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459.

ON THE DOUBLE-SIXERS OF A CUBIC SURFACE.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. X. (1870),
pp. 58—71.]

THE 27 lines on a cubic surface include, and that in 36 different ways, a double-
siwer; viz. a system of two sets of six lines 1, 2, 3, 4, 5, 6; 1/, 2, &, 4, §, 6, such
that every line of the one set intersects all the non-corresponding lines of the other

set, thus
PN 5 -6

1
o
3
¥

=/

9
6’
there being in all 30 intersections.

Any line say 4, of the one set, intersects five lines 1’, 2, 8, 5, 6' of the other
set; and these six lines being given the double-sixer may be constructed; viz. (besides
the line 4) we have a line 1 meeting the lines 2, 3, 5/, 6’; a line 2 meeting the
lines 3, 5/, 6/, 1’; a line 3 meeting the lines 5, 6, 1, 2'; a line 5 meeting the lines
6',1,2,3; and a line 6’ meeting the lines 1’, 2, 3, 5; and then the lines 1, 2, 8, 5, 6
are all of them met by a single line 4, which completes the system.

We may, if we please, consider the lines 4, 2 as given, and then 1/, 3, 5, 6 will
be any four lines each of them meeting the two given lines 4, 2; 2’ will be any
line meeting 4; and we have to determine a line 4’ meeting 2, such that there may
exist the lines 1, 3, 5, 6, completing the system as above. Or what is the same
thing, we have a skew quadrilateral 1/, 2, 8, 4; 5 and 6’ meet 2 and 4; 2 meets
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459] ON THE DOUBLE-SIXERS OF A CUBIC SURFACE. 317

4 and 4’ meets 2: 5 and 6 meet 1’ and 3'; 1 meets 3’ and 3 meets 1’; and the
two sets 2, 4, 5/, 6’ and 1, 3, 5, 6 meet thus

k811 by 6
2/
41
5/
6/

Hence, starting with the skew quadrilateral 1234, and taking 2=0, y=0, 2=0, w=0
for the equations of the four planes 41’, 12, 23', 34 respectively; or what is the same
thing #=0, y=0 for the equations of the line 1’; y=0, 2=0 for those of the line 2;
2=0, w=0 for those of the line 8'; and w=0, #=0 for those of the line 4; the
several lines may be determined, each of them by means of its six coordinates, as
follows :

W B R s R
1 [0t bt § R TIRAN(o Rt
2 [ AL 0 e 0 0
i () SO T8 ZON YR 10
et 5 NSO (Bl o Rt It 8
i A B O kR GV
4 ) SR R B e Il 8
5 (DN 3R O ROl e £
6 OV B 20 0. G T HE
1 o b o oq ﬁ 9 0
5! s b f 8.0y hy
53 deo b e f 5 s 0
6 g by 0 f s Js 0

where
B CiHoi=0

B,G:+ CiHji= 0,
B;Gs;+ C;H; = 0,
B,Gs + CHg = 0,
a i +bg =0,
asfs + bygs =0,
s fs + bsgs = 0,
asfs+ bsgs = 0.
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318 ON THE DOUBLE-SIXERS OF A CUBIC SURFACE, [459

The conditions in regard to the intersections of the
are formed by means of the diagram

lines 2/, 4, 5, 6 and 1, 3, 5, 6,

lﬂgloa‘lb‘lcz 4, B, C; 0 G. Hzi2',
3.f; s hy a; by 0 0 B, C; F, G, H‘:%‘]”,
5/ 9 0 a b 0| 0 B, c, 0 G H |
6|f 9 0 a b O] 0 B, C, G. H, |6,
viz. we have the equations
tirst set,
ﬁAﬂ+ngz +bG.+c,H,=0,
ng¢+a1F4+blG¢+01H‘=0,
nga +0,G;+c,H;=0,
9’185 +b0,G+c,H;=0;
second set,
fsAs +,'?ng + 5y C, +b,G, =0,
93.84'}"1304 +a3F3+b304 =0,
9'335 +h305 + ba G, = (),
gsBs"'hxos +b,G5 =0;
third set,
fsAs +,9'nBa +b,G, =0,
g!qu +a, F, +b,G, =0,
9sBs +b,G; =0;
fourth set,
ﬂA9+ gﬁBﬂ + bﬁGz = 0,
gnBc +arsFa+E)GG¢ =0,
9sBs +b;Gs =0

and it is to be shown, that taking as given the coordinates of 2, 5, 6, that is

(4,, B,, C., G,, H,), (B;s, 0y, G5, H;) and (B,, Cs, Gy,
of the remaining lines 4, 1, 3, 5, 6.

