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870.
ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (SEQUEL).

[From the American Journal of Mathematics, vol. X. (1888), pp. 71-—93.]

THE chief object of the present paper is the further development of the paB-theory
in the case n="7. I recall that the forms are
T S ..
V1=2By+y* WN1—2aa°+a*

where
Pt (p+ 4y2* + A,a* + a°)
y= 14+ 4,2° + Aot + pat *

The paragraphs are numbered consecutively with those of the former paper “On the
Transformation of Elliptic Functions,” vol. 1X., pp. 193—224, [869].

The Seventhic Transformation: the pa-Equation. Art. Nos. 51 to 57.

51. The equation is given incorrectly Nos. 7 and 42; there was an error of sign
in a term 512a%, which affected also the coefficient of ap, and an error of sign in
the absolute term 7. The correct form is

p° — 28pf — 112ap° — 210p* — 224ap® + (— 1484 + 1344a*) p* + (4642 — 5120°) p — T =0 ;
or, arranging in powers of a, this is
a*.512p
+ o, — 1344p?
+ a. 112p° 4 224p° — 4€4p
— (p® — 28p® — 210p* — 1484p*—T7) = 0.
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536 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (SEQUEL). (870

This may also be written in the forms
(a—1) {a2. 512p + a (— 1344p* + 512p) + 112p° + 224p* — 1344 + 48p} — (p + 17 (p—T7) = 0,
and
(a4 1){a*.512p + a (— 1344p* — 512p) + 112p° + 224p* + 1344p*+ 48p} — (p — 1) (p+ 7) = 0.
To simplify the pa-equation, we assume A =8pa—Tp?; then the Ap-equation is
As
+ Ap*(14p* — 119p* — 58)
—  p*(p*—126p° + 280p* —1078p* - 7)=0;

viz. this is a cubic equation wanting its second term, and so at once solvable by
Cardan’s formula: say the equation is

A3+ AP2Q1 —pr= 0,

where
¢, = 14p* — 119p2 — 58,
rm=p*—126p°+ 280p*—1078p* - 1T7.
It is convenient to recall here that, writing o =— %, and B=8cB—"70% we have

between o, B, B precisely the same equations as between p, a, 4; p=1 gives
o=—17, and we have as corresponding values a=—-1, A=-15 B=-1 B=-287:
these are very convenient for verification of the formule. Similarly, p=--7 gives o =1,
and then a=-1, 4 =— 287, B8=—1, B=—15; but I have, in general, used the former

values only.

52. We have
A=f+y,
where
39 =—p'e
fs 4 gs = P27'1;
and thence

4503
f3—93=p2\/7‘12+ /’2,?1_'

We have identically
27 (p* — 126p° + 280p* — 1078p — 7)* + 4p* (14p* — 119p* — 58)*
= (p'+ T5p* — 141p* + 1) (27p* + 122p° + 1323):

if p=1, this is 27.930% + 4 (— 163)*=64%. 1472 ; that is, 23352300 — 17322988 = 6029312,
which is right; but it is convenient to divide by 27, so as instead of 27p*+ 122p*+ 1323
to have in the formule p*+ 122p%+ 49, or say

P+ Kp*+49 (K =132).
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870] ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (SEQUEL). 537
Hence writing
t=p°+ T5p* — 141p> + 1,
8 =p*+ Kp* + 49,
we have
r* + 5 pP = 42,
2ft=p*(n+t V/9),
29° = p*(r, —t,4/8).
53. It was easy to foresee that the cube root of 7 +¢4/8 would break up into
the form (U + /8)v/W + 8, and I was led to the actual expressions by the identities

and consequently

20 (14p* —119p* — 58) = (19p* — 53)* — 3 (27p* + 122p* + 1323) ;
that is,

20¢, = (19p* — 53)* — 818,
and

27 (p* = T)* — (27p* + 122p* + 1323) = — 500p?,

27 (p*+ 7 — (27p* + 122p% + 1323) =  256p?;
or, as these may be written, }
(P =TP-8=— PP, (F+T)—8=3f
We, in fact, have further the two identities

1000 (p° + 75p* — 141p* + 1)
= {(19p* — 53)* + 243 (19p* — 53) (p* + Kp* + 49)}
+ {27 (19p* — 53) + 729 (p*+ Kp*+ 49)} (= p* +17),
— 1000 (p® — 126p° + 280p* — 1078p*— 7)
= {(19p*— 53y + 243 (19p* — 53) (p*+ Kp* + 49)} (= p*+7)
+ {27 (19p* - 53) + 729 (p* + Kp*+ 49)} (p* + Kp* +49),

e
viz. writing 1952 =58 =90, —pt+7=W,

these equations become
1900 t, = U*+3US + (B0 + 8) W,
— 10907, = (U2 4+ 3U8) W+ (83U + 8) &,
— 3980 (1, — ty/8) = (U + w8 (W + v3),

and the like equation with —4/8 in place of /8.

and we have thus

54. In part verification of the last-mentioned identities, observe that, in the first
of them, putting p=1, and comparing first the coefficients of p® and then the coefficients
" of p° we ought to have

1000 =19° + 243 .19 — (27.19*+ 729), = 11476 — 10476,
1000 = (— 53° — 243 .53 .49) + (27 .53* + 729 .49) 7, =—T779948 4 780948,
O, XL 68
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538 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (SEQUEL). [870

which are right; and similarly in the second equation, comparing first the coefficients
of p® and next those of p’, we have

— 1000 = (19° + 243 . 19) (— 1)+ (27. 192+ 729), = — 11476 + 10476,
+ 7000 = (— 53* — 243 . 53.49) (7) + (27. 53 + 729 . 49) 49,

=— 5459636 + 5466636,
which are right.

