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478.

ON THE GEODESIC LINES ON AN ELLIPSOID.

[From the Memoirs of the Royal Astronomical Society, vol. xxxιx. (1872), pp. 31—53. 
Read January 13, 1871.]

The fundamental equations, in regard to the geodesic lines on an ellipsoid, were 
established by Jacobi, viz,, representing by a, b, c, the squares of the semiaxes, that is, 
taking the ellipsoid to be

(where a > b > c), if we introduce the elliptic coordinates h, k, and write 

or, what is the same thing.

then, if β be an arbitrary constant, the differential equation of a geodesic line is

(1) const, 
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494 ON THE GEODESIC LINES ON AN ELLIPSOID. [478

and the expression for the length of any arc of the curve is given by

I propose in the present Memoir to develope the theory to the extent of showing 
how we can, by means of the first of these equations, explain the course of the 
geodesic lines; and for given numerical values of a, b, c, calculate, construct, and 
exhibit in a drawing the course of these lines: I attend more particularly to the 
series of geodesic lines through an umbilicus (which lines pass also through the 
opposite umbilicus), and to the case where the semiaxes are connected by the equation 
αc — = 0, a relation which simplifies the formula;.

General Considerations as to the Course of the Lines.

1. It will be observed that h and k enter into the formulse symmetrically: it 
will be convenient to distinguish between these coordinates by considering h as 
extending between the values — a, -b and k as extending between the values — b, —c. 
Thus :

h = const, denotes a curve of curvature of the one kind, viz.;
Λ = — α, the principal section ΛBΛ' (or major-mean section), h = -b, the curves 

UU' and U"U'" (or portions of the urnbilicar section ACA'C'); similarly,
k = const, denotes a curve of curvature of the other kind, viz.:
k = -c, the principal section CBC' (or minor-mean section), k = — b, the curves UU"' 

and U'U" (remaining portions of the umbilicar section ACA'C'}.

2, To any given (admissible) values of ∕t, k there correspond eight points, situate 
in the eight octants of the surface respectively; but, unless the contrary is expressed, 
it is assumed that the coordinates x, y, z, are positive, and that the point is situate 
in the octant ABC.

3. The constant β may have any value from + α to + c; viz., if it has a value 
between a and b, or say, if — β has an ∕i-value, then the geodesic lines wholly 
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b et w e e n  t h e t w o o v als of  t h e c ur v e of  c ur v at ur e Λ  =  —  / 9 ( b ei n g i n g e n er al a n i n d efi nit e 
u n d ul ati n g c ur v e t o u c hi n g e a c h o v al a n i n d efi nit e n u m b er of ti m es). Si mil arl y,  if β  
h as a n y v al u e b et w e e n b a n d c, or s a y, if —  β h as a Z;- v al u e,  t h e n t h e g e o d esi c li n e 
li es w h oll y  b et w e e n t h e t w o o v als of t h e c ur v e of c ur v at ur e k-- β  ( b ei n g i n g e n er al  
a n i n d efi nit e u n d ul ati n g c ur v e t o u c hi n g e a c h o v al a n i n d efi nit e n u m b er of ti m es). 
T h e  i nt er m e di at e c as e is w h e n  β  =  b, or s a y w h e n  —  β h as t h e u m bili c ar v al u e : h er e  
t h e g e o d esi c li n e is i n g e n er al a n i n d efi nit e u n d ul ati n g c ur v e p assi n g a n i nfi nit e 
n u m b er of ti m es t hr o u g h t h e o p p osit e u m bili ci U,  U ",  or U',  U "' ; t o fi x t h e i d e as, 
s a y t hr o u g h U,  U''.

Li n es  t hr o u g h a n U m bili c us.