The first set of equations gives
Hey WO
B, G, H,;

s bl; [ =[

viz. ¢, b, e, are proportional, but as only the ratios
equal, to the determinants G,H,— G H,, H,B,— H,B,,

H,), we can find the coordinates

|

are material, they may be taken
B,G;— B,G,. And then retaining

0> b, ¢ to signify these values respectively, the first equation gives fi 4., and the
second equation gives @, F,; multiplying together these values, and writing @, f,=-0bg,,

we find

(B.B,, G.G,, H,H,, G,H,+ G H,, H,B,+ H,B,, B=G4+BJG=+A2FJIUI’ b, ¢,)=0.
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459] ON THE DOUBLE-SIXERS OF A CUBIC SURFACE. 319

Proceeding in a similar manner with the second set of equations, we have first
95) h&s bx= Bb, Ob) Gli

B&} 0&3 GG

(observe hy=G;B;— Gy B;, =—¢),

3

~ and then
(B,B,, 0,0, G,G,, C,G.+ C.G,, G.B, +G B, + A,F,, B,C,+ B,C.;Ygs, ks, b)) =0.

The third set gives more simply
98B, B, + ¢;b; (B, G, + B,G, + A, F,) + b2G, G,=0,

s : bb=Gﬂ : _Ba;
62 934 e GsBe (-8264 5 B¢Gs+ AsF»a) ik Bss Gsea = 0;

and similarly, the fourth set gives
9'«“3234 +gsbs (B,G,, + B,G,+ A, F,) + bsG, G, =0,

or since

this is

or since g; : by=G; : — B;, this is

G?B,B,— G;B;(B,G,+ B,G.+ A, F) + B}G,G,=0:
and these last two results lead to the values of the ratios of B,B,, B,G,+B,G.+A.F,, G.G,:
viz. these are proportional to expressions containing the common factor B,G;— B;G;,

and omitting this common factor, and taking them equal instead of merely proportional
to the resulting expressions (which is allowable, since the absolute values are not

material), we have
B,B,, B,G,+ B,G, + A,F,, G.G,=B;B;, B;G;+ B, G;, G;Gs.
Returning to the result obtained from the first set of equations, this now becomes
(B;Bs, GsGs, H,H,, G,H,+ G H,, H,B,+ H,B,, B,G;+ B,G,{g,, by, ¢,)*=0:

but the terms containing g¢,, b, are (Byg:+ Gb,) (Bsgy + Giby), viz. this is =— Hye,. — Hye,,
that is H,H,c®; the whole equation is thus divisible by ¢,, and omitting this factor,
it becomes

% (H.B,+ H,B))+ b, (G H,+ G.H,) + ¢, (H.H, + H;H;) = 0.

Proceeding in like manner with the result obtained from the second set of equations,
this becomes

(B5Bs, 0504, GsGs, CsG¢+O‘4G2’ BbGa'l"BBGﬁ! BQG-G-!'B‘IO:!IQS: }"s» bs)gzo’

where the terms containing gs, b, are (Bgs+Gsb,)(Bgs+ G:d), viz. this is -, C;. — b, Ci=h2CiC;;
the whole equation divides by %;, and it then becomes

gs (B:C, + B0y +hy (0.0, +05C5) +b,(C.Gy +C.Gy) =0.
Considering B,, G,, F, as given by the equations
B,B,= BbBu, G.G= GnGru B.G.+ G.B,+ A, F, = B;Gs + B; @G,
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320 ON THE DOUBLE-SIXERS OF A CUBIC SURFACE. [459

the equations last obtained determine the values of H, and C|, viz. these equations may

be written
(‘9132"‘ blag + CIH:S) H4+ Hz (ngq + blG-l) + GleHG =0’

(9sBa+ by Oo+ b, G, ) Oy + Oy (95 B, + b;G.) + b0, €, =0

but in order that the values (B,, C,, F,, G,, H) given by these five equations may
belong to a line (0, B,, C,, F,, G,, H,), they must satisfy the equation

BdG.z'l' 04H4 =0,

viz. in order to the existence of the line 4, this equation must be satisfied identically
by the foregoing values; and I proceed to show that it is in fact thus satisfied.
Multiplying the values of C,, H,, and writing C,H,=— B,@,, the identity to be verified is

(02 B: + b, G + ¢, Hy) (95 B, + hy . + b, ;) B, G,
+[H, (9. B+ b,G) + ¢, H;H,] [C.(g: B, + b5 Gy) + 7y C5C] = 0.