55. We have now 4 =f+ g, where
=— &5 (U— &) V'ip* (W - V3),
g=—75% U+ Vip (W+0):

observe that, multiplying these two values, we have

f9= s (U= O VEF W=D, = iy (T =8 10 2 1,
B (U= 8) (= )3

Il

that is,
fy=—$p (U= 8), == e S =— 1o,

which is right. Or, finally, substituting for U, W, & their values, we have, for the
solution of the .Ap-equation, 4 =7+ g, where

= — #5 (19p* = 53 —Vp' + Kp? + 40) V§p* {— p* + T —Wp' + Kp + 49}, (K =132),
g=— (19> — 53 + Vp' + Kp* + 49) V'3 p? (— p* + T + Vp* + Kp* + 49}.

56. In the case p=1, a has a value =-1, giving for 4, =8pa—Tp% the value
—15; and, in fact, here p*=1, and the Ap-equation becomes

— 1634 +930 =0,
that is,
(4 +15) (42— 154 + 62) =0,
the roots thus being £
A=-15 A=3%(15+17/23).

To verify in this case the values given by the solution of the cubic equation, observe

that, for p*=1, we have §=50+132, =1472 and therefore /\/8=8%/23E, =8—‘\g69; also,
U=1,9lf9;5_3, =:‘~9‘°E’, and W==—p*+7, =6. Hence U+43=(w, R
‘ 8«/69 _V/81+12769
VWi 0 s S
hence
g=- 1—62( 179+M/69)§\/81+12«/69 =L (17— 4V69) V81 + 12769 ;
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870] ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (SEQUEL). 539

but the cube root is =4 (3+4/69), and we have (17 —4~69)(3 +V69) = — 225+ 5469,
=5(—45+~69); that is, g=34(—45++69). Similarly, f=4(—45—+69). We have thus the
real root f+¢g = —15, and the imaginary roots

Jo+go? or for+ go, == (0 + o)+ § V69 (0 - @),
viz. the first term is =15 and the second is +1V69.74/3, =+41V23; thus the roots
are 4 (15 +14/23), as they should be.

57. I found, by considerations arising out of the new theory Nos. 72 et seq.,
that writing for shortness m=14/3, then, for p=m—2, the pa-equation has a root
a=m; the corresponding values of A4,p* thus are 4=12m—31, p*=—4m+1, via
substituting this value for p* in the Ap-equation, there should be a root A =12m — 31.
The equation becomes

A%+ A (3704m —7653) + 148306m + 206162 =0,
or, as this may be written,
(4 - 12m + 31) {42+ 4 (12m — 31) + 2960m + 4062} = 0,

and the roots thus are
A= 12m - 81,

A=—6m+3L +§V—12584m — 16777,

where the square root is not expressible as a rational function of m.

Eazpression of B as a Rational Function of a, p. Art. Nos. 58 to 66.

58. Writing o = — ;—7), we have B the same function of o that p is of a; hence
if B=8adB— T0*% the Bo-equation is
B
+ Bo® (140* — 11902 — 58)
— a(¢®—1260° + 2800 — 107802 — 7) =0;

and the expression for B in terms of ¢ is obtained from that of A4 by the mere
change of p into o. Say we have B=f"+g, where

[ == U =& Va2 (W = V¥,
g == U + vV (W +y8);

then we have

49 /1 49 2401 49K
AR AT IR L B ST Ll i T
b (W 4y =3 3 (- 5474,/ + 55 4+ 40)
=—%.:%3(—p2+7—'\/p‘+Kp_2+_4u9)
343

=_—-PT‘%p2(W_\/8))
68—2
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540 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (SEQUEL). (870

or, say
V3 W=8) =~ LV (W= /0);
and similarly
Vi (W &)= — Z; V'3 (W + /5).

The cube roots which enter into the expression of B are thus identical with those
in the expression of A, and it hence appears that B can be expressed rationally in
terms of A, p; or, what is the same thing, B8 can be expressed rationally in terms
of a, p.

