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483.

ON A PAIR OF DIFFERENTIAL EQUATIONS IN THE LUNAR
THEORY.

[From the Monthly Notices of the Royal Astronomical Society, vol. XxXir (1871—72),
pp- 201—206.]

I consiDER the differential equations

d dp (dv)"’ 1
— | + =5 =km?* {{+ 3 cos (2v — 2mt)},
dt dt ~ P \dt p*
d dv
— A3 3 «1
( dt> =jm*p* { — 3§ sin (20 — 2mt)},
which when j=%k=1 give the following equations in the lunar theory (D=t—mt):
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} I
(; is given by M. Delaunay only as far as m? the additional terms of % and expression

for p were kindly communicated to me by Prof. Ada,ms); and

v=1
+ sin 2D (3 m? 4 5§ m® 4 S22 mé + 2850 n® 4 8304440 6

199859000 47 4 7596606727 s _ K051 418161 oo
+ 193820009 m” + 1398904731 m® — BOBAIALELGL mf)
+ sin 4D (32 mt + $48 m® + SATO 28 s 4 31363361 7 4 123030877303 go)

+ sin 6.D (115 m + §44571 m")
(Delaunay, t. 11. pp. 815, 836, 845).
To integrate the original equations write
p=l+p+p.+
v=t+v +v+...,

where the suffixes indicate the degrees in the coefficients %, j conjointly: the equations
for p,, v, take the form

i d oG Vam
a‘% ('Z"—i-z ot U,,) =P,

where V,, U,, P,, @, do not contain p, or »,. From the second equation we have
'Z’t”+2 wt Un=Q,+ |P,dt,

where €, is a constant of integration, the integral [P, dt containing only periodic

terms ; and then adding twice this to the first equation we have

+ pp + mb+2U7l~2911+Q71+2jP7Ldt

which determines p,; and substituting its value in the other equation we have - dtn’

. ; d :
and thence v,; the constant Q, is determined so that zz;’-’ may contain no constant

term. We have .
Vl = 0’ Ul = 0,

_ fdv\? R _ 5. Oun
v,

dv, d 5 dv,\? | s
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Q. =km? (% + § cos 2D), P, = jm? (- § sin 2D),
Q.=km?* {3v,8in 2D + p, (3 + § cos 2D)}, P, = jm?(— 3v, cos D — 3p, sin 2D),
Qs = km? {— 3v,sin 2D — 3v,* cos 2D Py = jm? {— v, cos 2D + 3v,* sin 2D
+ piv; . 3sin 2D — 6pyv, cos 2D
+ pa (3 + 3§ cos2D)}, + (2p:+ps®) . — § sin 2D},
&e. &e.

In particular attending to the values of P, @, the equations for p,, », are in their

original form

d dp, dv

5 W =3p,+2 ;' =km?(§ + § cos 2D),

dt
d (dv : y ;
& <rdtl i gp]) =jm?( = §sin 2D),

whence in the transformed form they are

dv,

3jm
7S +2p =0+~ cos 2D,

4(1 )

and
d?p,

8 m?
15 th= 20, + km*(4 + 8 cos 2D) + f%f;n cos 2D.

A Ve Ay
Thus the constant term of p, is 29, + §km?, giving in é%l a constant term — 8Q,— km?
this must vanish, or we have Q,=~=1%m?; and the equations thus become

dv,
dt

3jm?
1 2 ;.
+2p;=— L km +4(1 )cos2D,

d?p;

ae T pr=—tkm*+ (3Icm’+lﬂ )cos2D

and then completing the integration

- 3§ km? ~§jm?
- b bl
gt i {3 “8m+ dm T (1 —=m)(3—8m+ 4<m2)} e
3 km? g gm? (T — 8m + 4m?) }
' ikt iollond ) A4 vl P 2D,
“ {(1 Z oy (8 8 F ) T (1 mp (3= Bk A

which are the accurate values of p, and v,.
Expanding as far as m® we have

pr=k(=4m?) +cos2D| k(= m— § mt— 4 mi— 1L m’— ¢ m®)
6

1
y 2 1 3 85 do. B75 5 3661 6
+.7(_%2 m _le = 35w 5% 10 o HAE 'm)},

1 y - ¢ 55¢
which for j=Fk is =k(— m?—3i2nd— 13lmt = 808 mf — B wf) ,
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and
V= sin2D{ k( 3 m+3tmP+ 85 mi+ 303 P4 S m®)
+J( T m+ETmd + 5 B m4+l% m’ + 25331 mo)},
which for j=£% is =k( HFm+ 53 s + 920 gt ‘z’," s 4 AT mf) |

I have, not in general, but for the value j=Fk, calculated p, and v, as far as m®:
I have not made the calculation for p, and v, but their values may be deduced from
the foregoing values of p, v; the final expressions (when j=£%) of p, =1+p+p2tps+
and v, =t+ v, + v+ ;... are

p=1
R )
ey m+ 3w e m)
+I( — 154 )
+cos2D{ k (— m®—12m®—13Tmt— 895 gpd> — B5AT mf)
+ A2 ( 2 mi4+ 3L mi+ 332 mb)
+#( — 3383 w9}
+cosdD{ i ( — & mf = LZLT b — TOEED gpf)
+ & ( + &% m)
+cos 6D { & ( — F mo)},
and
v=t
+sin 2D { k (o + 35 + 2 mt + B mP 4+ 41915 mf)
TR —pmes g mi- g m)
+ I - d m)
+sindD{ k( 2019t 4 S48 g0 4 835263 nf)
I - # )
+sin6D { k*( + 3112 mo)};

which for k=1 agrec with the foregoing formule (verifying them as far as m°); the
present formule exhibit the manner in which the expressions depend on the several
powers of the disturbing force.
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