CHAPTER VIL

FURTHER REDUCTION FORMULAE.

208. Several “Formulae of Reduction” have already been
established, and the student will have gathered some infor-
mation as to their nature, mode of construction and use.

The nature of these formulae is that a connection, in general
linear, is found between two or more integrals, so that when
all but one have been found, the remaining one can be inferred.

209. It will be useful to summarize those which have already
occurred. They are as follows:

1. The rule for integration by parts, Art. 90, and for con-
tinued integration by parts, Art. 95.

2. Reduction formulae for Ix’" <::)l;> nzdz, Art. 102.
3. Reduction formulae for je‘” (Zg;)mbx dz, Art. 104,
4. Reduction formulae for jm’"(log z)* dz, Art. 106.
5. Reduction formulae for Isec"x da:.Icosec"x dz, Art. 120,
ete.

Itan"a:d:c, J.cot”x dz, Art. 125,

ete.

; dz
182. t‘1)?.(3](;1$1)ct10n formulae for I(—a—_i:b—c—o?;_{_—c—s-i—n—x—)—,;, ete., Arts.
sin? x cos?z

(a-H)Tx)"d": etc., Arts. 201

7. Reduction formulae for I
to 208.

208



FURTHER REDUCTION FORMULAE. 209

210. General Remarks.

The subject of the present chapter will be the construction
of such further reduction formulae as may be necessary for
present or future uses in the book, and a general indication to
the student of the mode of procedure to facilitate their speedy
production. It will be noted also that two distinet modes of
procedure have been exhibited :

(i) That of integration by parts, or, what comes to the
same thing, a proper choice of “P,” with a differen-
tiation and subsequent arrangement of the result as
a linear function of the expressions whose integrals
are to be connected, as exemplified in Arts. 185
to 188.

(ii) A change of the variable, taking the integrand
itself, or some function of it, or of some essential

part of it, as a new variable, as exemplified in
Arts. 194 to 198

We shall also complete the discussion of such integrations
as are to be considered, both for the general cases when
reduction formulae are required and for the particular cases
in which it is convenient to avoid their use.

211. Integration of [w""‘X” dx, where X =a+bx™

In three cases this admits of direct integration, and no
reduction formulae is required :
I. When p is a positive integer.

(i) Positive.

(ii) Negative.

(1) Positive.

(ii) Negative.

In other cases a reduction formula is necessary.

II. When %"is an integer:

ITT. When %-}-p is an integer:

212. I. If p be a positive integer we can expand (a-bz™)?
in a finite series by the binomial theorem and integrate each
term.

Thus

Ix’”“(a+ba:”)1’ dz=arZ 420,01

xm-}-n
m-+n

gm+on
m-+pn ;

+...4b7



210 CHAPTER VII.

If p be fractional or megative, the binomial expansion is
non-terminating, and therefore the integration after expan-
sion would not express the result in finite terms. Expansion
therefore in such cases should not be resorted to if avoidable.

213, II. Let p=- L where v and s are integers, and s, at

least, positive (whlch covers all commensurable fractional
or negative values of p).
Put X =a+4ba"=2*
bnz*~' de=s2""" dz;

4

gt ovg
-1 r Mm~n pr+8-1
jx’” Xr da:——l jz"‘ g l—Ix Zrteldz

g5 e

L imjz"“"‘(z‘—a)r1 dz

nb»

(i) Hence when%" 18 a positive integer >0, a finite expression
may be found for the integral by expanding this binomial,
integrating each term, and finally substituting back for z its
value, viz. (a+bw")‘

(i) And when — s a 'nega,twe nteger or zero,

zr+l—l
(z"—a)_%r1
may be put into partial fractions by the rules explained in

Chapter V., and the integration can then be effected in finite
terms.
214. III. Again, we may write the integral

Ix’""(a+ba;")§dx as Iz"‘+?—l(b+ax-")5dw;
and therefore-by case II this is integrable in finite terms if
m+—-

be am integer, positive or negative, i.e. if + be an

integer megative or positive, and the proper subst@tutwn 18

org.pl



FURTHER REDUCTION FORMULAE. 211

b+ax—"=z*, leading to a finite expansion if ﬁb +T be a

negative integer, or to partial fractions if —+ be a positive
integer or zero.

215. To sum up:

Case I p a positive integer: Expand.

& Substitute @+ bax™=2°; then expand,
Case II o o0 integer: or partial fractions, as the case
may require.

e Substitute ax—"+b=2%; then
Case III. —+4p an integer: expand, or partial fractions,
g 4
as the case may require.

216. Illustrative Examples.

1. p a positive integer.

Consider sz.z‘(l +x")‘dx=[(.z‘+3z“+3x“+x”)dz
S T N
=st 1ttt

m oy
2. b positive integer.

