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654.

ON CERTAIN OCTIC SURFACES.

[From the Quarterly Jowrnal of Pure and Applied Mathematics, vol. Xiv. (1877),
Pp. 249—264.]

I. ConsiDER the torse generated by the tangents of the quadriquadric curve, the
intersection of the two quadric surfaces
az® +by® +cz® + dw* =0,
a2+ by +c2+dw=0;

then, writing
be’—be=a/, ad'—ad=yf",

ca’—ca=10V, bd-bd=g,
a.b’-— ab=c¢, cd'—cd =",
and therefore
aff‘l+blgl+cl /=0’
the equation of the torse, writing for greater convenience (a, b, ¢, f, g, h) in place of
(@, ¥, ¢, f, g, ), but understanding these letters as signifying the accented letters

(a/, b’, Cl, f/’ gl’ h’), is
afyis + bgsnt + ohiaty

+ a¥f‘rrut + Bgtytwt + chiziwt
+ 2bcghatyPs® — 20 *ahatyPwt + 20°f fagatw?
+ 2¢@hfyp2e® — 20°g°bfy'2w? + 20°g"bhyta*w?
+ 20°bfg2iaty — 2b°hPcg et w? i~ 2a*hecf 2ty w?
— Dboghiuty’st — 2ealif wise — 2abf gursty’
+ 2 (bg — ch) (ch — af ) (af = by) *y*z*w* = 0.
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80 ON CERTAIN OCTIC SURFACES. [654

If in this equation we write

al?f/ — a, aif’2 =‘f;

by =8, b=y,

% =¢, c'h?=h;
and therefore

be’ — b _____‘1’_ (N PR A f
. V) M -r=gen
P Y gl Lok g
o damste DT NtSwa
/’ r A, c I_ / i k
ab-—ab—\/3———(ch), cd Cd_—{/(ch)’

and consequently
(@) + (bg)* + (ch)* = 0;

then the equation becomes
a’yizt + bt + catyt

+ fratut + gyt + bzt
+ 2bcaty*s® — 2cfrtyw? + 2bfatz2w?
+ 2cay’z’a® — 2a9y'22w? + 2cqytriw?
+ 2abzizry? — 20hz'v*w? + 2ahzty*w?
— 2ghwiy?z® — 2hfwizia? — 2fquisy?
+2{(b9)* — ()} {(ch)* — (af)}} {(af )* = (ch)!} atyeiur = O0.
This same equation, without the relation
@) + Gy + ()t =0,
and with an arbitrary coefficient for z*y%*w?®; or say, the equation
@y + b + caty
+ frrwt + grytut + bzt
+ 2beatys? — 2efwtyPw? + 2bfat2w?
+ 2caytzia® — 2agyi2wt + 2cqy‘siw?
+ 2abzizry? — 2bha'r*w? + 2ahzty*w?
— 2ghwy*z* — 2hfuw's*a® — 2fgwis’y®
+ 2kz*yw? =0,
where @, b, ¢, f, g, h, k are arbitrary coefficients, is the general equation of an octic
surface having the four nodal curves

z =0, hz*w® — gw*y* + ay*z* = 0,
y=0, —hw* . +fus®+ b =0,
z2=0, gyuw—fua® + caty? =0,
w=0, —ay*® — b — ca’y? . =0
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654 ] ON CERTAIN OCTIC SURFACES, 81

In fact, the equation of the surface may be written in the form
wt { ot + gyt + B2t — 2g9hy2® — 2hfat — 2fgaty?)
+ 2uw? {— ofa'y’ — agy's — bha'a® + 2ka*y’z*)
+ bfr'z® + cgyia® + ahaty? J

- {ay*2® + bz*a® + ca®y*}* =0,

which puts in evidence the nodal curve
w=0, —ays® — bz’%* —ca*y*=0:

there are three similar forms which put in evidence the other three nodal curves.

The four curves are so related to each other that every line which meets three
of them meets also the fourth curve; there is consequently a singly infinite series of
lines meeting each of the four curves; these break up into four series of lines each
forming an octic scroll, and each scroll has the four curves for nodal curves respectively ;
that is, each scroll is a surface included under the foregoing general equation, and

derived from it by assigning a proper value to the constant k. To determine these

values, write
A+p+v=0,

af by  ch
X;‘*‘E ﬁ'—' )

equations which give four systems of values for the ratios (A : u : »). We have then

S5 sk 0 Bk T et
k=af x +bg 7 +ch B
viz. k has four values corresponding to the several values of (A : u : ).

