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679.
ON THE REGULAR SOLIDS.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. Xv. (1878),
. pp. 127—131.]

IN a regular solid, or say in the spherical figure obtained by projecting such
solid, by lines from the centre, on the surface of a concentric sphere, we naturally
consider 1° the summits, 2° the centres of the faces, 3° the mid-points of the sides.
But, imagining the five regular figures drawn in proper relation to each other on
the same spherical surface, the only points which have thus to be considered are 12
points A4, 20 points B, 30 points ©, and 60 points ®. These may be, in the first
instance, described by reference to the dodecahedron; viz. the points A are the
centres of the faces, the points B are the summits, the points ® are the mid-points
of the sides, and the points @® are the mid-points of the diagonals of the faces
(viz. there are thus 5 points ® in each face of the dodecahedron, or in all 60
points @®). But reciprocally we may describe them in reference to the icosahedron ;
viz. the points A are the summits, the points B the centres of the faces, the points
© the mid-points of the sides, (viz. each point © is the common mid-point of a
side of the dodecahedron and a side of the icosahedron, which sides there intersect
at right angles), and the points @ are points lying by 3s on the faces of the
icosahedron, each point @ of the face being given as the intersection of a perpendicular
A® of the face by a line BB, joining the centres of two adjacent faces and inter-
secting A® at right angles.

The points A lie opposite to each other in pairs in sach wise that, taking any
two opposite points as poles, the relative situation is as follows:

4 Longitudes.

1 faik ’
5 0°, 72° 144°, 216°, 288°
5 | 36°, 108°, 180°, 252°, 324°
1 ot ’

where the pf)ints 4 in the same horizontal line form a zone of points equidistant
from the point taken as the North Pole. And the points B lie also opposite to
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each other in such wise that, taking two opposite points as poles, the relative situation
is as follows:

B Longitudes.

1 - )
3 05, 11207, 240° »
6 | (0, 120°  240°) 492714,
6 | (60°, 180°, 300°)+ 22° 14,
3 60°, 180°, 300° H
g R 3

where the points B in the same horizontal line form a zone of points equidistant
from the point taken as the North Pole. Neglecting the 343 points B which lie
adjacent to the poles, the remaining 14 points B may be arranged as follows (8=22° 14"
as above):

B Longitudes.

1 v

6 B, 120°+ B, 240°+R -B, 120°-B, 240°-p,
6 | 60°+p8 180°+pB, 300°+B | 60°—pB, 180°-pB, 300°—p.
1 oy

And taking the two poles separately with each system of the remaining poles, we
have 2 systems each of 8 points B, which are, in fact, the summits of a cube
(hexahedron); each point B taken as North Pole thus belongs to two cubes; but
inasmuch as the cube has 8 summits, the number of the cubes thus obtained is
20x2+8, =5; viz. the 20 points B form the summits of 5 cubes, each point B
of course belonging to 2 cubes.

It is to be added that, considering the 5 points B which form a face of the
dodecahedron, any diagonal BB of this dodecahedron is a side of a cube. We have
thus 12 x 5, =60, the number of the sides of the 5 cubes.

It is at once seen that the centres of the faces of a cube are points ©, and
that the mid-points of the sides of the cube are points .

To each cube there corresponds of course an octahedron, the summits being
points O, the centres of the faces points B, and the wmid-points of the sides points
®; thus, for the five octahedra the summits are the 5x6, =30, points ®; the
centres of the faces are 5x8, =40, points B (each point B being thus a centre
of face for two octabedra), and the mid-points of the sides being the 5 x 12, =60,
points P,

Finally, considering the 8 points B which belong to a cube, we can, in four
different ways, select thereout 4 points B which are the summits of a tetrahedron ;
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the remaining 4 points B are then the centres of the faces, and the mid-points of
the sides are points ©: there are thus 5 x4, =20, tetrahedra having 20 x 4 summits
which are the 20 points B each 4 times; 20 x 4 centres of faces which are the 20
points B each 4 times; and 20 x 6 mid-points of sides which are the 30 points ®
each 4 times.

It thus appears that, as mentioned above, the five regular figures depend only
on the peints 4, B, ©, and .

We might take as poles two opposite points A4, B, ®, or ®; and in each case
determine in reference to these the positions of the other points; but for brevity I
consider only the case in which we take as poles two opposite points A. We have
the following table :

Poles two opposite points A.

N P. D Longitudes.

4, 0° i

54, 63° 26' 0%, U%9%, 1840187, ‘a8®

54, | 116° 34’ | 36° 108°, 180°, 252°, 324°

4, | 180° s

5B, 3098 M a0 NaEE , 324°

5B, 790 190 o SORORE L L , 324°

5B, | 100° 48 e , 288°

5B, | 142° 38 s SRR gk

50, 31° 43 il . AR G , 288°

50, Tl R R T SNSRI , 324°

100, 90° 10 1 Tk NPT MR , 288°) + 18°
50, | 121° 43’ Qs8N A S8e

5@, | 14840l Siget) vesY L. L ) 394°

5®, 18 A0 ko B0 JORY v s , 324°

100, Bacen b P g , 288°)+ 9° 44/
109, 88 A0 LA, Y i R , 288°) + 13° 35’
5®, 76° 42’ Rl s S W 4y ' aage

S U ABETIR U BR TERYA T e , 324°

108, LARL 80 1 48RS HBS L Gl , 324°) + 13° 35’
100y | A% & AR 08O i , 324°) 4+ 9° 44’
5®, | 166° 44’ DUt  alia . , 108°.
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I add for greater completeness the following results, some of which were used in
the calculation of the foregoing table. Considering successively (1) the tetrahedral
triangle, summits 3 points B, centre a point B; (2) the hexahedral square, summits
4 points B, centre a point ©; (3) the octahedral triangle, summits 3 points ®,
centre a point B; (4) the icosahedral triangle, summits 3 points A4, centre a point
B; (5) the dodecahedral pentagon, summits 5 points, centre a point B; and (6),
what may be called the small pentagon, summits 5 points ® lying within a dode-
cahedral pentagon, and having therewith the common centre B; we may in each case
write s the side, » the radius or distance of the centre from a summit, p the
perpendicular or distance of the centre from a side. And the values then are

s 7 P

Tet. A 109° 30 70° 30’ 54° 45'
Hex. square 70 30 54 45 45

Oct. A 90 54 45 35 15
Icos. A 63 26 37 22 20 55
Dod. pentagon 41 50 37 22 31 43
Small pentagon 15 30 13 16 10 48

c X 35
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