'59. The @ priort reason is obvious: the pa-equation is a cubic in @, but of the
order 8 in p; hence, to a given value of a, there correspond 8 values of p. Similarly,
the oB-equation is a cubic in B, but it is of the order 8 in o; or if for o we substitute

its value = —;—i, then we have a pB-equation which is a cubic in B, but it is of the

order 8 in p. In the absence of any special relation between this pB-equation and the
pa-equation, there would correspond, to each of the 8 values of p, 3 values of B;
that is, to a given value of a there would correspond 8 x 3, =24 values of 8. But,
in fact, to a given value of a, there correspond only 8 values of B, and the two
cubic equations are related to each other in such wise that this is so; viz. the
relation between them is such that it is possible by means of them to express B as
a rational function of p, a.

60. Returning to the investigation, we have

OUF <19a05u8) w0 g
or, writing w
63U =53p* — 931,
this is
U= —;2 U, whence U’ + /& = —;(ﬁ? A/0).

Hence writing
' 0=Vip*(W—v8), ¢ =V4p*(W+0),

we have

POy VDT f’=—%%<ﬁ+w>¢,

9==%U+V8¢, g =-1&—(T-v8)6,
so that, putting for shortness

Lem s (U-v8) , L==4, 22Ty,
L] 9 7 49 = !
M=—25U+y8) , M=—%p—(U+v8),
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870] ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (SEQUEL). 541

we have
A=L0+Mp, B=LO+M¢,

where 6, ¢* and 0¢ are each of them free from any cube root; we have, in fact,

i — 500
06 =V IFH=8), =/ 10" o, =g,
and it may be added that
3LMO¢ = — p%q,, whence LM =1gq,,
L3608 + M3¢3 - Per“
136% — Ms¢s L P2t1 \/3 :
these are, in fact, only the equations obtained by writing LO, M¢ in place of f, g
respectively.
61. In the case p=1, we have o =—T7; the equation for B becomes

B+ 13585258 + 413536578 =0;

that is,
(B + 287) (B — 2878 + 1440894) = 0,

and the roots are

— 287 and §(287 +497¢¥23), or, say — 7.41 and (41 + 71¢ V23).

We have as before, /8= 8—1/9—62, and v/'§p* (W + \/8)=%\3/81A+ 12/69 = 6; also 7=_—(§;7—8,

whence U+ /8= LA 4396-;3- .o ng). We thus have

2 (— 439 + 28469)

v V69
- 1V/81 +12V69,

fl==549.

— = (— 439 + 28V69)V/81 + 1269,
or, putting for the cube root its value =4 (3 + V/69), this is
F == (— 439 + 28 V69) (3 + V69), =— 257 + 437 V69.

Similarly, ¢'=—2§* — 4974/69; and forming the values f'+¢/, of’ + 0%, 0*f' + 0y, we
have the real root — 287 and the imaginary roots 4 (287 +497: V23), as above.

62. We have the equations

B=I6 + Mg,
A=1L0 + Mg,

Mg, | L6
—2LMOp =~ 7 0+9¢¢>
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542 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (SEQUEL). (870

from which, eliminating € and ¢ so far as they present themselves linearly on the right-
hand side, and in the resulting equation replacing 6¢ and LM6¢ by their values, we
have

By L M |=0;

4, LM

| =400 (A° + 3p%), MY, LGP
that is, 05
B (L6 — Mi¢?) = A (L*L6 — M2M$*) — 3p2 (A2 + 3p°qy) (LM — LM).

This may be written
Byt 8= A {= ity g (U = V3P (T = 8) by (W = /)= (U -+ 87 (T + v8) 2 (W + )}

— 5t (A7 + 3p°qs) iy = D (U= 8) (T + V&) = (U +8) (T - y3)],

where the terms in [ ] contain each of them the factor 4/8. Omitting this factor
from the equation, and multiplying by p? we have

Bptt, = £1:49 (L A[(U2+ 2UT +8) W+ 02T + (2U + U) 8] - 12 (42 + 2p%q.) (U - U)},
which I verify at this stage by writing, as before, p=1. We have B=—287, 4 =-15,
b 5 A, et DD Wil o, B R

63
equation becomes

; and, omitting intermediate steps, the

81.49 81.49 o
287 . 4= oo (244900 — 2244900), = T o 262400, = 18368,

which is right.
63. We require the values of (U*+2UU+8) W+ U+ (2U+ U)8, and of U-— U:

I insert some of the steps of the calculation. We have

U“‘+2Uﬁ+8_6—§, (1330 — 371) (239p° — 2233) + 63 (o* + 49) + 3. 49 1227
= o (357560t = 3677240 + 1022024)
= o [ 1277p = 131335+ 36533,

Multiplying by W, = —p*+ 7, we have

(U +2UT +8) W= [~ 1277p+ 220720~ 128464p'+ 255731)

7h 5,1403 (— 1149305 + 198648p¢ — 1156176p* + 2301579},
Ts e ATORL o s 4 2028911p° — 2615179
Ul = g1~ g (196° — 53 (53p* — 931) = .o 1 (1913307 — 442833+ 2023911 5
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QU+ l7)8=63—1§7 (319p2 — 1673) (27p* + 122p° + 1323)

17101 {8613p° — 6253p* + 217931p* — 221379}
51103 {25839p° — 18759+ 653793p* — 6640137},
whence
PU+QU+D) 8= ’0— {44972p° — 461592p* + 2677704p* — 9255316}
5—1‘% (11243p° — 115398p* + 669426p* — 2313829).