The scroll in question is M. De La Gournerie’s scroll Z,; the equation of the
scroll %, is consequently obtained from the octic equation by writing therein the last-
mentioned value of .

It is to be noticed that £ is, in effect, determined by a quartic equation; and,
that, for a certain relation between the coefficients, this equation will have a twofold
root. Assuming that this relation is satisfied, and assigning to £ its twofold value,
the resulting scroll becomes a torse; that is, two of the four scrolls coincide together
and degenerate into a torse; corresponding to the remaining two values of k& we have
two scrolls, companions of the torse. In order to a twofold value of k, we must have

af _bg ch,
o A
and thence

. @)+ Bg)t+ (el =0;
or, what is the same thing,

(af + by + ch)? — 2T abefgh = 0.

X 11
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82 ON CERTAIN OCTIC SURFACES. [654

If for a moment we write af =a® bg=p° ch=r" and, therefore, a+ B+ =0; then
for the twofold root, we have A : u : v=a : 8 : v, and consequently

k=a(y=B)+B(a-7)+v(B—a)
=@=B)(B-v)(y—a),

k= {(af)t = (b9)"} {(bg)* — (ch)¥} {(ch)} — (af)?},

which agrees with the result in regard to the octic torse.

that is,

If in the octic equation we write (z, y, 2, w) in place of (&% #? 2° w?), then we

have the quartic equation
a2y2z2 + bﬂzﬂxﬂ + c2w2y2

+ frw? + gy + k2w

+ 2bcayz — 2cfwtyw + 2bfaizw
+ 2cay’zx — 2agy*zw + 2cqy>rw
+ 2abz’zy — 2bhz*zw + 2ahz*yw
— 2ghwyz — 2hfwzz — 2fgwzy
+ 2kzyzw =0,

which is the equation of a quartic surface touched by the planes z=0, y=0, 2=0,
w=0, in the four conics

z =0, . hzw—gwy+ayz=0,
y=0, —hew . +jfwz +bx=0,
z2=0, gyw—jfwz . +czy=0,
w=0, —ayz —bzx —cxy . =0,

respectively.
II. The octic surface
U = bc*f % + ca*g®y® + a’b*h’2® + fg*hw®
— 2a%cg (bg — ch) y*2* — 2b%ah (ch — af’) 2°z* — 2¢*bf (af — bg) «*y*

+2ah( , )yt +20%f( , )% +2%g9( , )Y
—-2fbe( , )rw—2¢%ca( , )yw—2kab( , )w
+ 2fgh( , )@wt+20°Rf( ., Dywt +2kfg( , )2wt
+ 2 (b%* + c*h? — dbgch) w'at + g (¢*h? + a*f* — dchaf ) why* + B* (a*f* + b*g® — dabfy) w'z*
+ a*( . ) izt + b ( i ) 2t + ¢ ( " ) oty
— 2gh (begh — a*f* — 2afbg — 2afch) w'y*z*
— 2bh ( o ) ZzPw?
+ 20g ( . ) ytatur
+ 2bc ( ,, ) &ty
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654] ON CERTAIN OCTIC SURFACES.

— 2hf (cahf — b*g* — 2bgaf — 2bgch) wz*a?

— 2¢f ( e ) & yPuw?
+ 2ah( 45 ) 2 yPw?
+2ca ( 2 ) ytad 2
— 2fg (abfy — ch* — 2chaf — 2chbg) wizy?
— 2ay( » ) y'zw
+ 2bf ( i ) atz*w?
+ 2ab ( b ) #aty?

+ 2Qay*2w? = 0,

83

where the values of the coefficients indicated by ( , ) are at once obtained by the
proper interchanges of the letters, and where Q is an arbitrary coefficient, is a surface

having the four nodal conics
& =0,

y =0, —ca?

z2=0, ba*—ay

cy® — bz® + fu* =0,
+ az? + gw* = 0,

w=0, —fa* - gy* — h*

In fact, writing the equation under the form

w® + (fa* + gy* + h2’)* x (bt + *ay* + a*b*st — 207bey*s* — 2bcazia? — 2c%abaty?) = 0,

=0,

. =0

we put in evidence the nodal conic w=0, fa*+ gy*+ hz*=0: and similarly for the other

nodal conics.