4.  I att e n d i n p arti c ul ar t o t h e l ast- m e nti o n e d c as e, a n d t h us writ e  β  =  b. W e  
m a y  i n t h e f or m ul a ( 1) fi x at pl e as ur e a li mit of e a c h i nt e gr al; a n d writi n g  f or 
c o n v e ni e n c e  

t h e e q u ati o n ( 1) b e c o m es

δ. It is t o b e o bs er v e d,  i n r e g ar d t o t h es e i nt e gr als, t h at writi n g  h  =  —  a  +  u, w e  
h a v e  

w hi c h,  f or li s m all, is

B y  t h e assist a n c e of t his f or m ul a t h e v al u e of t h e i nt e gr al m a y  b e c al c ul at e d b y  
q u a dr at ur es; vi z., t h e f or m ul a gi v es t h e i nt e gr al f or a n y s m all v al u e of u, a n d w e  

c a n t h e n pr o c e e d b y t h e m et h o d  of q u a dr at ur es. T h e  i nt e gr al b e c o m es i nfi nit e f or 

h =  —  b: s u p p os e t h at λ v e h a v e  b y  q u a dr at ur es  c al c ul at e d it u p  t o h  =  - b- m  ( g n s m all), 
t h e n t o c al c ul at e it u p  t o a n y v al u e —  b  —  m  - P u  n e ar er  t o —  b,  ̂ ∖n q  h a v e  

w h er e  t h e s e c o n d t er m is p ositi v e, a n d t h e v al u e t h us i n cr e as es sl o wl y wit h  u,  

b e c o mi n g  as it s h o ul d d o =  ∞  f or u  =  m  or  h  =  —  b.

’ E x c e pt  w h e n  t h e c o nt r a r y is st at e d, t h e s y m b ol “ l o g” d e n ot es  t h r o u g h o ut t h e h y p e r b oli c  l o g a rit h m.
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6. Similarly in the second integral writing k = — c — v, we have 

which, for υ small, is 

which is of the like assistance in regard to the calculation by quadratures. And if 
we have by quadratures calculated the integral up to h = — b + n (w small), then, to 
calculate it up to any value — h + n — v nearer to —b, yve have 

where the second term is positive, and the value thus increases slowly with v, 
becoming as it should do = ∞ for v = n, 0ι k= — b.

7. It may be remarked that in II (A) and Ψ (Α;) respectively the coefficient of the
logarithmic term has in each case the same value = fJregards the 

initial terms 'Ju and 'Jv, the coefficients are a/—— and —κ∕—-— respec-
a-b a-c b - c f a — c

Cb G
tively, which are equal if l)y~(b—or ac-b'^=Q.

8. We may consider the two geodesic lines ∏ (h) + Ψ {k) = const. ; suppose that
these each of them pass through the point P, coordinates (ho, ko) in the ΛBG octant 
of the ellipsoid ; then for one of them we have ∏ (Λ) — Ψ (k) = ∏ (Aq) — Ψ (k^, and for 
the other of them we have ∏ (A) + Ψ (A) = ∏ (Ao) + Ψ (ko) : I attend first to the formei' 
of these, say ∏ (A) — Ψ (A) = C ^where G is = ∏ (Ao) — Ψ (ko)^ ^, and I say that this 
denotes the curve UPU". In fact, by reason of the equation ∏ (A) and Ψ (A) must both 
increase or both diminish; they both increase as A passes from Aq to — b, and as A passes 
from Ao to — b : we may have h = -b + u, k = -b + υ where and v are both indefinitely 
small, the functions ∏ and Ψ being then indefinitely large, but ∏ — Ψ = (7; and we
have thus a series of points nearer and nearer to the umbilicus U; that is, we have
the portion PU of the curve. Tracing the curve in the opposite direction, or con­
sidering A as passing from Ao to — a, and A as passing from Ao to — c, then if G be
positive, A will attain the value — c, before A attains the value — α, say that we have
simultaneously h = hγ, k=--c∙, the equation is II (AJ — Ψ(— c) = G, that is, ∏(Aj) = C; 
and the geodesic line then arrives at a point P, on the arc GB of the minor-mean
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principal section. The function Ψ then changes its sign, viz., considering it as always 
positive, the equation is now ∏ (Λ) + Ψ (^) = C*, k passing from the value — c towards 
— b, that is, Ψ (k} increasing, and therefore ∏ (Λ) diminishing, or h passing from 
towards the value — a; until at last, say for k = k^, have h = — a, that is,
C* = ∏ (— α) + Ψ (^2), or C = Ψ (k2) ; the geodesic line here arrives at a point on the
arc BΛ' of the major mean principal section. The function ∏ then changes its sign, 
viz., ∏ denoting a positive function as before, the equation is — ∏ (A) + Ψ (k} = G; 
h passes from — a towards — h, that is ∏ (Λ) increases, and therefore Ψ {k} must also
increase, or k pass from k^ towards — b: we have at length h = -b — u, k = -b- -v,
u and w being each indefinitely small; and therefore ∏ and Ψ each indefinitely large 
(but — ∏ + Ψ = (7); that is, we arrive at the umbilicus U”, completing the geodesic 
line UPU".