Hence, adding, we obtain

(24200 +8) W+ UT+QU+0)3

M 5190.3 {— 250p° + 83250p¢ — 48675052 — 12250}
SO0 - %+ 194Tp4 40}

and we have at once
UL T=L (80p + 560) = 22 o2+ )
63\ *F 63 ‘
64. We now find
Bp*t, = —TA (p* — 333p* + 19472 + 49)
—56(34° +20°0) (*+7),
viz. substituting for ¢, ¢, their values, this is

Bp# (p* +T5p* — 141p*+ 1) =— T4 (p° — 333p* + 1947p* + 49)

— 56 (342 + 2p* (14p* — 119p* + 1)) (p* + 7),

543

which is the value of B, expressed rationally in terms of p, A; it will be observed

that B is obtained as a quadric function of A, which is the proper form.

Writing p=— 1, we have 4 =—15, B=-287, t, = — 64, ¢, =— 163, and the equation is

287.64=105.1664 — 56.349 .8, =174720 — 156352, =18368,

which is right.

65. Writing for B, 4 their values ———,8__3

g

o <_ 30k ?ﬁ) | = (— 56pa + 49p?) (o — 333p¢ + 1947p? + 49)

— 56 (192p% — 336p%a+ 147p* + 2p°qy) (p* +7) ;
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544 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (SEQUEL). (870

that 1is,
— 56p°Bt,=— 56 .192p% (p>+ 7)o
— 56pa (p® — 333p* +1947p -+ 49)
+ 56.336p% (p*+ 7)
+ 49p° (p® — 333p* + 1947p* 4 49)
— 56 (1470* + 2p* (14pt — 11992 — 58)) (0 + T)
+ 343p%(p° + T5p* — 141p*+ 1),

where the fourth and sixth lines unite into a term divisible by 56, viz. omitting in
the first instance a factor 49, the lines are

p°—333p° + 1947p* + 49p?,
and
Tpd+525p8— 987p*+ Tp?,
which together are
= 8p® + 192p° 4 960p* + 56p?
and hence, restoring the factor 49, the lines are
=392 (p® + 24p° + 120p* + 7p?),

and the formula now easily becomes

p*Bt=192p (p*+ 7)o
+ (p® — 669p* — 405p* + 49)
+p (21p° — 63p* — 1593p° — 861),

where the last line is
=p(p*+7) (21p*— 210p*—123).

66. Hence, finally, substituting for ¢ its value, we have
Bp* (p®+ T5pt—141p*+ 1) =3p (p*+ T) (640® + Tp* — T0p* — 41) + a (p® — 669p* — 405p% + 49),
which is the expression for B as a rational functirn of p, a.

Here p=1, a=—-1, 8=—1 give 64=—960+ 1024, which is right; and again,
p=—="17a=-1, B=—1 give

—49 (117649 + 180075 — 6909 + 1) = — 21, 56 (64 + 16807 — 3430 — 41)
— (117649 — 1606269 — 19845 + 49) ;
that is,
—49.290816 = —1176.13400 + 1508416,

or,

— 14249984 =-—15758400 + 1508416,
which is right.
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The aB-Differential Equation. Art. No. 67.

67. We have, No. 10,
d8 _p* da
7 R AT

it should, of course, be possible to verify this equation by means of the pa-equation
and the value just obtained for 8. But the expression for g—z given by the pz-equation

is of so complicated a form that I do not see in what way the verification will come
out, and I have not attempted to effect it.

The Coefficients A, and A,. Art. Nos, 68 to T1.

68. These are given by the formule No. 47, viz. we have

il
a=l1@-DE-ja +ip0

4;,= 7(&_1)@_19 ap + +Bp%,
da [ %

where fin and B have each of them to be expressed in terms of p, a; we have thus

da
A, and 4,, each of them expressible rationally in terms of p, a; but I have not
attempted to effect the substitutions. ;

69. The five equations of No. 42, merely collecting the terms, are
124, - 64> —8ad, +p*—T7=0,
(— 64, — 32a + 2p%) A, — 24,° — 84, + 30p =0,
(pP—4) A2+ (—442—8ad, +6) A, — 542+ (2p° + 4p) A, — T2ap = 0,
— 24,42+ {(20°—4) A, — 6p} A, — 4pA*— 32pad, + 2p* + 28p =0,
— 342+ (—4pd, + 2p*— 8ap) A, + p*A4.2 + 10pA, — 6p*=0,

which would, of course, be all of them satisfied by the values of A4,, 4, as rational
functions of p, @, viz. the substitution of these values in any one of the equations
would give a function of p and a, containing as a factor the expression on the left-
hand side of the pa-equation.