It is to be observed, that the complete section by the piane w=0 is the conic
St + gy* + hz* =0, twice repeated, and the quartic

bc'at + c'a’y* + a?b*2* — 2a*bey*s® — 2abicsta® — 2abciryP =0 :

the latter being the system of four lines

B ohval
NORMYLOMYG,
Yy

Bl Sl

V(@) ~(b) " (o)

The plane in question, w =0, meets the other nodal conics in the six points
(=0, by —c2*=0), (y=0, c2*—aa*=0), (2=0, az®—by*=0),

=0,

B Dl i s
V@ Ve "o =
St iy TR Y
0. J@) Vo) Vo= *

which six points are the angles of the quadrilateral formed by the above-mentioned

four lines.

The four conics are such, that every line meeting three of these conics meets
also the fourth conic. The lines in question form a double system: each of these
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84 ON CERTAIN OCTIC SURFACES. [654

systems has, in reference to any pair of nodal conics, a homographic property as
follows; viz. considering for example the two conics in the planes z=0 and w=0
respectively, if a line meets these conics in the points P and @ respectively, and
through these points respectively and the line #=0, y=0 we draw planes, then the
system of the P planes and the system of the @ planes correspond homographically
to each other, the coincident planes of the two systems being the planes =0 and
y=0 respectively.

Conversely, if through the line (z=0, y=0) we draw the two homographically
related planes meeting the two conics in the points P and @ respectively, then, for
a proper value (determined by a quadratic equation) of the constant k(=® =+ 6) which
determines the homographic relation, the line PQ will be a line meeting each of the
four conics, and will belong to one or other of the above-mentioned two systems,
as k is equal to one or the other of the two roots of the quadratic equation. The
scroll generated by the lines meeting each of the four conics, or what is the same
thing, any three of these conmics, is primd facie a scroll of the order 16; but by
what precedes, it appears that this scroll breaks up into two scrolls, which will be
each of the order 8. Moreover, each scroll has the four conics for nodal curves; and
since the equation U=0 is the general equation of an octic surface having the
four conics for nodal curves, it follows, that the equation of the scroll is derived
from that of the octic surface U=0, by assigning a proper value to the indeterminate
coefficient ; so that there are in fact two values of Q, for each of which the
surface U =0 becomes a scroll.

To sustain the foregoing conclusions, take # =6y, =0y for the equations of the
two planes through the line (#=0, y=0), which meet the z-conic and w-conic in the
points P and @ respectively; then the equations of the line P@Q are

V(P +9) (@ —0y) +(-1) (0 —0)z=0,
— V(0= a)(z—0y )+ (—N) (0 -0 w=0,
or, writing therein 6’ = k6, the equations are
V(f8 + g) (o — kby) + V(= h) (k—1) 6z =0,
— V(b6 — a)(z— Oy)+ (=) (k—1)6w=0.
To find where the line in question meets the plane y =0, we have
V(& +g)z+(—h)y(k=1)0z=0,
— V(b6 — a)x + /(= h) (k—1) Ow =0,
(f&* +9)@+h(k—1) 622 =0,
(Ok*6* — a) &* + h (k — 1) w*= 0,
or multiplying a, g and adding
(af + bgk®) &* + h (k— 1)* (az® + guw®) =0,
af +bgk* + ch (k—1)*=0,

and thence

or assuming
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654] ON CERTAIN OCTIC SURFACES. 85

the equation is
—ca*+ az’ + gw = 0.

That is, £ being determined by the quadric equation af+ bgk*+ch (k—1)*=0, the line
P@Q meets the y-conic y=0, —ca®+ az’+gw*=0; and, in a similar manner, it appears
that the line PQ also meets the z-conic # =0, cy* — b2* + fu* = 0.
Writing for greater symmetry 1 : —% : k—1=X\ : u : », we have
A+ w4+ v =0,
af A + bgu* + chv* =0,

so that there are two systems of values of (A, u, v) corresponding to, and which may
be used in place of, the two values of & respectively.

Starting now from the equations
(f& +9) ROy — ay +h (k-1 ¢z =0,
(bl6* — a) (6y — )+ h (k= 1) 6w* =0,

the elimination of 6 from these equations leads to an equation U=0, of the above
mentioned form but with a determinate value of the coefficient.

The process, although a long one, is interesting and I give it in some detail.

Elimination of 6 from the foregoing equations.

We have
U= MII [( /& + g) (kOy — z)* + h (k — 1)* 2],

where II denotes the product of the expressions corresponding to the four roots of

the equation
Ok6* —a) (0y — ) + h (k—1)* Fu? = 0.

