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435.
ON THE SIX COORDINATES OF A LINE.

[From the Transactions of the Cambridge Philosophical Society, vol. XI. Part 11. (1869),
pp- 290—323. Read November 11, 1867.]

THE notion of the six coordinates of a line was, so far as I am aware, first
established in my paper “ On a new analytical representation of Curves in Space,” Quart.
Math. Jour. t. 1L (1860), pp. 225—236, [284]; see p. 226, where writing p, ¢, 7, s, ¢, u
W, Y, 2, w
a, B, v, &
identically ps+qt+7ru=0; and I consider a cone as represented by a homogeneous
equation V=0 between the six coordinates (p, ¢, 7, s, t, ); and many of the investi-
gations of the present' memoir, in which these coordinates are employed, have been in
my possession for some years past. But these coordinates presented themselves inde-
pendently to Prof. Pliicker, and the theory of them is set forth in his most interesting
and valuable memoir, “On a new Geometry of Space,” Phil. Trans. t. cLv. (1865),
pp- 725—791 ; the course of development there given to the theory is however
altogether different from that in the present memoir. They have also more recently
been made use of in a paper by Herr Liiroth, “ Zur Theorie der windschiefen Flichen,”
Crelle, t. 1LX11. (1867), pp. 130—152.

I have in the present memoir applied these coordinates to the question of the
Involution of six lines; the notion of this relation of six lines is due to Prof. Sylvester,
to whom it presented itself in the year 1861, in connexion with a theorem in the
Lehrbuch der Statik, by Mobius (Leipzig, 1837), that if four forces acting on a solid
body are in equilibrium the lines along which the forces act are the generating lines
of a hyperboloid. Prof. Sylvester was thereby led to consider six lines such that
(regarding them as lines in a solid body) there exist along them forces which are in
equilibrium; and he thence obtained, by the statical considerations reproduced in the
present memoir, the construction (when five of the lines are given) of a sixth line to
pass through a given point or to be situate in a given plane.

for the six determinants of the matrix { }, I remark that these values give
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Article, Nos. 1 to 8. The Siz Coordinates of a Line; definition and general notions.

1. Using any quadriplanar coordinates (=, y, z, w) whatever, consider a line; on
the line two points the coordinates of which are (a, B, v, 8) and (a, B, v/, &) respectively;
and through the line two planes, the equations whereof are (4, B, C, D{x, y, z, w)=0,
and (4', B, €', D'Yz, y, 2z, w)=0 respectively; we have

(A) B; 0) DI“: B! Y 8)':0’
(A) B) 07 Dﬁa', ﬁ,, 'Y’: 8,)=0;
4, B, ¢, Dya, B, v, 8)=0,
’, B, ¢, Dy, B, v, &)=0.
2. From the first and second, equations, eliminating successively 4, B, C, D, we find
0 ) aB' —a,B ;| —('Ya’ = 'Y,a)’ a8’ o a,S (A; B, C: D) = 0,
_(aﬂl—alls)) 0 ’ 37/—3,')') BS'_B’S
vd —y'a, =By —BY), P aBaneR
— (a8 —a'8), —(BY —B8), —(y8—4¢'d), 0
and from the third and fourth equations we find the like system with (4’, B, C’, D’)

in place of (4, B, C, D). Comparing the corresponding equations of the two systems,
we find an equality of ratios, as will presently be mentioned.

3. From the first and third equations, eliminating successively a, B, v, 8, we find

0 S AB' —A'B, —(CA’'-C'A), AD'—A'D |(a, B, v, 8)=0,

—(AB —A'B), i i o ke R el Gt B i)
CA'—0'A, —(BC'— BOC), & - o0 aOp
—(AD - A'D); ' =(BD'—~ B'D);  =(OD =C'D), 0

and from the second and fourth equations we find the like system with («, B, ¢/, &)
in place of (a, B, v, 8): comparing the corresponding equations of the two systems, we
find the same equality of ratios as before, viz.

4. This is
By —By 92 —g'a :af —aB:ad —a'd : B —B8 : g —y'8
=AD'—A'D : BD'—BD : CD'—-C'D : BC"—-BC : CA'—(C'A : AB' —A'B,
and putting each of these two equal sets of ratios
=a : b : 0 ¥ 1 g ¥ 3
then the quantities (e, b, ¢, f, g, k), which it is easy to see satisfy the condition

af + bg +ch=0,
9—2
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are said to be the ‘six coordinates’ of the line: as only the ratios of the six quantities
are material, and as the last-mentioned equation establishes a single relation between
these ratios, the system of the six coordinates contain four arbitrary ratios or parameters,
for the determination of the particular line,

5. A line is thus determined by its six coordinates (a, b, ¢, f; ¢, k), which are
such that af+bg+ch=0; and conversely any six quantities (@, b, ¢, f; g, k) satisfying
this relation may be taken to be the six coordinates of a line.

6. It is proper to show that the ratios @ : b :c: f: g : h are independent of
the particular two points on the line, or two planes through the line, used for their
determination. In fact, if instead of the points

@, B, v, 9,
A ARG R
we have any other two points on the line, say the points
N+ pd, AB+uB, Ny+py,, A+ ud,
va +pd’, vB +pB, vy+py, vd + pd,
then the six determinants have their original values each multiplied by Ap —uv; and

the ratios are unaltered.

And the like is the case, if instead of the planes
ignrpUe Grigy,
AL 008 D

we have any other two planes through the line, say the planes

M +pd’, AB+upB, ANC+uC’, AD+ul,
vA +pA’, vB+pB, vC +pC’, vD+pD,

the determinants have their original values each multiplied by Ap —pu»; and the ratios
are unaltered.

7. It may be remarked, that the theory of the six coordinates considered as derived
from the two points (2, B, v, &), (&, B, &', &), and as derived from the two planes
(4, B, C, D), (4', B, €', I)), is precisely the same in each case; and we may confine
ourselves to the first point of view, regarding therefore the six coordinates as derived
from the two points (a, B, v, 8), (¢, B, ', &). I further remark, that I do not at
present in anywise fix the absolute magnitudes of the coordinates (a, b ¢, f, g, h): it
is only the ratios that we are concerned with.

8. The values of the ratios @ : b :c:f:g : h of the six coordinates do how-
ever depend on the particular coordinate planes 2= 0, y=0, 2=0, w=0, made use of
for their determination; and in the sequel it will be necessary to investigate the
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formulze of transformation to a new set of coordinate planes #,=0, y,=0, z,=0, w,=0.
And I shall also show in what manner the absolute magnitudes of the coordinates may
be fixed. But deferring the consideration of these questions, I consider the planes
=0, y=0, z=0, w=0 as given planes, and take the six coordinates (a, b, ¢, f, g, k)
of a line to be determined as above in reference to these given planes, the absolute
values of these coordinates remaining indeterminate, and their ratios only being attended
to. And I proceed to consider the various questions which present themselves in the
geometry of the line, considered as thus determined by means of its six coordinates

(@, b, ¢ f, g, h)

Article, Nos. 9 to 18. (Various Sub-headings.) Elementary Theorems.

Condition that a line may be in a given plane.
9. Taking the line to be (a, b, ¢, f; g, h), the equation of the given plane to be
(4, B, C, D}=, y, 2z, w)=0;

then if (a, B, v, 8), («, B, o, &) are the coordinates of any two points on the line,
we have the system of equations ante, No. 2, and substituting therein for By — By,
&c. the values (a, b, ¢, £, ¢, k), we find :

0, ¢, —b, f |4, B C D)=0;
—-c, 0, a, g
b, —a, 0, A
o Bt R 3T
which equations, equivalent to a twofold relation, are the required condition. It may

be remarked that, treating (4, B, C, D) as current plane coordinates, each equation of
the system is that of a point lying in the line.

5
i
|
i

Condition that a line may pass through a given point.
10. The coordinates of the given point are taken to be (a, 3, v, 8). If
(4, B, C, D}, y, 2, w)=0, (4', B, (", DYax, y, 2, w)=0,

are the equations of any two planes through the line, then we have the system of
equations ante No. 3, and substituting therein for AB' — A’B, &ec. their values in terms
of the coordinates (a, b, ¢, f; g, h) of the line, we have

0, h, —g, a'(a B, v, 8)=0;
—h, SRS el

s AN
—-a, —=b, —-¢, 0

which equations, equivalent to a twofold relation, are the required cendition. It is
obvious that, treating (a, B, v, &) as current point coordinates, each equation of the
system is the equation of a plane through the given line.
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70 ON THE SIX COORDINATES OF A LINE. [435

Condition for the untersection of two lines.

