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665.

A MEMOIR ON THE DOUBLE $%-FUNCTIONS.

[From the Journal fiir die reine und angewandte Mathematik (Crelle), t. LXXXV. (1878),
pp. 214—245.]

I RESUME my investigations on these functions; see my two papers, Crelle,

t. LXxx1r (1877), pp. 210—233; [662] and [663]. But it is proper in the first
instance to develope in a corresponding manner, the theories of the circular (or

exponential) functions, and of the single ®-functions.

Part 1. Preliminary investigations.

Starting from the differential relation.

0w

au:«/a‘—w.b—.m

between the variables u# and 2, I write for shortness the single letters 4, B, Q,
instead of functional forms A (u), B (u), Q(u), to denote funetions of w»; and I
assume as definitions the equations

A=0VNa—uz,

B=QWVb—ua,

and another equation to be presently mentioned: these two equations imply between
A, B, Q the algebraical relation

A*— B*= 02 (a —b).
Differentiating, we obtain

04 =00 Na—a— - '(L, Va—2z.b—zou,
2Va — 2
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665] A MEMOIR ON THE DOUBLE S-FUNCTIONS. 185

that is,

A
04 =500 - 3B,

and similarly

B
0B = ﬁan - 34 ou,

whence

A0B—BoA =—%(4*— B®) ou.
Proceeding to a second differentiation, we find

4 B
PA =500 -5 000u+}4 (Ouy,

B 4
PB =g #0 — 5 00u + 1B @uy,

and thence

Avd — @Ay =5 (060 - (Q0)] + 14— B) @u,

2

B®B — (9B) = g {020 — QQY} + (B — 4%) (u)-

2

To simplify these we assume (as the third equation above referred to)
Q0*Q —(0Q)=0.
The last-mentioned two equations then become
A4 —(0A) =1(42 - B?) (ou),
Bo*B — (0B)* = }(B* — A4?) (ou),

which several equations contain the theory of the functions 4, B, Q: we have as
their general integrals

A= }Ae Na—1b {em+u) + et}
B =—}AeVa - b ettty — ghuin],
=\ el
where A, A, v are arbitrary constants. Forming the quotients 4 : Q, B : Q, and

introducing the notations cosh, sinh, of the hyperbolic sine and cosine, also writing
for simplicity v=0, the equations give

Vo —z= Wa—bcosh}u,
Vb —z=—Wa —bsinh }u,
which express the integral of the differential relation

oz

='\/a—w.b—a:'

ou
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Instead of considering in like manner the radical Va—2.b—a.c—«, I pass at once
to the radical ¥a —#.b—2.c—2z.d—x; and starting from the differential relation

oz
No—-z.b—w.c—z.d—z

ou =

and using the single letters 4, B, C, D, © to denote functions of u, I assume as
definitions

A=0Va—u,
B=0nWb—u,
C =Q Ve —ug,
D=QVd -z,

and another equation to be presently mentioned; 4, B, C, D are called Y-functions,
and Q is called the w-function.

But before proceeding further I introduce some locutions which will be useful.
In reference to a given set of squares or products, I use the expression a sum of
squares to denote the sum of all or any of the squares each multiplied by an
arbitrary coefficient; and in like manner a sum of products to denote the sum of
all or any of the products each multiplied by an arbitrary coefficient: in particular,
the set may consist of a single square or product only, and the sum of squares or
products will then denote the single term multiplied by an arbitrary coefficient. In
the present case, we have the quantities Va—z, Vb—a, ¥c—a, ¥d — &, and the squares
are a—«, b—a, etc, which belong all to the same set; but the products (meaning
thereby products of fwo quantities) y/a —a.b—=, etc., are considered as being each of
them a set by itself. A sum of squares is thus a linear function A+ wz, and
conversely any such function is a sum of squares; a sum of products means a single
term vVNa—2.b—a (or vNa—=z.c—a, etc, as the case may be), and conversely any
such function is a sum of products: the coefficients A, w, » may depend upon or
contain O, and in differential expressions (au ‘being therein considered constant) the
coefficients A, u, v may contain the factor ou or (du)>—and if convenient we may of
course express such factor by writing the coefficients in the form A0u, or A (Ou)
etc,, as the case may be.

We may now explain very simply the form, as well of the algebraical relations,
as of the differential relations of the first and second orders respectively, which
connect the functions 4, B, C, D.

The functions A2, B, C°, D* are each of them a sum of squares, and hence there
exists a linear relation between any three .of these squares. But the products 4B,
AC, ete, are each of them a sum of products (meaning thereby a single term, as
already explained); and hence there is not any linear relation between these products.

Considering the first derived functions 04, 0B, etc., these each contain a term
in 90, which however disappears (as is obvious) from the combinations 40B—B0dA4,
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etc.; and, without in any wise fixing the value of Q, we in fact find that each of
these expressions is a sum of products; the form is, as will appear,

AdB—BoA=aQN¢c—z.d —z=vCD, ete.*

Passing to the second derived functions and forming the combinations 4 8*4 — (04,
etc., each of these will contain a multiple of Q0*Q — (0Q)%, but if we assume this
expression Q02 — (0Q)*= Q*M, where M is = (0u)® multiplied by a properly determined
function of z, then it is found that each of the expressions in question 4 924 —(04) etc.,
becomes equal to a sum of squares, that is, to a linear function Q*(\+ wz): viz. it
is equal to a sum of squares formed with the squares A% B (°, D~

The foregoing equation

Q20 — (0Q) = 02 M,
where M has its proper value, is the other equation above referred to, which, with
the equations 4 =QVa—a, etc., serves for the definition of the functions 4, B, C, D, Q;
it may be mentioned at once that the proper value is

M=}@up{-2*+z(a+b+c+d)+«l,
where « is a constant, symmetrical as regards a, b, ¢, d, which may be taken =0,
but which is better put
=a®+ b+ +d*—ab—ac— ad — bc — bd — cd.

For the proof of the formula, I introduce and shall in general employ the
abbreviations (a, b, ¢, d) to denote the differences a—«, b—=, c—x, d—az: the
differential relation between #, u thus becomes oz =0u~abed. I use also the ab-
breviations 0 2*Q — (0Q)* =AQ, ete.

We have
A9B—B0A =0*(Vadvb—vbavha),

the terms in 90 disappearing: viz. observing that da =0b= — 0z, this is

it 2 (V2 _vb
=-30 <;\/b va>aw,

2a_b 3

30 Vab s

or observing that a—b=a —b, and writing for 9z its value =+abcd du, this is

A9B— BoAd =—1}(a—b) 0*Vedou,
=_1}-(a—-b)ﬂ2 ¢ —x.d—xou,

which is the equation expressing 409B—B9A as a sum of products: it is further
obvious that the value is
=—%(a—0b) 0D ou.

* It is hardly necessary to remark that a, » contain each of them the factor ou; and the like in other
cases.

24—2



188 A MEMOIR ON THE DOUBLE S-FUNCTIONS. [665
Proceeding next to find the value of AA, =404 —(04), =A%*log 4, it is to
be remarked that we have in general

APQ = P*AQ + QAP,

and therefore also AP?=2P*AP, and consequently AVP = % AP. Hence starting from
A=t v/a, we have
AA =aAQ + QQEAa,

where Aa=—ad’z—(0z)> I assume that we have AQ=0M=1028(0u), where S
denotes a function of # which is to be determined: the equation thus becomes

AA =} (a8 (Quy: — 2% — 2 (0w} ;

we have (0z)*=abed (0u)?, and thence, differentiating and omitting on each side the

factor 0z, we obtain
20% = — (abe + abd + acd + bed),

and the equation becomes
AA =102{a (S + be + bd + cd) — bed} (Fu)?,

which is to be simplified by assuming a proper value for S; in order that the same
simplification may apply to the formule for AB, etc, it is necessary that S be
symmetrical in regard to a, b, ¢, d.