The first line includes the terms
{919:B2 + b,0,G2 + (bgs + bgn) B.G. + ¢, h, C, Hy} B,G,,
which, writing C,H,=— B,G, and B,B, = B;B;, G.G,= G;G;, are
= 0,95 B.G B, B; + b,b,G. B, GG + (b,gs + 9:b; — e, ) By B G G
The second line includes the terms
C.H, (¢, B,+ b, &) (9B, + b, @) + ¢,h,C; HyC; H,,
which, reducing in like manner, are
=—019sG.B.B; By — b,b, B, G, GG — (bygs + 9:bs — e1hs) By By G, Gy,
and these are together
= (0.9:BsBs— b,b;G, ;) (B,G, — B,@,).
The remaining terms from the first line are at once reduced to
(9,7 C. G, + e,9, H,G)) By Bs + (b, h, C, B, + ¢,b,H,B,) G, G,
and those from the second line are
C,Cs H, (9.1 B, + b,h, @) + H  H Oy (¢,9, B, + ¢,b,G,).

Hence, attending to the relation ¢, =—h;, and collecting and arranging, the equation to

be verified is
(9:9:Bs By — b,b, G5 Gy) (B, G, — B,G,)

+ hyC, Gy (9, Bs By — b,H, H,)
+ ks H,B, (9, CsCs — by Gy G)
+ hy 0, B, (b, G, G, — g, H H,)
+ hy H,G, (b,C5Cy — g, B; B;) =0.
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But we have

ON THE DOUBLE-SIXERS OF A CUBIC SURFACE.

ngsBs - bsHsHs = B:sBs (GsHs b | GcHs) ¥ id HaHs (BsCs - Bscs)

and similarly

= BsHs (BsGs A Cs Ha) g BaHs (BsGs o GsHs) = 0:

910506 —b,@, Gs =0,
bl Gu G, —gsHsHs =0,
5.0, Cs—g,B, B, = 0.

Moreover, writing ¢, B;B;= b,H,H;, we have

and the five terms of the equation in question thus separately vanish; and

glgsBsBs_ blbsGaGs
=b, (93H5H6 = b1G5G4) =0,

equation is consequently verified.

We may collect the results as follows:

Data are lines 1/, 2, 3, 4, 2/, 5, 6';

and then, for the remaining lines, 1, 3, 5, 6, 4’ the coordinates are as follows:

For 4/,
B,B,= B;B,, G.G,=G;G;, A.F,=B,G;+ B;G;— B,G,— B,G>,
B wa SO, H A VH By H, G H Hy | =0,
By 6, SiHE By, G5 H,
By (G bl B;, Gs; H;
B, C., &|C.+| CB, GCOC, CG |=0,
By, 4 G .2 06 By Ce, G,
By Oy, 16, By, Oy G
(B.G, + C,H,=0, identity).
For 1,
(9, b, e)=|| Bs, G5, Hs |, Asfo=- B Gy, Hell ey == B,
H B;, Gy, H,l B 1G5, Hy B3
By G H, By
(afy + bygy =0, identity).
For 3,
(G5, hs, bs)=|| Bs, Cs, G5 |, Asfo=—|B: O, G|, F.a;=—| B,,
H Byl Gs’ By G By,
B 108 G B,
(as fs + bygs =0, identity).
O, VIIL
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A4=0;
G, H,
Gs, H,
GG) He
041 G4
05’ Gli
06: GG
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322 ON THE DOUBLE-SIXERS OF A CUBIC SURFACE. [459

For 5,
9= Gs, b5 = — Bs, .Aaf; = BGG.J— Bst, F.‘as = B5G4 - BAGE’ = 0, h5 - O’
(a5 fs+ bsgs = 0, identity).
For 6,
g6= G5, b =—B5, Azf;; B G B Gs, F4as=B‘;G4—B4G5, G 0’ hs=0

and, for actual calculation, it is convenient to remark that as only the ratios are
material, a set of six coordinates may be multiplied or divided by any common number

at pleasure.
But these results may be further reduced. Writing

(2 hs, b3)=H B,, Ci, G,
BG’ CG, GG

we have

- @B+ 1O+ 0,6 o=, (5 T4 8, %) 4 1,6, = % (BB BGGLB) +1uCLC.