Consider Isf.z'“ (1 +.7:’)i'd.z:. Here %=7=2.
. 52
Let 1+x"=z‘, oe dz—7 sz.
5 5 V8
I=f‘l‘uza.7;idl=-7-/27 (z"‘—l)dz=7<ﬁ—§)
51 1
=7[1_3(1 +a7¥ -1 (1 +xv)§].

3. %"' a negative integer.

Consider ]Efr"(l+x")}dz. Here %b ;:— :
2
Let 14a?=22; . dx=$%d2.

I=[ .3 o=} [t

Following the rules of Arts. 155-156, we may express %2 as

bbkde L) 2Lt 1 24141
9(z—1)2 18 z+3r°+3 6 (P+z+1)¥

www.rcin.org.pl



212 CHAPTER VIL

whence

f(zzzsl)zdz— log (2 — 1)—%- z—_l—] log(z +2z+1)— J_tan"2i/zl

Sprisiol f[(z+&)’+i‘]"
In the last term, put z+%=%§tan [; A dz:? sec?0db ;

g A2 [sectfdf 8
A f(z’+z+1)’ b P AR T 3\/3fcos’0d0

_ng(1+cos20)d0-— 3275 (0-+sin Ocos 6)

4 %l b %4l
=39 V3 8%+l

Hence / z72(1 +m")§ dz

-1 1 2241
______ 2 Tty -1
7 9log(z 1) log(z +z+1)+9 . g §tan 5

where z=¥1+a%.
4, %"+1 a positive integer.
Consider /= f.z% (142 dz. Here —+ - §+%=1.
Then =/x'(1 +27%)k du.
Let 1479=21; do= _gmdz;
4 I —gf.z‘z‘dz= -%f(z{fl—),dz

which can be put into partial fractions. In this case, however, the labour
can be avoided by the substitution z=sec ¢, and then

2
f @=1) 2_2 T2 dz= f ol i set::‘tgn 8 . 0 cosec®f df

= —fx/1+cot’0dcot 0
t ON1 t2
[W%g : g log (cot 0++/1+cot?d )]

L I= % [cot 0 cosec +log (cot 6+ cosec 0)],
adl
(1423t

where cos = % o

www.rcin.org.pl



FURTHER REDUCTION FORMULAE 213

5. :_:'-{-1; a negative integer.

Consider /= [#2(1+4% ¥ dv. Here myr 3 B
Then p f (1 +2-%) Y da.
Put l4+a°=2; dr=-2%'dz;

B e —-f.z"“z“’dz

=+/z—°(1—zs)dz

__f;’ e, i oSG 2
3 3(1_’_”5)% 8 (1498

_1 2*(8+52%)

24 (145

217. Tue Six CoNNECTIONS POSSIBLE.
When X =«-+4bz" and Iz’""XP dz is not immediately

integrable by one of the foregoing rules, it may be shown
that, by integration by parts, it can be connected with any
of six other integrals.

Thus, for instance,

jm"‘ 1Xrdx=

_Inpbxm+u lXp -1 d@

and by different modes of trea.tment we may show that the
six integrals, with any one of which

jz"‘“XP dr
can be linearly connected, are
j‘z’"“X"" dz, Iz’"“X"“ dz,
Ix"“”“X ? dzx, jx”‘*"“X" dz,
J‘xm—n—lXjH-l dx’ Ixm-}-n—lXp—l dx,

that is, the index of X can be decreased or increased by 1,
leaving the index of x unaltered ;
the index of z can be decreased or increased by m,
leaving the index of X unaltered ;
the index of = can be decreased by m, and that of X
increased by 1;
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or, the index of @ can be increased by m, and that of X
decreased by 1.
That is, either index can be increased or decreased, leaving the
other unaltered, that of @ by n, that of X hy 1;
or, the one increased and the other decreased in that
way (but not both increased or both decreased at the
same operation).
The rule for effecting this connection may be put into the
following handy form :
Let P=2*X**, where \ and u are the smaller indices of
z and X respectvely, in the two expressions whose integrals

are to be connected. Find (fl—-f: Rearrange this if necessary

as a linear function of the erpressions whose integrals are io be
connected. Integrate, and the connection is complete.
In the rearrangement it may be necessary to substitute

a+bz® for X, or X;—a for 2" as may be required for the

particular case in hand.

The rearrangement can always be performed. It will be
unnecessary to integrate by parts. The advantage derivable
from the use of the rule of “The Smaller Index +1” will
be that it will enable us to connect at once with the particular
one of the six possiblée integrals which may appear desirable.