11. The coordinates of the lines are taken to be (a, b, ¢, £, g, k), and (a,, b,, ¢, f,, 9,, h)
respectively. If (a, 3, v, &), («, B, v, &), are the coordinates of any two points in the
first line, and (a,, B,, v,, 8,), (2, B/, v/, 8/), are the coordinates of any two points on
the second line, then the four points are in a plane, that is, we have

adtiBisgidias T =— 0}
o ANB phiyis el
a5 85 Wi 8
a/’, Bl” ‘7//, 81,

that is, expanding the determinant and substituting for By — B%, &c. and By, — By,
&c. their values in terms of the coordinates of the two lines respectively, we have

af,+ by, + ch, + fa, + gb, + he, = 0,
or, as this may also be written,

(.f/’ gz’ h/’ a’/’ b/’ CIZZH/, b’ C’j: g’ h>=0’

for the condition that the two lines may intersect.

12. The same result will be obtain~d if we take
(4, B, C, D{=, y, 2z, w)=0, (4, B, C, Dqx, y, 2, w)=0,
for the equations of any two planes through the first line, and
(4, B, C,, Dy, y, z, w)=0, (4/, B/, C/, D/J=, y, 2, w)=0,

for the equations of any two planes through the ‘second line. The four planes will
meet in a point, that is, we have
Ayt By iCyy D=l
Al By @) y
Apsir BogesokBs ol
A PRBRENG D
or, expanding and substituting, we have the same condition as before.
13. In the case of any two lines (a, b, ¢, f; g, k), and (a, b, ¢, f,, g,, k), we
may define the ‘moment’ of the two lines to be the function
af, + by, + ch, + fa, + gb, + he,,

it being understood that we have not as yet any complete quantitative definition of
the moment; this being so, we have, in what precedes, the theorem that the moment
of two intersecting lines is =0.
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Plane through two intersecting lines.

14. Let (4, B, C, DYz, y, z, w)=0 be the equation of the plane through the
two intersecting lines (a, b, ¢, £, g, k) and (a,, b,, ¢, f,, 9,, h,). We have two systems
of equations, as in No. 9, and comparing the corresponding equations of the two
systems, we find in the first instance

Al B O D= e 2 bf, =bf :cf,—c f: —(be,—Db,c)
=ag,—a,9: p  :icg,—cg:—(ca —ca)
=ah,—ah : bh,—bh: v : — (ab,—a,b)
=9h,—g,h : b, = hf: f9,—f9 : B

where A, u, v, p, are in the first instance unknown; the different sets of ratios are
of course identical in virtue of the relation

(f/: 9. hn a,, b/’ Clia’ b, C,f, 9 h)=0’

and comparing them we have equations which lead to the values of A, u, v, p; a.nd
we thus obtain more completely,

A:B:C:D=fa+bg+ch:bf +0f sef, —cf : = (be, = be)

=ag,—a,g ta,f+g90+ch cg, —cyg : —(ca, —c,a)
= ah/ " a:h : bh/ i b/h : CL/.fv-'- b/g 2 hlc it (abl Fa a/b)
=gh/ ) g/h : hf; e h/f : fg/ _f:g : af; 4= b!]/ + Ch/ ’

15. It is in these equations easy to verify the identity of the different sets of
values: we ought, for instance, to have

af+bq+hc ab,—adb
Jo.-f9 of,+bg +ch’

(h,e+af+bg)hec+af,+bg,)+ (ab,—ab) (fg,—f9) =0,
and, observing that

that is,

(a’/f+ blg) ((tf:+ bg1)+(ab/ = a’/b) (fgz _f;g)

=(af+bg) (e f,+b,y,), =ch.ch,
the left-hand side is

=ch, (ch, + af, + by, + a, f + b,g + ¢, h),
= ch, (af, + by, + ch, + fa, + gb, + he,), =0.

Point on two intersecting lines.

16. Let (a, B, v, &) be the coordinates of the point of intersection of the two
intersecting lines (a, b, ¢, f; ¢, k) and (a, b, ¢, f,, g,, h,). We have two systems of
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equations such as in No. 10, and comparing the corresponding equations of the two
systems, we find

a 2Bl gididl= L : a9,—-ag : ah—ah :gh—gh
of, —b,.f : M : bh,—-bh :hf—-hf
=8 oL i 500 N if-T9

=—(bc,—b,c) : —(ca,—c,a) : —(ab,—a,b) : 2 g

where L, M, N, P, are in the first Instance unknown; but, comparing the different
sets of values, we have equations for finding the values of these quantities, and we
thus obtain the more complete system

a:B:q9:8= fa+bg+ch: ag —uag : ah,—ah : gh,—gh
= o -bf : af+gb+ch: bh,—bh : hf, —h,f
= L= Cif : cg, —cg : af+bg+he:fo,—fg
=—(bc, — b,c) : —(ca, —c,a) : —(ab, — ab) : fa+gb+hec,

where it is to be observed that the right-hand side considered as a matrix is the
transposed matrix of that which occurs in No. 14 in the formula for 4 : B : C : D.
The verification of the identity of the different sets of values can of course be effected
as in No. 15.

Eupression for an arbitrary plane through a line.

17. The condition in order that the plane (4, B, C, D{=, ¥y, 2, w)=0, may pass
through the line (a, b, ¢, f, g, k), is the twofold relation given, No. 9; it is satisfied
by any one of the four systems

AVBRR OO D CREE= 0 S e e
of = e L,
or =ilgs v =t 00 o,
or=—a:—b:—c:0;

and consequently also by
A:B:C:D=i( 0 —b ‘g ~aBtatl o)
PCOM by S BT E £ e)
(-9 Sy 0 —cl&m b o)
i (e b, C 09 & n & w);
or, what is the same thing, by
A:B:C:D= (0, h, —g, aQ & n ¢ o)
i(=h 0 f, bEnE 0)
D (I 0 e R b )
:(—a, —0b, —c, 0 & 9 & w)

where (& 7, { o) are arbitrary: there is, however, no loss of 4generality in putting any
two of these quantities = 0.
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Expression for an arbitrary point in a line.

18. The condition in order that the point (a, B, v, &), may lie in the line
(a, b, ¢, f, 9, k), is the twofold relation given, No. 10; it is satisfied by any one of
the four systems
@by o o st on epaieeibisof
o) ik ol | Bl el &
or= b:—la> .0:h,
or=—f:—g:—h :0;
and consequently, also by

Qi BIS: Joyii: 50 =LFv(H 0L B b, —f U=y 2 w)
gl 0l 0, —a, —g Q= y 2 w)
: (=0, a, 0, —hQuzuy 2 w

e puei g VIR S e, o 4 )
or, what is the same thing, by

o a8 Qs §i= (11 0; ¢, —0b, f}{a;,y,z,w)
: (—c, 0, a, 9% = vy, 2, w)
(b —a, 0, RhYwy 2w
:(—f’ e —h’r OI‘”) Y, %, w)

where (#, y, 2, w) are arbitrary: there is, however, no loss of generality in putting two
of these quantities =0.

Article Nos. 19 to 25. Geometrical considerations i regard to three, four, five,
and sz lines.

Before proceeding further, I will establish certain geometrical notions in regard to
three, four, five, and six lines. I use the term ‘tractor’ to denote a line which
meets any given lines.

19. Three given lines have an infinity of tractors; viz. these are the generating
lines of a hyperboloid having the three given lines for directrices.

20. Four given lines may be directrices (generating lines) of the same hyperboloid,
viz. every tractor of any three of the four lines is then a tractor of all the four
lines. But in general, four given lines have a pair of tractors; viz. considering the
tractors of any three of the four lines, these form a hyperboloid having the three
lines for directrices; the fourth line meets this hyperboloid in two points, and the
generating line through either of these points is a line meeting each of the four
given lines, that is, it is a tractor of the four given lines.

0. VIL 10
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21. The fourth line may however touch the hyperboloid; and in this case, instead
of a pair of tractors, the four lines have a twofold tractor. The relation of the four
lines to each other is a symmetrical one; and we have thence the theorem, that if
any one of four given lines touch the hyperboloid through the other three lines, then
will each of the four given lines touch the hyperboloid through the other three lines.
But the relation to each other of four lines having a twofold tractor may be other-
wise expressed as follows; viz. considering a tractor of the four given lines, each line
determines with the tractor a point, the intersection of the line and tractor; and it
also determines a plane, viz. the plane containing the line and tractor; we have
therefore a range of four points on the tractor, and a pencil of four planes through
the tractor; and if the tractor be a two-fold tractor, the range and pencil will be
homographic; and conversely, if the range and pencil are homographic, the tractor will
be a twofold tractor. This is easily obtained as a limiting case from the general
one where the four lines have a pair of tractors; each line determines with the one
tractor a point and a plane as above, and this plane intersects the second tractor in
a point; we have thus through the first tractor a pencil of planes, and on the second
tractor a range of points, and these two are homographic. But, in the case of a
twofold tractor, the range on the second tractor coincides with that on the first
tractor; that is, the range of points on the tractor is homographic with the pencil
of planes through the tractor.

22. Given any four lines, and a point O, then either in the general case where
the four lines have a pair of tractors, or in the special case where they have a
twofold tractor, there exists and can be found through the point O a single fifth line
such that the five lines have (as the case may be) a pair of tractors, or a twofold
tractor. And similarly, given the four lines and a plane (2, there exists and can be
found in the plane Q a single fifth line such that the five lines have (as the case
may be) a pair of tractors, or a twofold tractor.