Observing that this equation does not contain z, and that the expression under the
sign TI does not contain w, it is at once seen that the product II is in regard to
(2, w) a rational and integral function of the form (2%, w?)*; and since, in regard to
(2, w), U is also a rational and integral function of the same form (2%, w?)!, it is clear
that the factor M does not contain z or w, but is a function of only (z, y). To
determine it we may write z=0, w=0: this gives

¢ (ba? — ayy (fa* + gy*)* = MIL (f6* + g) (kOy — =),

where
(bk262 — a) (8y — z)*=0,

v(a) V(@)

z AR
and the values of 6 are therefore +70—«/(—b)’ - @)’ 3—/, 5 Hence substituting and

observing that
b (k — 1)4 = (af + bgk?),
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86 ON CERTAIN OCTIC SURFACES.
it is easy to find
= bkt
a hr(k—1)’

that is, we have
' at b2 (k—1y
A

(bk*6* — a) (By — @) + h (k — 1)? G = 0.

U=T1I[(f6*+g) (kOy —x)*+ b (k— 1) 6%2],

where

If for greater convenience we write 0=§¢, then this formula becomes

G (llf‘k-* U U =g+ gy) (= 17+ 1 (o= 17 9],

(bkargp® — ay®) (b — 1) + h (b — 1) w¢p*= 0,

or, what is the same thing,

(-5

Suppose that the terms in U which contain 2° are = ®2z?; then we have

where

) @-1p+ M g,

% : U;L Ve- 2l I (fard® + gy) (kp — 1),

or, what is the same thing,

0= ey S SHIL (o +a) i = 1%,

where II’ refers to the remaining three roots ¢, ¢;, ¢,; this may also be written

._ bkA xA 2 2 2 ¢2
®_h(k 1) 4 — I (fe'¢* + gy*) (kp—1)*. 2 (fod® + gy) (lop — 1)

Hence, observing that we have identically

(¢- ) @ -1+ " E T = 6 00 (9= 6 -0 6 - 40,

and writing ¢ = zy V(g)’ ¢=1, i =4/(—1) as usual}, we find
tav(H *e

(’“ ' (e wn(£) + iy V@) forrl

I {¢aV(f) £y V()=

£ 8 2
II(kp—1) =(]v’bx2i) (bz® — ay® + hu?) ;
whence, writing for shortness

A =[claN(f)+ iy gy} —fow][c{zV(f) — iy V(9)} —fow'],
= ¢t + gyt + fRowt + 20fytywt — 20f Ygatw? + 20 gaty’,
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654] ON CERTAIN OCTIC SURFACES. 87

we find
(g + g) =B =1

(lc

BGs-1p=2 Vi o ) L

and thence

IL(fitd? + gy’) (kp — 17 = ’%};—1) ey hw’*%«"

and consequently

®=h(k—1)A (ba*— £
Bl £ 0y (o8 — 1

Hence, writing
¢ ok e B c D
(Fod + gy kb —1¢ (b — 17 k=1 T ap(f) +iy (g) T ap V(F) =ty ¥(9)’

we may calculate separately the terms

*{mmyt kqf— 1} ’

5 ¢ ¥ D }
lap V(F) +iyN(g) " 2 V() — iy ¥(9))

and

The first of these is
1
= =1y (/o + Fgyy G —ay + Ty 1 & W05

if for shortness
(e, ¥, w)=(ft + gy [4 12— R) ba® — ay? + I (1 — &) wi)
— 2 (ba® — ay® + hw?) {(6 — 6k + I*) ba* — ay? + h (1 — k) w?}]
+ 442 (k= 1) go? (ba® — ay® + hw?) (2 — k) ba? — ay* + h (1 — k) w}:

the second is
2

SGE=Ty (e + gy a > v

if for shortness
(z, y, w)={(fa* = kgy*) (cf2* — cgy* — fgw?) — dekfga®y?} )
x { fgbl*z® + [2ch (k — 1)+ af | g + foh (k — 1) w?*}
+2 {k%g — ch (k — 1)} fyz*y® {c (k + 1) (fo* — kgy*) — kfgw'} ;
1
O =T Fopy

which must be a rational and integral function of (z, y, w).