Writing for the moment ¥, ¢/, d’ to denote b —a, ¢—a, d— a respectively, we have
Y, ¢, d=b—a, c—a, d—a, and thence

b'c’d’ =bed —a (be +bd + ¢d) +a?(b+c +d) —a?
and consequently
a(bc+ bd +cd) —bed = —b'cd +a’(b+c+d—a):
hence, in the expression of A4, the factor which multiplies Q2 (Ju)® is
a{S+a(b+c+d—a)-becd,
viz. the expression added to S is
(a—z)(b+c+d—a—22),
=a(b+ct+d—a)—z(a+b+c+d) + 2%
Hence assuming

S=-2+2z(a+b+c+d)+x,

« being a constant symmetrical in regard to a@, b, ¢, d, which may be at once taken
to be =a*+b*+c*+d*—ab—ac — ad — bc — bd — cd; then writing also

A=b+c+d*-be—bd—cd, p=-bcd=a-b.a-c.a—d,

the expression a{S+a(b+c+d—a)}—bcd becomes =ak+u; and the sought for

equation thus is
AAd=A404 - (0A)>=1}10(an + u) (Ou)?,
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the equation in Q being of course
AQ=00Q - (0Q)r=10{- 22+ z(a+ b+ ¢+ d) +«} (Ou)
The theory in regard to the second derivatives is thus completed.
To adapt the formule to elliptic integrals, and ordinary H and © functions, the
radical must be brought to the form ¥z.1—«.1—k%. Writing for this purpose

@b 6 d=—kP 0,1, 1, (I=o),

substituting also ?Iu for u, and tkI.A, i{B (i=V—1 as usual) for 4, B respectively,

we find Va—2z.b—z.c—aw.d—z=INz.1—2.1 - k*z; and then

oz
Neg.l—z.1-kx’

20u =

and
4S8 Beaale (o D=%Q«/1—Ic2x.

Q is in this case =4, a 9Y-function: and in the equation  for AQ, writing 4 in
place of Q, the equation becomes

2
APA - @AY =}4% |- 2 +a(- k212)+x}4(§§‘l,

viz. replacing —;2 by a new constant, =\ suppose and finally putting I =co, this is
A4 — (0A)y = A* (N — kx) (Qu).

The differential equation is satisfied by x=sn®w, giving 1—z=cn®u, 1—/%=dn’u
and the equation for A4 then is

0*log A =(\ — &k sn?u) (Qu)?,
or say
UL Leb\uz-k{fodu f Odu sn2u
viz. by properly assuming the constants L, A, we shall have A =Jacobi’s function @u:

and then snu=-7, cnu=§, dnu=]%11—), which will give the ordinary expressions of

sn, cn, dn in terms of H, ©.

Part Il. The double S-functions.

Passing now to the double H-functions, and writing for a moment

NX=WNa-z.b—n.c—a.d—z.c—a.f—ua,
NY=Na-y.b—y.c—y.d—y.e—y.f—y,
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the differential equations which connect u, v with , y are

ox , Oy
ou= VX+MY’
@0z | yoy
Bv—v—j+7—?.

There are here sixteen S-functions 4, B, C, D, K, F, AB, AC, AD, AE, BC, BD, BE,
CD, CE, DE, and an associated o-function Q, where for shortness I use the single and
double letters 4, B, ..., 4B, ..., Q, instead of functional expressions 4 (u, v), B (u, v),..,
AB(u, v),..,Q (u, v), to denote functions of the two letters wu, v Writing also
(a, b, ¢, d, e, f) for the differences @ —«, b —a, ete, and (a,, by, ¢, d;, e, f,) for the
differences @ —vy, b—1y, etc, whence VX =+~abedef and VY =+Wa,b,c,de,f, and 6 for
the difference #—y, we have sixteen ay-functions which are represented by

Va, A/b, e, vd, ve, Nf, Nab, Nac, Vad, ¥ae, Vbc, Vbd, Nbe, Ved, Vee, Vde,
the values of which are

Va = Vaa,, (six equations),

Vab =% {Vabfc,d,e, — ¥ab,ficde}, (ten equations),

and the definitions of the sixteen S-functions and the w-function are

A =Q+a, (six equations),

AB=0V ab, (ten equations),

and one other equation to be afterwards mentioned.

I call to mind that, in a binary symbol such as Vab, it is always f that accom-
panies the two expressed letters a, b: the duad ab is, in fact, an abbreviated expression
for the double triad abf.cde: and I remark also that I have for greater simplicity
omitted certain constant factors which, in my second paper above referred to, were
introduced as multipliers of the foregoing functions wa, ..., Vab,... I remark also that,
to avoid confusion, the square of any one of these functions ¥Ya or Vab is always

written (not @ or ab, but) (va)® or (Vab).
I use 9 as a symbol of total differentiation : thus

04 —fl—A ou + ile ov, + 2 d A (Bu ov) + (av)2 ete.

Moreover I consider ouw and v as constants, and use single letters A, L, etc, to
denote linear functions adu + B0, or quadric functions a (Ju)®+ 280udv+ v (0v)* (as the
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case may be) of these differentials; thus, in speaking of A 0B —B9A4 as a sum of
products, it is implied that the coefficients of the several products are linear functions
of du, ov; and so in speaking of A40°4 —(04)* as a sum of squares, it is in like
manner implied that the coefficients of the several squares are quadric functions of
ou, ov.

An ay-function is simplex, such as i/a, or complex, such as Vab; the square of
the former is aa, =a*—a(z+y)+ay, which is of the form A+ pu(z+y)+vay; the
square of the latter is
1
&

{abfe,d,e, + a,b,fiede — 2 v X-f’},

where observe that the irrational part — gz-«/X'Y is the same for all these squares:

so that, taking any two such squares, their difference is = .1 multiplied by a rational

o

function of xy: this rational function in fact divides by €, the quotient being a rational
and integral function of the foregoing form A+ u (2 +7)+vay. Hence selecting any one
of the complex functions, say Vde, the square of any other of the complex functions
is equal to the square of this plus a term A+ pu(2+y)+vay; and hence the square
of any function simplex or complex is of the form M+ u(z+4y)+vay+p (Vde)y; this
being so, the squares of the ay-functions may be regarded as forming a single set;
every sum of squares is a function of this form N+ u(z+y)+vay+p(Vdey; and
conversely every function of this form is a sum of squares. A sum of squares thus
depends upon four arbitrary coefficients A, u, », p; and we may, in an infinity of
ways, select four out of the 16 squares such that every sum of squares can be
represented as a sum of these four squares each multiplied by the proper coefficient ;
say as a sum of the selected four squares: in particular, each of the remaining
squares can be expressed as a sum of the selected four squares. It appears, by the
first of my papers above referred to, that there are systems'of four squares connected
together by a linear equation: we are not here concerned with such systems; only
of course the four selected squares must not belong to such a system.

We have the products of the xy-functions, where by product is meant a product
of two functions. The number of products is of course =120, but distinguishing these
according to the radicals which they respectively contain, they form 30 different sets.
Thus we: have

Vb Vab = 5 (bVafb,edie, — by Va,fbede),

veNa=3le . -a ,
»\/d'\/@=%{d I _dl » }:
'\/e ‘\/;1_6=% {e 2 —el » }1
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192 A MEMOIR ON THE DOUBLE S-FUNCTIONS. [665

which four expressions form a set, and there are 15 such sets. The set written
down may be called the set af: and the fifteen sets are of course ab, ac, ete.