Bwt
B5 Bs G2 (OsGG i Cc Gs)} S { B& G605 (B5 G2 o B2 Gs)}

gsBsBs G+ b,G,GsB, = { i
+ Gs GsBz (B5 06 o C5Bﬁ) +B5 Gs 06 (G6B2 3 GzBe)

H,
_ac, f (B;G,— B,@;)
* |- H,(G:B,- G.By)
=0,C; {B, (G, Hy— G5 Hy)) + G, (B, H, — B;H,)}
— 05 Cs (Bzgl =5 G2b1);

since

6y 6>

(91, bl; cl)=” Bﬁ: Gs: H6

the equation obtained is thus
Koz
9B+ b6 = 10 (0B, +,62)
We then have

~ @B AWCABG) = 0"

[0 (9 B; + b,G,) +hyB,G)
- C,C,
= _“‘0211% [Ca (ngz & b1G2) + Cla_,H2]

(06/
T “'_ﬁ v (1 B+ b,@, +c,H,),
2

that is
CsCs ¢:B,+ b,G, + ¢, H,
H, ¢,B,+ h,C,+b,@, ;

C,=
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459] ON THE DOUBLE-SIXERS OF A CUBIC SURFACE. 323

and in like manner

H,
= (ngz -+ ble + ClH‘z) H,= Ei%; (91 G, B;B; + b1BzG5Ga) +01H5H6y

{ B5G5Hs (G2B6 - GeBz)
+ B;GyH; (B, G5 — B;Gy)

G.B; B (G H,— G H,
91G2BﬁB6+b1B2G5GG={ (G:H, GH)}

+ B,G; G, (H;Bs — Hea's)

b HsHs {_ 05 (GzBs i GGB2)
R Cs (B2 G5 _Ba Gz)
=H H; (B, (C;C; = C;Gy) + G, (B;C; — B, C;)}

=H,H, (Bzgs + Gyby) ;

the equation obtained is thus
H5H6
9134 +b,G,= EG; (Bzgs %+ szs);
and then
H5‘H6
B
H s H, "
== CZHZ 1H2 (ngs o sza) i h302H2}

B (ng2+ b,G,+c, H,) H,=

{Hz (Bzgs =t szs) +¢B.@, }

Ho H
T C, ¢ (Bzgs + Cohy + sz:s);

that is
H5H6 93B2 i h302 1 bs Gg
C, 91B2+b1G2+01H2’

H,=

which values of C,, H, satisfy, as they should do, the relation

04H4 ™ -B4 G4.
We have also
A4,F, = B5Gs + Be Gs— B2gsG6 = G2g506
2 2

1§
S, E;Gzz (G2 B; — B,G;) (G2 Bs — B, Gy)

1
= m (G2B5 o B2 Gs) (G2Bs e B2 Gs),
which gives F,..

Moreover
hH,H, gsBz + b, Gy + by C,
C. ¢B:+b,G,+cH,
b — H,H, { (gaBz + b, G2) (ngz +0,G, + clH‘.})}
C.H.(¢:B: + b,Gy+c, H,) |+ (9B, + by Gy + by Cy) by H,
% oy
5 Csz(ng-.z + b,G, + aH,)

which combined with the foregoing value of F,, gives a,.

HH
— 4a1=ng4+ blG4+ClH4=_;C_5DHi; (95B2+b2G3)-

{(gsBz + b,G) (91B2 +b,G.) + ¢,hy B, Gz}:

41—2
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324 ON THE DOUBLE-SIXERS OF A CUBIC SURFACE. [459

Again,

G, C, 6.C5Cs 1By + b,Gy+ 0, H,
o B+ IyC i 3 =t ST
W= s Byt 10, + b, G, 3 Bt bl =g 9uBa+ 1y Co+ 0, G,

CsCs (ng +b, 2) (gsBz+h302+bsGa)}
OH (9B, + s Co + by G,) + (1 B:+ b, G+ ¢ 2)01

- C;C,
GRGE R0+ 5 A ThE) @R HE)+ ah B,

which combined with the foregoing value of F,, gives a,.

