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S O L U TI O N  O F  ( a, b, c, d)  =  ( a ∖ b ∖ c ∖

[ Fr o m t h e M ess e n g er  of  M at h e m ati cs,  v ol. x v.  ( 1 8 8 6), p p.  5 9 — 6 1.]

It  is r e q uir e d t o fi n d f o ur q u a ntiti es ( n o o n e of t h e m z er o) w hi c h  ar e i n s o m e 

or d er  or  ot h er  e q u al t o t h eir s q u ar es, s a y

S u p p osi n g  t h at t h e r e q uir e d q u a ntiti es  ( a, h, c, d)  ar e t h e r o ots of t h e bi q u a dr ati c  

e q u ati o n  

(s n ot  =  0),  t h e n t h e f u n cti o n 

a n d w e  h a v e  t h us t h e c o n diti o ns  

t h e l ast of  w hi c h  (si n c e s is n ot  =  0)  gi v es  s =  1,  a n d t h e ot h ers  t h e n b e c o m e  

vi z. r e g ar di n g p, q, r as t h e c o or di n at es of a p oi nt i n s p a c e, t his is d et er mi n e d as  

t h e i nt ers e cti o n of  t hr e e q u a dri c s urf a c es, a n d t h e n u m b er  of  s ol uti o ns is t h us =  8.

First,  if r = p∙, h er e 2 q =  p " ^  -i- p, ' 2 { p " ^ —  1 }  =  q ^  —  q ∖ t h e l ast e q u ati o n m ulti pli e d  b y  

4 gi v es  

t h at is, p ^  —  1  =  0 or  p " ^  +  I p —  8  =  0.
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If /) 2- 1 = 0, t h e n eit h er /) =  1, gi vi n g q  =  1, r =  l, a n d  h e n c e  t h e e q u ati o n  is
a; *  +  ir 2 +  i c 2 +  a:  +  l =  0; or els e /) =  - 1, gi vi n g  q =  Q,  r =  - 1,  a n d  h e n c e  t h e e q u ati o n  is

—  a ?  —  «  +  1 = 0,  t h at is, ( « —  1) ^  ( «“  +  « +  1)  =  0.

If +  2 p  —  = t h e n eit h er /) =  2, gi vi n g  q =  S, r  =  2,  a n d  h e n c e  t h e e q u ati o n  is
+  +  3 « 2  +  2 «  +  1, t h at is,

( « 2 +  « +  1) 2  =  0;

or  els e  /) =  —  4,  gi vi n g  q ≈ Q,  r  =  - 4s, a n d h e n c e  t h e e q u ati o n is «·  —  4 « ’ +  —  4 «  +  1  =  0,
t h at is, ( « —  1) ^  =  0.

S e c o n dl y,  if r =-l- p ∖ h er e  

t h e l ast e q u ati o n m ulti pli e d  b y  4  gi v es  

t h at is,

If /) 2 +  /) +  4  =  0, t h e n /) =  ⅜  { —  1 ±  ⅛  √( 1 5) },  w h e n c e  

a n d t h e e q u ati o n is

w h e n c e

a n d t h e e q u ati o n is 

t h at is.

W e  t h us s e e t h at t h e ei g ht e q u ati o ns ar e

5 3 — 2

w w w.r ci n. or g. pl



4 2 0  S O L U TI O N O F  ( a, b, c, d } =( a ∖ b ∖ c ∖  [ 8 5 5

a n d it h e n c e a p p e ars t h at, writi n g  7, e, θ t o d e n ot e r es p e cti v el y a n i m a gi n ar y c u b e  
r o ot, fift h r o ot, a n d s e v e nt h r o ot of  u nit y,  t h e n t h e v al u es  of  ( a, h, c, d }  o x e  

vi z. f or e a c h of  t h es e s yst e ms w e  h a v e  t h e r e q uir e d r el ati o n

It m a y  b e n oti c e d t h at o ut of t h e ei g ht e q u ati o ns w e  h a v e t h e f oll o wi n g t hr e e 
w hi c h  ar e irr e d u ci bl e :—

E a c h  of  t h es e is a n A b eli a n  e q u ati o n, vi z. t h e r o ots ar e of  t h e f or m

w h er e ( a) =  α,  n ot  i d e nti c all y b ut  i n virt u e  of  t h e v al u e  of  a,  vi z.  w e  h a v e ( a) =  =  α,
i n virt u e of  (i n t h e first e q u ati o n α ≡ =l, a n d t h er ef or e α ^ ≡ =lj i n e a c h of
t h e ot h er  t w o, is t h e l o w est p o w er w hi c h  is =  1).

I n t h e first e q u ati o n, w e  h a v e e vi d e ntl y  

as t h e irr e d u ci bl e f a ct or of  i c ® —  1.

T h e  s e c o n d a n d t hir d e q u ati o ns c o m bi n e d t o g et h er gi v e  

t h at is.

w h er e  t h e l eft- h a n d si d e is t h e irr e d u ci bl e f a ct or of  zr ^ ®— 1.
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