  “ O n  t h e si x c o or di n at es of a li n e,” G a m b.  P hil.  Tr a ns,  t. xι.  ( 1 8 6 9), p p.  2 9 0 — 3 2 3,  
[ 4 3 5].

I c o nsi d er f or a m o m e nt  t h e q u a dri c  s urf a c e

i p ≡ +  y 2  +  +  W'  =  0,

a n d I pr o c e e d t o s h o w t h at, if ( a, b, c, f, g, h } ar e t h e c o or di n at es of a g e n er ati n g  
li n e o n t h e s urf a c e, t h e n eit h er a =f,  b  —  g, c ≈ h, or els e a  =  — b =- g,  c  =  - h∙, 
t h e o n e or ot h er s yst e m of e q u ati o ns a c c or di n g as t h e li n e b el o n gs t o t h e o n e or 
ot h er  s yst e m of  g e n er ati n g  li n es.
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W e  s atisf y t h e e q u ati o n b y

X  +  i y +  θz  +  θi w  =  0,

• 1 i∙
i c —  t y —  + i w =  0,

w h er e is a n ar bitr ar y p ar a m et er: h e n c e t h es e e q u ati o ns d et er mi n e a g e n er ati n g  li n e 

of  t h e s urf a c e : a n d t h e c o or di n at es of  t his li n e ar e  

vi z. t h es e v al u es  gi v e a  =  -f, b =-  g, c  =  —  h.

Si mil arl y  w e  s atisf y t h e e q u ati o n b y  

w h er e  φ  is a n ar bitr ar y p ar a m et er : h e n c e t h es e e q u ati o ns als o d et er mi n e  a g e n er ati n g  

li n e of  t h e s urf a c e : a n d t h e c o or di n at es of  t his li n e ar e  

vi z. t h es e v al u es gi v e  a =f,  b ≈ g,  c — h.

If f or X, y, z, w  w e  writ e  x' ^ p, y " ^ q, z' ^r, w' ∖∕s  r es p e cti v el y, t h e n w e  h a v e t h e 

t h e or e m t h at, f or t h e q u a dri c  s urf a c e

p x ^  +  q y' ^  +  rz ^ +  s w' ^ =  0,

t h e c o or di n at es ( a, b, c,  f, g,  h)  of  a g e n er ati n g  li n e ar e s u c h t h at 

t h e si g ns b ei n g all +  or all — , a c c or di n g as t h e li n e b el o n gs t o o n e or ot h er of  

t h e s yst e ms of  g e n er ati n g  li n es.

T a k e  ( α', b', c', f', g', h') f or t h e c o or di n at es of a n ar bitr ar y li n e, a n d writ e  

p,  q, r, s =  a g' h',  b' h'f',  c'f' g',  ; t h e q u a dii c  s urf a c e is

a g h' x ^  +  b' h'f y' ^  +  c'f' g'z' ^  +  a' b' c'' uf∙  =  0,
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w hi c h  is a s urf a c e h a vi n g t h e li n e ( α', b', c', f', g', f or a g e n er ati n g li n e. T o  
v erif y t his, o bs er v e t h at f or t h e li n e i n q u esti o n  w e  h a v e  

e q ui v al e nt of c o urs e t o t w o i n d e p e n d e nt e q u ati o ns ; t h es e gi v e h' x  =  f'z ÷  6' w,  
~ ~ v al u es w hi c h  s u bstit ut e d i n t h e q u a dri c e q u ati o n s atisf y it i d e nti c all y. 

A n d  f or t h e l ast- m e nti o n e d q u a dri c s urf a c e w e  h a v e  t h e t h e or e m t h at, if ( a, b, c,  f, g,  h }  
ar e t h e c o or di n at es of  a g e n er ati n g  li n e, t h e n 

w h er e  o b vi o usl y t h e si g n - +- b el o n gs t o a g e n er ati n g li n e of t h e s a m e s yst e m wit h  
t h e li n e ( a, b', c',  f', g',  h' ∖ a n d t h e si g n —  t o a li n e of  t h e ot h er  s yst e m.