23. Five given lines have not in general any tractor; the five lines may be
directrices (generating lines) of the same hyperboloid, and they have then an infinity
of tractorsy or they may have a pair of tractors, viz. the fifth line may be a line
meeting the tractors of the other four lines; or (as a particular case of the last
relation) the five lines may have a twofold tractor; or the five lines may have a
single tractor.

24. Given any five lines and a point O; then, selecting any four of the given
lines, we may through O draw a line having with the four lines a pair of tractors.
Treating in this manner each of the five sets of four lines, we obtain through the
point O five lines constructed as above; we have the theorem which will be proved
in the sequel, that these five lines lie in a plane . And similarly, given the five
lines, and a plane Q, then selecting any four of the five lines, we may in the plane
Q draw a line having with the four lines a pair of tractors; treating in this manner
each of the five sets of four lines, we obtain in the plane Q five lines; and we have
then the theorem that these five lines meet in a point O.
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25. In the case of six given lines, we may have between the lines the like
relations to those for the case of five given lines; or we may have the more general
relation of the involution of six lines, depending on the last-mentioned theorems, viz.
given any five lines, and the point O or the plane (2, then determining in the one
case the plane Q and in the other case the point O, and taking as a sixth line any
line whatever through the point O and in the plane €, the six lines are said to be
in involution, or to form an involution of six lines. I now revert to the analytical
theory of the line.

Article Nos. 26 to 51. (Various sub-headings.) Cases of a Ulnear relation or lLinear
relations between the siz Coordinates.

26. If the coordinates (a, b, ¢, f; g, h) of a line are regarded as variable quantities
connected by a-single equation or by two or three equations, we have a system of
lines with three or two arbitrary parameters or with a single arbitrary parameter; and
so if there are four equations the system consists of a determinate number of lines.
For a linear relation, the coefficients may be either (¥, G, H, A4, B, C), not the
coordinates of a line, that is, not satisfying the relation AF+ BG+ CH =0, or they
may be the coordinates of a line, satisfying the relation in question. I consider the
several cases in order as follows :

Linear relation (F, G, H, A, B, CQa, b, ¢, f, g, h) =0, where (4, B, C, F, G, H)
are not the coordinates of a line.

27. Considering any six lines which satisfy the relation in question, we may
eliminate the coefficients F, G, H, A, B, C, and thus obtain an equation V =0, where
V is.the determinant formed with the coordinates of the six lines; this “equation,
regarding therein the coordinates of five of the six lines as given, is in regard to
the coordinates of the remaining line, say the original line (a, b, ¢, £, g, k), a linear
relation equivalent to the original linear relation (¥, G, H, 4, B, CQa, b, ¢, f, g, h)=0.
The equation in its new form, viz. the équation V =0, establishes between the six
lines a relation which is in fact the relation of involution already referred to; viz. it
will be shown in the sequel that, starting from the equation’ V =0 as the definition
of the relation of involution, we are led to a construction for a line in involution
with five given lines the same as the construction explained ante No. 25.

Linear relation (F, G, H, A, B, Cqa, b, ¢, f, g, h) =0, where (4, B, C, F, G, H)
are the coordinates of a lLine.

28. The linear relation expresses that the two lines (@, b, ¢, f, 9, A0 4, B, C, F, G, H)
intersect, or what is the same thing, that the line (a, b, ¢, /; g, k) is any line whatever
meeting the line (4, B, C, F, G, H).

Two linear relations (F, G, H, A, B, Cqa, b, ¢, f, 9, h) =0,
(FI; Gl’ Hl) Al) Bl) Clia: b) ij: g’ h)=0,

where the two sets of coefficients respectively are or are not the coordinates of a line.
10—2
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29. If the two sets of coefficients are each of them the coordinates of a line,
then the two equations express that the line (a, b, ¢, f, g, k) is any line whatever
cutting each of the two given lines. And the general case is in fact reducible to
this particular one; for suppose that neither set of coefficients belongs to a line, then
we may from the two given linear relations form the relation

(AF+\Fy, AG+MG,, NH +MH,, M + M4, AB+\B, A\C+NC0a, b, ¢, f, g, h)=0,

and if the ratio A : A, be properly determined, then (A4 +\4,,...) will be the
coordinates of a line. This will in fact be the case if

A4 +MA) AF +\F) + (AB + MB) (AG +MG) + (AC +\0) (WH +MH,) =0,
that is, if
(AF+ BG+CH, AF,+ BG,+ CH, + FA, + GB,+ CH,, A,F, + B,G, + C,H,g\, ) =0,

a quadric equation giving two values of the ratio A : A, that is, two linear relations
in each of which the coefficients are the coordinates of a line: we have thus two
derived lines, and the line (a, b, ¢, f, g, k) meets each of these derived lines.

There is no real difference if one or the other of the given systems of coefficients,
say the system (4, B, C, F, G, H), are the coordinates of a line. We have then
AF + BG +CH =0; the quadric equation in A : A, has a root A, : A =0, and rejecting
it, the other root is determined by a simple equation: this only means that the line
(4, B, C, F, @, H) is itself one of the two derived lines.

But there is a real difference in the case where the equation in A : A, has equal
roots; to explain this special case, observe that if in the general case we consider the
two derived lines as a pair of tractors of any four lines, then the linear relations
express that the line (a, b, ¢, /; g, h) has with these four lines a pair of tractors;
and in the special case under consideration the linear relations express that the line
(a, b, ¢, f, g, k) has with the four lines, or (what-is the same thing) with any three
of them, that is with some three lines, a twofold tractor. According to what precedes
(No. 21), the construction of the line (a, b, ¢, f, g, k) is in fact as follows, viz. if on
the twofold tractor considered as given, we take a series of points p, and through
the tractor, homographic with the range, a pencil of planes P, then the sought-for
line will be any line through a point p, in the corresponding plane P. But it is
proper to give an analytical proof of the construction.

30. I observe that we may without loss of generality assume A,F,+ B,G,+ C,H,=0,
and this being so, the condition for the equality of the roots of the quadric equation is

AF, + BG, + CH, + FA, + BG, + CH, =0,

that is, writing (a,, b, ¢, £, g1, h) in place of (4,, B, C,, F,, G,, H,), the case in
question may be taken to be that of

Two linear relations

(ﬁ) 91, hl) al’ bl} clzia) b) C)f; g! h)=0’
(F, G, H, A, B, CQa, b, ¢, f, 9, )=0,
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where (a,, by, ¢, fi, g1, b) are, (4, B, C, F, G, H) are not, the coordinates of a point,
and where
(f;l, g.l) hl’ a, bl’ OIIA, Bx C; F» G: H)=0;
that s, where the twofold derived line is in fact the original line
(ab bl: G, fl: s hl)

31. To simplify, we may take =0, y=0 for the equations of the line; the
coordinates of the line then are (a,, by, ¢, fi, g1, l)=(0, 0, 0, 0, 0, 1). Taking more-

N L i g i 4 int 0
over =0, y=0, I3 for the coordinates of the point p, and T8

of the plane P, the homographic relation of the point and plane is given by an
equation of the form

for the equation

— FBy+ Gay— Aad — B8 =0,
or, as this may be written,

(Fy G: H: A’ B, OE—B'Y) a’)’, 0) —'as, _/38) (0)=0,
where H and e, being each multiplied by 0, do not really enter into the equation.

The equations of any line whatever through the point p and in the plane P
may be written Bz —ay=0, A’z+ By+0z—yw=0, where A’, B’ are arbitrary: hence
arranging the coefficients in the order

B, —a, 0, 0,
i g, Ny,
the coordinates (a, b, ¢, /, g, ) of the line in question are
(— By, ay, 0, —ad, — B3, A’a+B'B);

(S 91 b, @, by, a4, b, ¢, f, g, b)
=(O) 0: 1) 0’ 0: Oia’: b: crj:gr h)) =0, =0;

so that we have

and morever the homographic relation, replacing therein the arbitrary quantity o by
A'a + B3, becomes
(¥, G, H, A, B, 03a, b, ¢, f, g, h)=0.

Hence the linear relations satisfied by the coordinates (a, b, ¢, /g, h) of the line in
question are

(/i 91y b, &, by, e, b, ¢ f, g, R)=0,

(F’ G’ H’ A’ -B) Cﬁa) b) c:f: g: h)=0)
with the coefficients
(_fl) gh hl: al: bl; cl)=(0 ’ 0) 1) 01 0» O))

(4, B, C, F, G, H)=(4, B, 0, F, G, H),

values which satisfy the condition

(,fl: gn hl: , bl) cliAy B: 0; F) G, H)=O'
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Hence the line (@, b, ¢, f; g, &) through the point p and in the plane P is a .line
the coordinates of which satisfy two linear relations as mentioned in the heading; and
the theorem is thus proved. The demonstration would be simplified by taking, as is

allowable, the homographic relation to be %=k%.