70. Or again, the equations should determine A4, and A, as rational functions of
p, a, but there is no obvious way of finding such values in a simple form. We, of
course, have
124,=64.+8ad, — p*+7,
Co LT 69
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and using this value to eliminate 4, from the remaining equations, we find the
following four equations:

A7 .30 + 4,2 (1200 — 6p°) + A4, {128a* - 8p*a — 3p* + 69}
+ a (= 16p*+112) + p” — Tp* — 180p =0,
A2 (36p*— 432)  + Ala(96p* — 1344)
+ A2 (@ (64p> — 1024) — 12p° + 48p* + 84p? — 624}
+ A, {o(— 16p° + 160p* + 112p* — 544) + 288p® + 576p}
+ {—10368ap + p'* — 4p® — 14p® — 16p* 4 49p* — 308} = 0,
AP.36+A8.96a + A (642> — 12p* — T2p% + 208!
+ A2 {a (— 16p* — 96p* + 304) + 504p]
+ 4, {a. 2592p + p® — 12p° + 10p* + 84p* — 119}
+36p° — 144p? — 2268p = 0,
A 364 A2 (96a+96p) + A {64o® + 320ap — 12p* — 96p° + 84}
+ 4, {2560 + a(— 80p* + 112) — 16p° — 368p}
+ {a (— 820+ 224p) + p° + 8p8 — 14pt + 232p° + 49} =0,
and we could from these equations obtain various rational expressions for 4, and its
powers ; but these would apparently be of degrees far too high in p and a
71. It is to be remarked that, for p=1, a =—1, the values of 4,, 4, are 4,=4,=3,
viz. these belong to the solution

g T L 004 B0 )
T 1432+ 3zt +at ’

& dy _ da |
=a, Of mé—l-l—a}‘z’

and that for p=—7, a=—1, the values are 4,=—21, 4,=385, viz. these belong to

the solution
_ =Tz + 352° — 21a° + o7 dy —Tdz

ST 2R +8r—Ta O I+yp 1+a

For example, the equation 124,=64,>+ 8ad, — '+ 7 becomes, for the first set of
values, 36 = 54 — 24 — 1+ 7, and for the second set of values, 420 = 2646 + 168 — 2401 + 7,

which are each of them right.

New Form of the Seventhic Tramsformation. Art. Nos. 72 to 83.

72. For the quartic function 1 —2az?+ a4 the coeﬂiciénts ;0L g S aTe
=1, 0, —%a, 0, 1, and hence the invariants 7, J and the discriminant A are
I=1+}a, =§(=+3),
J =—Ja+ o, = (a8 9),
A=D1 -21T2 = {(a® + 3y —(a®— 9a)}}, =(a*— 1)}, whence A=va—1.
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This being so, then assuming

Va-1
: PRV V-1’
the differential equation
dy pdx

VI=28y+y V- 20z + 2*
becomes

VB —1dy pve—-1lde

VI=2By+y* V1-—20z+at

viz. this is, for the radicals V1 —2as®+a* and ¥1—2By* + ¢ the form considered by
Klein in the paper “Ueber die Transformation der elliptischen Functionen und die
Auflésung der Gleichungen fiinften Grades,” Math. Anm., t. X1v. (1879), pp. 111—172,
I notice that there is some error as to a factor 7, and that p is equal to the z of
p. 148, not, as might appear, equal to }z.

73. The modular equation presents itself in the form given, l.c., p. 143, viz. this is
J:J-1:1=(+137+49) (> + 57+ 1) : (7" + 147+ 637>+ 707 — 7)* : 17287,

with the like relation in J’, 7'; and then 77'=49. We have thus J, J’ each given
as a function of 7; and thence by elimination of 7, we have the modular equation as
a relation between the absolute invariants J, J’. But ==p% and for the form
1 —2aa® + 2%, as appears above, we have

20 (e 9y,
- o e T
hence Klein’s equation
J_1= (74 + 147° 4 6372 + 707 —7)?
17287
becomes
o —9a _ p*+ 14p°+ 63p*+70p* — T
-1 8p A
or, say :

8 o — a

p +14np6+63p4+70p2—8<12_1>p—7=0,
which is the equation, l.c., p. 148 with p for z; viz this is the pa-equation connecting
a with the new multiplier p. It will be observed that it is of the degree 8 in p,
and the degree 3 in o, viz. it resembles herein the foregoing pa-equation, but the
form is very much more simple, inasmuch as the « enters into a single coefficient
only. The equation may also be written

2 3
(p*+5p* + 1)3(p4+13p2+49)—64«(“ ') 45

@riptm

74. TUsing for shortness a single letter m to denote the value ¢4/3, we have

o —9a+3m (a*— 1)  p*+ 14p° + 63p* + T0p* + 24mp — T
@ —9a—3m (@ —1)  p®+ 14p° + 63p* + T0p* — 24mp — 7’

69—2
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that is,

<F‘Eim> _(pP—mp+ 1P (p*+3mp—1T)

a—m)  (p+mp+ 1y (p"—3mp—T)’

or, say PR
a+m_p2_mp+1 " ps+3mp_7
a—m p+mp+1V p—3mp-T’

which is another form of the pa-equation.

