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NOTE ON THE ATTRACTION OF ELLIPSOIDS.

[From the Monthly Notices of the Royal Astronomical Society, vol. XXIX. (1868—1869),
pp- 254—257.]

Ir an indefinitely thin shell of uniform density, bounded by two similar and
similarly-situated ellipsoids, attracts a point P on its outer surface, it has been shown
geometrically by M. Chasles that the attraction is in the direction of the normal at
P, and is equal to twice the attraction of an infinite plate, the thickness of which is
equal to the normal thickness at P. Assuming that the attraction is in the direction
of the normal, the proof is in fact as follows:—with P as vertex, circumscribe to the
interior surface a cone; this divides the shell into three parts; the one, D+ E+F,
exterior to the cone, the other two, 4 + B and C, interior to the cone. It is shown
that in the direction of the normal the attraction of (' is equal to that of 4 +B;
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and it is assumed that in comparison with these the attraction of D+ E+ F may be
neglected; the whole attraction is thus equal to twice that of the portion 4+ B. At
the point where the normal at P meets the internal surface draw the tangent plane
to the internal surface, thus dividing the portion A4 + B into the solid cone A and
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a remaining portion B; it is assumed that in comparison with that of A the attraction
of B may be neglected; the whole attraction is thus equal to twice the attraction of
the solid cone A4 ; and the attraction of this solid cone is in the limit (the aperture
or solid angle then becoming =2mw) equal to the attraction of an infinite plate whose
thickness is equal to the altitude of the solid cone, that is, to the normal thickness
at P. And the attraction of the whole ellipsoidal shell is thus ultimately (that is,
when the shell is indefinitely thin) equal to twice the attraction of the infinite plate.

It is interesting to ascertain the orders of magnitude of the attractions of the
several portions of the shell, which attractions are compared in the foregoing investi-
gation ; and this can be done very easily, when, instead of the ellipsoidal shell, we
have a spherical shell (bounded by two concentric spherical surfaces). The tangent plane
to the inner surface divides the portion D+ E+ F into two portions D and E + F;
and if with P as vertex we describe a cone standing on the circle in which the
tangent plane meets the outer surface, the last-mentioned portion is hereby divided into
the portions £ and F; the whole shell is thus divided into the portions 4, B, C, D, E, F,
each of them symmetrical in regard to the normal or radius at P, and consequently
attracting in the direction of this radius. I proceed to find the attractions of each
of these portions; it will appear, in accordance with the assumptions of the foregoing
investigation, that, taking the radii to be 1 and 1+ @, that is, a the thickness of the
shell, and supposing ultimately @ to become indefinitely small, the attractions of A
and C are each ultimately =2wa, that is = to the attraction of the infinite plate,
while the attractions of the other portions are of the order of, and thus vanish in
comparison with that of 4 or C.

The attraction of an indefinitely thin cone or frustum of a cone, length » and
solid angle dw is =rdw; considering any such cone having P for its vertex, if the
inclination of » to the radius through P is =6, and if the azimuth of the plane
through » and the radius is =¢, then we have dw =sin 8 dfd¢, the attraction rde is
=rsin §dfd¢, and this attraction resolved in the direction of the radius is = sin € cos 8d0d¢.
For the several cases which have to be considered, the value of » is independent of ¢,
and the integration in regard to ¢ is always from ¢ =0 to ¢=27;—the attraction

is thus in each case =27rf rsin @ cos 6 df, the expression of » in the terms of 6, and
the limits of @ being known for each of the several portions of the shell. Taking 6,

for the semi-angle of the tangent cone, we have it is clear
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and taking 6, for the semi-angle of the cone which divides the portions #, F,
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For F we have

r=2(l4a)cosf, =6, to 6=14m,

Integral is
=2(1+ a)fsin 0 cos® 0 df, =2 (1 + a) cos® 6..

For D + E we have
r=21+a)cosd, 6=80, to §=4,,
Integral is

=21+ a)/sin 6 cos* 0 df, =2 (1 + a) (cos® 6, — cos® 6,).

For £ we have

2 o bl i il

"= s 0"
Integral is

= afsin 0 db, = a (cos 6, — cos 6,).

For A we have

a

=—C_OSG’ 0=0 to 0=91,

vy

Integral is
=afsin 0df,=a (1 — cos 6)).

For A + B we have
r=(1+a)cos @ —V1—(1+a)sin’d, =0 to =4,

Integral is

—_~f{(1 +a)cos @ —V1— (1 + aysin® 6} sin 6 cos 6 d6,

1 ; 3 ol
=(1+a)(— Lcos® ) +m {1—=(1 +a)*sin® 6}* between the limits,

=3 {(1 +a) (1 - cos' 6,) - (1“17&} ;

and subtracting the above value of the integral for 4, it at once appears that, for B,
the integral is

=27T{a(—1 + cos 61)+l(1 +a)(1 —COSQGI)—%(l ia—)j_,}
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Hence, calculating the approximate values, and restoring in each case the omitted
factor, 27, we have

Attraction A =2ma—2N2 ma?,
. R 2 V2 al,
" 0=21m—§'\/§7ra"},
fr D= 42 mad,
" E=  1v27d,
2 F= N2 et

or, if we please,
Attraction . A4 + B = 27a — V2 7l

& C = 27a — 4 V2 7ad,

w D+E+F= g V2 rat;

so that ultimately the attraction of the portion D+ E + F vanishes in comparison with
those of the portions 4 +B and C'; and the attraction of these last, 'that is, of ‘the
whole shell, is =4ma, twice the attraction of an infinite plate of the thickness a.
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