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703.

ON THE ADDITION OF THE DOUBLE $S-FUNCTIONS.

[From the Journal fiir die reine und angewandte Mathematik (Crelle), t. LXXXVIIL (1879),
pp. 74—81.]
I ASSUME in general
O=a—-60.b—-0.c—0.d—0.¢—6.f-0,

and I consider the variables #, y, 2, w, p, ¢, connected by the equations

 IRSEAS, Pt ). SRR RN T 1 U T

@, Y, z, w, P q

o, ¥, 2, w?, o q

a®, e, 2, w?, e q
VX, NY, NZ, VW, vP, V@

equivalent to two independent equations, which in fact serve to determine p, ¢, or say
the symmetrical functions p + ¢ and pg, in terms of z, y, z, w.

These equations, it is well known, constitute a partienlar integral of the differential

equations g g ; & 4 b
de dy  de  dw  dp  dg _
Vs iy s A, Ay R R

wde  ydy zdz wdw pdp gqdq_ .
twrtatwitvetag o

or what is the same thing, regarding p, ¢ as arbitrary constants, they constitute the
general integral of the differential equations

de  dy . dz dw
s e — —— =)
vx vrtvztvw ="
zde ydy  zdz wdw

Xroptatvw
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456 ON THE ADDITION OF THE DOUBLE $-FUNCTIONS. (703

1 attach the numbers 1, 2, 3, 4, 5, 6 to the variables z, v, z, w, p, ¢, respectively :
and write

4, =VNa—z.a—y; Ay=VNa—-z.a—w; Ay=VNa—-p.a—gq;

(six equations),

ABu=:,v%:;/{\/a—w.b—x.f-—x.c—y.d—y.e—y—'\/a—y.b—y.f—y.c”-—‘a:(;l—a:.e—w}; ete.

(ten equations),

where it is to be borne in mind that AB is an abbreviation for ABF.CDE, and
so in other cases, the letter F belonging always to the expressed duad: there are
thus in all the sixteen functions A4, B, C, D, E, F, AB, AC, AD, AE, BC, BD,
BE, 0D, CE, DE, these being functions of # and 7, of z and w, and of p and ¢,
according as the suffix is 12, 34, or 56.

It is to be shown that the 16 functions Ay, AB, of p and ¢ can be by means
of the given equations expressed as proportional to rational and integral functions of
the 16 functions A,,, AB,,, Ay, AB; of # and y, and of z and w respectively: and
it is clear that in so expressing them we have in effect the solution of the problem
of the addition of the double H-functions.

I use when convenient the abbreviated notations
a—x=2a, a—y=a, etc,
b—ax=Db, etc,

bo=a—y, Ou=z—w Oxy=p—g;
we have of course

X =abedef,
A= Vaa,,

AB,, = ‘91—2 {'\/a'lbltlczdaez = '\/aab2f201dlel}, ete.
1

Proceeding to the investigation, the equations between the - variables are obviously
those obtained by the elimination of the arbitrary multipliers a, B, v, 8, ¢ from the
six equations obtained from

ab® + BE + y0 + 8 = ¢ VO,

by writing therein for 6 the values @, y, 2z, w, p, ¢ successively; we may consider
the four equations

ar® + Ba* +yax +8=eVX,
af + By +oy +8=eVY,
az® + B2 +yz +8=¢eVZ,
aw® + Bu + yw + 8=V W,
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703] ON THE ADDITION OF THE DOUBLE -FUNCTIONS. 457

as serving to determine the ratios @ : 8 : v : 8 : e in terms of @, ¥, 2z w; and we
have then for the determination of p, ¢ the remaining two equations

ap’+ Bp*+yp +8=eVP,
ag* + B¢ +yq + 8=¢eVQ,
which two equations may be replaced by the identity
(a0 + B+ 40+ 8f—eO@=a-¢.0—2.0-y.0—-2.0—w.0-p.0—q.

Writing herein #=any one of the values a, b, ¢, d, ¢ f, for instance #=a, and
taking the square root of each side, we have

ad* +Ba*+ya+8=Vat—eVNa—z.a—yNa—z.a—wVNa—p.a—gq,
or as this may be written
ad® +Bat+ya+d=VNat =& Ayy. Ay Ay,
which equation when reduced gives the proportional value of A

For the reduction we require the value of aa®+ Ba*+«qa+8: calling this for the
moment {2, we join to the four equations a fifth equation

aa® + Ba* + ya + 8 = Q.
Eliminating a, 8, v, 8, we find

# a0 @ 1, eVX |=0,
Y ¥y 1 eVY
2 2 oz 1, eVZ
Cwt, wh, ow, 1, eVW
!a’, al a1l O

or, what is the same thing,

Ql 2 # z 1 +el VX, o, o, o 1|=0;
ly' # 31| |[YF g oy ]
iz‘, £ 8, l; VZ, #, 2 2z 1
iuf, w', w, 1| VW, w?, w, w, 1

@ a, a 1

viz. this is

Q.a-yo-z.0-w.y—z.y-w.z—w=—e VX .y—2z .y-w.y—a.z2-w.z —a.w-a
+VY z-w.z-a.z2=s.w—a.w—2z.0 -
+VZ w—a.w—z.w=y.a —2.0a —Yy.z -y

+VW.a—z.a-y.a—z.2—y. ¢ —z.y -2z,
58
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458 ON THE ADDITION OF THE DOUBLE $-FUNCTIONS. [703

or as it may be written

Q.m—-z.m—w.y-—z.y-—w=€19—»;—_z_';_2{y—z.y—w.a—y.\/Y—w—z.x—w.a—w.\/ff}

+3%‘-ﬁ{w—m.w—y.a—w.\/Z—z—w.z—y.a—z.\/—W},

an equation for the determination of Q.