and hence
[rA{z, y, w}®+ 2 (ba*— ay? + hw?) (2, y, w)f],

In partial verification of this, observe that, because U contains the terms

2b%¢f (ch — af ) a°2° + 2Qa*y*z*w?,
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® should contain the terms
2b%cf (ch — af’) a8 + 2Qa2y*u?,

viz. in ® the term in 2° should be = 2b%f(ch — af ) 2"
Now writing y=0, w=0, we have
A =%,
{z, y, wj*=0f{4(2 —k)*—2 (6 — 6k + &*)} 2*,
=0 (4 — 4k + 2k*) a*,
(®, y, w)® =bcf2gk®;
and hence the required term of ® is z® multiplied by
b2 fh (4 — 4k + 2k*) + 2b°cfgh® :
= 2b%f [ch (2 — 2k + k) + bgk?],
=2b%f[ch + ch (1 — k) + bgk?],

viz. the coefficient is

which in virtue of the relation af+ bgk®+ ch (1 —k)* becomes, as it should do,
= 2b%f (ch — af).

The actual division by (f2*+ k%9y?)* would, however, be a very tedious process, and
it is to be observed, that we only require to know the term 2Qa%w* of ®. We may
therefore adopt a more simple course as follows: the terms of ® which contain w?
are =(d4a*+2Q2% + By*) w?, hence writing for a moment

e, y, wff=P+Qu*, (2, y. w)=R+ Suw’,
and observing that we have
A = (fa* +gy°) — 26y (f#* — gy°) w* + &e.,
(622 — ay?*+ hw?y = (ba® — ay®+  2h(bz® — ay?) w? + &e.,
we have
(fo* + gy’y (Ao + 2Qay* + By') = ¢*h (fo* + gy°) Q — 26fgh (fo* —gy*) P
+ (b2 —ay’? S+ 2h  (ba*—ay?) R.

But in this identical equation we may write #*=a, y*=05, which gives
(af + Kbg) (Aa? + 2Qab + Bb?) = c*h (af + bg)* Q — 2¢*fgh (af — bg) P ;

and from the equation
@, y, wj* =P + Qu?,

s o |4 {1 —k)ab+ (1 = k) hw?}?
ok =(“f+b9"')[ {Ezhwz)(5—6(lc+k2)ab }]
+ 408 (kb — 1) bghw* (1 — k) ab,
=—ch (k—1){4(k—1)(a®*+ 2w'abh) — 2 (5 — 6k + k*) hw?}
— 4k2 (k — 1) ab*ghw?,

we have
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that is,

P =—dch(k— 1) a?b?,

Q= (k- 1) abh {ch(— 6k*+ 4k + 2) — 4%°D},
whence

(k=1)(Aa* 4+ 2Qab + Bb*) = ab (af + bg)* [ch (— 6k + 4k + 2) — 44%bg]
+ 8fy (af — by) (k — 1) (ab).

But we have
Aa?+ Bb* = — 2ab (af — bg) (— afbg + ¢*l* + 2chaf + 2chbg),

and thence
2(k—=1Q =(af +bg) [ch (— 6k* + 4k + 2) — 4/2bg]
+ (k= 1) (af —bg) (-— 2afbg + 2¢*h* + 4chaf + 4chby
+ 8afby ) i
or

(k= 1y Q = (af + bg)* [ch (— 3k* + 2k + 1) — 2k*bg]
+ (k= 1) (af — bg) [Bafbg + ¢h* + 2chaf + 2chbg].
Writing —3k*4+2k+1=-3(k—1)*—4(k— 1), this is
4 2k
Q = (af + bg)® [ch (— 3— Ict—l-> ~ =1y bg] + (af — bg) [Bafbg + c*h* + 2chaf + 2chbg],
or since 1:—k:k—1=\:pu:v; and writing for shortness (af, by, ch)=(a, B, v),
this is |
g oy o I

0=G@+8r{y(-3-")- K b} + @-p) a8+ + 2ya+ 28,

which is the value of : viz. the conclusion arrived at is that, eliminating 6 from

the equations
(f¢ +g) (kby —zp +h(k—1) 622 =0,

(bk262 — a) ( Oy — w)*+h (k= 1)2 Cur=0:

where % denotes a determinate function of af, bg, ch, viz. writing af, by, ch=a, B, v
and 1 : =k : k—1=N\: p : v, we have

A4+ p+ v=0,
aN + But+ =0,

equations which serve to determine k: the result of the elimination is the octic

equation
b f2at + ... + 2Qa%y 2wt = 0,

where Q has the last-mentioned value.
i 12
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The value of Q is unsymmetrical in its form, and there are apparently six values;
viz. writing