Again, we have

Na /b= Vaba,b,,

VacNbe = % {(cfd,e, + c,fide) ~aba,b, — (ab, + a,b) ¥edefe,d,e,f],
Valvida s
ad Nbd = & {(dfc,e, +difice) ,, - T i 1

\/(,;e— \/i)—é = Giz {(efcldl + elflcd) » e » » })

which four expressions form a set, and there are 15 such sets. The set written down
may be called the set aba,b,: and the fifteen sets are of course abab;, acac,, etc.
The 15 and 15 sets make in all 30 sets as mentioned above.

The expression, a sum of products, means as already explained a sum of products
belonging to the same set; and there are thus 30 forms of a sum of products. The
products of the same set are connected by two linear relations, so that, selecting at
pleasure any two of the products, the other two products can be expressed each of
them as a linear function of these; hence a sum of products contains only two
arbitrary coefficients.

Reverting now to the equations 4 = +/a, etc., we see at once the form of the
algebraical equations which connect the 16 S-functions. Every squared function
42 ..., (AB), ... is a sum of squares, whence selecting (as may be done in a great
number of ways) four of these squared functions, each of the remaining 12 squares is
a sum of these four squares each multiplied by the proper coefficient; or say it is a
sum of the four selected squares. -And in like manner the 120 products of two of
the 16 functions form 30 sets, such that selecting at pleasure two of the set, the
remaining two of the set are each of them a linear function of these.

Considering the first derived functions 94, 0B, ..., 04B, ..., each of these contains a
term in 0Q; but 9Q disappears (as is obvious) from the several combinations 79J—J ol
(I write I and similarly J to denote indifferently a single letter 4 or a double letter
AB): and, without in any wise fixing the value of Q, we in fact find that each of
these expressions is a sum of products.

Passing to the second derived functions, and forming the combinations A 9?4 —(94),
etc., or to include the two cases of the single and the double letter, say 10 —(9Z),
each of these will contain a multiple of Q9°Q —(0Q)*; but if we assume this expression
0 0°Q —(0Q)=02M, where M is a quadric function of 0w, v, the coefficients of
(0u), duov, (dv)* being properly determined functions of zy, then it is found that each
of the expressions in question 7 0°I — (0)* becomes equal to a sum of squares.

It is to be observed that M is not altogether arbitrary: the equation as con-
taining terms in (9u)?, Ou0v, and (0v)’, in fact represents three partial differential

www.rcin.org.pl



665 A MEMOIR ON THE DOUBLE $-FUNCTIONS. 193

equations, which for an arbitrary value of M would be inconsistent with each other :
it is therefore necessary to verify that the value assigned to M is such as to render
the three equations cousistent with each other, and this will accordingly be done.

The foregoing equation
Q0*Q — (0Q) = QM,

where M has its proper value, (or say the three partial differential equations into which
this breaks up), constitutes the other equation above referred to, which with the original
equations 4 =Q y/a, ete., serve to define the sixteen H-functions and Q.

The remainder of the present memoir is occupied with the analytical investigation
of the foregoing theorems. Although the mere algebraical work is very long, yet it
appears to me interesting, and I have thought it best to give it in detail.

The analytical theory : wvarious subheadings.

The equations

Oz oy
i > SN
xox Yoy
on— /\/X +W,
give
00z
r—av y ou, \/Y = 0v— zou,

which determine 0x, 9y in terms of du, dv. A different form is sometimes convenient ;
writing 0w = 0v — 0w, and recollecting that a, a, denote a—a, @ —y respectively, the
equations become

0 0z

:/—X—,=8w+a18u, —gg—— =0w +aou. -

v

Ezpression for 0+/a.
We have

— il 1
a'\/a=8\/aaq=m(aaaq+alaa)=— 2?33, (a 0y + a, 0x)

il

oy e {a VY (v — 2 ou)—a, VX (dv - yau)}

substituting for v X, ¥V their values ¥abcdef, ¥Va,b,c,dse f;, this is
e = % (Vab,c,d,ef, (9w — 2 0u) —Va,bedef (v — y 0u)},

and by the mere interchange of letters we can of course find 94/, etc.
‘o X 25
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194 A MEMOIR ON THE DOUBLE Y-FUNCTIONS. [665

Ezpression for 0Vab.
We have next to find
¥ P % (Vablo,d, — Vabtode}
here

00 =0z —0y, = % {\/ abedef (dv — y 0u) + Va,bie,dseyf, (0v — 2 0u)),
and consequently 9V ab contains a term

o Z‘Z (Vabfed,e, — Va,bfiede},
which is
1

=5 { ( —abf¥edecde, + cde Vabfab,f,) (9 — y ou)

+ (—cdyey Vabfa,b,f, + ab,f, Vedecd,e,) (v — ou)},
or, what is the same thing,

i x { VabfabE ( cde — ¢,dse, P cdey + c,de, Bu)

E 0 [
+Wedecd,e, <————~abf_g aibit o+ Sty - mhibj _ear‘blfl vt Bu)} )
Now
Cd—e%‘dle—’ =—(cd+ce+de)+ (c+d+e)(z+y) —z* —ay— v,
—cdey+cdie,z

) =cde—(c+d+e)zy +zy(z+7y);

with the like formule with a, b, f instead of ¢, d, e. Hence the foregoing, or say
the first, part of 9Vab is

=%[vm({~(cd+ce+de)+(c+d+e)(m+y)—ﬁ-wy—y2}av
+{ cde—(c+d+e)ay+ ay(z+y)} ou)

+Vedeedie, ({  ab+af +bf —(a+b+f) (@ +y) +a* +zy+ y} ov
+{—abf +(a+ b +f)ay — zy(z+y)} ou)]

The other or second part of d4ab, using for shortness an accent to denote differentiation
in regard to # or to y, according as it is applied to a function of z or of y, is
readily found to be

= % [Vabfab,f, ({— (cde) — (c,die,)} 00 4+ { v (cde) +  (cydye, )} Ou)

+ Vedecdie, (| (abf) + (a,byfy)} 90 + {— z (abf) — @ (a,buf;)'} Ou)).
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Hence uniting the two terms so as to form the complete value of 9Vab, we have
first, a term %N/a.bfalblf1 ov, the coefficient of which is

—(cd+ce+de)+(c+d+e) (w+y)—a*—ay—
— 4 {(cde) + (c,diey) '} :
=cd+ce+de—(c+d+e)(z+y)+3a°+ 5

this second line is

or the coefficient is —fa* +ay—19? =— 16; the term is thus

= 1 Vabfa,b,f, ov.

Secondly, a term in \/ cdec,d,e, dv which is in like manner found to be

= —} Vedeed,e, .

Thirdly, a term —N/abfalbf ou, the coefficient of which is

=cde—(c +d +e)zy + 2°y + ay?

+ % {y (cde) + = (cidsey)} :
this second line is

=—(cd+ce+de)d(z+y)+(c+d+e) 2zy —3 a*y—
and the coefficient is thus
=4%{2cde — (cd +ce+de)(z+y)+(c+d+e)(2*+ 3 —a® -y
—(c+d +e)(z —y)r+a*—a%y —ay’ +
which is
=} (cde +cdie; —(c +d+€) 6+ (2 + y) 67},
or the term is ‘

— § Vablabi, {@'—*{;Edi

—(c+d+e)+w+y}6u.