32. It appears from the foregoing examination of the case of two linear relations
that in the following cases of three or more linear relations there is mno real loss of
generality in assuming that the coefficients of each set are the coordinates of a line;
for if originally this be not so, we have only to replace the given relations by linear
functions of these relations, and to assign such values to the multipliers A, A, As...
as in each case to make the new coefficients to be the coordinates of a line; and as
there are two or more arbitrary ratios A : A, : A,... to be assigned at pleasure and
only a single condition to be satisfied, no cases of failure can arise. The remaining
cases may consequently be stated in a more simple form.

Three linear relations, the coefficients of each set being the coordinates of a line.

33. The three relations express that the line (a, b, ¢, f, g, k) meets each of the
three given lines; that is, that the line is any generating line of a hyperboloid having
the three given lines for directrices.

Four linear relations, the coeflicients of each set being the coordinates of a line.

34. The four relations express that the line (a, b, ¢, f, g, h) meets each of four
given lines; or what is the same thing, that the line is a tractor of four given
lines. It is to be noticed that the four linear relations serve to express the ratios
@:b:c:f:g:hlinearly in terms of any one of these ratios, or what is the same
thing, to express the several ratios in terms of an arbitrary ratio u : ». Substituting
the resulting values in the equation

af + bg + ch =0,

we have a quadric equation for the determination of the remaining ratio, or of the
ratio » : v; and then each of the ratios of the coordinates can be expressed rationally
in terms of either root of the quadric equation; we thus obtain the coordinates of
each of the two tractors of the four given lines; or we have a complete analytical
solution of the problem, to find the tractors of four given lines. The quadric equation
may have equal roots; that is, the four given lines may have a twofold tractor, which is
then determined linearly.

35. The theory of the linear relations of the coordinates (a, b, ¢, £, g, h) of a line
may be considered in a different manner. It will be convenient to take the different
cases in a reverse order, beginning with the extreme case (not before mentioned) of
a fivefold relation and ascending to the case of a onefold or single relation.
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Case of the fivefold relation.
36. The fivefold relation

@, b, ¢, f, 9, bk
|y, b]’ cl: fl) 91: hl

.=o,

expresses that the quantities (a, b, ¢, f, g, k) are proportional to (@i, by, ¢, fis Gr, M)
As the former set are by hypothesis the coordinates of a line, the given set (a,, by, ¢, f1, 91y )
must, it is clear, also be the coordinates of -a line, and the relation then expresses
that the line (a, b, ¢, f, g, h) coincides with the given line.

Case of the fourfold relation.

37. The fourfold relation is
A AT Ty SO R l=0,
@b, o fi G h |
@, by C for G hu

or what is the same thing, we have the six equations Aa+ M@, + A\a,=0, &c., involving
the indeterminate quantities A, A;, A,. If the coefficients

(al’ bl) cl: ﬁ, 91, hl)x (aas bz; 02; _/.21 .92; hz)

are not either set the coordinates of a line; then substituting the foregoing values
—Aa=Na, +Na,, &c in the equation af+bg+ch=0, we have a quadric equation in
(M : A) : and for each root of this equation, the coefficients A a;, + \oa,, &c. will be the
coordinates of a line. There are thus in general two derived lines; and the fourfold
relation expresses that the line (a, b, ¢, f, g, h) coincides with one or other of these
derived lines. There is mno real difference if one or the other of the two sets
(@, by, 1y 1, §1y M), (@, bs, Coy fi, @oy ko), or if each set, are the coordinates of a line;
one of the derived lines or both of them will in these cases coincide with one or
both of the given lines. And if the quadric equation has equal roots, then instead of
two derived lines there is a twofold derived line, and the line (a, b, ¢, f/; ¢, k) must
coincide with this twofold line.

38. A case presenting peculiarity is however that in which the coefficients of the
quadric equation vanish identically ; this is only so when the coefficients (a;, b;, ¢, /i, g1, ba)
and (ag, by, Co, fa, 9o, hs) are the coordinates of two intersecting lines. The equations
—Aa = M\a, + \a,, &c. here show that every line whatever which meets each of the
two lines (ay, by, ¢, fi, ¢, M) and (ay, by, ¢, fi, g, hy) meets also the line (a, b, ¢, £; g, k);
that is, the line (a, b, ¢, £, g, k) is any line whatever in the plane and through the
point of intersection of the two intersecting lines. We see moreover that not only

alfa o bxga + ¢ hy + am.fx +b.g, + ey =0,
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but also that af,+ bg,+ chy + fa,+ gb,+ch,=0 and af, + bg, + chy + fa, + gb, + ch, =0
that is, the moment of each pair of lines is =0. It may be remarked that the ratios
A At A, may be determined from any two of the six equations

X(I:+X1(ll+x2a2= 0, e Xh-*'),lhl +K2h2=0;

but that in consequence of the moments being each =0, there is not for the deter-

mination of these ratios any such set of equations as occur in the cases subsequently
considered of a threefold relation, &c.

39. In what follows we have three or more sets (a, b, ¢, fi, g1, h), &c.; and we
may without loss of generality assume that each of these are the coordinates of a line: for
replacing the several coefficients a,, ... by linear functions w,a, + p,a, + usas + &c., &c., the
multipliers may be determined so that these are the coordinates of a point: and since
for each set there is only a single condition to be satisfied by the two or more
ratios u; : fe : ps..., it 1s easy to see that no cases of failure will arise.

Case of the threefold relation.
40. The threefold relation is

| @20 e TR e D)
a’l: bl; cly f‘lr gl) hl
. g, b'z: Co) f2) 92 hz

a/s: bs, cs; fS) .(]s, hs
where (ay,...), (@, ...)(as,...) are each the coordinates of a line. Here writing
A+ Ny + Ny + Ny =O0...

it is clear that every line which meets each of the lines (a,...), (@, ...), (a5, ...) will
also meet the line (a, b, ¢, f; g, h); the lines which meet the first-mentioned three lines
are the generating lines of a hyperboloid having these three lines for directrices, and

it hence appears that the line (a, b, ¢, f; g, k) is any directrix line whatever of the
hyperboloid in question.

41. Using the notations 01, 02, 12, &c. to denote the moments of the several pairs
of lines, viz.

Ol=afi+bgp+ch+fa+gb+he,

12= a1f2+ blgz + ¢ hy +f1a2 K glbz + hy Cs,
&e.,

then from the equations Aa + My +Nyay + N2, =0, &c., we deduce

MO0L + 2,02 4+ A03=0,

A0 + . 4+ N12 4+ N13=0,
A20 + N 21 ; + A23=0,
A30 + A 31 4+ A, 32 : =0,
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and hence eliminating A, \;, Ny, A, we find
01, 02, 03 |'=0,
} 0 i DA 1)
205 2 ey, 5423
B0:0a31.5182;

a relation between the moments satisfied in virtue of the given threefold relation; but
which as a mere onefold relation is of course not equivalent to the threefold relation.
It will subsequently appear that the equation expresses that any one of the four lines,
say the line (a, b, ¢, £, g, k) touches the hyperboloid having the other three lines for
generatrices ; this condition is satisfied in virtue of the threefold relation which, as we
have seen, expresses that the line (a, b, ¢, f, g, k) lies wholly in the hyperboloid in
question.

42. The last mentioned determinant is the Norm of
V01 .23 4+ ¥02.31 + V03.12;
so that the equation may be written
V01.23 + V02.31 +V03.12 =0,
or, what is the same thing,
VOIV23 + V02V31 + Y03V12 = 0,

it being of course understood that the signs of the radicals must be determined in
accordance with this equation; we then find

N A A A=423.81.12 : ¥02.03.23 : ¥03.01.31 : ¥01.02.12,
or say A izt (i £y S RS J I T
= V23 V31 V12 : V02V/03¥23 : ¥03V01 V31 : V01 V02 V12;
in fact, substituting these last values in the linear equations for A, A;, Ay, A5, we find
that the equations are all satisfied in virtue of the single equation

V01 V23 + V02 V31 + V03 V12 = 0.

Case of the twofold relation.

43. We have here
=0,

Oy Oy WR g G N
a, by o, fiy 9 A
| @, b G S O By
L iasd O o o a8 Mg
o betael fotge A
where (ay, ...) (ay,...)(@s,...)(a,...), are each the coordinates of a line. Here, writing
AQ + MG+ Aoy + N5 + N0, =0
O VI, 11
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it is clear that every line which meets each of the four given lines, will also meet the
line (a, b, ¢, f, g, k); but the only lines meeting the four given lines are two deter-
minate lines, the tractors of the four given lines; and the conclusion is, that the line
(a, b, ¢, f, g, h) is any line whatever which meets the two tractors.

44. If, however, the four given lines have a twofold tractor, then the line (a, b, ¢, f; g, k)
is still a line having two conditions imposed upon it; it is in fact a line determined
as in No. 21, viz. if on the tractor we take a series of points p, and through the
tractor a series of planes P, corresponding homographically to the points, then the line
(a, b, ¢, f, g, k) is any line through a point p, in the corresponding plane P.

