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NOTE ON MR FROST’S PAPER ON THE DIRECTION OF
LINES OF CURVATURE IN THE NEIGHBOURHOOD OF 
AN UMBILICUS.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. x. (1870),
pp. 111—113.]

I REMARK as follows :

1. In regard to a quadric surface, it is not, I think, correct to say that the 
generatrices through an umbilic are curves of curvature ; notwithstanding that, as shown 
p. 80, the normals at every point of such generatrix lie in one plane and consequently 
intersect. The way in which these generatrices as g-uaii-curves-of-curvature present them­
selves is as follows :

The curves of curvature satisfy a certain differential equation, the complete integral 
of which gives these curves as the intersections of the given quadric surface by the 

vCθseries of confocal surfaces ——r+,r--^ + -τ—, = 1, A being the constant of integration a^ + h 0≡ + h J + h *
of the differential equation. The singular solution of the differential equation, or envelope 
of the curves of curvature determined as above, gives the umbilicar generatrices.

2. In regard to a surface in general, I think it must be considered, not that
there pass through the umbilic three distinct curves, but that the umbilicar curve of 
curvature is a curve having at the umbilic a triple point, or rather a point at which
there are in general three distinct directions of the curve. The umbilicar curve of
curvature in fact presents itself as the curve belonging to a certain value of the 
constant of integration h; in order that the curve of curvature may pass through a
given point on the surface, h must satisfy a certain quadratic equation, that is for a
given point of the surface there are two values of h, and therefore two curves of
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c ur v at ur e ; b ut a n u m bili c is a p oi nt f or w hi c h  ( as i n eff e ct s h o w n, p. 8 1, f or t h e 
p arti c ul ar c as e of a q u a dri c s urf a c e) t h e t w o v al u es of h b e c o m e e q u al ; t h at is, t h er e 

d u
is t hr o u g h t h e u m bili c o nl y a si n g ul ar c ur v e of c ur v at ur e  ; b ut ~  is d et er mi n e d b y  a  

c u bi c e q u ati o n, a n d t h e u m bili c  is t h us ( as j ust m e nti o n e d)  a p oi nt at w hi c h  t h er e ar e  
i n g e n er al  t hr e e disti n ct  dir e cti o ns  of  t h e c ur v e.

3.  S o m e  r es e ar c h es o n  t h e s u bj e ct ar e  c o nt ai n e d  i n m y  p a p er  “ O n  Diff er e nti al  E q u ati o ns  
a n d U m bili ci, ” P hil.  M a g.,  v ol. x x vι.  ( 1 8 6 3), p p. 3 7 3 — 3 7 9 a n d 4 4 1 — 4 5 2,  [ 3 3 0]. It is 
n oti c e a bl e t h at i n t h e i nt e gr al e q u ati o ns w hi c h  I h a v e  t h er e o bt ai n e d  f or t h e diff er e nti al  
e q u ati o ns  c y  { p' ^-  l) ÷( α-c } x p = { ∖ a n d  t h e m or e  g e n er al  f or m ( δit∙ +  c y)( p 2-l) 4- 2( y ⅛ + ^ y)  =  0,  
w hi c h  b el o n g t o t h e n ei g h b o ur h o o d of  a n u m bili c, t h e c ur v e t hr o u g h t h e u m bili c  d o es  
br e a k u p  i nt o t hr e e disti n ct c ur v es ; a n d t h e s a m e is t h e c as e wit h  t h e u m bili c  o n  t h e 
s urf a c e x yz  =  1 pr es e ntl y  r ef err e d t o.

4.  I n t h e p a p er “  M d m oir e  s ur l es s urf a c es ort h o g o n al es/ ’ Li o u v., t. xιι. ( 1 8 4 7), 
p p. 2 4 1 — 2 5 4,  M.  S err et  h as  gi v e n  t w o v er y  r e m ar k a bl e c as es of  t hr e e s yst e ms of  s urf a c es  
i nt ers e cti n g e a c h ot h er at ri g ht a n gl es, a n d c o ns e q u e ntl y i n t h e c ur v es of c ur v at ur e of  
t h e s urf a c es of e a c h s yst e m. It w as  o nl y o n r ef erri n g t o t his p a p er,  i n c o n n e xi o n . wit h  
t h at of Mr  Fr ost,  t h at I p er c ei v e d a n o b vi o us e n o u g h si m plifi c ati o n of M.  S err et ’s 
f or m ul a e, w h er e b y  it a p p e ars t h at t h e c ur v es of c ur v at ur e o n t h e s urf a c e x yz  =  1 ar e  
gi v e n  as t h e i nt ers e cti o n of  t his s urf a c e wit h  t h e s eri es of  s urf a c es

w h er e  ω  is a n i m a gi n ar y c u b e r o ot of u nit y ; t h e r ati o n alis e d e q u ati o n is of t h e 
t w elft h or d er  i n (λj , y, z }, a n d f or t h e p arti c ul ar v al u e h  =  0, r e d u c es its elf as is e asil y  
s e e n t o 0  =  { y ^ ^ —  {z " —  ( a; ^ —  y ≡) 2. T h e  p oi nt x  —  y  ≈  z  ≈ 1  is o b vi o usl y a n u m bili c

o n t h e s urf a c e x yz  =  1, a n d t h e c orr es p o n di n g v al u e of h  b ei n g h  =  0, t h e e q u ati o n  j ust 
■ o bt ai n e d d et er mi n es t h e u m bili c ar c ur v es of c ur v at ur e, vi z. c o m bi ni n g t h er e wit h t h e 

e q u ati o n x yz  =  1 of  t h e s urf a c e, w e  h a v e t h e t hr e e h y p er b oli c  c ur v es
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