And, fourthly, a term in «/cdecldle1 ou, which is in like manner found to be

6

f f,
=— 1} Vedecydye l{a——‘b Z?‘b“—(a+b+f)+w+y}au.

Hence combining these several terms, we have finally

cde + c,d,e,
gz

-*—%'\/cdecldle1 [—Bv—(@i‘;l—m—a—b—f+w+y>au};

ava;=l\/abfalblﬁ[ 8v+( —c—d—e+m+g/)8u:|

and by the mere interchange of letters we can of course find 0 Vac, ete.

25—2
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Ezpression for 4 0B— BoA.
Starting now from the equations 4 =Q v/a, B = Q /b, we obtain
A9B — BoA = Q*{{adn/b — /b0 Va}

= %—‘g—i (Vaa, (Vba,c,d,e,f; (90 — 2 du) —V bacdef (Bv — y ou)}

—~bb, (Wabe,diefy ( ,,  )—Vabedef ( ,, )},

- 1—}%{(al — b,) Vabe,dse,f, (v — z @u) — (a — b) Va,b,edef (90 — y du)!;

or since a, —b,=a—b=a - b, this is

A0B— BoA = %g (a —b) {'\/ abe,d,e,f; (0v — z ou) — Va.b.edef (90 — y ou)},
which is a sum of products of the set ab: in fact, the four products of this set are
Vf Nab = % { fWabedef, — f, Va,bedef],
S
‘\/c \/de i 9 {_ c » +¢ » })
dvea=1(_d d )
\/ L= ? {_ ”» i 1 ) 5]
odisy :
1\/e'cd=a{—e 9 + e » }7

choosing any two of these at pleasure, for instance the first and second, multiplying by
v —cou, ov—f ou and adding, we have

(@ — ¢ ou) N/f Vab { (@ — ¢ u) fVabe,d,ef, — (9 — ¢ du) fy Va,byedef]

{—(@v—fou)c 5 +(0v — fou)c, e

L S8 TR S

+ (v — f 9u) Ve Vde
/

where the coefficients f(0v — ¢ ou)—c(dv —fou), and f,(dv—cou)—ec, (dv —fou), by sub-
stituting for f, ¢, fi, ¢, their values, become = (f—c) (@ —zou) and (f—c) (v —you);
and the expression is thus

= f;;c {'\/ abed,e f, (v — z ou) — Va,b,edef (9w — y ou)}.

Reverting to the original expression for 4 9B — B0A, it may be remarked that, if
we write ov — @ 0u = 0w, 0v — b ou = 0o, then

(a—b)(v—2z0u)=adc—bow, (a—>b)(Ov—you)=a,0c—b, 0w,

www.rcin.org.pl



665] A MEMOIR ON THE DOUBLE 9Y-FUNCTIONS. 197

and the formula thus becomes

30

A40B-Bod =24 {(Vabe,dief, (a9 — bdar) — Va,bedef (a, 9o — b, 0w)) :

but I shall not in the sequel use this formula, or the notation dv — b du = 9o introduced
for obtaining it.

Ezpression for A0AB— ABJA.
Starting from the equations 4 =Q ya and 4B = Q Vab, we have
AQJAB— ABoA = O {yJadVab —Vabd ya},
where the term in { } is

cde + cdie, e
g

=va[ %«/gbm{ 20+ ( —d—e+w+y>8u}

+ 3 Vedeeyd,e, {— ov'— (a%ai% —a—b—f+a+ y) au}]

1 P N
s % (Vabfe,d,e, — Va,bfede) [Vab,c,def, (90 — # du) — Va,bedef (0 — y du)].

To reduce this, I write 0v — @ 0u = 0w, and therefore
o —zou=0w+adu, Ov—you=0w—+a,0u;
then for convenience multiplying by 262 the term is
=aa, Vbfbf { 60w + [(¢ —c—d—e+z +y) 6 +cde + c,dse,] 9u}
+ Vacdea,c,dye, {— 60w + [ (b +f— @ —y) 6 — abf —a,b,f,] du}
— (Vabfe,d,e, — Vabfiede) (Vab,e,dierf; (9w + a du) — Va,bedef (9w + a, du)}.

The last line hereof is

= VbEb,f, {— acdse, (0w + a du) — aycde (9o + a, u)}

+Vacdea,eidie, {  bif,(@w +adu)+  bf (0w + a, u)}.
Hence we have first, a term in V. acdea,c,d,e,, the coefficient of which is
=— 00w +[(b+f—2z —y) @ —abf —ab,f]ou+ bf, (0= + a du)+ bf (0= + a, 0u),
viz. this is '
= 0w (— 0+ byf, + bf) + 0u[— (a —a,) (bf — bf)) + (b + f—=z —y) 6],
where (b —b,)(f—f,) =, that is, bf +b,f, — 6* = bf, + byf, also
(a—a) (bf = bf)=(b+f—-2—y) 6,

or the coefficient is = (bf, + b,f)0=: viz. the term in question is

= Vacdea,c,d,e, (bf, + b,f) 0w.
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We have then, secondly, a term in Vbfb,f,, the coefficient of which is
=aa, (0w + [(¢ —c—d — e+ x+ y) 8° + cde + c,dye,] Ou}

—ac,dse, (0w + a du) — a,cde (0= + a, ou),
viz. this is

= (aélf)? —ac,d,e, — a,cde) 0w + [aa, (e —¢c —d — e + z + y) 0° + (a,cde —ac,d,e,) (a — a,)] ow.
We have a —a, =—6; also a,cde — ac,d,e,
=0 {cde—a(cd+ce+de)+ (c+d+e)|[a(z+y)—ay] —a(@®+zy+y°) + 2y (z+y)},
where the coefficient of 6 is
=—(a—c)(@a—d)(a—e)—(ctd+e)[c*—a(@+y)+ayl+@+a+y) [a*—a(z+y)+ay]
viz. it is '
=—(a—c)(a—d)(a—e)+am(a—c—d—e+a+y).
Hence the coefficient in question is
= (aa,0” — ac,d,e, — a,cde) 0w + (¢ —¢) (@ — d) (¢ — €) G Ou,

and the second term is = Vbfb,f,, multiplied by this coefficient.

Hence, observing that the whole has to be multiplied by ;}4292, we find

AdAB— ABIA = aﬁzm (Vacdeacde, (bf, + bif) de

+ Vbfb,f, [(aa, 6" — ac,de, — a,cde) 0w + (a — ¢) (@ — d) (a — e) 6 ou]},

where I retain 0w in place of its value, =0v — aou.

This is a sum of products of the set bfb,f;: we, in fact, have

Nac Vde = 915 {(bf; + b,f) Vacdea,c,d,e, — (acdse, + a,c,de) v/ bfb,f},

Vadvee = , | . — (adeye, + a,d;ce) e |
va-e l\/a Pl { » ”» R (a‘ecldl + a‘lelcd) » };
NoNf=, { +6 5Tk

and selecting any two of these, for instance the first and the fourth, the coefficient

of é%ﬂz is at once seen to be of the form dw VacVde+ K v/b+/f; and for the determ-
ination of K, we have
(—acd,e, — a,c,de) 0w + K6 = (aa,0° — ac,d,e, — acde) 0w + (¢ — ¢) (a —d) (@ — e) 820y,
viz. this gives
K6 = {aa,0" + (c — c,) (ad,e, — a,de)} 0w + (¢ — ¢) (@ — d) (a — €) 62 0u.
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We then have
(¢ —¢) (adse, — ade) = 6° {— aa, + (a — d) (e —e)},

and the whole equation divides by 6°; substituting for o= its value, we find

K= (a—d)(a—e)(0v——cou).