T a ki n g  t h e si g n — , w e  t h us s e e t h at if ( a, b, c, f, g,  h'), { a', b', c', f', g', h' } ar e  
t h e c o or di n at es of  li n es of  t h e t w o s yst e ms r es p e cti v el y, t h e n

af'  - +- a'f  =  0,  - +- b' g  =  0,  c∕ √  +  c' Λ  =  0 ;

w h er e  o bs er v e t h at t h e r es ulti n g e q u ati o n

af'  +  a'f  - +- b g'  +  b' g  - +- c h'  - +- c' h  =  0,

is t h e c o n diti o n w hi c h  e x pr ess es t h at t h e t w o li n es m e et  e a c h ot h er.

C o nsi d er  n o w  t h e q u a dri q u a dri c  c ur v e

U γ  =  A x-  - +- B y-  - +- Cz ^  +  D w ^  =  0,

C Zj'  =  A' x " ^  - +- B' y " ^  - +- G'z' ^  +  D' w ^  =  0 ;

a n d l et { a, b, c,  f, g, h } a n d { a', b', c,  f', g', h')  b e t h e c o or di n at es of t w o li n es m e eti n g  
e a c h ot h er, a n d e a c h m e eti n g  t h e q u a dri c c ur v e t wi c e: or, a g ai n, l et t h es e b e li n es 
j oi ni n g i n p airs t h e f o ur i nt ers e cti o ns of t h e c ur v e b y a n ar bitr ar y pl a n e : or, a g ai n,  
l et t h e m b e t h e n o d al li n es of t h e bi n o d al q u arti c c o n e h a vi n g a n ar bitr ar y v ert e x  
a n d p assi n g t hr o u g h t h e c ur v e. T h e  t w o li n es ar e g e n er ati n g li n es, b el o n gi n g t o t h e 
t w o s yst e ms r es p e cti v el y, of a pr o p erl y d et er mi n e d q u a dri c  s urf a c e U  +  λ  U'  =  0 p assi n g  
t hr o u g h t h e c ur v e: a n d b y w h at  pr e c e d es,  w e  h a v e

α∕'  +  a'f  =  0, b g'  - +- b' g  =  0, cli +  c' h  =  0,

t h e f u n d a m e nt al t h e or e m * w hi c h  I wis h e d  t o est a blis h.

Writi n g  i n t h e e q u ati o ns w =l,  w e  h a v e i n p arti c ul ar t h e q u a dri q u a dri c c ur v e  
y ^  =  1  —  x ,̂  =  1  —  k- χ ∖ e q u ati o ns w hi c h  ar e s atisfi e d b y x  =  s n  u, y  =  c n  τι, z  =  d n  u.
C o nsi d er  o n t h e c ur v e f o ur p oi nts  b el o n gi n g  t o t h e ar g u m e nts Wι,  U 2 >  r es p e cti v el y;
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and write for shortness ¾, Cj, ⅛ for the sn, cn, and dn of Wj; and similarly for 
7Za, ⅜ and ‰ It appears by Abel’s theorem that the condition in order that the 
four points may be in a plane is + + ⅝ + Ui = 0; viz. when this equation is 
satisfied we have 

or writing 

this equation is 

or by what precedes, it appears that not only is this so, but that we have separately 

viz. it follows from Abel’s theorem that, w’hen the arguments u^, u^, i⅞, W4 are con­
nected by the equation Wι + z(2 + ι⅛ + t<4 = 0, then each of these three equations holds 
good.

I assume in particular = 0, W3 = — u, so that w = -I- zij 5 we have 

and the three equations become 

equations which may also be written 

so that, adding these three equations, we must have an identity.

Representing the second and third of the last-mentioned equations by
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we have
c = 1 - C⅛, d = l + Ds,

from either of which we can obtain s rationally; viz. the first equation gives

that is, whence

and similarly from the second equation s = — i fwhence also iC ”1“

Substituting for G its value, the first-mentioned value of s becomes 

which is a form that can be easily verified; we in fact have 

see my Elliptic EunctioiLS, p. 63 : or calling these values 

the above value is

which is right. '

Cambridge, 28 June, 1884.
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