75. We had 7=p*; and similarly, writing 7’ = ¢* then 77'=49=p%?; it must be
assumed that pg=—7; B is then the same function of ¢ which a is of p, viz. we have

B+m _¢-mg+1 "/¢*+3mg—T
B—m @¢+mqg+1V ¢®—3mg-T7

These equations in a and B contain the same cubic radical, viz. we have

_49 2lm 7

2 4 3m —7, = — *’.—7, S >+ 3m, _7)
q q r g e (p p—T)
and similarly
¢ —3mg—"T ; =—]%2(p’—3mp—7).
Moreover
49 Tm 1
i mg+1l, ==+ —+4+1, = = (p*+ Tmp + 49),
and similarly
1

and we thus obtain
B+m_p2+7aﬁp+49 3p?+3mp_:7
B—m p—Tmp+49 V p*—3mp—-T"

whence, eliminating the cubic radical,

B+m _p'+imp+49 p'+mp+1atm
B—m ™ p—Tmp+49 p—mp+1 a—m’

viz. this gives B as a rational function of a, p. We in fact have

g3 a(pt+29p* + 49) — 24p (p*+ 7)
T 8ap(pP+ )+ (pt+29p°+49)

76. The differential relation
g _p* da
< I i R

on substituting therein for p its value, becomes

dg . ‘pt .da
-1 7 @1}
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But, from the expression for - +m’ we obtain

1 i Bipe 2p—m _ 2p+m [ _2p+3m 2p — 3m
da(a+m a—m>'“dp{(p”—mp+1 P2+"np+1)+§(p“‘+3mp—7_p2—3mp—7)}’

or, omitting from each side a factor —2m,

do _ ( =2 41 g P41 )_ 56dp
@+3- P\ sp+ 1 p + 13+ 49) T (P + 5P + 1) (p' + 13p° + 49)”

But we have, No. 73,
o*+ 3 _ (P +5p7+ 1) (p* +13p* + 49)}

@1y i

and thence
do 14dp

(@ — 1)~ pi(p*+ 13p* + 49)’

and similarly
. 14dg
(82— 1) ¢t (¢ +13¢* + 49)F"

The equation ¢= -1% gives

dgr 7;{’, g} (¢*+ 13¢" + 49)1 = 49p =¥ (p* + 13p* + 49,

and we thence have

ag 2p%dp gt da
B-1 (P +13p +49%° ~ 7 @—1)%’

the required relation.

77. From the value of p, we have

dp _dp , }ada _38dB
P Te-1Tg-1

which, substituting for d@ its value, becomes

=¢_i£ ida AT WY g
p @1 {(aﬁ—l)* = 7}’

ldp_1dp, 4 S I
pda pda (@—10%l@-1% (B-1)*F7)°

or, say

which, however, is more conveniently written

ldp_1ldp 4 -
ode pia Ne=1® PPl

www.rcin.org.pl



550 ON THE TRANSFORMATION OF ELLTPTIC FUNCTIONS (SEQUEL). (870

and then, substituting in the formule for A4,, 4,, we find

P iy o )1 d” —Za+18p
1
;Az =T7(a— ) —§o—48p’
expressions which give, as they should do, A,—pd,=4(ap—Bp®). In these last
formule, p is to be regarded as standing for its value, =pg%.

78. To further reduce these values, consider the expression of B given No. 75.-
If for a moment we represent this by

B=ﬁ%—:’_§g, where F=p'+29p*+49, G=8p (p*+7),
then we have
Bg_lz(Fz—G2)a2——8FGa+9G2—

(Ga+ Fy 4

or, multiplying the numerator and denominator each by Ga+ F, so as to make the
denominator a perfect cube, the numerator becomes

G =G (*—9a) + F (F2 - 9G°) (a®> — 1);
and putting for the factor G of the first term its value =8p(p*+7), we thus obtain

g1 E= @@+ 8p (50 4+ PR 969
-1 (Ga+ F) f
viz. in virtue of the pa-equation, this is

=1 _ (=@ (@ +7)(p°+14p° + 63p* + T0p* — 7) + F (F* - 9G°)
of-1" ; (Ga+ Fy It 3

This numerator is =(p*+5p*+ 1)*p®; in fact, we have
—@) (pP+T)=p°+p*+ p+  Tp*+  343p*+ 16807,
F—9G* = p*— 518p® — 1125p* — 25382p* + 2401,

and thence forming the two terms of the numerator and adding them together—for
shortness I write down only the coefficients—we have

1 Gilib S8l 5ds 567 22113 257390 1082802 1174089 — 117649
1 —489 —22098 — 257389 — 1082802~ — 1174089 117649
=1 151,78 155 78 15 1 0 0 0,

viz. these are the coefficients of (p*+ 5p*+ 1)*p%. Hence

B =1 (p'+ 54 1Ppt
@@—1  (Ga+Fyp
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or, extracting the cube root, and for G, F substituting their values,

ol ik o (p*+5p+1) p*
Ve -1 8p(p+T)at+p'+29p+49°

and thence also
. Sp(PP+ T a+ p*+29p* + 49
st P roprtl

b

viz. we have thus p* expressed as a rational function of p, a.