Write
@ = BsGs s BGG5+ CsHG ot C3H5,
we have
blgl = (HsBs - HeBs) (G5H6 it Gers)
- H52B6Gs oy H62B5G5+ HsHs (BsGs e BsGs)
= H,H,(C;H;+ C;H+ B,G;+ B, Gy),
that is
00h —H: H0,
and similarly
0.g, =0y O,
b,b; = B, B; w,
919:= Gs Gs o,

blgs =k bsgl +ehy=— (BsGs+.B, Gs) @,

(bl Gg +ngz) (b3 G2 -+ gng) +c thz Gz 57 {G22B5Be o B22G5 Gs AT Bz Gz (B5 Gs o Be G!i)} @
= (GzBs - BZGE) (GzBs il Bst) ,

which last value is to be substituted for the left-hand function in the formul® for a,
and a, respectively.

Whence, finally recollecting that

B2G2+ CgHg =0, 35G5 s 05H5 =0, Bers Y GaHs =0,
and
w = OsHu ol 05H3+ BcGa T BEGGJ

we have

b

( ;b)cl)= B, G, H )
g1 O H 5 5 f1=‘1T(9‘BZ+b’G’+c‘H’)’

BB; GB: Hs

For 1

l A,H,H,0
b= H; Hyw. ng Y G+ H, hy =105
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459] ON THE DOUBLE-SIXERS OF A CUBIC SURFACE. 325

) »b = B’ 01 G
(s> hs, bs) “ o s oo @onslly ﬁ=_i(g332+h30,+b30,),

For 3 By Oy Gy
i o M e i
bagx— 0506("' 22 —g3Bg+h302+b3G2, hs—‘ox
where observe that ¢, + s =0.
1
.95=G’o, bs=— By, /;=Z'2(GzBs—BzGe);
For 5 A
A,B; G,
05=0 s h5= 0, ab=m.
1
96=G5’ bs=— B;, f;=z2(G2B5—B2G5);
For 6
et A,B,G,
05=0, h3= 0, a8=GB—BG'
2Dj 2 U5
4,=0, B4=B15?Bs:
2
F _(G2B5— GsBz) (GaBs— GGBa) G ‘i gq ol
J s 4,0, 4, el oA
For 4/
o =g5_0_’s ,giBe'i'ble'*'clHn
v Hz g3Bz+h302+ bng’
H =H5He 93B2+}"302+b3G2
s ¢, ¢:B.+ b,Gy+cH,’

\

I have thought it worth while to effect the numerical calculations for enabling
the construction of a drawing or model. For this purpose taking X, ¥, Z as ordinary
rectangular coordinates, I write

z= X+Y+Z-10,

Y= Z,
z=—X+Y+Z-10,
w= Y,

that is, I take 1’ and 2 to be lines in the plane of XV, defined by the equations
X4+Y=10 and X — Y =-—10 respectively, and 3’ and 4 to be lines in the plane of
XZ defined by the equations X —Z=-—10, X +Z =10 respectively. And I take 5 to
be the line joining the points (2, 0, 8) and (=9, 1, 0); 6’ the line joining the points
(3,0, 7) and (-8, 2, 0); 2' the line joining the points (9, 0, 1) and (-3, 7, 4). We
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calculate then for each of the lines the ayzw coordinates of two points thereof; and
thence the six coordinates of the line, viz.:

