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646.

ON THE GENERAL EQUATION OF DIFFERENCES OF THE SECOND
ORDER.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. Xiv., (1877),
pp. 23—25.]

CoNSIDER the equation of differences

Ugy = Oy Ugp—1 + Dy Ugp—g,
viz. we have
Uy = ytty + Dyt

Uy = Ually + Dy2ty,
Uy = gty + by,
s = agu; + by,

Ug = Aglls + Dy,

- &e.,
and thence
Ug=| Wy | Uy + ay by,
+b,
U=  Uallaly | U + asty | oy,
+ a,b, +b, |
+ a,b, ‘
Uy = Uylyllay I U+ Ay i by,
+a,azb, | + ab, ‘
+ a,ab, ‘ + a,b, ’

+ a,a,by
+ b,b, ‘
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Ug= OsOuQsQaly | U+  As0e030 | by,

+ 5,050, + a0, b,

+ aya,0,0, + a;a,b;

+ 50,0, by + a30,b,

+ a;a,a,b, + b,b,

iz b by

+ a;b,b,

+ a,b.b,

&e.

It is now easy to see the law; viz. writing for instance
g = 54321 . u, + 5432 . byus,

then 54321 has a leading term a@;a,a50,0,: it has terms derived from this by changing
any pair a,q, into b, aa, into b,, a,a; into b, a;a, into b,: it has terms derived by
changing any two pairs a,0,, @,a, into b;b,; asa, a.a, into b;b,; asai, aza, into b,b,,
and so on; where observe that the expression a pair denotes the product of two con-

secutive a’s.
And, similarly, 5432 has a leading term a;a4a;a,; the other terms being derived

from this in the same manner precisely.

The solution of wu,=Ilz (s —uy,) is included in, and might be deduced from
the foregoing, but it is convenient to obtain it separately. Supposing for greater
simplicity that u_,=0, u,=1 (or, what is the same thing, u,=1, u, = L,a), then we find

u0= 1)
wm =la,

Uy = Lla* — 1y,

g = lglalia® — L
Fin
wy=lllLhat—| LLL | ¢+ L1,
+ L1,
+ Ll
us = Ll L La® — Llll, | o® + sl |
+ Ul + Ll
+ 0,01, + LIk
AN
&e.,
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viz. we may for example write

us =15 4321 . a* — 4321 () a* + 4321 () a;
where
4321 denotes I,lyl,l,:

in 4321 (-), we omit successively each number, viz. we thus obtain

432 + 431 + 421 + 321,
=Lbl + Ll + LGk + LG
in 4321 (:), we omit successively each two non-consecutive numbers, viz. the omitted
numbers being 1, 3; 1, 4; 2, 4, we obtain
42 + 32 + 31,
=l + Ll + L
and so on, the omissions being each three numbers, each four numbers, &c., no two of
them being consecutive; thus in 654321 (.".), the omissions are 5, 3, 1, and 6, 4, 2; or

the symbol is
642 + 531 ,

= lelyly + Uslyl,.

As an application, a solution of the differential equation d‘,.ijv (a: g—i)+(w—a)y=0

8 y=wu+ w2+ ua® + &c., where n*u, = au,, —u,,, and in particular 1*u;=au,; the
equation of differences is thus of the form in question, and retaining 7, in place of
its value, =2 the solution is =1, w=bha, w=0hLLa—1, &c. ut supra. The
differential equation was considered by the Rev. H. J. Sharpe, who mentioned it to
Prof. Stokes.
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