9. If instead of G = + we have G = —, everything is similar, but the geodesic 
line proceeding from U in the direction UP will first cut the arc BA q{ the major 
mean section at a point P^  then the arc BG' of the minor mean section at a 
point P2 ', and, finally, arrive as before at the umbilicus Z7"'.

10. The intermediate case is when G=Q, viz., we have here ∏ (A) — Ψ {k) = 0; 
the geodesic line here passes from U in the direction UP to B (extremity of the 
mean axis, h==-a,k = -c} ∏ and Ψ then each change their sign, so that, con­
sidering them as positive, the equation still is ∏ (A) — Ψ (A) = 0, and the geodesic line 
at last arrives at the umbilicus U". It will be easily understood how in the like 
manner ∏ (A) + Ψ(A) = G refers to the line U'PU'".

11. Reverting to the equation ∏ (A) — Ψ (A) = G, or as I will now write it 

which belongs to the portion UP oi the geodesic line UPU", we require when A 
is =-b-u, and k = — b + v {u and v indefinitely small) to know the ratio of the 
increments u, v, this in fact serves to determine the direction at U of the geodesic 
line through the given point (Ao, Aθ).

12. For this purpose writing A = — b — u, >no find 

which is 

and, when u is indefinitely small, this is

C. V1I. 63
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Similarly, when k = — b + v, where v is indefinitely small

13. Each of the integrals is of the dimension — ⅜ in a, b, c, and the difference 
of the integrals may be represented by 

we have therefore 

where

14. Suppose the inferior limits replaced by the indefinitely small positive quantities 
e, e' respectively; and for the variable in the second integral write — u; then 

it being understood that the values u = — e to = ÷ e are omitted from the integration: 
this is 

with the same convention as to the integral; or if e'= e, then 

where 

the omitted elements being from u = — e to u = + e; that is (in the language of 
Cauchy) we take for the integral its principal value. And hence

15. By what precedes this is = ∏ (J∣^) — Ψ (k,,); or if we write simply (Λ, k) 
instead of k^,), that is, consider the geodesic line UP, which is drawn from the 
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point P, coordinates {h, k), to the umbilicus U, the coordinates of a point consecutive 
to the umbilicus are —b—u, —b + v, where u, v are connected by the last-mentioned 
equation, in which M' is a transcendental function depending on (a, b, c) but inde­
pendent of the particular geodesic line.

16. If for the geodesic line through the point B, or say for the P-geodesic 

- = — , then M' = — log — , and we have in <reιιera'l uu<, ‰ ® 

a result which I proceed to further transform as follows:

If Xq, yo, Zq refer to the umbilicus U, then considering first the consecutive 
point P on the geodesic line (coordinates — b — u, -b + v} and next the consecutive

point Q on the umbilicar section, we have for these two points respectively,

63—2 
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say these are α, β, 7, and α', β', 7'; and then

whence 

and hence

that is, 

where if is the umbilicus, P the consecutive point — b — u, -b-}-υ, and iZQ the 
element of the umbilicar principal section, ψ=∕.PUQ, 180° — φ = Δ PUQ'. For the 
5-geodesic we have

17. The foregoing equation for Π(A)-Ψ(⅛) now becomes 

viz., φu is the south azimuth of the J5-geodesic at the umbilicus, a mere function of 
(a, b, c) and φ is the south azimuth at the umbilicus, of the geodesic line under 
consideration, so that we may consider the geodesic line to be determined by the 
south azimuth φ as its parameter.
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Formulcβ for the case ac-l>^ = 0.

