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681.

ON THE DERIVATIVES OF THREE BINARY QUANTICS.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. xv. (1878),
pp. 157—168.]

For a reason which will appear, instead of the ordinary factorial notation, I
write {2012} to denote the factorial a.a+1.2+2, and so in other cases; and I
consider the series of equations

(1) =4,

(2) = ({a0}, {BOJLY, — "),

(3) = ({a01}, 2 {al} {B1}, {BO1}YZ, —Z', Z"),

(4) = ({a012}, 3 {al2} {B2}, 3{a2} {B12}, {BOI2}Y W, — W', — W", — W),
&e.

where

X=Y+Y,

Y=72 +72',Y=2" +7",

Z — W'+ WI’ Z/= W/+ W//, ZI/ o2, 'W/I+ W'/II,
&e.

We have thus a series of linear equations serving to determine X; Y, Y'; Z, Z’, Z”,
w, W, W”, W”; &c We require in particular the values of X; Y, Y’; Z, Z”;
W, W”; &c., and I write down the results as follow:
Xy
1) (2
{a+B80}Y ={B0}, +1,
U 1 T =lal), =14
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681] ON THE DERIVATIVES OF THREE BINARY QUANTICS. 279

{a+p2}(1), {a+pB1}(2), {a+B0}(3),
«+8012}2 = {801} , +2{81}, . +1
U e I T ¢ SRR |3 § +1 :
{a + B34} (1), {a+B14}(2), {a+RB03}(3), {a+B01}(4);
{a+B01...4) W = {B012} , +3{B12} , +3{B2} , +1 :
{ B J W= {a012} , =—38{al2} ; +3{a2} , -1 ;
{a+B456}(1), {a+pB156}(2), {a+B036}(3), {a+B015}(4), {a+B012}(5);
{@+801...6]U = {80123} , +4{B123} , +6{B823} , +4{B3} , e
{ ,, JU”= {a0123} , —4{al23} , +6{a23} , —4{a3} |, +1 :
&e.
read a+B.Y =L(1)+(2),

w4 Xi=a (1) =(2),
a+B.a+pB+1l.a+B+2.7Z =B.8+1.a+B+2.(1)+2.8+1.a+B+1.(2)+a+B.(3),
0 4 o Z'=a.a+la+B+2.(1)+2.a +1.a+B+1.(2)+a+B.(3),
&e.,

the law being obvious, except as regards the numbers which in the top lines occur
in connexion with a+ @8 in the { | symbols. As regards these, we form them by
successive subtractions as shown by the diagrams

34 | 34 456 | 456 5678 | 5678 &c.;
2 | 14 3 | 156 4 1678
11 | 03 12 | 036 13 | 0378
2 | 01 21 | 015 22 | 0158
3| 012 31 | 0127
4 | 0123

and the statement of the result is now complete.

In part verification, starting from the Y-formule (which are obtained at once),
assume

{a+B2} (1), {a+B1}(2), {a+B0}(3),

la+B012} Z = A A o 3 v
{ : }Z’ T A ; ,U', , 5!
o } ZII Pile X// . iL” ! V”
we must have
@ ®@
{a+B012}.Z +Z' ={a+B012} Y, = {a+B12} ({80}, +1)
{ » }‘Z/‘*‘Z,,:{ » }YI’ ={ » }({GO}, 1)

that is,
e+ B2} A +N = [a+B12) (80},

{ » }')“,+)‘”={ » }{aO},
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280 ON THE DERIVATIVES OF THREE BINARY QUANTICS.

and further
{a + B2} ({a01}, — 2 {al} {B1}, {BOL}YA, N, A”) =0,

or, what is the same thing,
A+ = {a+ Bl} {80},
N4 =] -, 1{a0},
({a01}, — 2 {al} {B1}, {BO1}TA, N, A")=0.

