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459.

ON THE DOUBLE-SIXERS OF A CUBIC SURFACE.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. x. (1870), 
pp. 58—71.]

The 27 lines on a cubic surface include, and that in 36 different ways, a double­
sixer; viz. a system of two sets of six lines 1, 2, 3, 4, δ, 6 ; 1', 2', 3', 4', 5', 6', such 
that every line of the one set intersects all the non-corresponding lines of the other 
set, thus 

there being in all 30 intersections.

Any line say 4, of the one set, inteiΕects five lines 1', 2', 3', 5', 6' of the other 
set; and these six lines being given the double-sixer may be constructed; viz. (besides 
the line 4) we have a line 1 meeting the lines 2', 3', 5', 6'; a line 2 meeting the 
lines 3', 5', 6', Γ; a line 3 meeting the lines δ', 6', 1', ; a line 5 meeting the lines 
6', 1', , 3'; and a line 6' meeting the lines 1', 2', 3', 5'; and then the lines 1, 2, 3, 5, 6 
are all of them met by a single line 4', which completes the system.

We may, if we please, consider the lines 4, 2 as given, and then 1', 3', 5', 6' will 
be any four lines each of them meeting the two given lines 4, 2; 2' will be any 
line meeting 4; and we have to determine a line 4' meeting 2, such that there may 
exist the lines 1, 3, 5, 6, completing the system as above. Or what is the same 
thing, we have a skew quadrilateral 1', 2, 3', 4; 5' and 6' meet 2 and 4; 2' meets
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4, and 4' meets 2: 5 and 6 meet 1' and 3'; 1 meets 3' and 3 meets 1'; and the 
two sets 2', 4', 5', 6' and 1, 3, 5, 6 meet thus

Hence, starting with the skew quadrilateral 1'23'4, and taking x = 0, ^=0, ^ = 0, w=0 
for the equations of the four planes 41', 1'2, 23', 3'4 respectively; or what is the same 
thing ic = 0, y = 0 for the equations of the line 1'; 2/ = θ, ^ = 0 for those of the line 2; 
^=0, w = 0 for those of the line 3'; and w = 0, ί» = 0 for those of the line 4; the 
several lines may be determined, each of them by means of its six coordinates, as 
follows:

1'
2
3'
4

2'
4'
5'
6'

1
3
5
6 

where
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T h e  c o n diti o ns i n r e g ar d t o t h e i nt ers e cti o ns of t h e li n es 2', 4', 5', 6' a n d 1, 3, 5, 6,  

ar e f or m e d b y  m e a ns  of  t h e di a gr a m

vi z, w e  h a v e t h e e q u ati o ns

first s et,

s e c o n d s et,

t hir d s et,

f o urt h s et,

a n d it is t o b e s h o w n, t h at t a ki n g as gi v e n t h e c o or di n at es of 2', 5', 6', t h at is 
( √I 2, Gi,  G.,,  { B,, C ,̂  a n d { B ,̂  G ,̂ ∖'f Q  c a n fi n d t h e c o or di n at es

of  t h e r e m ai ni n g li n es 4', 1, 3, 5, 6.

T h e  first s et of  e q u ati o ns gi v es  

vi z. / 7 1, &i,  Cl ar e pr o p orti o n al, b ut as o nl y t h e r ati os ar e m at eri al,  t h e y m a y  b e t a k e n 

e q u al, t o t h e d et er mi n a nts G ^ H ^ —  G ^ H ,̂  H ^ B ^ — H ^ B ,̂  B ^ G ^  —  B ^ G .̂ A n d  t h e n r et ai ni n g 

/ 7 1. ̂ ι, Cl t o si g nif y t h es e v al u es r es p e cti v el y, t h e first e q u ati o n gi v es  f ^ A ,̂ a n d t h e 
s e c o n d e q u ati o n gi v es ; m ulti pl yi n g  t o g et h er t h es e v al u es, a n d writi n g  «i/i  =  —  Z >ι∕∕ι,  

w e  fi n d

{ B, B,, G, G „  G, H,  +  G, H,,  H, B,  +  H, B,,  B, G, ^  B, G,  + A, F, ‰,  b „ c, y  =  0.

w w w.r ci n. or g. pl
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Pr o c e e di n g  i n a si mil ar m a n n er  wit h  t h e s e c o n d s et of  e q u ati o ns, w e  h a v e  first 

a n d t h e n

T h e  t hir d s et gi v es  m or e  si m pl y  

or  si n c e

t his is 

a n d si mil arl y, t h e f o urt h s et gi v es  

or  si n c e : Z > 6 = ^ 5  : — - B 5j t his is 

a n d  t h es e l ast t w o r es ults l e a d t o t h e v al u es  of  t h e r ati os of
vi z. t h es e ar e pr o p orti o n al t o e x pr essi o ns c o nt ai ni n g t h e c o m m o n f a ct or B ^ G ^  —  B ^ G ,̂  
a n d o mitti n g  t his c o m m o n f a ct or, a n d t a ki n g t h e m e q u al i nst e a d of  m er el y  pr o p orti o n al  
t o t h e r es ulti n g e x pr essi o ns ( w hi c h is all o w a bl e, si n c e t h e a bs ol ut e v al u es ar e n ot  

m at eri al),  w e  h a v e

R et ur ni n g  t o t h e r es ult o bt ai n e d  fr o m t h e first s et of  e q u ati o ns, t his n o w  b e c o m es

b ut  t h e t er ms c o nt ai ni n g g ,̂  ∖  ar e ( B ^ g ^ +  G,, b ^ }  { B ^ gi +  G a b vi z. t his is =  —  . —  H e Ci ^
t h at is t h e w h ol e  e q u ati o n is t h us di visi bl e b y  Cι,  a n d o mitti n g t his f a ct or,

it b e c o m es

Pr o c e e di n g  i n li k e m a n n er  wit h  t h e r es ult o bt ai n e d fr o m t h e s e c o n d s et of  e q u ati o ns,  

t his b e c o m es  

w h er e  t h e t er ms c o nt ai ni n g  g ,̂ ar e  ( R ^ 3 + G ^ 5 6 3)( ¾r 3 + 6' 3 6), vi z.  t his is - h ^ G .̂- h > G ^ = h- ^ G β ζ', 

t h e w h ol e  e q u ati o n di vi d es  b y  Λ 3,  a n d it t h e n b e c o m es

