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697.
ON THE DOUBLE $-FUNCTIONS.

[From the Jowrnal fiir die reine und angewandte Mathematik (Crelle), t. LXXXVIL (1878),
pp. T4—81.]

I HAVE sought to obtain, in forms which may be useful in regard to the theory
of the double S-functions, the integral of the elliptic differential equation

dx dy

+ =
Vo—z.b—w.c—a.d—x Na—y.b—y.c—y.d—y

the present paper has immediate reference only to this differential equation; but, on
account of the design of the investigation, I have entitled it as above.

We may for the general integral of the above equation take a particular integral
of the equation

da * dy . dz it
Vo—z.b—z.c—z.d—x Na—y.b—y.c—y.d—y Na—z.b—z.c—2.d—2

0;

viz. this particular integral, regarding therein z as an arbitrary constant, will be the
general integral of the first mentioned equation. And we may further assume that z
is the value of % corresponding to the value a of a.

I write for shortness
a—x, b—2, c—2, d—2z=a,b,c, d,
a—1, b_y: c=1, d—?/=a'1; b1> Cy, d17

and I write also (zy, be, ad), or more shortly (be, ad) to denote the determinant

1, 2a+y, oy |;
1, b+ec, be
1, a+d, ad

we have of course (ad, bc)=—(be, ad), and there are thus the three distinct determinants
(ad, be), (bd, ac) and (cd, ab). -
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697] ON THE DOUBLE Y-FUNCTIONS, 423

We have then for each of the functions

a—2z b-z c—z
d—g’ d—2’ d—z

a set of four equivalent expressions, the whole system being

a—z_VNa—b.a—c{Vadbc, + Vad,be} '\/a—b.a:é(:c—y)
d—z (be, ad) Vadb,e, — Va,d;be

_Va—b.a-c{Vabed, + Vabed]  vVa—b.a—c {Vachd, +Vacbd}
(a—c¢) ¥bdbd, — (b — d) Vaca,e, (a- b)Veded, —(c— d)Vaba,b, ’

Jie A/ =2 (@ - o) ¥babd, + (b — d) Vacae) «/ =b \abod, - Vabod)
d—

(be, ad) Vadb,c, — Va,d,be

V=, aby 4= (@ —d) Vi, + (b—o) Vadnd)
= (a—o)Vbdbd,—(b—d) Vaee, (@ —b)vodod, —(o—d) Vabab,

e=s_A a=ql(e=0)Veded + o~ ) Vabab) \/ 4= Vachd, ~ Vi)
d-s (be, ad) Vadby, — Vadbe

8= 2 l(a—d)Vbeb,e, - (b— o) Vadad,) g;; (bd, ac)
(a—c)Vbdbd, — (b —d) Vacme,  (a—Db)Vedod, — (c— d) Vabab,

The expresmons in the like fourfold form for the functions sn (v + v), cn(u+v), dn (u + v)
are given p. 63 of my Treatise on Elliptic Functions. ,

It is easy to verify first that the four expressions for the same function of z are
identical, and next that the expressions for the three several functions

\/b c—z

are consistent with each other. For instance, comparing the first and second expressions
, the equation to be verified is
adbyc, — a,d;be = (2 — y) (be, ad),
which is at once shown to be true. Again comparing the first and second expressions
b—z
for ,\/ T " ought to have

{@-o) Vbdbyd, + (b — d) Vaca,c,} (Vadbye, — Va,d;be} = (be, ad) (Vabed, — ¥ab,ed).

of d
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424 ON THE DOUBLE %-FUNCTIONS. [697

Here the product on the left-hand side is
= (a — c¢) {b,d ¥abe,d, — bd, Va,bed} + (b — d) {— a,c ¥Vabe,d, + ac, Va,bed},

viz. this is

=Wabe,d, {(¢—c¢)bd— (b —d)a,c} — Va,b,ed {(a@ —¢) bd, — (b—d) ac,},

and . in this last expression the two terms in { } are at once shown to be each
= (be, ad); whence the identity in question.

Comparing in like manner the first expressions for ;:z and \/ fl:j re-

spectively, we have

(b—d) (be, ad)? g}g = (a - b) (a —c) (b—d) {adb,c, + a,d;bc +2 /. abeda,b,c,d, },
b—z
(d—a)(be, ad)* - e

— (@ =) {(@ —c)* bdbyd, + (b — d)* acae, + 2 (¢ — ¢) (b — d) ¥abeda,be,d,
whence, adding, the radical on the right-hand side disappears; the whole equation
divides by —(a—b), and omitting this factor, the relation to be verified is

(be, ad)® =(a — c¢)* bdb,d, + (b — d)* aca,c, — (@ — ¢) (b — d) (adb,c, +a,d;bc) ;
the right-hand side is here
={(a—c)bd—(b—d)ac} {(¢ —c) bd, — (b— d)ac,},

and each of the two factors being = (bc, ad), the identity is verified. It thus appears
that the twelve equations are in fact equivalent to a single equation in z, y, 2