218. Proof of the Rule of “ The Smaller 1.”

For proof it is sufficient to verify the rule in each case.
Thus to connect

Ix"‘"X"dx it Ixm-lp-l.h,

put P=amX>,
& %:‘mxm“X”-{— iy 1. S %
=ma™ 1 X? 4 pbng™tr-1 X!
=ma™ ' X7+ pna™(X —a) X771,
(note the rearrangement “as a linear
function, ete.”),

= (m+pn) "' X7 — apna™ ' X7,

WWW.TICInN. Q;g .p|



FURTHER REDUCTION FORMULAE. 215

Hence, P = (m+pn) jxm”X” dz—apn Iw"‘“X"“ dx;

™ X? apn
m—+- pn+m+ pn

The advantage in this reduction lies in the fact that the
index of the often troublesome factor X? may be lowered if p be
positive, or raised if p be negative, and by successive applica-
tions of the same formula, if necessary, we may ultimately
reduce the integral to one which has been previously obtained,
or which can be managed with greater ease.

or, jz"‘"‘X" dz = Iz““XP" dz.

219. List of the Six Connections.
The student should verify all six connections by the above
rule, and also by integration by parts.
They are as follow :
m—1 s szp apn m—~1 okl
Q) Im X dg= m+pn+m+pnfx Xr-1dg,
gm Xt +’m+pn+n
an(p+1)  an(p+1)
g " Xrtt  (m—mn)a
b(m+pn) b(m+pn)
m +1
) [oxrdo= * i atpacn) 2 fainr o o
g X m—n
n(p+1) bn(p+1)

(6) jxm- 1Xrdr= xm X7 _@ Izm+1z—1X],_l da.
m m

2) Iw”'“X”dz=— Ix”'"‘X”“dw.

3) ja,-m-lXﬂ dz= J'zm—"—*Xv dz.

(5) [or1xr do= farrrzrrida

We have written m —1 as the index of z in the primary
integral. This is merely for the convenience of making the
several coefficients on the right-hand side smaller and more
compact than they would be with an index m.

220. Special Cases.
The case where m-+pn=0 comes under the heading

%—I—p:integer, already discussed (Art. 211), and needs no

reduction formula.
The case p =0 integrates at once; as also the case n=0.
The case p-+1=0 integrates by partial fractions.

www.rcin.org.pl



216 CHAPTER VIL

The case m =0 needs no reduction formula, coming under
the heading of Case II. Art. 213, (ii).

When the student is convinced of the truth of the rule in
all cases, the siz possibilities of connection and the method
of connection are all that need be remembered.

That the increase or decrease in the index of z should be
“n at a time,” whilst that of X is only “1 at a time,” is to be
expected, since X =a-- bz

221. An integral of form
Ix"“(az"—}—bx‘l)'dz

can be written as Iz"“” “Y(a+ba??)" da,

or as Iaf‘“’ =1 (b+ axr~)" da,
and therefore is reduced at once to the form considered.

222. Integrals of form

™ (a+ bam)? dx
Jartamp e o [ o o [y

are obviously included in the same rules, as there has been
no limitation as to the signs of the indices in the formulae

discussed.
993. llustrative Exa;nples.
Ex. 1. Find the value of /= f (z2+a2)%dx.
We may connect with f (.1:2+a’);‘lr dz, and this again with f (a:z+aﬂ)i dz,

and this last is a standard form.
As the reduction is to be used more than once, we will connect

/ (2+at)fdz with f (2 +a?)¥~ da.
Let P=z(a?+a2)7.
ar 7 24 g2E!
Then d—z=(x2+a2) +na?(2? + a?)
= (22 +a?)* +n(a?+a?— a?) (a2 +a?)T "

(note this preparatory step, which might be
penrformed mentally)

=(n+1)(22+ ) — nat(z2+a?)? !
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(which is now arranged as a linear function of the two expressions whose
integrals were to be connected).

Integrating, P=(n+l)f(x2+a"’)"f'd.z'—na’./(zz+a’);'ldx,
: 2 22+ a?)?
ie f(x’+a’)’d.r=z—(—7ﬁl + j(xz+a==)"

Putting n=5 and then n=3,

§
[ @y} do=ZEHD L S0 vt do

i 3
sl f(ﬁ+a2)*'dx=£(”ij—“z—) +3§2f(x=+az)*¢z

1
and f (A+a) de= ”—(“ﬁf“—’ +2s nh"‘a

Thus f(xz+a2)’dx——z(z"‘+a2)? a’z‘ (.z*‘-{-a“)lr

g atz (224 a*)* +

+642

h-'l

6

This result might have been obtained more quickly by substituting
z=a tan @ and using the reduction formula

stec’”zﬂ d0=7% tan 0sec"0+”n

+1fsec"0d0 (Art. 122),

whence we get
l=f(x2+a5’)gdx=a‘fsec"0d0
=a®(} tan Osec® 0+ §{} tan @sec® 6+ 3 (4 tan Gsec 0

+4 log sec 0+ tan 6)}]
which gives the same result as before.
Ex. 2. Find the value of /= e =
(7% +a?)T

First connect f (13+a2)-;dx with f (22 + a”)‘;“ah'
Put P=(a?+a?)-3+.
ar

Zz—=(x’ o a’)-;'H e (n - 2)x3(x2+a2)_"ﬂ"

=(2%+ a’)_:}"Ll —(n—2)(z*+a?— az)(x3+a’)_;
=@-n)(@*+a%) T 4 (n—2)a2(a? +a‘)_; ;

z(zt+a?)"3+ -3
(n—2)a? (n—2)a?