And in like manner we have
p+u =a+p2]. 1,

o v e (b P
({201}, — 2 {al} {B1}, {BOL}Jp, p'y w")=0;
v +v =0,
vV +1” =0,
({«01}, — 2 {al} {81}, {BO1}}w, ¥/, ") =0.
We hence find without difficulty

and

A, pvw =8.841 2.8+1, +1,= . {801} ; 2{81} +1,
xln /J‘,) V,= a'B ) a_B 7_1)={a0}{60}; a—B;—l;
M, u, Vi=a.a+1l, —2.a+1, +1,= {a01} , 2{al}, +1;

viz. for verification of the A-equations we have
B.B+1.+ a.B , that is, a+B+1.8, ={a+ 81} {80},

a.B. +a.a+1, s a4l +B.a =1 |, }{a0}
and

(a.a+1, —2.a+1.8+1, B.B+17B.B+1, a.B, a.a+1)=0,
a.a+1.8.8+1.—2.a+1.8+1.a.8. +B.B+1l.a.a+1=0;

that is,

and similarly the u- and v-equations may be verified.
We have thus for the Z’s the equations
la+82} (1), {a+B1}(2), {2+ B0} (3),

@a+0012}Z = {801} , 2{81} ,  +1
{ » } Z/ = {ao} {BO} ’ A= B ) 7=k )
{ o 1 Z8%=l el = @lal} i, +1 :

which include the foregoing expressions for Z and Z”.

We may then take the expressions for the W’s to be

{0+ B34} (1), {a+ B14} (2), {a+ 803} (3), {a +/B01} (4),

{a+B0123} W = A : " i v :
{ 3 } W/ Lde X/ ; /"/ y l// ;
{ . } W’/ = x// 4 ”II s V// ; p
{ » } W/// e X/// : ,l,/,/ 5 VIII s p
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681] ON THE DERIVATIVES OF THREE BINARY QUANTICS.

and we obﬁain in like manner the equations
A+ )N ={a+ 3234} {801},
N4+N={ . }{a0} {80},
M+N'={ ,  }{«01},

({2012}, — 3 {a12} {82}, +3 {a2} {812}, — {BO12}YA, N, N, N”)=0;

p +u ={a+pB134}. 2{B1},
Y N SR AL L
”//_'_Ium:{ i }.—2{&1},

({2012}, — 3 (a12} (82), +3 (a2} 812}, — (BOI2}Yp, W, ", ") =0;

v +v ={a+B034}. 1,
V+v'={ , }.-1,

e, ],

({2012}, — 3 {a12} {82}, + 3 {a2} {812}, — {8012}y, ¥, ¥, V") =0;

p+p =0,
P/ +p// =0’
p/l+plll=0’

({2012}, — 3 (a2} {82}, + 3 (a2} (812}, — (8012}, ) ¢, o) = (a+ BO1234),

/17

These give for the Ap” square the values

(8012} , 3(812} , 8{82 ,+1,
(a0} {801}, 2a—B.{8l}, a—28-2, —1,
{a01} {80}, a—2B8.{al}, —22+B8-2, +1,
(@012} , —3{a12} , +8{a2} , -1,

and so on; the law however of the terms in the intermediate lines is not by

means obvious.

Consider now the binary quantics P, @, R, of the forms (x{=, y)?, (xYz,
(*Y@, y); we have for any, for instance for the fourth, order, the derivates

P@ Ry, (P, (@ R)), (P, (@ Ryy, (P, (Q R)Y,

and it is required to express
Q(P, R)* and R (P, Q),

each of them as a linear function of these.
C. X,
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282 ON THE DERIVATIVES OF THREE BINARY QUANTICS. [681

I recall that we have (P, Q)= PQ, so that the first and the last terms of the
series might have been written (P, (@, R)*)° and (P, (Q, R)°)* respectively; and,
further, that (P, Q) denotes d,P.d,Q—d,P.d,Q; (P, Q)7 denotes

d P .dpQ— 2d,dy P.dydyQ + d P . djQ;
and so on.