4 =(@+oy fa(- —‘%"‘)—%{;—V}HB 1) (S + By + ),
B =(y+ar{8(-3-2) -2 ol 4 (- S+ v+ ),
3- ifﬁ}+ ~B)(S+aB+ ),

¥
4V> 2,::2/3 —(B=7S+By+ )

Bl=(ry+a>23(—3 R R ICE e}

C=@+ By (-3-2)-2ul - @-p)(s+a8+ 7

where for shortness S=2(By+ ya+aB), the six values would be 4, B, C, 4,, B, C..
But we have really

A=B=C=-4,=-B,=-0,;

so that Q has really only two values, equal and of opposite signs, or, what is the
same thing, Q* has a unique value. In fact, writing for shortness

Aput+v=P, oaN+Bu+yr=2X,
we find at once the identity
X (4 + 4) = (B + ) (- 2X — 42aP),
so that A =—A4,, in value of P=0, X =0. And similarly B=-B,, C=- (..

But the demonstration of the equation A =B is more complicated. We have

A—B=—3u(B+'y)”-4a(B+7)“’%-27(B+7)2£+(ﬁ—v)(»5’+/87+a2)

+3B('>'+01)2+‘141@('>'+0‘)2 +2a('7+a)2——(v—a)(»5'+'ya+/3”),

that 1is,
Nt (A = B) = (= 3a(B+ 9 + 3B (y+ 2+ (B —7) (S+ By +a) — (v — @) (S + ya+ B} Mp?
—da (B + ) M
=2y (B+v) vy

+48(y +af ¥
+ 2a(y + a)* A4,
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or, denoting for a moment the coefficient of A%?® by K, and writing also q* =X — aA® — Bu?,
v=P —N\—u, this is
= K\
—da (B + )z
=2 (B+ )y (X —an - Bu)
+4B8(y + a) Mu (P =N —pw)
+ 2a (y + a)* M4,
=-2 B+ X+ 48 (v + 2 NulP
+2a(y +a)*\!
—4B(y+ayNp
+ (=48 (v +a) + K + 2a (B + )} N
—4a (B + o)’
+2B(B+ ) u,
and here the coefficient of A*u* is found to be

=2{aB(a+8)+v(a—B) -3y (a+p)}.
Hence, the terms without X or P are =2V, where
Vie o (y + a)n\t
=28 (v +aNp
+{aB(a+B)+v (a=B) -3y (2 + B Np?
—2a (B + o)yt

+ B (B +v)w,
and this is identically

(@+y)\ a(y+a)\
=+  2pMpp x4—2(By+oxtaB) i
+B+y ) \+BB+7 4w

a4 Bty (P =N —p)y=2X,

where observing that

we have the first factor

@+ON+ B+ )+ 2 p=X — o+ 2yP (A + p),
and consequently

Mt (4 —B)=—=2(B + ) pX +4B8 (v + afNpP
+2{X —qP*+29P A+ p)t {a(y+ )N =2 (By +ya+aB) au+ B (B +v) )
viz. in virtue of P=0, X =0, we have 4 =B. And thus
A=B=0=-A4,=-B,=-(;:
so that the only values of Q) are, say, 4 and — 4.
12—2
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Reverting to the original equations
(f +9)(kby—ay+h(k—1)62 =0,
Ok —a)( Oy—ap+h(k—1) Fur=0,

say these are
(a, b,c,d, el 1¢=0,

(@, v, ¢, d, €16, 1)}*=0,

then the coefficients in the two equations have the values

oy, by,
— 2kfxy, — 2bkzy,

S+ g+ h(k—1)722  bPa*—ay*+h(k— 10w,
— 2gkxy, 2axy,

9%, — ax?,

where observe that only ¢ contains 2%, and only ¢’ contains w? The result of the
elimination is
a, b, ¢ d, e|=0;

alwibrtide sled 4 e,

a, b: c, d: e,

a’,’ b,’ cl> dl) e’s

viz. here the only terms which contain z* and w® are
c’a%e”? + 0’231262,

and hence the terms in 2z* and w® are

Rk — 1) 2. a®bFtaty + b (k — 1) wb . ooy’
viz. these are

= 12l (f — 1) aty? (abh22® + fF2gheu),

or assuming that the determinant contains as a factor the function b%c*f*a+...+2Qa%22%u?,
with a properly determined value of £, we see that the other factor is = A%k* (k — 1) 2%y,
which agrees with a preceding result.
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