Writing in the several formule z=a, b, ¢, d successively, they become

o =1, z=0>, z=c0, o =d,
a—z_& _c—a b _b—a ¢ a—b.a-c¢ d,
d— & dy’ d=b"¢’ d—c'b,’ d=b.d—c" a,’
b—z_b _¢=ba b-a.b-c d _a=b ¢
die d d—a' ¢’ d—a.d—c'b;’ d—c’a’
c—2_¢ ¢—=a.0=b d, _b—c a - 8~cb
d—z d,” d—a.d=b"¢’ d—a’'b,’ d—b"a,’
viz, for #=a, the relation is z=y, but in the other three cases respectively the
relation is a linear one, z=ay+B.
vy + o

Rationalising the first equation for «/ g—:j, we have

(be, ad) (a — 2) = (a —b) (a —c) (d — 2) {adb,e, + a,d;be 4 2 Vabeda,b,e,d,},
and thence
{(be, ad)*(a—2) —(a —b) (a—c) (d — 2) (adbye, + a,d;be)}?
= (a =b) (a — c)*(d — 2)*. 4abeda,b,c,d;.
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697] ON THE DOUBLE S-FUNCTIONS. 425

Expanding, and observing that
(adb,c, + a,d;be)? = (adb,c, — a,d,be)* + 4abeda,b,e,d, = (be, ad) (@ — y)* + 4abedab,e,d,,
the whole equation becomes divisible by (be, ad)’, and omitting this factor, the
equation is
(be, ady (a— 2 —2 (a —b) (a —c)(a - 2) (d — z) (adb,e, 4+ a,d,be)
or, as this may also be written, Rl s oo B
2*{(be, ad)® —2(a—b)(a—c)(adbe, +a,d,bc) +(@=by(a—c)(@-y) |}
=2z {(be, ad)a— (a-b)(a—c)(adbe, +ad,be) (a+d) +(a~ by (a—c) (2 - y)d }
+  {(be, ad)a*—2(a—0b)(a —c) (adb,c, +a,d,be) ad +(a=b)(a—c)(z—y)yd}=0.

This is really a symmetrical equation in @, y, z of the form
A
+2B(z+y+2)
+ C(@*+9y*+2%
+ 2D (yz + za + xy)
+ 2B (y2 + y2* + 2% + 20* + a*y + ay?)
+ 4Fxyz
+ 2G (a*yz + ay’z + ayz*)
+ H (P2 + 2% + o)
+ 21 (@y*s® + ay2® + a*y’z)
+ Jayzr=0;
the several coefficients being symmetrical as regards b, ¢, d, but the a entering un-
symmetrically: the actual values are 4 :
A= a b+ bd + ¢d® — 2bed (b + ¢ + d)} + 2a%bed (be + bd + cd) — Ba*be*d,
B = 2a%ed— a* (bc* + Vd* + c*d®) + abc’d’,
C = — 4a*bed + a? (be + bd + ed)? — 2abed (be + bd + cd) + be*d?,

D=— a*(be +bd + cd) + a* (b + be* + b*d + bd* + c*d + cd* — 2bed)
+ a? (b%e* + bd? + *d*— bed (b + ¢ + d)} = bed?,

E= @ (be+bd+cd) —a* (e + b + b'd + bd* + c*d + cd*) + abed (b + ¢ + d),

F= aOB+c+d)—a* B+ +d+ be+bd +cd) + 6a*bed
— a [b%e* + b*d* + ¢*d* + bed (b + ¢ + d)} + bed (be + bd + cd),

=— a*+a (B + ¢ + d* = be — bd — cd) + a (Ve + be* + b*d + bd* + c*d + cd* — 2bed)
—bed (b+c+d),

H= & -2 b+c+d)+a*(b+c+dy — 4abed,

I= a*—a®+c+d*) + 2bed,

J=—38a+2a(b+c+d)+b+c+d ~ 2 (be + bd + cd).

0 ‘X, 54
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426 ON THE DOUBLE $-FUNCTIONS. [697

It may be remarked by way of verification that the equation remains unaltered
on substituting for @, y, 2z @, b, ¢, d their reciprocals and multiplying the whole by
ab*c*d* a2

I further remark that, writing @ =0, we have

A=0, B=0, C=0cd’, D=-"b¢d, E=0, F=bcd (bc+ bd+ cd),
G=-bed(b+c+d), H=0, I=2bed, J=b+c+d*—2(bc+bd+cd);

and writing also
e=1, —-8=(0+c+d), y=bc+bd+cd, —pB=bcd,
(whence
a—z.b—z.c—x.d—x= Lz + gz’ + 8z° + ext),

we have the formula
B2 (@ + 3 + 2* — 2yz — 220 — 2zy)