I write (a, b, ¢, d, e) for the fourth derived functions of any quantic U, = (x{z, y)™;
we have, in a notation which will be at once understood,

U= (@, b, ¢, d, e}z, y) + [m]}* ,
(dy, dy) U= (a, b, ¢, d), (b, ¢, d, e) (2, y +[m—1F,
(doy dy) U=(a, b, ¢), (b, ¢, d), (o, d, €) (@, y)*+[m—2],
(day d) U= (a, B), b, o), (@ d), (d ¢) (a y) +[m—3
(dg, dy) U= (a, b, ¢ d, e);
and then, taking
(ai) by elidy s eyl (a i bac o, s ket (adi by esdid e )
to belong to P, @, R, respectively, we must, instead of m, write p, ¢, » for the
three functions respectively.
If we attend only to the highest terms in #, we have
U= aos + [m]* ,
(ds, dy) U=(a, b)o* +[m—17P,
s, AP U=(a, b, c)a® +[m—2F,
(ds, 4y U=(a, b, ¢, d) z+[m— 3],
(de, dy) U={(a, b; ¢, d, e)

Consider now P(Q, R), (P, (@ R)*, &c.; in each case attending only to the
term in @,, and in this term to the highest term in z, we have

(1) [p]4 L (Q: R)‘ =i g6 4‘b2d3 + 6¢,0; — 4d,b; + €,03 (X),

2) [p-1F[g—38F[r—3F (P, (@ Ry}= [q—38].bds—3cics+ 3dyb;— a3 (— Y7),
+ [’r i o 3]1-a263 N 3b2d3 + 30203 % 4 dabg (Y),

3 [p-2P[g—-2F[r—2P(P, (@ RyP= [¢-2P €203 — 2d,b, + €30, (Z7),
+2[q— 2] [r — 2]'. byds — 2¢,¢;+ duby (— Z7),
+ [r—2T. ase; — 2b,d; + cac5 (Z),

4) [p-3F[g-1P[r-1P(P, (@ Ryy= [g-1F - dyby — ey, il
+3[q—1F[r—1]. cscs — dob, (W),
+38[q—= 17 [r — 1. byd; — cuc; =W,
an [r=17. ae; — byd, (W),
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681] ON THE DERIVATIVES OF THREE BINARY QUANTICS. 283

(5) [p—4P [qF [} (P, QRy=  [¢}* .em g™,
+4 [qP [r]*. d.bs (=T,
+6 [qP[r]. cocs ),
+4[q] [T . budy (=T
+ [7]. ases 0).

Thus, for the second of these equations,

(P, (@ Ryy=d,P.d,(Q Ry —&c.;
the term in @, is d, (@, R)}, =(d,Q, R)*+ (Q, dyR)’, the whole being divided by [p—1};
where attending only to the highest terms in #, the two terms are respectively

(byds — Beycs + 3dyby — eya5) + [ — 8],
and
(a263 S ad 3b2d3 + 30203 AR d2b3) —_— [q oy 3]1,

which are each divided by [p— 1] as above; whence, multiplying by
[p-1F[g-1F[ -1,
we have the formula in question; and so for the other cases.

Writing now (1), (2), (8), (4), (5) for the left-hand sides of the five equations

respectively ; and
Sx

xR
il S
-W", W, -W, W:
Ul/l/, P& U/ll’ U/I’ i U'/, U:
for the literal parts on the right-hand sides of the same equations respectively;
then we have

A=Y+ Y,
Vi Zit Zi, v Bl=Z' # 2
&e.,
and the equations become
(1)= X )
2)=[r-11Y -1 [g—38F Y’ 3
B)=[r—-2PZ —2[r-2]'[¢—-2] Z'+1 lg—2) z” ¢