Euxpression for ACOAB— AB0AC.

Starting in like manner from the equations AB=Q vab, AC = QVac, we have

AC?AB— ABAAC =20

0
multiplied by
J vaﬁmg[_aw+<a_c_d_e+x+y+mh%;£®>w
( Vacfb,d,e, — Vasc,fibde) 24
{+ Vedec,d,e, l: 0w + ( b+f—z—y— abf_'-ej‘bltl) ou
Vacfa,c,f, [ 0w + (a b—d—e+az+y+ bde Z })ld&) o
R s R )
+ Vbdeb dlel[ 0w +< cH+f—m—y— ?“ifigj&ﬂ> ou )

b

which, omitting the factor 2 02 is

BT Y, e g L e e o Sl <a B O +92c1d1e1> au]
+1 cde, Vhcadef —cde Vbeadef,) MR ( Dok — o~y ~ - +9:"1 ‘fl) au,]
+ (= afe, VBeadod, + fic Vboadel || dw + (a=b=d=o+asy+ bdo D) Bu]
+ {— bde, Vb,cadef + byde '\/m} :—Bw+( c+f—x—y~ae}$—£é>aioi|;

and here the whole coefficient of 9w is
= (b, — ¢,) (af — de) Vbea,dse,f, — (b — ¢) (af, — dye,) Vb,caadef,
viz. observing that b, —c¢,=b—c=0b—c, this is
=b—c){[af —de—(a+f—d—e)x] '\/bcald ef, — [af —de— (a + f— d — ) y] Vb,cadef],
or, what is the same thing, it is
——0) ([~ (@—d) (@) + (a+f—d - e a] Vboudef,
—[~(a—d)(a—e)+(a+f—d—e)a,] Vbcadef].

www.rcin.org.pl



200

A MEMOIR ON THE DOUBLE $-FUNCTIONS.

The coefficient of du contains the factor Vbca,def,, multiplied by

afb1<a—c—d

/

— cde (

— afe, (a-—b—d—e+w+g/+

+ b,de (

b+f—w—y—

c+f-—wv—y—

cde + c¢,d

acf + a,cf;

1€1
—e+at+y+ ;52—)

abt + b

)

bde + b,d,e,

)
I

&

[665

here the terms divided by 6* destroy each other, and the expression of the coefficient

of Vbead,e,f, becomes

2 — o) [af (@~ A — o -t o+ )k et — Bk ok B b cbo)

or since b, —¢, =b—¢, be, —cb, =— (b—c¢) y, this is
=b-c)|af(a—d—-e+a+y)+de(f—z—y)—(af —de) y],

=(b-c)[af(a —d —e) + def + (af — de) z],

which is

and is readily reduced to

(b-olle—d)(@a—e)f—(a—d)(a—e)a],
viz. the coefficient of du contains the term (b—c)(a—d)(a— e)fVbeadef,. There is
a like term —(b—c)(a—d)(a—e)f, vVb,c,adef, and the two terms together form the

whole coefficient of ou.
Hence, restoring the outside factor

ACO0AB — ABoAC

bl
2

0

02, we have

=((b—-c)(a—d)(a—e)f:

- §2 -0 [ -0+ @+7-d—0) 2] Vhader,

—[~(a—d)(a —e)+(a + f—d —e) a,] Vbc,adef} 9o

+ (a—d) (e —e) {fVbeadse,f, — f, ¥Vbc,adef} Bu:l :

where, as before, I retain 9= instead of its value =0v— a ou.

products of the set be: the products, in fact, are

This is a sum

JaNde= % [—a Vbead,e f, + a, ¥bc,adef],

vdVae=, {—d
VeNad =, {—e
Vf¥be =, (+f

» o dl
» +e
» iy fl

» },
”» },
» }7
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whence, observing that a —f=a,—f, =a —f, we have

JaNTa - \If Bom ~ “‘_gf (VBomdier, ~ VDoadet) :

it is clear that the term in question is at once expressible as a sum formed with
the products v/a Vde and v/fVbe.

It is to be remarked that there are 15 expressions such as A4 0B —Bod, and
45 expressions such as AC04AB— AB0AC; and that each of these (15+ 45=)60 ex-
pressions is a sum of products of a set such as ab: and that there are also 60
expressions of the form A0A4AB —AB0A, and that each of these is a sum of products
of a set such as aba,b,.

Ezpression of Qo —(0Q), =iMQ®
We assume Q 9*Q — (0Q)* =+ MQ?, where M is a quadric function of du, dv; suppose
M = A (Ju)* + 2B 0u ov + € (dv)~
It is to be noticed that the 2, B, € are not all of them arbitrary functions of (z, y)

2 2
or (u, v); we, in fact, have M oL =0*log ; and hence A, B, € satisfy the

(0 02
dl _dB dB _d6

dv  du’ dv du’

conditions

Taking 2, B, € as functions of #, y, these become

(G+y ) vx=(Z+aB)vy,

daz dz dy dy
() x5 )

Putting for the moment
A=a +b +¢c, p=d +e +f, p=r+p,
p=ab+ac+be, oc=de+df+ef, q=p+o,
v = abe, T —def, r=v+rT,
I found it convenient to assume
C=-2@+ay+y)+p(e+y)
where observe that p, =a+b+c+d+e+f, is symmetrical in regard to the constants

a, b, ¢, d, e, f. And then, € having this value, there exists (as is seen at once) a
value of B, =2 (2% + ay*) — pay, for which

aB d@ aB dE
and which thus satisfies the second of the above-mentioned conditions.
(O 26
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Assuming now
U=—-20P+qey —r(z+y)—po+ 0O,

where ® has to be determined so as that the first of the same conditions may be
also satisfied, then substituting this value of 2, we have

- (2y —py +qy —r+- )\/X <2w"—pw2+qm—r+%)«/lf;
that 1s,
<— aybic = dieifits— )'\/X ( abc — def + t(l%)) VY,

viz. in the terms independent of ® writing for /X, 4/V their values, this is

(abe + def) Vab,e,die f, — (a.bie, + dyeyf,) Vabedef + ‘jl%) N X = \/ Y =0,

or, what is the same thing,

— (Vabea,bc, — Vdefd,e,f,) (Vdefab,c, — Vd,e,fabe) + \/ e e \/ Y =0.

But treating © as a function of » and », we have
d® d®dz dO®dy 1 /d® de =\
7 ol P e b e
also

W g g (Vdebe, ~Vaaabe);

and we thus reduce the equation to

— (Vabea,b,c, — ¥defd,e,f,) Vde + lfi(a 0.
But, referring to the expression for 9Vab, we have, by a mere interchange of letters,

a(ll_v Vde = —  (Vabea,b,c, — Vdefd,e,f,),
and the formula thus becomes

—d =~ dO
2 \/de-&—)«/de+ o =100
consequently
®O=- ('\/ole)2 =— (abcdlelf + abye,def — 2V XY),

and the value of 9 thus is
1
lis & {—abcd,e f, —a,be,def + 6* (— 22 + quy — r (z + y) — po)} + s ’\/XY
or, as this may be written,

1 Ll el
A= & (abe — aybyc,) (def — dye,f,) — 2222 + quy — r (2 + y) — po — gz('\/X VYR
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Here
abc—a4blcl=(y_,w+w_xs)_(,,_#y+Xye_ys)