— 4By zyz
- 2B8 wyz (x+ y + 2)
— 4Be ayz (yz + za + xy)
+ (8 — deye) a2 =0,
given p. 348 of my KElliptic Functions as a particular integral of the differential
equation when the radical is ¥Bz + qa® + 82° + e,
Let the equation in (#, y, 2) be called w=0; u has been given in the form

u=022—2Bz+A, and we thence have 1}2—3=C€z—§8 which, in virtue of the equation

u=0 itself, becomes } Z—Z =vVB* - AC; we find easily
B2 — AC = (a— by (a — ¢)* (@ — d)* {(adb,c, + a,d,be) — (be, ad)* (z— y)},

or, attending to the relation
(adb,c, + a,d,be)* = (adb,c, — a,d,be)® + 4abeda,b,e,d;
= (be, ad)* (z — y)* + 4abeda,b,c,d;,

B2 — AC =4 (¢ — b)* (@ — ¢)* (a — d)* abedabe,d;, -

this is
or we have
1 Z_: =(@a—-b)(a-c)(a—4d) Vabed ¥a,bc,d,.

Writing
a— 2z, b—z, c—2, d—2=a‘2, b,, Cy, da;

we have of course the like formule

i% = (a—b) (¢ —c)(a —d) Vabe,d; Vabed,,

i%=(“—b)(a—c)(a—d)~/ab—mi~/am;
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and the equation du=0 then gives
da dy dz =0
Vabed 't/a,b,c,d \/a.,b,c,,d2 ;

as it should do. The differential equation might also have been verified directly from
any one of the expressions for

a—z b—2z c—z

d-z’ da-z "N di=z

Writing for shortness
X=a-2.b-z.c—a.d-ua, ete,

then the general integral of the differential equation

de dy  dz
vxtyrtz=®
by Abel’s theorem is
@, , 1, JX |=0,
¥, ¥y, 1, vY
y IR S (SRR S
. w” w’ 1) VW

where w is the constant of integration: and it is to be shown that the value of w
which corresponds to the integral given in the present paper is w=a. Observe that
writing in the determinant w=a, the determinant on putting therein z=a, would
vanish whether z were or were not =y; but this is on account of an extraneous
factor @ —w, so that we do not thus prove the required theorem that (w being =a)

we have y =z when z =a.

An equivalent form of Abel’s integral is that there exist values 4, B, C such

that
y Az + Be +C =YX,

Ay + By +C=vY,
Az* + Bz +C =42,
Aw+ Bw+C =W,
or, what is the same thing, that we have identically
(A0’+B0+C)’—8=(A’—l).8—w.0-—y.0—z.0—w.

We have therefore
C? —abed = (A% — 1) zyzw,

Sy 02 — abed
| DY
54—2
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428 ON THE DOUBLE S-FUNCTIONS,

which equation, regarding therein 4, B, C' as determined by the three equations

Aa? + Bz +C0=yX,
Ay + By +C=V7Y,
Aw*+ Bw +C=yW,

is a form of Abel’s integral, giving z rationally in terms of z, y, w.

Supposing that, when #=a, 2=y: then the last-mentioned integral gives

C? — abed
As=1""

where 4, (' are now determined by the equations

ay*w =

Aa® + Ba +C=0,
Ay + By + C=V7Y,
Aw*+ Bw+ C=yW,

[697

and, imagining these values actually substituted, it is to be shown that the equation

C* — abed
bk 1 18
is satisfied by the value w=a.
We have
d.a-y.a-w.w—y= (a—w)VY — (a—y) VW,

B.a—y.a—w.w—y=(a—w)(a+w)'Y—(a-y)(a+y)VW,
C.o—y.a-w.w—y=(a—w)aw VY —(a —y)ay VW,

or writing as before

a—y, b—y, c—y, d=y =8, by, ¢, dy,
and also
a—w, b—w, c—w, d—w=a, by, ¢;, ds,
then ¥ =abe,d;, W =asbseid;, and the formule become

AR it
(w — y) Vasa,

{\/ ab,cd, — "/albscsds}:

B =——1—:— {—(a+w) Vagbed, + (a + ) v a,bycyds},
(w— y) "/alaa

1

— m {aw ‘\/agb,cldl —ay vaqbs();;ds}.
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If in these formule w is indefinitely nearly =@, then a; is indefinitely small, so that
Vabe,d, may be neglected in comparison with Vabed;: also w—y may be put =a,;
the formul® thus become
A i __'\/bacsga
a, Vay

Vbyeqd,
B= a + ——a—-srs, C:—a —
¢ y)an’aa Y Vg

where the values of 4, B, C' are each of them indefinitely large on account of the

factor ¥a, in the denominator; the value of C' is C'=ayd, and substituting this value
in the equation

and then considering A as indefinitely large, the equation becomes ay*w=a’, that is,

w=a; so that w=a is a value of w satisfying this equation.

Cambridge, 3 July, 1878.
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