4 f(x”+a”)_;dm= f(.r2+a2)-;“dz.

WWW.ICIN.C org.pl



218 CHAPTER VIL

Putting n=>5 and then n=3,

2+
f(z"+a‘) g L l,z(xz+a) 3a2f(x,+a,) 10
wd oy iaen] M+ ;

1 x(.z"+a=) i
az

i [@ray - or(@t+at) T,

This again would have been shortened by the substitution #=a tan 6,

which is specially suited for functions involving ~/z?+ a2

dx 1 [sec?fdf 1
Thus (.1;'+a=)’bi w5l e f cos® 6dO

4

=¢%f(l—sin’0)dsin0
! ( sin® 6@

sin 6 — o >, where sin =

i
Na? +a?

_1 { 1 }
Tt (a2+x2)*-.‘.r 3(az+$z)'3' 3
which is the same as the previous result, though in a different form.

Ex. 3. Find the va.lue of I,= f (24 a*)’dx, n being a positive odd

integer. Let a,(x3+a’)"*—

Since I"_ni.l-"n—-i-l A D v )
Io= f ’jf+"‘1a Lo
ete.,
and . Il=j\/m;dx—£~/a;—w+;—zsmh“‘a
we have
I,= L o il APyt

n+1+(n+1)(n 1) Poot (n+1)(n—1)(n—-3)
n(n—2)(n—4).,.3
(n+1)(n—1)...4.2
n(n—-2)(n—4)...3.1
(n+1)(n—1)...4.2

(g

; z
Qs smh—lt—l.

Ex. 4. Find the value of 7,= & -, m being a positive integer.
Lot e P (#*+a?)
(@ +ar) T
Sinos IF(Z%)@*%% L A
we have Ly, Pug  2-51 LG

"=(n— Hat n—4a®
ete.

www.rcin.org.pl



FURTHER REDUCTION FORMULAE. 219

When 7 is an odd positive integer, we ultimately arrive at 7;, and

o ar:. x(a:2+a”)"1’=§ )
3__‘.(::2+a~)% at @’
i P n-3 P,,_,+ (n—3)(n—5) P,,__.+
"ma—2a  n-2)(n—-4) & " (n— 2)(n—4)(n—6) a® " "
(n—3)(n—D5)...2 Py z
+-T——_——‘ =1 where .P,‘E-——n_
n—-2)(n—4)...3.1a (x2+a2)Tz
In the case when 7 is an even integer, = 2m say,
5" L ez Pl 2m—3 z
]m_f(x2+a2)"‘_(2m—2)a“ 2m—2 a’lz‘"'"“ where Py, = (@ ar)y™
1 Taa 2m—3 Popm_1y + (2m — 3)(2m — 5) Loz

om-9" a* T@m-2)@m—-14) o' ' (@m-2)@m-4)@m-6) as
(2m—3)(2m—5)...1 1
(2m—2)(2m—4)(2m —6) ... 2 a*™1
In integration between limits O and o,
] _(@m— 3)(2m—>5)...1 T
Iy

“(@m—2)(2m—4)...2 azm—l 2"
M. Bertrand* shows a very ingenious deduction from this result, viz.

+ot

= tan-1%
a’

putting =1 and r=—x,
Nm

1 [ _di _(@m-3)(2m-5)..
Nm (1+ ) @m—2)(2m—4).. 2 2'
0
Take the case when m is indefimtely increased ; then
Licic ( 1 +f—2>m=e=’.
1.3.5...(2m—3)
2.4.6.. (zm—zj“/;"

and by Wallis’s Theorem (Hobson, 7rigonometry, p. 331),

?‘4———-—6 gz :2;) and \/ (2m —1)

become infinite in a ratio of equality.

0
Hence /0 e""dz:’—;l;t,,._.,

T 1.3.5...(2m—3)
Eanoe g lin==g 3 6. @m_a)V™
_w, Nm T
g =i
'\/ (@2m—-1)
e ﬁ —2dz=3J7.

P
Consider also Im:f xme~* dx, m being a positive integer.
0

* BERTRAND, Calc. Diff. p. 130 : see also Hall, D. and I. C., p.330.

www.rcin.org.pl



220 CHAPTER VII.

Integrating by parts,
B i 1/°°xm-1(- 2we—) dz
2 0

I _%{[.w—le—ﬂ]: il 1)/;”xm-ae_,adx}

= m_z—l‘ g (m>1)
Now ) Io='/;"’e_,. dz=g
and L=j;nwe‘”dx=—%[e“ ]:=%; ‘
fo”x.,,,e_z, dz=(2n_ 1)(;11— 8).iil ﬁ,
‘/; ”r”"“e"" dx=2]-b-'—~(zn—2_;——i) "'4'2=?§, n being a positive integer.

