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871.

A CASE OF COMPLEX MULTIPLICATION WITH IMAGINARY
MODULUS ARISING OUT OF THE CUBIC TRANSFORMATION
IN ELLIPTIC FUNCTIONS.

[From the Proceedings of the London Mathematical Society, vol. X1x. (1888), pp. 300, 301.]

THE case in question is referred to in my “Note on the Theory of Elliptic
Integrals,” Math. Ann., t. X1 (1877), pp. 143—146, [657]; but I here work it out
directly.

In the cubic transformation, the modular equation is
ut — vt + 2uw (1 —u??) =0;

3 6

(1 B 2~”> o+ 2 o

v

Y=14 v (v + 20) &’
2u?
g g

V1 =92, 1 -y V1—2a?, 1—ule

We thus have a case of complex multiplication if ©®=wu or say v=wyu, where
¥*=1, or v denotes an eighth root of unity. Substituting in the modular equation,
this becomes

and we have

giving

ut (1 o) + 22 (1 = o) =0,
or, throwing out the factor «* and reducing,
w—3u(y’ —y)—9'=0,

that is,
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or, what is the same thing,
=1 {y—1+V1dy +2}.

We have =1, that is, 4*=+1. Considering first the case *=1, here

and thence

moreover, ud=13=1. We have thus only the non-elliptic formulz

r%ygé:l—gc‘“ satisfied by y = -,
and

_dy _ 3de b a0 S 0

g 1—a VY= 1432

If however, y*=—1, then
2 e A
S=t-2:V-T2),
viz. this is
u? ;

if  be an imaginary cube root of unity (o*+w+1=0); hence

= (yo) = — .
Moreover,
3 2
1+—2-ui=1+@—, =1+ 2w,
it 4
or say, ; '
=w—0’, [=V-3,if o=3(=1+143)];
and we thus have, as in the above-mentioned Note,

(0 — 0°) z + 0%®

Y= li;og ((‘; w2552 >
giving
S e ade
Vicg.ltey V1—2'.1+wa®
or, what is the same thing, for the modulus 4*= —w, we have

®—o*)sn f+ w*snl
1—-0(0—o*)sn*0 ’

Sn(w—w2)0=(

the values of cn(w—?) @ and dn (0w —?) @ are thence found to be

cnf(l—ow?sn’f)

cn(w—w2)0=1_w2(w_ w?) sn? 6’

and
dn 0 (1 4+ w*sn*6)

— (0 —o*)sn®f’

which are the formul® of transformation for the elliptic functions.

dn(w—w2)9=1
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