45. Using as before 01, 02,...12, &c. to denote the moments of the several pairs

of lines, we have
A 0L+ 2,02 + 2,03 +2,04=0,

r ¥ 7 I . TG TP T B 1
A20 + 0,21 .+ A28 4+2,24=0,
AI0 LA S LA N8Rk, o Mgl w0,
MO+ 41 + 042 +048 . =0,

and thence also
01, ;. 02, 403, 104:]=0;

P e 3 L
90,121, . .93 24
gor 3% .. a4
40, 41, 42, 43,

a relation between the moments satisfied in virtue of the original twofold relation; but
which, as a single equation, is of course not equivalent to the twofold relation. It is
in fact easy to see that this equation expresses_-that the five lines have a common
tractor; this is true, since in virtue of the twofold relation there are really two
common tractors. '

I have not obtained from the linear equations any symmetrical expressions for the
YRLIOS X2 Nar i Ay T Ay
Case of a onefold relation.

46. The onefold relation is

b exiifa gl Rgl=0,
ide Dero et s g il
(o0 ST M O L e
as, by, Cy Sfos Gss Py
B2 B 00 ifes e, e
G gy o0k Tk Goxe iy
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where (a,, ...), (a,,...), (as,...), (@, ...), (@, ...), are each the coordinates of points in a line.
The preceding mode of dealing with the question is inapplicable, since there is mnot in
general any line which meets the five given lines; in the particular case, however,
where the five given lines are met by a single line, say when they have a common
tractor, then the line (a, b, ¢, f; g, h) is any line meeting this common tractor. The
general case is that of the involution of six lines, mentioned No. 25, and the con-
sideration of which was deferred.

47. The onefold relation implies that we can find multipliers A, u, v, p, o, 7, such
that £
A +wpb +ve +pf +og +7h =0,

Aay + pb, +ve, + pfi + 09y + Thy =0,

7\.(;5+,u.b5+ ves + pfs + 0gs+ Thy=0,
we may by means of the last five equations determine the ratios of A, u, v, p, o, T,
viz. these quantities will be proportional to the determinants formed out of the matrix
@55 bioen it g, iy
Gayig Uared Can " thts L0 - Iz
G Dy viGasdas 10k o P
st D e g Chy
O b et e 8 Uk,

and the first equation is then a linear relation in (a, b, ¢, f; g. %), expressing the
relation that exists between these coordinates.

48. Consider an arbitrary point O on the line (a, b, ¢, f, g, h); taking this point
as origin, the coordinates of O are 0, 0, 0, 1; and if @, y, 2, w, are the coordinates
of any other point on the line, then writing

2"y 2w,
0, 00, A
we find
d:b:¢c:f:9:hA=0:0:0:8:9:38;
and the equation
Aa+ub+ve+pf+og+7h=0

becomes simply pz + oy + 72=0; viz. this equation expresses that the line (a, b, ¢, £, g, h),
assumed to pass through a given point O, lies in a determinate plane Q through this
point.

49. To construct this plane Q, I consider any four of the five given lines, say
the lines 2, 3, 4, 5, and I endeavour to find the line 0@, through O, which has
with these lines a pair of tractors; qua line through O, the coordinates of the line in
question may be taken to be 0, 0, 0, A, G,, H, (where F,, @,, H,, are in fact the

11—2
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coordinates z, y, 2, of any point on the line 0Q,)); and then the condition for the
pair of tractors may be written

P20y + Psas + paay + psa; = 0,
Pabs + psby + b, + psby = 0,
P2Cs + PsCs + pucy + psc; =0,
Pofatpofs + pufi+psfs= B,
Pga+ Pogs +Pugs + Psgs = Gy,
Pl + pshy + pihy + pshs = H,,
where p,, p;... are arbitrary coefficients; and we hence deduce
pF+ oG+ TH, =0;

but in precisely the same way, if the line 0@, have with the lines 1, 3, 4, 5, a pair
of tractors, and if F,, G,, H,, be the coordinates of a point on the line 0Q,, and
similarly for the lines 0Q;, 0Q,, 0Q;, and the coordinates (F;, G,, H,), (F, G, H))

(1"5! GS) HS)) we have
pF.+ oG+ 7H,=0,

pFs+ oG+ 1H; =0,
pF,+ oG+ 7H, =0,
pFs+ oG+ 1H;=0,
and these equations show that the five lines 0Q,, 0Q,, 0Q;, 0Q,, 0Q;, lie in the plane
px+oy+T12=0;

so that this plane is given as the plane through the lines 0Q,, 0Q,, 0Q;, 0Q,, 0Q;;
and we have thus (given the lines 1, 2, 3, 4, 5, and the arbitrary point O) the con-
struction of the line (a, b, ¢, £; g, k) through O in involution with the given lines.

50. The original onefold relation may be replaced by the six equations
AG + Ny F Aoy + Ay + A, + Asa; =0,
Ab + Nby +Noby + Agby + A0y 4+ Ash; =0,
N4+ Ny 4 Nohy + Nl + Nhy+ Nshs =0,
and hence denoting as before the moments by 01, 02, 12, &c. we have

MOL 42,02 + 2,08 + 1,04 + 1,05 =0,

MO . +N12+ 018+ 2,14 +2,15 =0,
220 +0,21 . #2284+ 224 +2,25=0,
A30+ A, 81 X827 L\ 84 X85 =0,
MO+ 041+ 042 +0,43 . +245=0,
N30+ M5L+A52 + 053 +0,54 . =0,
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which lead to

L0102 08504 08 =0,
10, o 0125 180 alds. 15
20,0 21,45 oot 280 24k 25
S0,% 81,182 4 % 34 185
40,--41% 42 4G 845
B0y bk 152 (53:t. 54,

a relation between the moments equivalent to the original onefold relation, and con-
sequently expressing that the six lines are in involution. I have not obtained a
symmetrical system of values for the ratios A : A; : As t Mgt Ay & A,

51. Reverting to the relation which exists between the point O and the plane Q,
it is proper to remark that, since tc any given point O there corresponds a single
plane Q, and to any given plane  a single point O, it follows that the point O
and plane ( are reciprocal figures; viz. they are reciprocals of the particular kind
treated of by Mobius, wherein the reciprocal of a point is a plane through the point,
and the veciprocal of a plane a point in the plane; and of which the analytical
character is that the reciprocal of the point (a2, B, v, 8) is the plane

( . MB—gy+1)a
+(=ha . +fy+md)y

+( ga—jfB . +nd)z
+(—la —mB—ny . w=0.

Article No. 52. A geometrical property of an involution of six lines.

52. The figure of six lines in involution is connected in various ways with the theory
of cubic curves in space, for instance, considering a point A of the curve, this determines
with any given line ! a plane meecting the curve in two other points, and the line A
which joins these two points may be called the projection of the line I. This being
so, if in any osculating plane of the cubic we have six lines, I, 4, Iy, &, I, I,
tangents of a conic in that plane, the six projections X, A;, Az, Ag, Ay, A; of these
tangents will be a set of lines in involution. I do not stop to prove this theorem
or to develope any of its consequences.

Article No. 53. To find the condition that four given lines may have a twofold tractor.

53. Taking the coordinates of the given lines to be
((') b; C,f; 9, h)y (a'l) bh G ‘ﬂ; .‘71; hl)) (a2’ b-z; C‘l) f;y !]a, hﬂ); (a31 bS) 03) ,f37 .93: hS)
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then if (4, B, C, F, G, H) be the coordinates of a tractor of these lines, we have
(F: G; H,A,B, Cia,b,C,f,g,h)=O»
(F) G’ HJ A; B, CIaI) b]) ch ﬁ) 91, hl)=0)
(R G; -H: A: B, Cﬁazr bz; Ce, _f;; 927 h2)=0)
(F, G: H: A: B) 012(13, bs: 031 _/;v gx; h3)=0-
In virtue of these relations the ratios 4 : B : C : F : G : H are given linear
functions of any one of these ratios or of an arbitrary ratio » : v; and we then have
AF + BG+ CH =0, a quadric equation for determining the unknown ratio. In the

case of a twofold tractor, this equation must have equal roots; whence employing as
usual the method of indeterminate multipliers, we find

A +ra+ Mag + Nay +Na, =0,
B +Ab + N\by +Aby +Nhy =0,
C +Ac +Ncp + NGy +24503 =0,
FAM +MA+NfitNfi=0,
G+)~g + MG+ Nage +7\393=0,
H+ Mo+ Nby 4+ Nohy + Nk = 0.

Hence representing as before the moments of the pairs of lines by 01, 02, &c.,
we deduce
A01 42,02 + 2,03 =0,
A0+ . 124713 =0,
A20 4021 . +2A,23=0,
A30 + 231 +2032 . =0,
so that, as already mentioned, we have

01, 02, 03 |=0,

18, = el g
20, 91, . 98
80,7814t 89

as the condition that the four given lines may have a twofold tractor.

Article Nos. 54 to 56. Hyperboloid passing through three given lines.