Note also that if the integration extends from —w to +w,
{ e dz=nr,

f,, xhe_z.dx=(2n—-l)(z:z—3)...lJ;r,

but / a2+l e=a =0,
for to any positive element of the integrand in the third integral there

is always an equal negative element.

2a
Ex. 5. Calculate the value of [ 2™\/2ax—a3dx, m being a positive
integer. ¢
‘We proceed to connect

[=mJaam =22 dar with [2m-1Bam—at da,

e g f 2" (90— z)tde with f " 4 2u —z)t da.
Let P=a™"#(2a — )}, according to the rule; then
%=(m+§)x"'*(2a—x)‘—aw’”*(za—x)*

=@m+1)az" 20—z — (m+2) 2™ (20— 2).
Hence

(m+ 2)]7;"‘**(20; —atdo= —2" Q-2 +(@Em+1)a f 2" ¥ (20 —2)} de,

i.e.

3
2 s D) m—1 el 2 —2a 2a
‘/Mx"‘\/zaz—x“ dr= — I:x o ] +2m+1 al| a™ 1/ 2ax—xidx
o (]

m+2 m+2 /o

__2m+1 % Mm-1_ /970 — 22 %
_m+2a° am-1, [ax —a?dx ;
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2a
A g Im=f ™ 2ax — a* dz,
0

2m+1 _2m+1 [ 2m—1
mt+2 21T g T
_2m+1 i 2m—1 § 2m—-3

T m+2 m+l m
2m+1 2m—l.2m—3 {‘)_.3

P . - m
T m+2  m+1 W AR BT Lo

a Im—!

I,=

a3l _s=etec.

0 A
Now, to find 7, or f 2az — % dx, put x=a(l—cos 0).
0
Then dx=asin 0 d0
and V2az—at=asin 0.

Also, when =0 we have 0=0; when z=2a we have (=
Hence

Io—f aﬁsmiedG——f 1- cos20)d0——-[0 §3m20]' wa?

@n+)(@m-1)...3 ,.,r_ (2m+1)! Ta™t?
Heoo I imnidimti)ad © B mimidi 39
EXAMPLES,
Prove that

m bx)?
L. fx"*‘(a+bx)’d~’7=£“(,:_t}, ')_+ma'—_fp. 2™ (a+bx)?™ da.

(a+b.z)’ _ _(at+bxp*l (p—m+1) b [(at+ba)?
o a™tl o e mazm + m a/ a i
3 wend oild Lt vEeTERygan e Dide s ok toBaod
'fr"(a+b.t)—_m 1'a 221" m-2 a* 22 m-3 a 23
MRl O il ., a+be,
T T PV | L T
(a+bx)? (a+bz)? (a+bx)?™1
4'_/ & “» P +af z o [BERTRAND. ]
5 dz z 2 —lf
* J (a+ba?)PH! 2ap(a+b.1:’)’ 2ap | (a+0bz?)? [BERTRAND.]
6. ik n—3p +1f
f(a+bx‘)"+’ 3ap(a+b2%)? (a+b.z‘)”
[Bnmxn.]

and evaluate

f af;;.z*d“” f (a:;z:)s‘“’ / .z"(a(%fb.z‘)'

www.rcin.org.pl
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2"+ (a+bat)?  4bp

A fx“ (a+bat)? du = 2"+ (a+ bat)? 1 dz,

n+1 n+1
2 20 g i
fa+bx*dx=(n—3)b—z' a—l—bx“dx’
/ ghoy
(et +b7p4)"+1 4ap(a+bf4)" dap (a+b'¢4)"’ [BERTRAND.]
ot 1 1 dz f dw
and evaluate @b Fat b

224, Reduction formulae for Isinpw cos?a dux.

Integrals of this form also conform to the rule of “the
smaller index +1,” explained in Art. 217.

Connection can be effected with any of the following six
integrals :

J.sr,in"~2 z cos?z dz, J-sin””a: coslz dx,
Isin”w cos? 2y dz, “.sin”w cos®t?z dz,

Isin"“’x cos?t2g dz, Isin”“x cos? %z dz,

by the following rule: -

Put P=sin*"g cos**'2, where A and u are the smaller
indices of sin and cos z respectively in the two expressions
whose integrals are to be connected.

Find %E, and rearrange as a linear function of the expressions
whose integrals are to be commected. This rearrangement can
always be performed.

Integrate, and the connection is effected.

Each of these connections might be effected by integration
by parts, but the advantage to be gained by the present rule
is the same as has been explained in Art. 217.