=0[-p+r(@+y) —(*+ay+y)]
and similarly
def —diefy=0[—a+p(@z+y)— (2 +xy + )];
the expression of 2 contains therefore the terms
[e=A@+y)+a*+ay+yl[o—p(@+y)+a*+ay +y] — po —r(@+y)+qay — 2%,
viz. for », g substituting their values » +7, u +p, these terms are
==—(pp+or+v+7)(@+y)+(u+o+rp)(z+y)
—(A+p) (@ +y) (@ +ay +y) + (2 + ay + ) — 2%y
The coefficients wp+ oA +v+7, p+0o+Ap, M+p are, in fact, symmetrical functions of
a, b, ¢, d, e f, viz. writing
X=a-2z.b—z.c—2.d—z.e—a.f—ua,

= A — Bz + C2° — D#® + Ea* — Fa’ + af,
that is,
A =abedef, B=2Zabcde, c=3abcd, D=3abc, E=3ab, F=3aq,
(F=a+b+c+d+e+f, which has in fact previously been called p), we have

Hp+oA+v+T=D, u+o+Ap=E, A+p=F,
and the terms are

=—(z+y) [D—E@+y)+ F(2*+ 2y + y°)} + o* + 22% + 2 + 22 + y*;

viz. we have
1 L i
2I=_€-2(~/X—~/Y)2 _
—(@+y){D—E@+y) +F (2 + a2y + )} + (@ + 2% + 2 + 229° + ).

To this I join.the foregoing values of B, €; viz. writing F in place of p, these

are
B =—Fay + 2 (a*y +xy?),

C=F(@+y)—-2@@+ay+),

where it will be noticed that the values of A, B, € are all of them symmetrical
in regard to the constants a, b, ¢, d, e, i

I recall the original form of 2, viz. this was
U=—po —r(@+y)+qay — 2y — (Vdey
= — (ab +ac+ be) (de + df + ef ) — (abe + def ) (z + y)
+ (ab + ac + be + de + df + of ) wy — 2% — (Vdey

=9, — (Vde), i
—2

www.rcin.org.pl



204 A MEMOIR ON THE DOUBLE %-FUNCTIONS. [665

suppose; and 2, B, € denoting as above, we have
M=A@uy+2Bouov+E€(ve, QoQ-—(0Q)=1M0~.

For the subsequent calculation of A4 9?4 —(9A), it is convenient to transform this
expression by introducing therein 9= in place of 9, and a, a, in place of z, y. We
have .

M= (A, — (Vde)y} (ou)* + 2B u (0w + a o) + € (0w + a ou)?

= (A — (Vde)} (0u) + 2B ou 0w + @ (0w ),

suppose, where

¢ =6,

B =B +alb,

A=Ay + 2aB + a?C.
Writing :

z=a—a, Y=a—a,

we find

6 =—6a*+ 2aF + (6a — F) (a + a,) — 2 (a + aa, + a,%),
B = 4a®—a*F + (— 60> + aF) (a + ;) + 2a (3% + a,*) + (8a — F) aa, — 2 (a’a, + aa,?),
A, = — (ab + ac + be) (de + df + ef)
— (abe + def') (2a —a — a,)
+ (ab+ ac+be+de +df +ef ) [a* — a (a + a,) + aa,]
—2[a*—a(a+a,)+ aa, ],
the developed value of which is
=—2a*+a*(b+c) +a* (— be+ de+ df + ef)
+ a {—2def — (b +c) (de + df + ef )} — be (de + df + ef )
+ {40 —a? (b+c) — a (de+ df + ef ) + def } (a+ a,)
—2a* (a*+ a,%) + {— 8a* + a (b +¢)+ bc + de + df + ¢f | aa,
+ 4a (a%a, + aa,®)
— 2a%a,’,
and thence without difficulty

€' =—6a*+ 2aF + (60 —F) (a + 2,) — 2 (a2 + aa, + a,?),
B’ = —8a®+ a’F + (6a — F) aa, — 2 (a’a, + aa,?),

' = & (b+c)+a*(—be+de+df+ef) + a {— 2def — (b +c) (de+ df + ef )} — be (de + df + ef )
t{—d+a(d+e+f)—a(de+df+ef ) +def} (a+a)
+{4a* + a(=b—c—2d — 2e— 2f) + be + de + df + ef } aa,
— 2a%,?,

which are the required values.
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Eazpression for 40?4 —(04)*: several subheadings.

Writing for shortness 4 0°4 —(04)*=A4, as before, and so in other cases: then
in general APQ=PAQ+ Q*AP, and thence AP*=2P:AP or AJP= % AP. Hence
starting from A =Q ya=Q+Vaa,, we have

AA =AQVaa, =aa, AQ + i?_j (a*Aa, + a,°Aa),

where
Aa=a0% —(0a)=—a 0% — (0z), Aa,=—ady —(0y)>

Hence writing
AQ =1M0O2,
we have
i 5 a 9, @ 2
T AA =}aa, M — §(a,0% + ad’x,) — & {j (0z)* + = (By)‘} {
But we have :

ax=%(8v—y6u), oy =— ~—f(av x 0w);
squaring the first of these and differentiating, we find
2X X’
20z 0% = [( o o > 0z +° -—83/} (0v — you)* — 20y au & @v —y ou),

where as regards X the accent denotes differentiation as to # (and further on, as
regards Y, it denotes differentiation to y), viz. this is

2X X 2X
= I:( 03 02> 0z + —— ay} (0v — y ou)* — 20y au i (0v — y o),

=< 2X

7 e ) oz (0v — y ou)* + 3 (av — you— 00u) (v —y ou) dy,

where the second term is r
2A o (v — 2 0u) (0v —y ou) oy,

which 1is

o g_{XY (0v — z Ou)* 0z :

hence dividing by 20z, the equation is

e (E ) vy

I\/AGX Y(av —zou)*;
and similarly

oy = ﬁ/“)(}E:‘Y(av — youy + (g

\& 292) (v —zou);

and we may in these values in place of ov—you and Ov—20u write 0= + a,0u and
dw + a 0u respectively.
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Hence in égAA the irrational part is
VXY

5 o
e ~/X ¥

{8, (0% +a0u) —a (0w + 2, 0u)

%«/XY

(a,—a) {(0=) — aa, (Quy} = {(@=)* — aa, (Ou)}.

But we have

(Vdey: = é {abed,ef, 4 a,bye,def — 2V X T,

whence
VXY

g o (abed,e,f, + a,b,c,def) — 1&('\/0le)2

<E|Nb~

and the term thus is
[% (abed,e,f, + a,b,c,def) — ('\/ d-e)z] {(0w)* — aa, (Qu)*}.
Joining hereto the rational part of AA and multiplying the whole by 4, we have

4 F PAn T [, ¢
@AAT—‘a:aqM'f' al( —9?——0-2

T/ ¥ ¥\ % A
+|a (—793——@)- ;y{](@ﬁr+a8u)

) oy % g} (0w + a,0u)

+ LGEZ (abed,ef, + a,b,e,def) — (V de){l {(@=)* — aa, (Ou)?},

where M has its foregoing value = (A, —(Vde)} (0u)® + 2%’ 0u 0w + €’ (0w ).

First step of the reduction.

