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ANALYTICAL FORMULAE IN REGARD TO AN OCTAD OF POINTS.

[From the Messenger of Mathematics, vol. xvιιι. (1889), pp. 149—152.]
*

The term “ tetrad ” is used in two distinct but not inconsistent senses, viz. a 
tetrad denotes any four points; and it also denotes the four vertices of a self-conjugate 
tetrahedron in regard to a quadric surface. In fact, given any four points, there exists 
a triply infinite series of quadric surfaces such that, in regard to any one of them, 
the four points form a self-conjugate tetrahedron.

Two or more tetrads, in regard to one and the same quadric surface, are called 
similar tetrads.

The eight points of intersection of any three quadric surfaces are an octad; and 
we have the theorem that any seven points determine the octad, viz. the quadric 
surfaces which pass through any seven given points pass also through a uniquely 
determinate eighth point.

We have the further theorem that any two similar tetrads form an octad.

In particular, the vertices of the tetrahedron

(ic = 0, y = 0, z = 0, w = 0),

or, say the points 1000, 0100, 0010, 0001 are a tetrad in regard to the quadric surface 
iT≡ + y≡ + ^≡-hw2 = 0. The points y^, z-,, {x<,, y^,'z^, (⅜, y^, z^, y^, z^,
or say the points 1, 2, 3, 4, will be a tetrad in regard to the same quadric surface, 
if only

+ 2/12/2 + + W1W2 = 0, &c., (six equations).

Hence, these equations being satisfied, the two tetrads form an octad; the equation 
of a general quadric surface through the points of the first tetrad is

fyz + gzx ÷ hxy -p Ixw + myw + nzw = 0,
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a n d w e  c a n fr o m t hr e e s u c h e q u ati o ns eli mi n at e a n y t w o t er ms; t h e t w o t er ms 
eli mi n at e d m a y  b e s u c h as x y, xz, ( 1 2 f or ms) or s u c h as yz, x w, ( 3 f or ms); a n d t h e 
e q u ati o n m a y  t h us b e  pr es e nt e d  eit h er i n t h e f or m 

or  i n t h e f or m

T h e  a bs ol ut e m a g nit u d es  of  t h e c o or di n at es  

of t h es e p oi nts ar e pr o p erl y  i n d et er mi n at e; b ut w e  m a y  if w e  pl e as e fi x t h e a bs ol ut e  
m a g nit u d es  b y  ass u mi n g  

(f o ur e q u ati o ns, t h e s a m e q u a ntit y  M  i n e a c h of  t h e m), a n d w e  h a v e  as b ef or e 

vi z. t h e c o or di n at es ar e t a k e n t o s atisf y t h es e 1 0 e q u ati o ns ; a n d t his b ei n g s o, it is 
t o b e s h o w n t h at t h er e e xist q u a dri c s urf a c es as a b o v e. T h e  1 0 e q u ati o ns m a y  b e  
e x pr ess e d i n a c orr el ati v e f or m i n li k e m a n n er  wit h  t h e or di n ar y si x e q u ati o ns f or 
t h e tr a nsf or m ati o n of  t h e r e ct a n g ul ar c o or di n at es { x, y, z ∖ vi z. t h e n e w  f or m is 

a n d  

a n d t h e c o or di n at es t h us als o s atisf y t h es e 1 0 e q u ati o ns.

T h us  t h e e q u ati o n  f yz +  (l x +  m y  +  nz }  w  =  Q,  if w e  d et er mi n e  t h e c o effi ci e nts i n s u c h 

wis e  t h at t h e s urf a c e p ass es  t hr o u g h t h e p oi nts 1, 2, 3, b e c o m es  

a n d t his e q u ati o n m ust  t h er ef or e b e s atisfi e d o n writi n g  t h er ei n ( Xi, y ,̂, z ,̂ w ^)  f or 
( x, y, z, w } ; vi z. t h e e q u ati o n t h us o bt ai n e d, d et.  ( 1, 2, 3, 4)  =  0, m ust  b e s atisfi e d i n 

virt u e of t h e e q u ati o ns w hi c h  c o n n e ct t h e c o or di n at es of t h e f o ur p oi nts. B ut,  i nst e a d 
of eff e cti n g t his v erifi c ati o n,  it is b ett er t o e x hi bit t h e e q u ati o n i n ( x, y, z, w)  i n a  
f or m w h er ei n  t h e c o or di n at es of t h e f o ur p oi nts e nt er s y m m etri c all y ; a n d t h e n e w  

e q u ati o n,  q u a  tr a nsf or m ati o n of  t h e ori gi n al  f or m, is s atisfi e d f or ( x, y,  z, w) ≈ { xι,  y ,̂  z- ,̂ w, }  : 
a n d t h e n of  c o urs e, b y  r e as o n of  t h e s y m m etr y, it is als o s atisfi e d f or
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The transformation may be effected directly; but I prefer to write down the final 
result, and afterwards verify it.

The form is

We have to show that the equation is satisfied by writing therein

Calling the resulting value ∩ι, we have 

which IS

The expression contains terms in W2W3W4 which destroy each other; omitting 
them, we have 

where the last line is

Hence the whole divides by XγW-^, or we have 

viz. this is 

or, finally, it is 

which is = 0; that is, we have Ωj = 0, the required result.
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The foregoing equation of the quadric surface can be by mere interchanges of 
the letters exhibited in 12 different forms.

We may, in like manner, first establish and then verify the equation 

this can be by a cyclical interchange of the letters {x, y, z) exhibited in 3 different 
forms.

Of course, the fifteen equations belong each of them to a quadric surface through 
the 8 points. Any three of the fifteen equations, say CZ^ = 0, F = 0, IF = 0, may be 
used for determining the octad; the equation of any other quadric through the 
octad is then aU + βV +γW = 0.

c. x∣L 75
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