For example, let us connect the integrals

jsin”a; cos?zdx and J.sin"“"w cos?x dz.
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Let P=sin?"'g cos?t'x.

% = (p—1) sin?~*x cos?™*x — (¢4 1) sin”z cos?z
= (p—1) sin?~?z cos?z (1 —sin®z) — (¢4 1) sin’z cos'x
= (p—1) sin?~*z cos?’z—(p+ ¢) sinz cos?a.
[Note the last two lines of rearrangement as a linear
Junction of sin”xcos’z and sin?~*z cos?a.]
Hence :

P=(p—1) J-sinp‘% cos?e dz—(p+q) Isin"w cos?x dx

and
sin?~'z cos®'z  p—1
p+q P+q

225. List of the Six Connections.
The student should note carefully the possibilities of con-

sin?~?g cos?z dz.

Isin”m coslzy dx= —

nection for jsin”x cos?z dz.

The indices of either sinz or cosz may be increased or
diminished by 2, the other index being unaltered; or, the
index of the one lowered by 2 and the other increased by 2.

Writing s for sin z and ¢ for cos , the six connections are:

-1 Hg+1 A9
(1) js"chz= —s:?q_ch— +zT:Js"‘2chz.
P+1 patl p+q+2
(2) J.sf’chx= < + sP+2cdda.
P+1 p+1
+1 q-1 —
(3) IS” cde= Spp_iiq— +;—_qu“-8"0‘1‘2(1:0.
sp-H cq+1 p+q+2
(4) js” cde=— s* cttida,
g+1 q+1
g#lettt p—1( ,, S+
(5) js"c"dz:—- - +m[sv e,
i Sp+l cq-l q;l ek o
(©) [ aao= i [ereds

Each of these should be verified by the student by means
of the rule given, viz. “Put P=sin*t'zcos**'w, where A, u
are, etc. ...,” and also by integration by parts.
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226. Special Cases.

When p+¢=0, the integral is Itan"m dx, and is integrated
by the reduction formulae of Art. 125.

When p+1=0,
Ism”z cos? z dz = jcoﬂ = -—I o e d(cos z),
sinz 1I—cos*z

and then we write cosz=z2, and use the method of partial
fractions, or proceed as in Art. 228. ‘

When ¢+41=0,

Isin”x cos’y du= o dz= 8. d(sin z),
cos T 1—sin’z

and then we again use partial fractions, or proceed as in
Art. 228.

227. The student is again reminded that when either p or ¢
is odd, or when p+¢q is a negative even integer, there is
an easier mode of procedure (Art. 114). Also that in any
case we have the method of multiple angles when the indices
are positive and integral; and in general this will be a more
speedy method of obtaining the indefinite integral than the
employment of a reduction formula. The results, however,
will be necessarily produced in a different form by such
processes.

228. We must also notice that, in the formulae of Art. 225,
either p or q, or both of them, may be megative. Hence we
now have reduction formulae for integrals such as

sin’z & J‘ cos’z PR dx :

cos’z sin’x sin’x cos?x
and to these the “multiple-angle method” of Art. 112 would
not apply, by reason of the non-termination of the binomial
expansion used for the purpose of conversion.

Thus, putting —g for ¢ in formula (5) of Art. 225,

j‘sin”x sin~'z  p—1(sin’’z
cos?z " (g—1)cos™ 'z g—1Jcos® 'z
Putting —p for p in formula (6),

J‘cos“a: cos? !y q—1 J‘cosq‘zx

- z=— - - -
sin”z (p—1)sin®'z p—1)sin® %z
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Putting —p for p and —q for ¢ in (2) and (4),

dx T 1 4P +q—2 dz
sinfweostc (p—1)sin®'zcos’ 'z’ p—1 }sin?*zcosiz
o i p—+q —2 dx
™ T (g—1)sin” 'z cos'l"z+ ysin”w cos? %z,
ete.

If, however, p=1 or g=1 in these results, t.e. for integrals

in?
of form “‘sm 2z or J‘cos dx, these reduct,lons obviously fail.
cos & sin

In the case jsu; dx, we may put g= —1 in formula (1),
Art. 225.

i i o
Then j' sin?z ) 540 __sin’'z Ism z W
cos & p—1 cos &
and repeating the operation, we presently arrive at I % g
if p be an even integer, or at ——dz if p be odd, gwmg

respectively log tan —+— —sin z or log sec z in the two cases.
pe Y log 572 2

sl cos?z . :
Similarly, for IEITE dz, put p=—1 in formula (3),

. [ cos?z x_cos"“z jcos""z
“Jsinz T ¢—1 sin

r at Ic?s ? da,
sin
ie.  logtan §+ cosz or logsinz as the case may be.