Writing bedef = U, biedief, = Uy, then X =alU, V=a,U,, and consequently
X'=—U+alU’, V' =-=U,+aUy,

the accents in regard to U, U, denoting differentiations as to z, y respectively: then

& e R NG SR

and similarly

2.l U) al,

._a—1§2=.........-=aaﬂ<gs—02 N2
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The formula thus becomes

AA =8 [M+ (20? U,) (0w + a, Ju)* + < 2;3] 15 )(8 + a ou)

i {é; (abed,e,f; 4 a.b,e,def) — (’\/dé)E} (au)2]

o %q (0 + a )

I {-91_ (abed,e,f, + abe,def) — («/%)2} (@w),

viz. substituting for M its value, the term in (Vde)(du)* disappears, and the formula is

20 U

AA = aa, l:%[o (Qu) + 2B 0udw + € (0=)* + ( -

&) @ +a, 0y

T /
+ (=2 = ) G+ a0y - g abothef, + abiedet) (Guy |
g E;T?(Bw + a, du)® — agl (0 + a ou)’

ot {% (abed,e,f, + a,b,c,def) — (V dE)2} (0m)*:

say for shortness this is

4

(?AA

=aa 3 — %—E—T(aw + a, 0u)®— a'—g‘ (0w +adu) + é (abed e f, + a,b,edef) — (Vde): (9w )2

Second step of the reduction.

In the reductions which follow, we make as many terms as may be to contain
the factor aa,, so as to simplify as much as possible the portion not containing this
factor.

We have 0w + a,0u =(0= + 0 0u) +a 8u,b and consequéntly
(0w + 8, 0u)* = (0w + O ou)*+ al,
where P =20udw + (a+ 260) (ou)*: similarly 0= + a du = (0= — 6 0u) + a,0u, and therefore
0w+ adu) = (0w — 0ou)*+ a, Py,
where P, =20udw + (a, — 26) (0u)*: the values may also be written
P =20uow + (23, — a) (0u)’, P,=20udw + (2a — a,) (Qu)™
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The formula thus becomes

4 U U,

¥ a_«og (0 + 6 duy’ — ‘% (9w — O 9uy® + é(abcdlelfl + el {aR .
— (Vde) (0w).

The second line here is

— (U +al,) @uy — 2 (T — al) dude

4 é{— a,U —aU, + abed,e f, + a,b,c,def} (0= )2,
and the coefficient herein of (dw)* is = ‘91—2(ad1e1f1 — a,def) (bc —b,c,). Writing for the

moment d—a, e—a, f—a=d/, €, f’, we have
%(adlelfl—aldef)=éllta (B (dtin ¢ o 8 L ) = agld + 6.6+ +8)}
=—déf +am(d +e+f +a+a),
8 (bo—Dye) = — (' +'+a+a).
The whole term in (0=)* is thus
={(t'+c +a+a)def +aa (V' +c +a+a)(d+e+f +a+a) (@)
The coefficient of duow is — g (a,U—al,): viz. this is

2 7 4 I’ ’ ’
= {a,(V+a.c+a.d+a.¢ +a.f'+a)—a(l' +a.c+a,.d +a,.e +a,.f'+a)},

a,—a
and if
V+a.c’+a.d+a.e+a.f +a=8+Ca+Da?+Ea®+ Fal+ a7,
that is,
B=bcddf, o =3dde, D =Zbdd, ¥=3b¢,
F=3=b+c+d +e+f,
this is

=2 {B'— D'aa, — E'aa, (a + a,) — F'aa, (a® + aa, + a,°) — aa, (a° + a%a, +aa’ + a,%)} :
or say for shortness it is = — 2 (B’ —aa, ®) where
®=0"+E (a+a)+ F (a®+aa, + a°) + a® + a%a, + aa,’ + a*;
the term in question thus is — 2 (B' — aa, ®) 0u dw.
The coefficient of (Ju)* is — (a,U + al,), viz. this is
-0 +a.c+a.d+a.e+a.f +a)—all' +a,.c +a,.d +a,.¢ +a,.f +a),
which is = — (a+a,) B'— aa, ¥, where

¥V =2¢"+0 (a+a,)+E (a%+a?) + F (a% +a,°) + a* + a,"
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The formula thus is

4 U U paly il
&TQAA=aa,1 {E_EP_ EIPI—(b +c+a+al)(d+e+f’+a+a1)(8w)2+2<l)auaw—-‘If(au)ﬂ}

—(a+a,) B (0u) — 2B'0udw + (V' + ¢ +a +a,) d'ef’ (0w) — (Vdey 0w):.

The whole coefficient of aa,, substituting for 3, P, P,, ®, ¥ their values, and arranging
according to 0w, Ou, is

20 U (_ 20,

’ Ull ’ / ’ 7/ ’
=(aw)2{(§ by o 0 --~9;)—-(b +ct+ata)(d+e+f +a+al)}

) 2.0 2 20N O
+23”a“{$+a’1(79?‘ﬁ)”(‘731-95)7‘%
+D' +E (a+a)+F (a2+aa,1+a12)+a3+aﬁal+aal2+af}
+@urfurar (3 - ) vae (<20 - )+ 20
—%(abcdlelf1+alblcldef)—20’—D’ (a+a,)—E (a*+a?) — F (a®+ a,l“)—a‘—al‘}:

and we have to reduce separately the three coefficients of this formula.

Third step of the reduction.
First, for the coefficient of (0w)*; recollecting that 6 =a, --a, we have
U; I 2¢" — 2D/ (a + a,) — 2E’ (a2 + aa, + a,%) — 2F (a® + a’a, + aa,® + a,%)
— 2 (at + a’a, + a%,® + a3’ + a,%),
— (U + U/)=2¢"+ 20 (a+a,) + 3E" (a® + &%) + 4F' (a®+ a,%) + 5 (a* + a?).
Adding these, the right-hand side divides by (a,—a)? that is, by 6*; and the resulting
value is '

2

=E'+ 2¥ (a + a,) + 3a® + 4aa, + 32>
The term — (' +¢ +a+a,)(d +¢€ +f'+a+a,), attending to the values of E" and ¥, is
= +de+df +ef — € —¥F (a+a,)— a*— 2aa, — a%;
hence the whole coefficient of (0= ) is
=@ +Vc+de+df' +ef +F (a+a,)—2(a*+aa, +a?),
or substituting for ¥, ¢/, d, €, ' their values, this is
=@ +4a*—a(b+c+2d+ 2+ 2f)+ bec+ de+df +ef + (F — 6a) (a + a;) — 2 (a® + aa, + a*).
Proceeding next to reduce the coefficient of 20w du, observing as before that 6 =a, —a,

we have
20U —2a0, _ 2B — 2D'aa, — 2E'aa, (a + a,) — 2F aa, (a* + aa, + a,°) — 2aa, (a’ + a’a, + aa* + a,°),

0
i b ek 27
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also

—@U +U)-@U/'+U)=

. — 2B + D' (— a? + daa, —a,?) + E' (— a® + 3a%a, + 3aa* —a,°) + F' (—_ at + da’a, + 4aa® —a,*)
—a® 4 ba’a, + Haa,' — a,’;

.add'ing these two expressions, the right-hand side divides by (a,—a)* that is, by ¢, and
the resulting value is

=— D —E(at+a)—F (a+2a?) — a®+a%, + aa,® — a’
To this is to be added i
+ 2D +E (a+a,) + ¥ (a% + aa, + a,®) + a® + a’a, + aa’ + a’;

we thus see that the whole coefficient of 20u 0= 1is

=D+ Faa, + 2 (a%a, + aa,?),
or say it is

=D+ (F — 6a) aa, + 2 (a’a, + aa,?).
Lastly, for the coefficient of (du)*; we have