18. I annex the following investigation in regard to the case αc-6≡ = 0.

We have in general

In fact, denoting the logarithm by log we have

where

that is

which proves the theorem.

19. Hence in the particular case αc=δ≡ we have
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that is

or say

where

viz. we see that ∏ (A) depends on the more simple integral

20. Similarly

that is

or say

where

that is, Ψ {k} depends on the more simple integral,

Write h = — b — u, k = - b- -v, where u and v are indefinitely small, then
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where 

and

21. Comparing with the result obtained for the general case the two agree, 
if only 

where on the left-hand side the integral has its principal value: a result which must 
therefore hold good when ac = δ≡.

Calculation of the Uinbilicar Geodesics for Ellipsoid α : 6 : c = 4 : 2 : 1.

22. As a specimen of the way in which we may, on a given ellipsoid, calculate 
the course of a geodesic line, I take the semiaxes to be as 2 : V2 : 1, or, for con­
venience, a = 1000, b = 500, c = 250; and, considering the geodesic lines through the 
umbilicus, I calculate by quadratures the functions

The results do not pretend to minute accuracy: I have not attempted to estimate 
or correct for any error occasioned by the intervals (10 units) being too large; and 
there may possibly be accidental errors.
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Table 1.
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Table IL

23. But it is obviously convenient to revert these Tables so as to have for the 
common arguments a series of uniformly increasing values of ∏ or Ψ, viz., we obtain 
by interpolation the values of h and k belonging to the given values of ∏ or Ψ, 
and thus obtain the following Table. Here, in any line of the Table the values of 
A, k are such that ∏ (A) — Ψ (A) = 0, viz., the values in question belong to successive 
points of the 5-geodesic. And to obtain the values for any other geodesic line 
∏ (A) — Ψ (A) = + 500 m, we have only to take each value of A from the line m lines 
above or below the line from which A is taken ; and similarly the table gives at once 
the values belonging to a geodesic line ∏ (A) + Ψ (A) = 500 m.

C. VII. - 64
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Table III.
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Graphical Construction: Projection on the Umbilicar Plane.

24. The most convenient mode of delineation of the geodesic lines is obtained 
by projecting them orthogonally on the umbilicar plane: the contour of the figure is 

here the umbilicar section, or ellipse —1— = 1; and the curves of curvature of each df c
series are projected into elliptic arcs lying within the ellipse in question, the one set 
cutting at right angles the axes AAj the other cutting at right angles the axes CO'; 
the equations of the complete ellipses being 

and

25. I constructed, by means of the table, a drawing of this kind for the ellipsoid 
a, b, c = 1000, 500, 250, the lengths ^a and Vc being taken to be 12 inches and 
6 inches respectively: the process consists in taking from the table for a series of 
values Π=Ψ (say ∏ = Ψ = 1000, =2000 &c,), the values of h and k, laying down for 
such values the elliptic arcs which represent the two curves of curvature respectively, 
thus dividing the bounding ellipse into a series of curvilinear rectangles, and then 
obtaining the geodesic lines by drawing the diagonals of these rectangles, and of 
course rounding off the corners so as to form continuous curves. The Plate shows on 
a reduced scale so much of the drawing as is comprised within a quadrant of the 
bounding ellipse (viz. it is a representation of an octant of the ellipsoid).

Elliptic-Function Forniulce.