54. The direct investigation is somewhat tedious; but I write down, and will
afterwards verify, the equation of the hyperboloid passing through the three given lines

(&, by, ¢, fis Gy M), (as, Bsy Cs, foo Gsy Bo), (a3, by, Csy J35 Gss Ia)-
Writing for shortness (agh), &c. to denote the determinants
(s ] B
@z, gny T s
PRl )
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the equation of the hyperboloid is
(agh) @ + (Bhf) 32 + (cfy) 2* + (abo) w?
+ [(abg) = (cal)] aw + [(bfy) + (chf)]yz
+[(bek) —(abf)lyw+[(cgh) +(afp)]z@
+[(caf) —(beg)] 2w +[(akf) + (bgh))zy=0.
In fact, we have
(agh) = a, (g.hs — gshs) + 1 (haas — hyas) + by (aog; — 392)
=a. gh + g.ha - +h.ag,
where @, &ec. stand for a,, &c. and gh, &ec. for ghy — gshs, &c. Hence the foregoing
equation may be written
2 (a.gh+g.ha+h.ag)
+ 2 (. Af +h.fo+f.bh)
+22(c.fg+f.9c +g.cf)
+ w?(a.bc +b.ca +c.ab)

a.bg+b.ga+g.ab b.fg+f.gb+g.bf
”w(—c.ah-a.hc-h.ca)*yz<+c.hf+h.fc +f.ch>

b.ch+c.hb—h.be ¢c.gh+g.he +h.cg
+yw(—a.bf—b.fa -f.ab)“” (+a-fg+f.ga+g.af)

c.aft+a.fc +f.ca a.hf—}-h.fa-i—f.ch)_
Do (—b.cg—c.gb—g.bc)+xy(+b.gh+g.hb+h.bg ph.

55. This is

be . w( hy — gz + aw)
+ ca.w (— hx + fz + bw)
+ab.w( gx-—fy + cw)
+ gh . @ (az + by + cz)
+ hf .y (az+ by + c2)
+f9 .2 (ax + by + c2)
+af {w (az + by + cz) — a ( hy — 92 + aw))
+ by {w (az + by + cz) — y (- ha + /2 + bw))
+ch {w(az+by +c2)—2z( gz —fy + cw))
-0f.y ( hy = gz 4 aw)
—cf.z ( hy — gz + aw)
—cg.z (mhe +fz + bw)
—ag.x¢ (—he +fz +bw)
— ah.z (ge—fy +cw)
—bh.y (gz—fy +cw)=0.
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56. Hence writing
(X) Y) Z) W)= AL ] hr -9 a, (.T, Y, % w))
_h; ) f; b’
9 —f’ -y G
—a, —b, —c,
the foregoing equation is
be. wX +ca.wY +ab.wZ —gh.aW—hf.yW —fg.zW
—af(wW+aX) —bg(wW+yY) —ch(wW +22)
—bf . yX —cg.2Y —ah.xZ —cf.2X —ag.2Y —bh.yZ=0;
or, collecting and arranging, this is
X {(—af . 2—bf.y—cf.z+bc.w}
+Y{~ag.2—bg.y—cg.z+ca.w}
+Z |—ah.z—Dbh.y—ch.z+ab.w)
+Wi—gh.x —hf.y—fg.2+(af.+bg.+ch.)w}=0,
which is satisfied by X=0, ¥Y=0, Z=0, W=0; that is, since (a, b, ¢, f, g, k) have
been written in place of (a, b, ¢, fi, g1, b)), by X,=0, ¥,=0, Z,=0, W,=0 (if we

thus denote the corresponding functions of (a,, by, ¢, fi, g1, ki), that is, the hyperboloid
passes through the line (a, by, ¢, f1, 91, &); and similarly it passes through the other

two lines.

Article Nos. 57 and 58. The siz coordinates defined as to their absolute magnitudes.

57. In all that precedes, the absolute magnitudes of the coordinates have been
left indeterminate, only the ratios being attended to. But the magnitudes of the six
coordinates may be fixed in a very simple manner as follows; viz. using ordinary
rectangular coordinates, then for any line, if «,, ¥, 2 are the coordinates of a particular
point on this line, and «, B, v the inclinations of the line to the axes, the coordinates
of another point on the line are

Zy+1Cosa, Yo+ 17 cosB, z,+1rcosry;

and hence writing
x,+1rcosa, Yo+rcosB, z,+rcosy, 1,

‘z'o ) !/o ) Zo ’ 1)
we have

a:b:c:f:g:h=2c08B—y,cosy : & CoSy—2,c08a: 1C08 B —a,cosa:CcoSa: cos B :cosr.

Or we may take
a=2z,c08 B —y,cosy, [f=cosa,
b=uw,cosy —z,cosa, g=cosp,

c=y,cosa—az,cos B3, h=cosy,
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values which of course satisfy, as they should do, the relation af+bg+ch=0. It is
hardly necessary to remark, that the values of @, b, ¢ are not altered on substituting
for ,, y,, z the coordinates ,+scosa, y,+scosfB, z +scosy of any other point on
the line,

58. Considering any two lines (a, b, ¢, £, g, h), (a1, b, &1, fi, g1, ), if we define
the moment of the two lines to be the product of the perpendicular distance into the
sine of the inclination of the two lines, then we have, Moment

= afy + bg, + chy + fa, + gb, + hey,

viz. we have now a quantitative definition of the function of the coordinates previously
called the moment of the two lines.

For the demonstration of this formula it is to be remarked, that taking on the
first line a segment of the length », the coordinates of its extremities being (@, %, 2)
and (@, +7rcosa, y,+rcosB, z,+ rcosry),
and on the second line a segment of the length 7, the coordinates of its extremities
being (), v, 2,) and (2, +7 cosay, ¥, + r,cos By, 2z, + r;cos v,) and joining the extremities
of these segments so as to form a tetrahedron, the volume of the tetrahedron is

= drry (afy + by, + chy + fa, + gb, + hey).
But the volume of the tetrahedron is also equal to & of the product of the opposite
edges into their perpendicular distance into the sine of the inclination of the two

edges ('); that is, it is =Jrr, into the moment of the two lines, and we have thus
the formula in question.

Article Nos. 59 to 75. Statical and Kinematical Applications.

The coordinates (@, b, ¢, f; g, h), as last defined, are peculiarly convenient in
kinematical and mechanical questions, as will appear from the following investigations.

59. Using the term rotation to denote an infinitesimal rotation, I say first that
a rotation A round the line (a, b, ¢, f, g, k) produces in the point (2, y, 2) rigidly
connected with this line the displacements

Sz=A( . —hy+gz—a),
Sy=r( hz . —jfz-0),
Sz=A(—gz+fy . —c)
11 take the opportunity of mentioning a very simple demonstration of this formula : taking the opposite

edges to be r, r,, their inclination =0, and perpendicular distance =h; the section of the tetrahedron by a
plane parallel to the two edges at the distances z, h—z from the two edges respectively is a parallelogram,

the sides of which are 1-'(—"}1:1—) and 7—;‘; respectively, and their inclination is =0 ; the area of the section is
5 h

therefore %‘-sin 0.z (h—-z) and the volume of the tetrahedron is =7;:} sin 6 / z(h—-2)dz, =}rr;hsin@. The
0

same result is however obtained still more simply by drawing a plane through one of the two edges perpen-
dicular to the other edge; the volume is then equal to the sum or the difference of the volumes of two
tetrahedra standing on a common triangular base; and the required result at once follows.

¢ VIL 12

www.rcin.org.pl



90 ON THE SIX COORDINATES OF A LINE. [435

In fact assuming for a moment that the axis of rotation passes through the origin,
then for the point P coordinates =, ¥, z, the square of the perpendicular distance from
the axis is

g A —ycos y + 2z cos B)
+( xcosy . — zcos a )?
+ (—xzcosB+ycosa . b

and the expressions which enter into this formula denote as follows; viz. if through
the point P at right angles to the plane through P and the axis of rotation we
draw a line PQ, =perpendicular distance of P from the axis of rotation, then the
coordinates of @ referred to P as origin are

— 1y cosy+2zcos 3,
ZCORIa --zcos a,
—2zcosB+ycosa . £

respectively. Hence the foregoing quantities each multiplied by A are the displacements
of the point P in the directions of the axes, produced by the rotation A.

60. Suppose that the axis of rotation (instead of passing through the origin) pass
through the point (@, %,, 2z); the only difference is that we must in the formula
write (z —a,, ¥y —1,, z—2,) in place of (z, ¥, 2): and attending to the significations of
the six coordinates, it thus appears +hat the displacements produced by the rotation
are equal to A into the expressions

—hy+g9z—a,
ba, . v fE—~ b
~gz+fy . —¢,

respectively ; which is the theorem in question.