229. The cases when p or ¢ vanishes, i.e. the integrals
J-sin"x dez and Icos”a:dx
are of primary importance.
Connect sin*zdr with Isin"‘“z dx.
Let P=sin""'zcos z, according to rule; then
%ml—) = (n— 1) sin"~%z cos?z—sin"a

=(n—1)sin" 2z —nsin"z;

" sin"'zcosz  n—1( .
rk Ism"xdx:— + - J‘sm""mdx.

n
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Similarly,

sinzcos" 'z n—1
Icos"x dx= = + = cos™ 2z da.

230. To calculate
7 7
S,,=j sin"x de - and C,.=I cos" x da.
e 0
Since sin"~'zcosz vanishes when » is an integer, not less

n 4

than 2, at both limits, z=0 and T=3, We have
n—1 n—1 n—38
Sn— n Sn—z—‘ n r n—2 Sn-4

n—1 n—3 n—5
n n—2 n—4

S,_s=ete.

If m be even this ultimately comes to
a1 B8 &3 16

il landiote LS
. S ol N8 & :EZI
o "= Th n—276422

If » be odd we similarly get

n—1 n—8 4 2(7 .
S, = = -ﬁ_2...5-§I031nxdx,
T H
and since I sinz dz =| — cos x] =1,
0 0
' n—1 n—8 4 2
we have = 5 S-aqgiu g

T
In a similar way it may be seen that I cos"z dz has pre-

)
cisely the same value as the above integral in each case, n odd,
n even. This may be shown, too, from other considerations.

We thus have

j’(sin)" dx-n—l n—3n—5 31mx n even;

ol\eos) ¥ T T 2 n—a"42 7% d
n—1n—3 n—5 42

o e 1, =m odd.

www.rcin.org.pl



FURTHER REDUCTION FORMULAE. 227

231. The student should notice that these formulae are
written down most easily by beginning with the denomai-
nator. We then have the ordinary sequence of the natural
numbers written backwards,

(nunder n—1) X (n—2 under n— 3) X (n—4 under n—5)...ete.,

stopping at (2 under 1) if n be even, and writing a factor &;

or stopping at (3 under 2) if n be odd, with no extra factor.

11 975631«

iy PN (4, f sint0d0=15 168643 2
108642
@) | sin*9db=17 55 5 5

(3) f;xcos°20 cos?fdf= _/;Tcos“ ¢ s czos ¢ 1 de,
where ¢=20,

_ifsaie o4n)
416492 9295 3.1

% ¥
(4)f°cos730§in‘69d0=2‘j; sin®36 cos1130 d6
—g‘f;sin‘zbco i E 4 e ap
=3 s't ¢ dp, where =30,

a (%
= % L (cos' ¢ — 2 cos'® ¢ + cosl® ) dp
4
2 246810(1 212 12 14)

T 3357911 1371315
= etc.
EXAMPLES.
1. Prove that
: in?+! f cos?~ q-1 ; 3
P cos?0 df="1 - sin?~1 @ cos?—10
fs"l ¥ P+g P+9(P+7-2)

(P( :i ;)37(3-; 1) ) sin”~20 cos?~20 df

the indices being both diminished.

Kin® 0 sin?-16 / sin?-20

2. Prove that f 2050 df= (g=Tycos™ 16~ q g—1J cos’20 46
cos? cos*  p-1 [cos26

3. Prove that f ey df=— (g—1)sin® 6 ¢—1J sin" 2@ o
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4. Prove that

@0 . Hea 1 i pg e 80
fsin" fcost@ (¢—1)sin®1fcost 19" g-—1 Jsin?fcos’ 20
1 p+g-2 do

_(p—l)sinp“‘0c0s9“0+ p-1 sin?~2@cos? 0"

fsini’edo_ _sin*19  [sin?20d0
cosd p-1 cos 0

6. f cos? @ df— cos? 1@ [cos?20 )

sinf ~ p-1 sinf ‘
N -1, 4, (2n-1)(2n-3)
7. (a) f 8in™ 0 df= — [sw e e S
B (a8=1) .7, 1.8.. (2n 1)
+'"+2.4...(2'n,—-2) ]+ % Tl
: "z ¢ 2n Mg 2n(2n 2) -
(b)f“‘“mloda“"2n+1["’2ﬂ+2n—1"2" t@a-D@Ea-3°
2.4...2n
e e = 1)
where ¢ and s stand respectively for cos § and sin 6. [BERTRAND. ]
k8 201 _,L(2n 1)(2n—3) ,,_
8. (a) fcos””0d0—2—n[c”' l+2n 20’“ +(@n—g)an= 4)0”
1.3...(2n—1) (2n l)
+...+2_4_‘_(2n_2) ]+ 6.
® [eos10dp= ——-——§'4 = 2:‘1)],
¢ and s being respectively cos § and sin 6. [BERTRAND. ]
9. Prove
1 [ s W Sl
(a) fcosec‘0d0=—3§‘;—f‘i F+'2"—4—']0gtan—
: 14,24284,8 )
@) [uctoan = §a+ggatglostn(g+),
where ¢=cos 6, s=sin 0.
10. Prove that
sin 210 sin (2n—2)6
(a) jcos”‘ﬁdG —2—21»?-1 gn T2n gn—2)
2n(2n— 1) sin (2n—4) 60
7 1.2 S i +ie

2n(2n l) (n+1) ]
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sin(2n—1)60
2n—1
+(271 +1)2n sin(2n—3)0
1.2 2n—-3

(2n+1)2n...(n+2) .
. 1.2..n s"‘o]'

g in (2 1
® Jcosmhigag= L [MROHDO | (5 11

+...