26. I have in all that precedes abstained from the use of elliptic functions, since 
obviously the form Vl — k^ sin≡ φ of the radical of an elliptic function is in nowise 
specially appropriate to the present question. But (more particularly in the above- 
mentioned case ac — A“=0, where the radical is V/i (α,+A) (c + A) without any exterior 
factor 5 +A in the denominator) the formulae are expressible easily and elegantly by 
elliptic functions, and it is desirable to make the transformation. Reverting to the 
formulae λvhich, in the case in question (viz. when ac -b-= 0), give the values of 
∏ (A) and ψ (A); and writing therein A = — α + (α — c) sin'*≡ ψ, k = — a + (a — c) sin- ψ, also 

we have

64—2
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27. Hence 

where

(observe, as h passes from —a to -b,φ passes from φ = Q to sir? φ = — and ZfJ. Ή fc
iτoτn H=0 to Έ7 = 1).

Similarly 

where 

and as k passes from — c to -b,-φ passes from jτr to sin≡ψ = ^-^- , and K from 0 to 1.

28. The before-mentioned identical equation 

is by the same transformation converted into

To prove this, I remark that the equation is 

viz. this is 

or, what is the same thing.

where ∏, (— 1 — √) denotes the principal value of the integral
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N o w  ( L e g. F o n ct.  Elli p.,  t. ι., p. 7 1),  w e  h a v e

w h er e,  u p o n e x a mi n ati o n,  it will  a p p e ar t h at ∏ i n f a ct r e pr es e nts t h e pri n ci p al

v al u e  of  t h e i nt e gr al.

.... 1 κ
Writi n g  h er ei n  si n ≡ θ  =  ------ ,, a n d t h er ef or e c os ≡  θ  =  ,----- ,, or  t a n ≡ θ  =  κ  t his is

®  1  —  f C 1  +  Λ

a n d t h e f or m ul a ( p'), p. 1 4 1,  attri b uti n g t h er ei n t o θ  t h e f or e g oi n g v al u e,  b e c o m es

B ut  θ is t h e v al u e  f or t h e bis e cti o n  of  t h e f u n cti o n F.,  n ∖ z .. vf Q h a v e

w h e n c e

or t h e f or m ul a i n q u esti o n  gi v es

w h e n c e

t h e r es ult w hi c h  w as  t o b e  pr o v e d.

2 9. T h e  v al u e  of  M'

w hi c h  is

t h at is w e  h a v e

or, w h at  is t h e s a m e t hi n g,

t h at is

( φ o t h e S o ut h  a zi m ut h of  t h e J 5- g e o d esi c at t h e u m bili c us).

3 0. I p ur p os el y  c al c ul at e d t h e T a bl e  b y  q u a dr at ur es as b ei n g  a m et h o d  a v ail a bl e  
w h er e  t h e e q u ati o n a c  —  =  0 is n ot s atisfi e d ; b ut i n t h e pr es e nt c as e, w h er e  t his
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equation is satisfied, the table might have been calculated from Legendre’s Tables of 
Elliptic Integrals. Observe that α = 1000, b = 500, c = 250, gives κ =■ ⅜V.3 or angle of 
modulus = 60°. As an instance of the comparison (9, suppose h = — 800, then sin- φ = f⅞⅛=⅛ 
log sin φ = 9 71298, φ = 31° 5'.

∏ (Λ) = Ό3163 7^(31° 5') + Ό3163 h. 1. 67582,

or multiplying by 100,000 (factor introduced into my Table) this is = 7820’43. The 
value ∏ (—800) = 7864 given by my Table agrees sufficiently well with this, the correct 
value.

31. I calculate also the angle <∕)θ, viz. we have 

whence by Leg. Table ιv.

or

This exceeds 90°, and since at the umbilicus the tangent plane is at right angles 
to the plane of projection, the jB-geodesic should in the drawing proceed (as it in 
fact does) from U in the sense UG, touching the bounding ellipse at the point U.

In the present calculation, log denotes an ordinary logarithm, the hyperbolic logarithm being distinguished 
as h. 1.
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