reduced
el o) o ey liz iy AR S0 TR G A (5 B O K Gt 3l
5108 - 40| 180767 10 T 1l 0 8 S 01T 9886, 0,2~ 1
6|07 —-6,0|—-16,0, 0,2 0, 96, 112, 0, 14, — 12 | 0, 48, 56, 0, 7, — 6
2 ]0,1, -18, 0 | — 9, 474,451 96,156, . 9,0;, T, —126 |76, 36, 2,007, 138
and effecting the calculations for the remaining lines, we have
4 B C r G o
/ 9 3
- 0 24 —944 - 38 2 59
380 385
1 59 60 30 iyt 5 0
3 | 127680 —720 0 = 140 -30
5 304 — 48 0 = 7 0
152 27
6 B o i
3 18 0 38 0 0
[ b ¢ I s 00 h
or reducing to integers, the values are
4 B c r G H
5’ 18 36 0 |
6’ 48 56 0 7T - 6
2’ 76 36 2 0 7 -126
4 0 53808 —2116448 -531 4484 114
i 1444 13452 6726 10443 -1121 0
3 | 485184 — 2736 0 3 532 -114
5 5776 — 912 0 21 133 0
6 5776 — 2052 0 81 228 0
a b ¢ if g h
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459] ON THE DOUBLE-SIXERS OF A CUBIC SURFACE. 827

The line (a, b, ¢, f, g, h) is given as the intersection of any two of the four planes

( h —9, a Q= ¥y, 2, w)=0,
= R
9, _.f; Y
—a, —b —c¢

or substituting for z, y, z, w the values IV Z-10 Z.~XHY+2-10,"F these
become

( p IR e h—g , g WX,7 Z 10)=0,
—f—=h, b+f—h, f=h , h—g

Tos [0l g BT

c—a, —c—a, —c—a-—bb, c+a

or, what is the same thing,

( 2 ; 29 —a+c § 29—-f-h , =29 [X,7, Z 10)=0.
—29+a—c, 5 , a+b+c+f—h —a—c
-29+f+h —a—-b—c—f+h i , —=f+h
29 3 a+c ,. —f+h :

And substituting, we have the equations of the several lines, viz.:

) X V-16iap=0
W) XY= =0
() —X+Z=10, Y=0,
4) T Te s 7=
TS YRR TN By Y 5, — 4YX, Y, 7 10)=0,
=T SR
I B ek 1
R e
-y RO QLR 2T R T o g T )
ST TR ON S
T e 3
R O e
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(2)

%)

1)

3

(6)

ON THE DOUBLE-SIXERS OF A CUBIC SURFACE. [459

(

ks §0gn Oyl Te AN Wy, 10) =0
gp F theilios, Vgl Ly
o U ST
L Ty
, — 2107480, 9385, — 8968 U X, ¥, Z 10)=0,
2107480, ., —2063285, 2116448
— 9385, 2063285, P T PR
8968, — 2116448, 645,
; 3040, —12685, 2242 YX, ¥, Z, 10)=0,
— 3040, ., 32065, — 8170
12685, — 32065, . 10448
— 2242, 8170, —10443,
S, =484120, T 1175, — 1064 '§X, ¥, Z, 10)=0,
484120, , 482565, — 485184
1175, — 482565, Eh 117
1064, 485184, —117,
, 5510, 245, — 266 §X, Y, Z, 10)=0,
— 5510, S, 4885, A& BTT6
— 245, —4885, A 21
206, 15718, ~ . 21
., —5320, 875 — 456 YX, Y, Z 10)=0.
5320, L SO 8T8
— 3781, -394, [ 81
458,  BI%8, — 8L
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The several lines intersect as they should do, the coordinates of the points of

intersection being as follows :

1[ ‘ 2[ 3! 4[ 5[ 6/
| 621 — 354 42417 — 493 1138
* 1239+ 305 0'+43 - 177%+ 5098 593+ 78 3545 253
836 76 8968 152 532
0 iy, 2479 =g S
10 * 0 I Ot 1 2
0 0 0 0 0
912 9693 — 2484 807 3672
sole9] —21%+1073 * 66524727 -15-+-398 - 631213
1064 251464 3192 8512
10 9 0 ) 3
0 0 0 * 0 0
0 1 10 8 g
304 459 6 4752 1080
—14%+29 —-215+ 47 0y<+17 425+ 6521 * —423+ 283
0 38 76 71744 2128
76 2421 54 1479 65
SO0 T S [ T 04+25 9. “imol e *
0 152 304 8968 154

viz. the coordinates of 12' (intersection of lines 1 and 2') are (§3%, 1232, §3%), and so
in other cases; where there is no divisor the coordinates are integers.
on laying down the figure, that the lines 3 and 4, 3’ and 4’ come so close together,
that the figure cannot be obtained with any accuracy.

C. VII.
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