79. It will presently appear that p is, in fact, expressible as a rational function
of p, a: but I am unable to obtain this expression in a simple form. Admitting that
p is thus expressible, a direct process for obtaining the expression is as follows. Writing

_Sp(p*+ ) a+ pt+29p* + 49

—
p+5pr+1 (=%,

§

and by means hereof introducing £ in place of a into the equation
-
P*+ 14p° + 63p* + T0p* — 8p (faj_—%a -7=0,
we have for £ a cubic equation,
af+bE +cE+d=0,

where the coefficients a, b, ¢, d are given rational functions of p. This equation may
be written

ak (E+ D) +bE+cE+d=0,

where V'=0b-2a%, ¢’=c—aD*; and the last three terms will be a square if only
¢?—4b'd=0; that is, if
(aN*—=c)+ 4d (205 = b) =0,

a biquadratic equation in ® which (p being expressible as above) must have one of
its roots = a rational function of p. Calling this Y, we then have

(I,E(f+S’)2+§(b'f+%c/)2=0’ or say ap® (£ + ) +'z]).‘/(blf+%c/)2= ;

PR o (T
p= o/ TEEE,

where £ denotes a linear function of a as above; the quadric radical will have a
rational value, and the form of the equation thus is

hence

_Aa+B
P=OCa+D’

where 4, B, €, D are rational and integral functions of p. But I am not able to
.carry out the process.

www.rcin.org.pl



552 ON THE TRANSFORMATION OF ELLIPTIC FUNCTIONS (SEQUEL). (870

80. As shown, No. 78, we have

_Sp(p+T)atp+29p? +49
p+5p 41

Multiplying by the value of B, ante No. 75, we find

(p* + 29p* + 49) a — 24p (p? +7)

S i
e P 5P+ 1

and we can hence find 4, and 4, by the formule

A,=T (22— 1) ——-—ga+ Be*,

1
;A2=7(a2 ) ——ga 1Bp,
or, for the second of these we may write

%A2=A,+§(a—-,8p2).

But in a different point of view, regarding only p? but not p, as a given function
of p, &, we must to these equations join the equation 124,=64,"+8ad, —p*+ 7, ante
No. 69: and we have thus equations for the determination of 4,, 4., and p.

81. We have
(P45 1) (p + 132+ 49) 22—
8p a2+3
a(pt+ 29p* + 49) — 24p (p* +7)
6(p*+5p*+1)

_%+

where the second line is
_e(=p=p+ D) —dp(P+7)
p+6p+1

Uniting the two terms, we have a denominator 8p (p*+ 5p*+ 1), and in the numerator
a term 8pa* which may be got rid of by means of the pa-equation; the numerator
thus becomes

=96p (—p*—p*+7) — 128p* (p* + T)
+(@=1) {(=p' —p* + 7) (p* + 14p° + 63p* + T0p* — T)}
+(p*+5p° + 1) (p*+ 13p* + 49) — 32p* (p* + 7),
where the whole divides by 8p; and we finally obtain

12(=p'-p*+7)=16p(p*+ N a+ (= 1) p (p°* + 17p° +102p“+ 2257) +97)

i+ (@ +3) (p*+5p*+ 1)

Proceeding to calculate the value of A, + 1 (a—Bp*), we then have

_a giioi== 8(p*+ 2) a4 8p(p* +7)
Al by £ o
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Multiplying the numerator and denominator by a*+ 3, we have in the numerator a term
in 8a?, which may be got rid of by means of the pa-equation; the numerator for

;A thus becomes
12 (—p*— -9+ 16p (p°+T7)a

+(a2=1)p [{p +17p°+102p* +22op2+97}—p v 2—7)+8(p2+7)-‘,

and we finally obtain

lA _12(—pt—=9p*—9)+16p (p*+ Na + (¢ — 1) p~* (p* + 11p° + 37p* + 20p* +2)
P i (a2+3) (p*+5p*+ 1)

82. The expressions obtained above for p% A4,, 4, are of the form

2_M+Na > e 1+Q1“;|"7}ia7 1 _P2+Q2a+-R2a2
e et R KA 8) T o T S (e g)
where

M =p*+29p* + 49 N=8p(p*+17); S=p'+5p*+1,
P, =12(-p'~ p*+T)—p (p°+17p°+ 102p*+ 225p* + 97), Qi =—16p(p*+17),
R, = P (PP+17p% + 102p* + 225p° + 97) 5
P, =12(=p*=9p* = 9) —p ' (PP + 11p°+ 3Tp*+ 20p*°+ 2), Q= 16p(pP*+7),
R, = P (PP +11ps+ 3Tpt+ 20p*+ 2);

substituting these values in the foregoing equation
124, =64+ 8ad, —p*+ 17,

we obtain
12 {P2+ Q.2 + Rzaz} w {6 (P + Qo+ R1a2)2+ 8u P, +Qa+ Ra? (M+ Na)2 }
S (o + 3) 03 S (a* + 3) S (a* + 3) S? i
that 1is,

1
P12t Quat Bar Bia) s |

6 (Py+ Quat+ Rya) + 8aS (3 + o) (P + Qua + Byr?)