Consider first the expression which multiplies €.a—2.a —w; this is

=0l{y—-z.y—'w.a.‘.'\/x—x—z.w—w.alﬁ};
12

we have

il ek Rttt St
Rl = o {vblelflaﬂc2d2 e \/bzezfﬁlcldl},
12
and multiplying this by e
A,.0Cy.Dy, = '\/axcxdzazcadm
we derive
1

BElz . 012- Dm . Am: 7
12

{cdaa, VX —cda, '\/7},

and similarly two other equations; the system may be written

BE.C.D.A= 4 [eda VX — cda VT),
12

0E.D.B.A= » {d2b2n » _dlbln ”» };

-DE--B-C-A= » {b2c2n 2 _blcl 2,09 }:

the suffixes on the left-band side being always 12. The letters b, ¢, d which enter
cyclically into these equations are any three of the five letters other than a; the
remaining two letters e and f enter symmetrically, for B is a mere abbreviation for
the double triad BEF . ACD; and the like for CE, and DE.

Multiplying these equations by

b—z.b—w c¢—z.c—w d—z.d-w
PRl RS Lo o Sy S e TR

respectively, and then adding, the right-hand side becomes

=0lm{y—z,y—w.ag\/f—w—z.w—w.aq*/?}-

Writing
-1
c—d.d—=b.b—c¢

2:ZCI;J:Z= .c—d. B2 etc.,
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703] ON THE ADDITION OF THE DOUBLE S-FUNCTIONS, 459

the left-hand side becomes

-4
= C—Td_gm{c—d.Bu’. BEu . Cu. Du+d"‘ b. C"’. CEm. .Dl,.B"+ D0 DMQ.DEH.B“ | 0“}'
which for shortness may be written
-4
= c———_ d ;i d—-‘—lg:b—;~c 2 {C - d . BM’ " BE" . C’m . -Dl!}’

the summation referring to the three terms obtained by the cyclical interchange of
the letters b, ¢, d. The result thus is

911"{3/‘3-3/-'0-aa\/X—w—z.w—w.a,x/Y}

- ‘Ala
c—d.d-b.b—c
Interchanging @, y with 2, w respectively, we have of course to interchange the suffixes
1, 2 and 3, 4; we thus find

S {c—d.B.BE,.Cy. Dy}

91—{w—w.w—y.aﬂ/z—z—az.z—y.a.,«/W}
B

-4
= c—:-a.—zd—;z 3 b_:b 2 {0 by e d . Bu’ . BE“ . Cu . .D“},
and we hence find the value of Q.2—z, 20 —w.y—z.y —w. But Q, =aa’+ Ba*+ya+ 9,
is =Va*—¢*. 4,,.4,,. A, the resulting equation divides by 4,,.4,: throwing out this
factor, we have
Vat — ¢

€

(@—z.2—w.y—z.y—w)(c—d.d=b.b—c) 4,

=AuS{c—d.B.BEy.Cy.Dy) + 4,3 [c—d.By . BE,.Cy. Dy},

where, as before, the summations refer to the three terms obtained by the cyclical
interchange of the letters b, ¢, d; these being any three of the five letters other
than a; and the remaining two letters e, f enter into the formula symmetrically.
The formula gives thus for 4, ten values which are of course equal to each other.

Writing for @ each letter in succession, we obtain formule for each of the six
single-letter functions Ay of p and ¢; and the factor

Vot — &
- @—z.e—w.y-z.y-w)

is the same in all the formulse.

We require further the expressions for the double-letter functions of p, ¢. Con-
sidering for example the function DE,, which is

< 91; (Vdsedfagbic, — Vdediabics),
58—2
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460 ON THE ADDITION OF THE DOUBLE $-FUNCTIONS. [703

then multiplying by
Ay By Cy, =Vasbyeagbec,
we have

DE.. A B O 6,l {agbsce VP — agbycs V),
56

=1b—%——q— {a—q.b—q.c—q.VP—a—p.b—p.c—p.V@},
ot recollecting that eVP, eV@Q are =ap®+Bp*+qp +8 and ag®+ Bg*+yq + 8 respectively,
this is
G.DEm.Aw.B“.Cw

=p-_»_q[a—q~b—q-c—q-(ap“+/3p’+vp+8)—a—p-b—p-c—p-(aq”+/3q°+yq+8)}.