(4)=[r— 1P W —8[r—11[q— 1} W +38[r— 1} [g— 1} W’ —1[g—1] W :
y=" rU=4 bF  [gf GG Hel = (gt U =S rP [ U"+ [} T
which are, in fact, the equations considered at the beginning of the present paper,

putting therein a=7—3 and B=¢—3, they consequently give

{q+7r—6, 456}(1), {g+r—6, 156}(2), {g+r—6, 036}(3), {g+r—6, 015}(4), (¢ +r—6,

(g+r—6,01..60 = {g—8,0128} , +4{g—3,123), +6{g—3,28} , +4{g—3,3} , n
{ . YU™= {r—8,0128) , —4(r=8128}, +6{r—8,23] , —~4(r—-3,3} , +
36—2
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284 ON THE DERIVATIVES OF THREE BINARY QUANTICS. [681

Also, attending as before only to the terms in «, and therein to the highest
power of z, we have

Q (R, P) = a.e;+[q]"
R (P, Q)= ase, <+ [r]4;
[¢FQRB, Py=U, [rIFR(P, Q'=U"";

and, observing that {g+7—6, 01...6} is =[¢+ ], and that {¢+»—6, 456}, &c., may
be written {g—r, 210}, &c., where the superscript bars are the signs —, the formule
become

that is,

{g+n, 210}(1), {g+r, 510(2), {g+r, 630}(3), {g+7, 651}(4), {g+r, 654](5),
[g+rT[glQP, BY= - [gF 5.\ il Ghs & Glel Sl sbRigh o ;
(g T 1B, Q= . el oo o =l Foi bl TR e +1

Written at full length, the first of these equations (which, as being the fourth in
a series, I mark 4th equation) is

[g+7T[¢}Q(P, R)*= 1l.g+r .q+r—1.g+r—2. [p]* [q]* .P, (@, R)* (4thequat.)
+4.9+r g+r—=1.g+r=5.[p—1F[¢P[qg—3] [r— 1]*. (P, (@, R)*)*
+6.9+r  .q+r—3.9+r—6.[p—2P[¢*[g—2] [r — 2]*. (P, (@, R)*)?
+4.q+r—1.q+r—5.9+r—6.[p—3F[ql [q—1P[r = 1. (L, (@, R))?

+1.gdrel.g+r—6.q¥e =0, fglt- " rp BN e
and the other is, in fact, the same equation with ¢, @, », R interchanged with
r, R, ¢, Q; the alternate + and — signs arise evidently from the terms

(-R; Q)‘) = (Q7 R)4, (Rr Q)3’ =—'(Q’ R)35 &e.,
which present themselves on the right-hand side.

It will be observed that the identity has beer derived from the comparison of
the terms in @, which are the highest terms in «, the other terms not having been
written down or considered; but it is easy to see that an identity of the form in
question exists, and, this being admitted, the process is a legitimate one.

The preceding equations of the series are

[q+7]'[q] Q(P, Ry = 1, 19F 'tof P(Q, Ry (st equation)
+1. [ [ (P QR);
lg+rP[gFQ(P, Ry= 1.¢+r . [pI* [gP P, (@, Ry (2nd equation)
+2.9+r-1.[p—-1}[q}[g-1F[r-1] (P, (Q R))
+1.94r-2. [ql* Al R QR
[g+7P[gFQ(P, Ry= 1.g+r .q+r-=1. [p} [q]* P, (Q, Ry (3rd equation)

+3.q+r  .q+r=3.[p-1P[¢F[g—21[r—2] (P, (& R))
+3.q+r=1.q+r—4.[p—2][¢]* [¢—1[»—1]*(P, QR)
+1.9+r-3.9+r—4. folt alrl (PO RE
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From these four equations the law is evident, except as to the numbers subtracted
from g+7 These are obtained, as explained above, in regard to the numbers added
to a+ B in the { } symbols; transforming the diagrams so as to be directly applicable
to the case now in question, they become