— (M + Nay (3 + o)+ 78 (3 + a*)?,
which, by means of the pa-equation

p°+ 14p° + 63p* + T0p* — ( 9a> 8p—T7=0,
should be reducible to the form
p=Ao*+Ba+C, or p= g:ig,

but I have not been able to obtain, in either of these forms, a simple expression of
p as a function of p, «. Supposing it obtained, the pa-equation, ante No. 51, would
of course be thereby transformable into the foregoing pa-equation. And considering
p as an auxiliary parameter thus introduced into the formule in place of p, then
B and the coefficients A4,, A, are, by what precedes, expressed in terms of p, a, that
is, in effect in terms of p, a; and we thus have the formule of transformation for the
paB-form.
C. XIL 70
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83. There exists a remarkably simple particular case. Write for convenience
0=4/7, the pa-equation is satisfied by the values p=—6, a=—£6. In fact, these

az—9
o —1

values give 8pa=362, =21, =(83—-9)+(§3—1), =513; the term in a is thus

21.513, =10773; but, assuming p*=7, we have
P*+ 14p° + 63p* + T0p* — T = 2401 + 4802 + 3087 +490 —7, =10773,

and the equation is thus satisfied. And these values, p=— 0, a=—30, give p*=1,
B=36, A, =20, A,=p0; the equation 124,= 64+ 8ad, — p*+ 7 thus becomes
1200 =168 —42 — 49 +7, =84; that is, pf="7, =6, or p=0(=—p). We have a*—1,
V-1
v ﬁﬂ——l i

must be equal with opposite signs, say va'—1=

=p32—1, =—4;; but from the equation p=p it appears that the sixth roots

, VB—-1= ——2} Retaining € to

[\')Is

stand for its value = /7, the differential equation is

dy Odz
Vi—iop+y Vitibo+a

and it is satisfied by
_2(0+ 72" + 202" + )

14+ 2022+ Tat + 028 °

It may be remarked that the quartic functions of y and =z resolved into their linear
factors are

{y 25551z>}{ +2v3§%fﬁ>}{y+2;2ng0z>}{y 2;2321_—0»}

i 3 —16 } w+7_3+i0 _% A 3 — 16 } 3 +10
TR+ 242 (1 +7) 24/2(1—1) 2/\/2(1—z)

and that for the first of the y-factors, substituting for y its value, we have
3u+6

and

w7+20a:"+7w3+0w+2—I\/—2—(—1—_ﬂ)(0z‘+7x‘+20w2+1)
3 o 1+10 1+1)2

with like expressions for the other y-factors respectively.

Brioschi’s Transformation Theory. Art. No. 84.

84. M. Brioschi has kindly referred me to two papers by him, “Sur une Formule
de Transformation des Fonctions Elliptiques,” Comptes Rendus, t. LXXIX. (1874), pp.
1065—1069, and 4bid. t. LXXX. (1875), pp. 261—264. They relate to the form

dz dy
Via® — gz — g, x/IjilG2y_(?3’
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with a formula of transformation

y=%, T=w+a2+a2 2+ ... +a,, where v=1(n—1),
U=2a2"+aq2" 2+ ta™ 3+ ... +a,.

The general theory for any value of n is developed to a considerable extent, and it
would without doubt give very interesting results for the case m="7; but the formule
are only completely worked out for the preceding two cases n =3 and n=5. For
these cases the formule are as follows:

Cubic transformation : n =3,

. a® + a2 + ayw + a
(z + a,)?

Corresponding to the modular equation, we have
0t — $9202° + gsth — f59:* =0,
Gy — 99, =6 (20a,® — 3g.), G+ 27g;=—14 (200, — 3¢,) @y,

and then

whence also
el G+ 279,

=—%5—F-=

4 G2 0y 7. ’
and by the general theory a,, a,, a, are given rationally in terms of a;, g., gs.
Quintic transformation: n=2>5,

P+t + a2’ + a2 + oz + as

(aﬂ-F oz + a2')27

X —2Y =0, (12a2+ g,) X —30a,¥ =0,

We have

where
X =a*— 6a’a, + 3 9.0, — g5,

Y =5a2— aa; + § 9.0, — 9500 + 1595
The first of these gives

1
ay = 671(“13""}92“1 =)
then eliminating a,, we have, corresponding to the modular equation,

a,® — 5g.a,* + 40950, — 59,*a,* + 89,950, — 5g5* = 0.
We then have

Gy — 259, = a§ (10a,® — 8g,a, + 5g5), Gy + 1259, = — 14 (10a,® — 8¢, + 595) ;
i

whence also

and by the general theory a,, a,, &, a;, @ are given rationally in terms of a,, ., gs.

These results are contained in the former of the papers above referred to; the
latter contains some properties of these modular equations.

70—2
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