61. I say secondly that considering in a solid body the point (z, y, z) situate in
the line (a, b, ¢, £, g, h), and writing

a, b c f, g, h=zcosB—ycosy, acosy—zcosa, ycosa—acosf3, cosa, cosf, cosry,

then for any infinitesimal motion of the solid body the displacement of the point in
the direction of the line is

=ap+bq + cr + fl+ gm + hn,
where p, ¢, 7, I, m, n are constants depending on the infinitesimal motion.

In fact for any infinitesimal motion of a solid body the displacemeht‘s of the point

(z, y, 2) are
Sz=1 . +ry—gqz,

Sy=m—rz . +pz,
Sz=n+qz—py .,
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and hence the displacement in the direction of the line is
= cos a 8z + cos B 8y + cos iy 8z,
which attending to the significations of (a, b, ¢, £, g, k) is
=ap +bq + cr+ fl+gm + hn,
and we have thus the theorem in question.
62. It thus appears that for a system of rotations
A about the line (a,, b;, 6w fis 9 b)),
Ay » (s, by, Ca for Gas Do),
&e. = &e.
the displacements of the point (z, , 2) rigidly connected with the several lines are
Se= . —yZhA+ 2Zg\ — Zan,
Sy= aShn . —z3f A —3b3,
8z = —aSgh+yZfA . —3aA,

and when the rotations are in equilibrium then the displacements (8z, 8y, 8z) of any
point (z, y, z) whatever must each of them vanish; that is, we must have

2ra=0, Irb=0,  Irc=0, IAf=0; 2Zrg=0, ZAh=0,

which are therefore the conditions for the equilibrium of the system of rotations
Adyi g, "0C

63. And it further appears that for a system of forces acting on a rigid body,
M\ along the line (ay, by, ¢, fi, 61, k),

xﬂ » ((l._:, b?y Ca, ﬁy ,92) hz)y
&e.

the conditions of equilibrium as given by the Principle of Virtual Velocities is
3N (ap +bg +cr +fl+ gm + hn) =0,
or what is the same thing, that we have
Sha=0, 3Ab=0, SAc=0, 3Af=0, 3Ag=0,  Z\k=0,

for the conditions of equilibrium of the system of forces A, A;, &c. The conditions
of equilibrium are thus precisely the same in the case of a system of rotations
(infinitesimal rotations) and in that of a system of forces.

64. It now appears that the greater portion of the investigations in the first
part of the present paper are applicable, and may be considered as relating, to the
equilibrium of forces (or of rotations; but as the two theories are identical, it is

sufficient to attend to one of them), and that we have in effect solved the following
12—2
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question, “Given any system of two, three, four, five or six lines considered as belonging
to a solid body, to determine the relations between these lines in order that there
may exist along them forces which are in equilibrium ;” but for greater clearness I
will consider the several cases in order; it is hardly necessary to remark that when
the forces exist the equilibrium will depend on the ratios only, and that the absolute
magnitude of any one of the forces may be assumed at pleasure.

65. The condition in the case of two lines is of course that these shall coincide
together, or form one and the same line; and the forces are then equal and opposite
forces.

66. In the case of three lines, these must meet in a point and lie in a plane;
and the force along each line must then be as the sine of the angle between the
other two lines.

67. Supposing that the forces are A along the line (a, b, ¢, f; g, k), A, along the
line (a,, b, ¢, fi, g1, h), and A, along the line (a,, by, ¢, fi, g2, ho) the conditions of
equilibrium are Aa+Ma;, +2:a,=0, ...... M+ Nhy + Nhy =0, any two of which determine
the ratios A : A, : A,; these ratios were not worked out ante No. 38 for the reason
that with the coordinates there made use of, a symmetrical solution was not obtainable;
but in the present case, selecting the last three equations, these are

Acosa +A,co8sa +A,cosa, =0,
Acos B+ cos B+ A, cos B, =0,
Acosy + N €osy; +A,co8y, =0,

giving in the first instance an equation which expresses that the three lines (assumed
to meet in a point) lie in the same plane: and then if 01, 02, 12 be the angles
between the pairs of lines respectively, giving by an easy transformation

A 4+, c0801 +A,c0802=0,
Acos10 4+, +A;cos12=0,
A cos 20 + A, cos 21 4+, =0

68. Putting for shortness 4, B, C in the place of 12, 20, 01 respectively, we

thence find
" s e0B; @i, 5 eogiBuh=10;

cosC , i , cos A

cosB , cosd , 1
that is
1—cos® 4 — cos® B—cos? C'+2cos A cos Beos C =0,

equivalent to A + B+ ('=2m; and then from the first and second equations
A:M:A=cosdcosC—cosB : cosBcosC—cosd : 1—cos?C,

=sin A sin C : sin Bsin C : sin?C,

=sgin 4 : sin B : sin C,

which is the required formula.
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69. In the case of four given lines the condition (as noticed by Mgbius) is that
the four lines shall be generating lines of the same hyperboloid. In fact every line
which meets three of the four lines must also meet the fourth line; for otherwise
the moment of the system about such line would not be =0. Calling the lines
0,1, 2, 3 and writing as before 01, 02, &c. for the moments of the several pairs of
lines, then taking the moments of the system about the four lines respectively, we
obtain directly the before-mentioned system of equations

2,01 +2,02 42,03 =0,

A0 . 12 42,13=0,
A204+021 . +223=0,
A30+231+041 . =0,

leading as before to the relation

V01 V23 + V02431 + V03 V12 =0,
and to the values

Ao Ay Aa=V12423 431 : V23304702 : V30 V01 V13 : V01 V12420
for the proportional magnitudes of the forces. These last equations give
A\ 01 =, 23,

which, representing each force by a segment on the line along which the force acts,
denotes that the tetrahedron of any two of the forces is equal to the tetrahedron of
the other two forces; this is in fact equivalent to the theorem of M. Chasles, that
if a system of forces be in any manner whatever reduced to two forces, the tetra-
hedron formed by these two forces has a constant volume.

70. In the case of five given lines, the lines must have a pair of tractors. Any
four of the lines have in fact two tractors; and each of these tractors must meet
the fifth line, for otherwise the moment of the system about the tractor would not
be=0. In the case where the four lines have a twofold tractor, the foregoing con-
sideration shows ouly that the fifth line meets the twofold tractor, but it fails to
show that the twofold tractor is a twofold tractor in regard to the fifth line.

71. I stop to consider this particular case under the present statical point of
view. Taking the twofold tractor for the axis of z; let the line 0 meet this line in
the point (0, 0, c), the coordinates (a, b, ¢, f; g, k) of this line being consequently

(ccosB, —ccosa, 0, cosa, cosf8, cosy)

and the like for the other four lines 1, 2, 3, 4. Using the sign = to refer to the
last-mentioned four lines the equations of equilibrium become

e cos B + 2\, ¢, cos B, = 0,

Accosa + ;¢ cos a; =0,

A cosa + 2\, cosa =0,

A cosB+3\, cosB, =0,

A cosy + 2N, cosy, =0.
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These equations give
3\ ccos B, ccosB

S\, 08 & cosa ’

we ‘may withont loss of generality take the homographic conditions which express that
the axis of z is a twofold tractor of the four lines to be

6 008 By _ c;co8B, _¢scos By _eicos By _
COS &, COoS d, COS gy COS a,

and this being so, the last-mentioned equation becomes

ceos B

cos a i

and it thus appears that the axis of z is a twofold tractor in regard also to the line 0.

72. In the ecase of six lines such that there exist along them forces which are in
equilibrium, taking this as a definition of the involution of six lines, we may very
readily obtain from statical considerations the before-mentioned construction of the sixth
line; viz. it may be shown that given any five of the lines, say the lines 1, 2, 3, 4, 5
and a point O, we can through the point O determine a plane £, such that any
line whatever through the point O and in the plane Q is in involution with the five
given lines. Consider the tractors of any four of the lines, say the lines 2, 3, 4, 5;
we may through the point O draw a line OA meeting the two tractors; that is, the
lines 2, 3, 4, 5 and the line 0A will have a pair of common tractors. There con-
sequently exist along these lines forces which are in equilibrium; and since. only: the
ratios are material, the absolute magnitude of the force along the lire 04 may be
anything whatever. Similarly, considering the tractors of the lines 1, 3, 4, 5, and through
0 a line OB meeting these tractors, then there exist along the lines 1, 3, 4, 5 and
the line OB forces which are in equilibrium, and the absolute magnitude of the force
along the line OB may be anything whatever. Hence, combining the two sets of
forces, we have, along a line through O in the plane OA, OB, but otherwise indeter-
minate in its direction, a force in equilibrium with forces along the lines 1, 2, 3, 4, 5;
that is, the line found as above is a line in involution with the lines 1, 2, 3, 4, 5.

73. It is to be added, that through O we cannot, out of the plane 04, OB, draw
a line in involution with the lines 1, 2, 3, 4, 5; for if any such line OK existed,
then we should have along each of the lines 04, OB, OK forces in equilibrium with
forces along the lines 1, 2, 3, 4, 5; and the magnitudes of the three forces being
each of them anything whatever, it would follow that along any line whatever through
the point O there would exist a force in equilibrium with forces along the lines
1, 2, 3, 4, 5; that is, any line whatever through the point O would be a line in
involution with these lines.