Using the well-known identity
ap“+Bp’+«yp+8=aa3+Ba2+rya+8.2:€'2:§'Z:€
J c—p.d—p.a—p
+ ab +'8b2+7b+8'6—b.d-—b.a—b
+ag+ e+ yo 48, GoP0mP0op
S ddh B gl 4. 9: Ao DR P

and the like expression for ag’+ B¢*+ g+, there will be on the right-hand side
terms involving
ad® + Ba* +ya + 8, ab®+ BV +yb+ 8, ac®+ B+ ye +8:

but the term in ad®+ Bd*+ yd + & will disappear of itself.
The term in aa®+ Ba®+ ya +38 is

1 ad®+ Ba*+ya+d
p—gqgb-—a.c—a.d-a

b—q.c—q.b=p.c—p.(a=q.d—p—a—-p.d-q),
where the expression in () is =d—a.p—¢q: hence the term is

_ad®+ Ba* + ya +
" b-a.c—a

b-qg.c—q.b—p.c—p,
which is
* + Ba? +3d
Sl bl SR

Forming the two other like terms, the equation is

3 2
¢ DEy.du.By.Oge - 2LHRPENOED gy
ab® + Bb* + b + 8
i vk G’
acs+,80’+fyc+8A
a—c.b—c

A

o Do
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703] ON THE ADDITION OF THE DOUBLE H-FUNCTIONS, 461

But the expressions

ad® + Ba* +ya +8, ab®+Bb*+yb+8, ac*+ Be+ e+ 8,
are

=‘\/¢’— e’Am.As‘- A;g, \/&’—:;’ BIQ'BN' Bu, va’—.—é’ Cm. 03‘.0“,
respectively : the whole equation thus divides by 4. By.Cy; throwing out this factor,

and then multiplying each side by — Va’—e” we find
Vai — ¢ 1 Vet — en\?
~ e DR (- ) { b=0.4u. 4u.Bu. O

+c—a.By. By . Cy . Ay
+a_ b. C]’ . C“ . Au. Bu},
in which formula if we imagine

Vot — ¢ Vai — ¢ Vot — ¢
iy € 1 AM) - T_ BBM = EM L Cu

each replaced by its value in terms of the xy- and zw-functions, we have an equation
of the form
Va?

—e 1
——— ~€—'(x-z.z—w.y‘-z.y—W)DEu—;—'_—z:w*'_—u’—‘-y:—z:y_w

where M is a given rational and integral function of the 16 and 16 functions
A, AB, and Ay, AB,, of « and y and of z and w respectively. The factor

RCET.

€

@—z.2-w.y=-2.y—-w)

is retained on the left-hand side as being the same factor which enters into the
equations for A, etc.: but on the right-hand side #—z.2-w.y—z.y~w should be
expressed in terms of the ay- and zw-functions. This can be done by means of the
identity

1, z4+ y, ay

| 1, z4w, 2w

1, 24y, oy |

1, z +w, 2w

a+ b,__a_b__f_‘!'l._af_g,r ac

—Zz.Z—-W.Y—2 —w=2il’
st Y2y a—b.a—c

where the summation refers to the three terms obtained by the cyclical interchange
of the letters a, b, ¢. The first determinant, multiplied by a —b, is in fact

=|a—-2.a-w, a—-z.a-y|,
{b—2.b—w, b—w.b—y!

and the second determinant, multiplied by a —¢, is
=la—-z2.a-w, a—z.a—Y B

l
|¢c—2.c—-w, c—z.c—Y |
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462 ON THE ADDITION OF THE DOUBLE Y-FUNCTIONS. (703

so that the formula may also be written

la—z.a—w, a—z.a—y

a—z.a—-w, a—z.a—Y i

b—z.b—w, b—z.b—y C—8.c—w, C—&,0~Yy

(a—0by (@ —oy ;

Z—z.w—-W.Y—2.Yy—wW=2

or, what is the same thing, it is

'w—-“ (A Bm AngB 2) (A 2012)"1412 0“2)
(@—by(a—cy

which is the required expression for # —z.# —w.y—z.y—w; the letters @, b, ¢, which

enter into the formula, are any three of the six letters.

Z—2.&—-W.Y—2.Y—

As regards the verification of the identity, observe that it may be written

{L+M(a+b)+ Nab} (L+ M(a+c)+Nac}

e—z.8-wW.Y—2.y—w=23" s g

where L, M, N are

=@+y)ew—(z+w)zy, wy—zw, and z4+w—a—y:
this is readily reduced to
z2—-z2.0—w.y—2.y—w=M*-NL,

which can be at once verified.

Cambridge, 12th March, 1879.

I take the opportunity of remarking that, in the double-letter formule, the sign
of the second term is, not as I have in general written it —, but is +,

AB=_L_ (Wabfodse, + Vabods}, ste.

In fact, introducing a factor @ which is a function of # and 7, the odd and even
Y-functions are = w Vaa,, ete., and

—2__ (Wabfe,die, + Vabifiede}, ete.,

al—

respectively; ® is a function which on the interchange of #, y changes only its sign;
and this being so, then when @ and y are interchanged, each single-letter function
changes its sign, and each double-letter function remains unaltered.

Cambridge, 29th July, 1879.
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