C o nsi d eri n g  B 4,  G ,̂ as gi v e n  b y  t h e e q u ati o ns  

w w w.r ci n. or g. pl
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t h e e q u ati o ns l ast o bt ai n e d  d et er mi n e  t h e v al u es  of  Hi  a n d C »,  vi z. t h es e e q u ati o ns m a y  
b e  writt e n  

b ut i n or d er t h at t h e v al u es { Bi, C ,̂  i ∖, G ,̂ gi v e n b y t h es e fi v e e q u ati o ns m a y  
b el o n g  t o a li n e ( 0, Bi,  Gi,  Fi,  Gi, t h e y m ust  s atisf y t h e e q u ati o n  

vi z. i n or d er  t o t h e e xist e n c e of t h e li n e 4, t his e q u ati o n m ust  b e s atisfi e d i d e nti c all y 
b y t h e f or e g oi n g v al u es ; a n d I pr o c e e d t o s h o w t h at it is i n f a ct t h us s atisfi e d.  
M ulti pl yi n g  t h e v al u es  of  Gi,  Hi,  a n d writi n g  Gi ∏i  =  —  Bi Gi,  t h e i d e ntit y t o b e  v erifi e d  is

T h e  first li n e i n cl u d es t h e t er ms 

w hi c h,  writi n g

T h e  s e c o n d li n e i n cl u d es t h e t er ms 

w hi c h,  r e d u ci n g i n li k e m a n n er,  ar e  

a n d t h es e ar e t o g et h er

T h e  r e m ai ni n g t er ms fr o m t h e first li n e ar e at o n c e r e d u c e d t o 

a n d t h os e fr o m t h e s e c o n d li n e ar e

H e n c e,  att e n di n g t o t h e r el ati o n Cj  =  —  h ,̂ a n d c oll e cti n g a n d arr a n gi n g, t h e e q u ati o n t o 

b e v erifi e d  is

w w w.r ci n. or g. pl



459] ON THE DOUBLE-SIXERS OF A CUBIC SURFACE. 321

But we have 

and similarly

Moreover, writing g^B^B^^biH^H^, we have 

and the five terms of the equation in question thus separately vanish; and the 
equation is consequently verified.

We may collect the results as follows :

Data are lines 

and then, for the remaining lines, 1, 3, δ, 6, 4' the coordinates are as follows ;

For 4',

(B4G4 + GiHi = 0, identity).
For 1,

(θι∕ι + = 0, identity).
For 3,

(«3/3 + Kg-i = 0, identity).
C. VII.
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For 5,

For 6,

and, for actual calculation, it is convenient to remark that as only the ratios are 
material, a set of six coordinates may be multiplied or divided by any common number 
at pleasure.

But these results may be further reduced. Writing 

we have

But 

since 

the equation obtained is thus

We then have 

that is
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and in like manner 

the equation obtained is thus 

and then 

that is 

which values of C4, satisfy, as they should do, the relation

We have also 

which gives F^.

Moreover 

which combined with the foregoing value of J’4, gives a^.
41—2
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Again, 

which combined with the foregoing value of F^, gives ttj.

Write

we have 

that is

and similarly 

which last value is to he substituted for the left-hand function in the formulae for 
and «3 respectively.

Whence, finally recollecting that 

and

we have

For 1
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I have thought it worth while to effect the numerical calculations for enabling 
the construction of a drawing or model. For this purpose taking X, F, Z as ordinary 
rectangular coordinates, I write 

that is, I take 1' and 2 to be lines in the plane of XY, denned by the equations 
Υ+F=1Q and X— Y= —10 respectively, and 3' and 4 to be lines in the plane of 
XZ defined by the equations X — Z = — 10, X÷Z=10 respectively. And I take 5' to 
be the line joining the points (2, 0, 8) and (—9, 1, 0); 6' the line joining the points 
(3, 0, 7) and (—8, 2, 0); 2' the line joining the points (9, 0, 1) and (—3, 7, 4). We
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calculate then for each of the lines the xyzw coordinates of two points thereof; and 
thence the six coordinates of the line, viz.:

and effecting the calculations for the remaining lines, we have

or reducing to integers, the values are
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The line (a, b, c, f, g, K) is given as the intersection of any two of the four planes 

or substituting for oc, y, z, w the values X + F+ Z —10, Z, — X + F + Z —10, F, these 
become 

or, λvhat is the same thing,

And substituting, we have the equations of the several lines, viz.:

(1')

(2)

(3')

(4)

(5')

(β')
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(2')

(4')

(1)

(3)

(θ)

(6)
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The several lines intersect as they should do, the coordinates of the points of 
intersection being as follows :

1' - 2' 3' 4' 5' β'

viz. the coordinates of 12' (intersection of lines 1 and 2') are (-*j⅝⅛, lit), and sθ
in other cases; where there is no divisor the coordinates are integers. I find however, 
on laying down the figure, that the lines 3 and 4, 3' and 4' come so close together, 
that the figure cannot be obtained with any accuracy.

C. VII. 42
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