222U — 222U,

2 = 28’ (a + a,) + 2C'aa, — 2F'a%a,® — 2Fa%,? (a + a,) — 2a%,? (a’ + aa, + a,%),

and also
-2l +(a—2a,) U—2a?U/ + (a, —2a) U=

—B (a+a)) +C (22* — daa, + 2a,?) + D’ (8’ + a,°) + E' (a* — 2a%a, + 6a%a,® — 2aa,® + a,*)

e (a5 — 2a‘a, + da’a,® + 4a%a,® — 2aa,* + a,°) + (a® — 2a%a,; + 5a‘a,® + 5afa,* — 2aa,” + a,°%),
whence the sum of these two expressions is
=B (a+a,) +C (2a* — 2aa, + 2a,°) + D' (a’ + a,°) + E' (a* — 2a%, + 4a%a,® — 2aa,° + a,%)
+ ¥ (a® — 2a%a, + 2a%,? + 2a%,® — 2aa,* + a,°) +a® — 2a%, + 3a‘a,®> — 2a%a® + 3a2a14 — 2aa,” + a5
We must to this add the term — (abede,f; + a,b,c,def), that is,

—a(t +a.d +a.d+a,.€+a.f +a)—a( +a.c+a,.d +a.¢ +a.f +a)

Putting for the moment
d+a.d+a.f'+a=1+ca+pa’+ad
T=ddf’, o=de+df' +ef, p'=d +e+f,

that is,
the term is
bt (a+a)— (b +¢) 7 (a2 +a,?) — 7' (a® + a,®) — (b + o) (a%a, + aa ®)
— (' + ¢ +p') (a%? + a%a,®) — 2a%,®
—2b'¢'d’aa, — [(b' + ¢) o’ + U'¢'p'] (a%a, + aa?) — 2 (b + ¢') p'a’a,’
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Adding it to the preceding expression, the sum is
=B =bc7T)(a+a)+ 2¢ — 0+ ¢) 7'} (@2 +a%) + (D' — 7') (8° + a®) + E' (a* +a,%)
+{- 2b'c'a’} aa, — {(b' + ¢) o’ + U'c'p’} (8%, + aa,®) — (2E' + b'c’ + o) (a’a, + aa,®)
+ {48 =2 (b +¢) p'} 2%’
+ F'+a’) + a'+a’
— 2F (a‘a, + aa,') — 2 (a%, + aa®)
+ (2F = b — ¢ — p') (a’a® + a’a®) + 3 (a%a,® + a%a,’) — 4a’a,’.

This is, in fact, divisible by (a, —a), that is, by €*: for we have between the symbols the

relations
F=0+c+p,
E=bcd+@ +c)p +d,
D' =bcp + (' +¢)d +7,
¢ =bcd" + O +c)7,

F ] )

B =bc7,
and we thus reduce the expression to
20 = (V' + ¢) 7'} (a® — 233, + &%) + (D' — ) (a® — a’a, —aa,’ + a,*)
+ E' (a* — 3a’a, + 4a%,® — 3aa® + a;*) + (b’ + ¢') p’ (a%a, — 2a%,* + aa®)
+ ¥ (a® — 2a‘a, +a’a,® + a’a;® — 2aa,* + a,°)
+ (af — 2a%, + 3a‘a,® — d4a’a® + 3a’at — 2aa’ + af),.
viz. effecting the division, the quotient is
=20 — (U + )7+ (D —7) (a+a) + E(a° +2°) + F (a8 + a®) + a* + 2a%a,* + a,' — (V¢ + o’) aa,.
To this must be added
—2¢ —D'(a+a) —-E (a®+a?) — F (a® + a) — (a* + a,%) ;
and we thus obtain the coefficient of (du)* in the form :
A — O+ =7 (a+a,)— ¢ + o’)aa, + 2a%a?
viz. this is
=% +(b+c—2a)(a—d)(@—e)(@a—f)+(@—-d)(a—e)(a—f)(a+a)

'H‘(a' b)(a—c)—(a—d)(a—e)—(a— —d) (@ —f)—(a—e)(a—f)} aa, + 2a%,?,
27—2
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or finally it is
=AU 2 +a* (b+c+2d+2e+2f)+at {—(b+c)(d+e+f)—2(de+df +ef)}

+ a {(b+c)(de+ df + ef ) + 2def} — (b +c) def

+{@—a*(d+e+f)+a(de+df +ef )—def} (a +a,)

+{—4a*+a (b+c+ 2d + 2¢ + 2f) —bc — de — df — ef } aa,

+ 2a?a,%
It is to be observed that the investigation thus far has been entirely independent of-
the values of 9./, B/, @’: these values are, in fact, such as to make the coefficients
of (0w)?, 0w Ou, (Ju)* each equal to a constant, and it was really by such a condition
that the value of G(=@") was determined; but if we had thus also determined the
values of 9l and B, it would not have been apparent that the values of A/, ¥’
and @' thus determined would be consistent with each other: the foregoing investi-
gation of these values was therefore prefixed.

Completion of the reduction and final expression for AA.

But now substituting the values of 2/, ', €', we find

coeff. of (Ow)*= ab+ac+bc+de+ df + ef,
» 20mdu=—a*(a—b—c—d—e—f),
Oup=—2a'+2a*(b+c+d+e+f)
— a@*(be +bd + be + bf + cd + ce + ¢f + de + df + ef)
—  (bede + bedf + beef + bdef + cdef),

viz. these coefficients belong to the portion which contains the factor aa, of the

»

» »

expression for (%AA: the other portion was

(V' +¢ +a+a,)def (0w) — (Vde)y (0w) — 2B dudw — (a +a,) B (0u)?,

where
B =b0cdef’, b=0b—a, etc.

We have thus the complete result, viz. this is

(—%AA=aal [(ab + ac+ be + de + df +ef ) (=)

—a*(a—b—c—d—e—f) 20w ou

-2+ 2 (b+c+d+e+f)
+{—a2(bc+bd+be+bf+cd+ce+cf+de+df+qf)1(au)"]

— (bede + bedf + beef + bdef + cdef)
—(=2a+b+c+a+a)(a—d)(a—e)(a—f)@w)— (Vde) (dw)
+(@a—"b)(a—c)(a—d)(a—e)(a—f)20udw
+(a+a)(@—b)(a—0) (a—d)(a—e)(a—f)@u),

which is obviously a sum of squares.
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As a partial verification, I remark that A4 should be symmetrical in regard to
the constants b, ¢, d, e, f; this is obviously the case as regards the terms in Oudw
and (Jw)’, and it must also be so in regard to the term in (0w)> The whole
coefficient of (dor)* is

= aa, (ab + ac+ be + de + df + ef)
—(=2a+b+c+a+a)(a—d)(a-e) (a—f)— (Vdep,
and if we interchange for instance b and d, this coefficient becomes
= aa, (ad + ac + cd + be + bf + ef )
— (=20 +d+c+a+a)(a—b)(a—e)(a—f)— (Vbe)
These two expressions must be equal; viz. we must have
(Vbey— (Vdey = —aa, b—d)(a+c—e—f)+(@—e)(a—f)(b—d) (—a+c +a+a):
the left-hand side is
= ;;(bd1 — b,d) (efa,e, — e,f,ac),

and we have

bd, —bd = (b—d) 0;

hence, throwing out the factor b—d, the equation to be verified becomes

%(efalcl—elflac)=-—aal(a+c—e‘-—f)+(a—e)(a—f)(—a+c+a+al).

Writing
e=¢ +a, etc, f=a,—a,
the left-hand side is
(a+a,) €f +aa, (¢ +f)+cef —caa,

and the right-hand side is

—aa, (¢ =& —f)+ef (¢ +a+a),
and these are equal.

There are of course, in all, six expressions such as A4, each of them being by
what precedes a sum of squares. And there are besides ten expressions such as

AAB, =AB¢AB-(0ABY,

each of which should be a sum of squares: but I have not as yet effected the
calculation of this expression AA4B.

Cambridge, Tth December, 1877.
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