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ON THE DEVELOPMENT OF (1+n%)"
[From the Messenger of Mathematics, vol. XX11. (1893), pp. 186—190.]

IT is a known theorem that, if %7' be any fraction in its least terms, the
m
coefficients of the development of (1 +m%)" are all of them integers, or, what is the
same thing, that
: m.m—n...m—(r—l)zzn
) TRl oL i

7

is an integer. The greater part, but not the whole, of this result comes out very
simply from Mr Segar’s very elegant theorem, Messenger, vol. XxXir. (1893), p. 59, “the
product of the differences of any » unequal numbers is divisible by (r—1)!!" or, as
it may be stated, if @, B, v, ... are any r unequal numbers, then ¢¥(a, B, v, ...) is
divisible by ¢%(0, 1, 2, ..., »—1).

In fact, writing »+1 for » and considering the numbers
m+mn, n, 2n, 3n, ... (r—1)n;
then neglecting signs
S, By ..)is= m.m—n..m—(r—1)n,
x1n.2n...(r—1)mn,
xIn.2n...(r—2)n,

X dn . 2n,

- x 1n,
which is
=m.m—n..m—r—1nxnr1x¢0,1, 2, ..., r=1),
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and similarly
OO LRl el 208 R R s )

so that, omitting the common factor & (0, 1, 2, ..., »—1), we have
m.m=—mn...m—(r—1)n.nd" 1 divisible by 1.2.8...n.
It thus appears that the fraction

m.m—n..m—(r—1)n
By S r :

when reduced to its least terms, will contain in the denominator only products of
powers of the prime factors of n; and it remains to show that multiplying this by
n it will become integral, or what is the same thing that

,n/f

1D
in its least terms will not contain in the denominator any prime factor of n.
Considering in succession the prime numbers 2, 3, 5, ..., first the number 2,

we see that in the product 1.2.3....7, the number of terms divisible by 2 is =<g>,

the number of terms divisible by 4 is =( C), that by 8 1is =<Z\), and so on, where

\4 8
( 9> denotes the integer part of , and so in other cases. Hence the product contains
the factor 2, with the exponent <g> = (2) i+ <g) + , which exponent ‘is less than
it s
+ & +gt ..ad inf.

is less than 7, say it is less than (r). Similarly for the number 8, the product
contains the facter 3, with the exponent »

)+ )

7 7 .
§+§+2—7+ ) mf:

which exponent is less than

is less than %», say it is at most =(§r); and so it contains the factor 5 with an
exponent which is less than }r, say it is at most =(}r), and generally the prime

factor p with an exponent which is less than pilr: say it is at most = (p L i r).

This is
) 3@ 560

1.2.3...r=}l{
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where K is a whole number. Hence if n = 223857 ..., we have

n" ’
Ll ol JEOras (), L QRS RS Ry (T
25 3t e A : 1
and here for every prime number 2, 3, 5, ... which is a factor of n, that is, for
which the corresponding exponent a, B, v, ... is not =0, the exponents 7ra—(r),
B —(%r), ry—($7), ... are all of them positive; and thus the fraction in -its least

terms does not contain in the denominator any prime factor of n; this is the
theorem which was to be proved.

Mr Segar’s theorem may without loss of generality be stated as follows: if
B, v, ... are any r — 1 unequal positive integers (which for convenience may be
taken in order of increasing magnitude), then ¢ (0, B, v, ...) is divisible by
&40, 1, 2, ..., »—1). A proof, in principle the same as his, is as follows:

We have the determinant

L 0P, iar, . divisible ‘by el oe s o
b
¢ ¢
viz. the quotient is a rational and integral function of @, b, ¢, ... with coefficients
which are positive integers; hence putting a=b=c¢, ... =1, the quotient will be a
positive integer number. Considering the numerator determinant, and for a, b, ¢, ...
writing therein 1+a, 1405, 1+c¢, ... respectively, where ¢, b, ¢, ... are ultimately to
be put each =0, the value is
=| 1, L+ Bia+ Bsa?.;f Pt yatgiad + ol
b
¢

where B;, B,, ... denote the binomial coefficients

¢l -t &e. :

attending only to the lowest powers of @, b, ¢, ... which enter into the formula, this is
=1, N qed g, L iale

11 /31 > 182 627
1’ 'YI ) 72 1: C, 62,

=
o
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or what is the same thing it is

=M| 1, 1site o, ket SR Ea(OW B Radss st B o @l i
1, B B, BT 1 G
L, v 9 1,70 ¢ 1, ¢ ¢,
where M is a mere number: it will be recollected that in this form, a, b, ¢, ... are
not the original @, b, ¢, .... Putting herein B, ¢, ... =1, 2, ..., the denominator
determinant is
= et (O s N T e Rl
150 by i bal
| SO

and hence the quotient, which as already seen is an integer number, is equal to
&, B, vy, -..)= &40, 1, 2, ...), the theorem in question.

The original theorem as to the form of (1+n%)" is a particular case of
Eisenstein’s very general theorem that, in the deyelopment of any algebraical function
of @, it is always possible by substituting for # a proper multiple of z, to make all
the coefficients integers. It may be remarked that this would not be so if we had only

m.m—n...m—(r-—1)n, o1

divisible by 1.2....r; for then, writing Nz for @, the form of the coefficient would
have been

KN~ KN”

nr ,n}r.;—l’ T, nir 19

and there would be no value (however great) of N by which the deuominator factor
nd7r+1 could be got rid of.
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