0/0 o010l 012|012 0123 | 0123
Llx . 2;] 08 3| 015 4 | 0127
i 114 " 21088 31 | 0158
2 |34 12 [156 22 | 0378

38 |456 13 | 1678

4 | 5618,

showing how the numbers are obtained for the equations 2, 3, 4, 5 respectively.
The first equation is

(¢ +qr)Q(P, R)=pq P(Q R)+qr[Q(P, R) + R (P, Q)],

0=pq P (Q R)-gr Q(RP)+qrR(P, Q)
+(¢* +qr) Q(R, P);

0=pP (@, R) +¢Q (R, P)+rR (P, Q),

viz. this is

or, dividing by ¢, this is

which is a well-known identity.

We may verify any of the equations, though the process is rather laborious, for
the particular values
P=gh+a) yh@=a) Q= gh@+h) yh@=P) R = ghr+y) yitr-v);
thus, taking the second equation, we have, omitting common factors,
@ Ry= q+B.9+B—-2.r—gy.r—y—2
-2 q+B .q—-B.r+y.r—g
+.9=-B.q—-B-2.r+y.r+y—2
= PEr-nN+9¥ (-9 -28y@-1(r-D-gr(g+r-2),

(P, (@ ByyY=(@q+B.r—y.—.q=B.r+y)(p+a.qg+r—B—y—2.—.p—a.q+r+B+y-2)
=Br-qv)(a.g+7-2.—-p.B+y)
=afBr(r+q-2)—ayq(q+r—2)—pr+p(q—r)By+pgy’,

and from the first of these the expressions of Q (P, R)* and (P, QR)* are at once

obtained. The identity to be verified then becomes

g+ PP e =)+ (PP —p) =20y (p—1) (r = 1) = pr (p+r = 2)}

= @+ [ rEe-nN+y(@-9-28y(@-DC -1 —gr(g+r-2)
+2(g+r=D[gF(p-1) (-1 {afr(g+r—2)—ayg(g+r-2)
—prB+p(g—7) By +pgvy’}
+(g+r=2)[gP[T (e (g+n) (g +r -1+ (B +v) (P —p)
—20(B+7)(@-D(+r-1)-plg+n)(p+g+r-2)}
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which is easily verified, term by term; for instance, the terms with «, S, or v, give
[g+rPlgPprp+r—2)= (¢+n) [gF[pFerg+r-2)
+(@+r-) P[P+ (P+e+r-2),
which, omitting the factor (¢ +7)(q+7—2)[q]*pr, is
@+r=-D(@+r=2)=@-De+r-D(p+e+7r+2);
viz. the right-hand side is

(p=Dg+(r-1g+(r-1)(p+r-2), =@+r-1)(p+r—2),
as it should be.

The equations are useful for the demonstration of a subsidiary theorem employed
in Gordan’s demonstration of the finite number of the covariants of any binary form
U. Suppose that a system of covariants (including the quantic itself) is

e e LB SR

this may be the complete system of covariants; and if it is so, then, 7 and V
being any functions of the form P*QPRY..., every derivative (7, V)® must be a term
or sum of terms of the like form P*QfR...; the subsidiary theorem is that in order
to prove that the case is so, it is sufficient to prove that every derivative (P, Q)Y
where P and  are any two terms of the proposed system, is a term or sum of
terms of the form in question P*QFR....

In fact, supposing it shown that every derivative (7, V) up to a given value
0, of 0 is of the form P*QfRv..., we can by successive application of the equation
for Q (P, R)**, regarded as an equation for the reduction of the last term on the
right-hand side (P, QR)**, bring first (P, QR)**, and then (P, QRS)*,.., and so
ultimately any function (P, V)™, and then again any functions (PQ, V)i,
(PQR, V),.., and so ultimately any function (7, V)*7, into the required form
Pa@fRy...: or the theorem, being true for 6, will be true for 8+ 1; whence it is
true generally.
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