74. Tt hence appears, that drawing OA to meet the tractors of 2, 3, 4, 5; OB
to meet those of 3, 4, 5, 1; OC to meet those of 4, 5, 1, 2; OD to meet those of
5,1, 2 3; and OF to meet those of 1, 2, 3, 4; the lines OA, OB, 0C, OD, OF will
be in one plane, say the plane Q: and that any line through O in the plane Q will
be a line in involution with the lines 1, 2, 3, 4, 5.
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75. There is another statical representation of the involution of six lines. If a
system of forces act on a solid body, then taking six lines at random, the system
will be in equilibrium if the sum of the moments be =0 in regard to each of the
six lines. But if the six lines be in involution; then, for the very reason that a
rotation about one of these lines is resolvable into rotations about the other five lines,
if the sum of the moments be =0 for each of the five lines, it will also be =0 for
the sixth line: that is, it is not sufficient for the equilibrium of the forces that the
sum of the moments shall be =0 for each of the six lines. And we thus see that
six lines in involution are lines such that the equilibrium of a system of forces about
cach of the six lines as axes does mot insure the equilibrium of the system.

Article Nos. 76 and 77. Transformation of Coordinates.

76. Reverting to the general definition of the six coordinates (a, b, ¢, £, g, h) of
a line by means of the points (z, B, v, 8) and («, B', v, &) on the line; suppose that
instead of the original coordinate planes =0, y=0, 2=0, w=0 (forming a tetrahedron
ABCD) we have new coordinate planes #,=0, y,=0, 2,=0, w, =0 (forming a tetrahedron
A,B,C,D,); and that the relations between the two sets of current coordinates are given
by the equations —

x:Yyiz:iw= (>\1, M1, Yy, plﬁxo, Yo, %o, ’wo)

: (N, pe, v, Pzixo: Yor 20y W)

: ()\'3, M3y Vs, Pzzi-'ﬂo» Yo, 20 W,)

: (th /1'4’ Vnh P4§‘TO) yo: 20) 'wo),

with, of course, the like relations between the original coordinates (2, B, 7, 8) and new
coordinates (ay, B, vo, &), and between the original coordinates (&', B, &', &) and the
new coordinates (a,, By, v/, &), of the two points on the line (a, b, ¢, f, g, h); then
taking (ay, by, Co, fo, 9o, ho) as the new values of the six coordinates of the line, viz.
writing
a, : b, : Co : Jo 9o : h,
=B =B T Yot — Y% : %GBy — B, : 4,8y — '8 ,308 - BJS, ')’o8 — %0 G,

we obtain a system of formula which may be conveuiently written as follows:
G.a5D.000 : f g . h

2%
=yt oyt g)

: 31

: 12

: 14

: 24

1 34

viz. the top line stands for (wavy — pyvs) @+ (1A — v5\,) b, + &c., and the other lines are
obtained from this by mere alterations of the suffixes.

L P e B 0P
3 9t gg/et 95 00t gg o
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77. As to the interpretation of these formule, taking
A BCD as the fundamental tetrahedron for (z, v, z, w),

AOBOCO Do 39 ” ("’f'o: yo, Z')r wo);
then

(M5 s v, PO % Yo, 2, Wo) =0 is the equation of plane BCD,

(xz) ”‘2: V21 P!I » )= 0 ”» CDA’

(7\3, ,u‘:l) V:b P3§ 2» )=0 ” DAB;

(X‘, ,u‘h V‘, PCI ”» )=0 » -ABC;

whence, observing that the second and third equations belong to two planes each
passing through the line DA, it appears that the coefficients

pv YA A Ap pp vp

23’ 23’ 23° 23° 23° 23°
are the six coordinates of the line DA, expressed in regard to the tetrahedron
(A4,B,C,D,); and similarly that the coefficients in the six expressions of the trans-
formation formula are the six coordinates of the lines AD, BD, CD, BC, CA, AB
respectively in regard to the tetrahedron (4,B,C,D,).

In the preceding formula for the transformation of coordinates the ratios only have
been attended to, no determinate absolute magnitudes have been assigned to the
coordinates (a, b, ¢, f, ¢, h). But I will nevertheless show how we may attribute
absolute magnitudes to these coordinates.

Article Nos. 78 to 80. New definition of the siz coordinates as to their absolute
magnitudes.

78. I assume (@, y, 2z, w) to be “volume” coordinates; viz. taking as before 4 BCD
for the fundamental tetrahedron, and denoting the point (z, y, 2z, w) by P, I assume
that we have

i g g gl =PBOD i ARCD P ARBPD. s “ABCP. « ABOD,

where PBCD, &c. denote the volumes of the several tetrahedra PBCD, &c. It is to
be mnoticed that the volume is in every case taken with a determinate sign: analytically
the sign may be fixed by taking (2., ¥a, 2.), &c., as the Cartesian coordinates of the
points 4, &c. and writing
PBCD =| zy, x, @, x|, &c.

:I/p) yb; yc) :‘/d ‘

Zp, 2y, Zey Za ‘

e WS o 1
(whence of course PBCD = PCDA =— PCBD, &c. according to the rule of signs): or
we may in an equivalent manner, but less easily, determine the sign, by considering

the sense of the rotation about CD (considered as an axis drawn from C to D) which
would be produced by a force along PB (from P to B).
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79. It is to be observed that the foregoing values give identically z +y+z+w=1,
so that the equation of the plane infinity is #+y+2z+w=0. The values of the
coordinates (z, ¥, z, w) may be written

@ o Yre-zritw i = PBCD\s:ROAD :: '‘PABD:: :PCBA ) ABOD;
or in the original form
#:y:2:w:1=PBCD : APCD : ABPD : ABCP : ABCD,

as may be most convenient.

80. Denoting the points (2, B, v, 8) and («, B, ¥, &) by @, @ respectively, we
have

a:B8 :9:8:1=QBOD : AQOD : ABQD : ABCQ : ABCD
«:B :q:8:1=QBCD: AQCD : ABQD : ABCQ : ABCD,

and

and writing
(a, b, ¢, f, 9, h)=(By — By, ya' —y'a, af' —dB, a¥ — a’8, B —B'S, y& —'d),

viz. the two sets being taken to be equal, a= By — By, &c. instead of merely pro-
portional, then it is easily seen that we obtain

@t U eatie s ridorgter S BT it 4 RIS TR S |
=A4QQ'D : QBQD : QQCD : QBCQ : AQCQ : ABQQ : ABCD,
that is, in order to form the first six combinations we successively replace
(B, 0), (C, 4), (4, B), (4, D), (B, D), (C, D)
in ABCD by (@, Q).

Article No. 81. Resulting formule of Transformation.
81. For the transformation of coordinates if we assume

& =(7\h M1, V1, Plixo: Yo» 2o, W),

y =(L.'» Mgy Vi, P?I » )’
z =(x3) .F's, Vs, P3§ » )’
’w=(7\m Mgy Vg, P;ﬁ » ):

and take also (a, b, ¢, /; ¢, h), (@, by, o, fo, 9o, ho) respectively equal, instead of merely
proportional, to the foregoing values, then, observing that for the point 4, we have
(@oy Yo, 20, wo)=(1, 0, 0, 0) we see that N;, Ny, N5, A, are the ABCD — coordinates of
A,; and the like as to the other sets of coefficients; viz. we have

MiA AN :1=4,BCD: AA,CD : ABA,D : ABCA, : ABCD

5 acabonae 3 aais Lol oo foh i et By wiiind B aw
Vi Vg Vg LVl =Co s8¢ TN Co g devigedifys e G : »
Pr P2t Ps i Pa + 1 =.Do » HE Do i ™ Do e S D‘, : »
C. VIL 13
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and we hence find
piy S00, SUARSLER R B ST TN (Sl ae to Spcips e
23 . P el 23 3 23 W23 i 23 ;
=AB,C,D 3 AC A D : AAB;D .. Ad;D, D3 4B, D,D : AC,D,D : ABCD

viz. multiplying the last-mentioned set of terms by A4,B,C,D,+ ABCD, in order to
make the last term equal to unity, we see that the coefficients ’2"; . ;g &c. are equal

to j“gﬂg—g" into the six (ABCD), — coordinates respectively of the line AD by means
of the points A, D thereof. And similarly in the six expressions which enter into the
formula of transformation, the coefficients are =4%B§%)0 into the six (4 BCD), — coordinates
of the
line AD in regard to points A, D thereof
2w wBD G B R L
La CD " Cald . Ad
! 2 (04 J Byi€ ooy
i O % O A g
w i AB £ &y Bl

The foregoing theory of the transformation of coordinates seemed to me interesting
for its own sake, and I have developed it in preference to the more simple theory
which might easily be established of the case in which the coordinates are quantitatively
defined as being equal to

(2,c08 B — 7y, cosry, @,COS7y —2,c08a, ¥,c08 8 — z,co8a cosa, cos/3, cosy)

respectively.
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