_(=1)m sin2n0_2 sin(2n—2) 6
TomTl " 9n " om-2
+2n(2n—: 1) sin (2n—-4)6

1.2 2n—4

2n(2n —1)...(n+2) sin 26
e 8
2n(2n—1)...(n+1) 0
1.2...n P

(¢) [sin*0d6

+(=1)n-1

+(-1)r

(d) [sinz+19 apet

-(2rn+1)

—l)’”"[cos(2n+l)0 cos(2n—1)0+

P 2n+1 2n—1
(2n+1)...(n+2) ]
L AWMNERT o) s\ ey
+(-1) R cos @ |
[BERTRAND. ]

232. INTRODUCTION OF THE GaMMA FUNCTION.

For what follows we shall require a new function I'(n+1),
which will be defined sufficiently for present purposes by the
equations

I'(n+1)=nl(n), TA)=1, T(})=/=
This will be enough to find its value whenever n is a

2k+1

3 where k is a positive

positive integer, or of the form
integer.
For instance
T'6)=5I'(5)=5.4T'(4)=5.4.3T'(3)
=5.4.3.2T(2)=5.4.3.2.1T(1)=51,
TraH=4TH=3.1TH=3.5.4T(H=4.£.§.4T@)
=$.5.5.3.4T})=5.1.4.3. V7.
This function is called a Gamma function. We shall define
it more generally later and investigate its properties. For

the present, it is temporarily introduced to secure facility in
the rapid evaluation of a class of integrals to be discussed.
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233. It will be noted that the products of the first » odd numbers
1.3.5.7...(22—1) and of the first » even numbers 2.4.6... 2z can be
expressed in terms of this function, for

2n+1\ 2n—-1 20=3 2»-56 1 _
P( 2 )‘ PR L2 Tihe b
2n+2) 2n 271,—2 2n 4 2,
and P( 3 o g
. 1.3.5...(2n—1)=——r(2"+1).
.
snd 2.4.6... 2"1‘(2"”*2) 2T(n+1).

T
254. To investigate a formula for j sin?6 cos?0 dO, p and q
being positive integers. 9
Let this integral be denoted by f(p, ¢); then since

s 91 +1 5
J.sin”9 c0s?0 df = — 22 0 cost 9+p X sin?-20 cos?0 db,

r+q r+9q
we have, if p and ¢ be positive integers and p not less than 2,
, 2,
S 9= p - qf(p 9
Case I. Let p be even, =2m, and ¢ be also even, =2n.
Then  f(2m, 2n)= 22m+2nf(2m 2, 2n)

__(2m—-1)(2m-3) 1
_(2m+2n)(2m+2n—2)f(2"“4» 2n)=etc.
(2m—1)(2m-3)..

= @m+2n)(@m+2n—2).. (2n+2)f° ooy

wi o me[eperte B
40 by "';?1";‘”52,;512,;;"2""1’]
5 i 7 e
gnen(mioetd) 3
rE)r()

2 1%?-“
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Case II. Let p be even, =2m, and ¢ be odd, =2n— 1.
Then

2m—1
f(2m, 2n—1)=mf(2m—2, 2n—1)=ete.

A @m—1)(2m=3)...1
~@mTon-1)@m+on-3).. @+’ ® -1

¥ 2n—-2 2n—-4 2
- == 20— - g i heved
and f(0, 2n l)—j; cos 149dt9—2n’__ T T T

_[1.3.5...(2m—1)][2.4.6...(2n—2)]
)= 1.3.5...(2m+2n—1)

Fr)er(s)
=="gmin
2J,‘,. T (2m +2n+ l)
(%)

oT P2ﬂ’+1

ie. f(2m, 2n—F,

Case I1I. Let p be odd, =2m — 1, and g be even, =2n.
In this case we obtain similarly
[2.4.6...(2m—2)][1.3.5... (2n—1)]

f@m—1, 2m)= 1.3.5... @m+2n—1) -
But this may also be deduced at once from Case II. by putting
0=%" b,

.4

for then [sin"Ocos'Gd0=/° cos?¢psin?p (—1)dep
7

= | sin?¢ cos? P dep,
0
so that S(p9)=1 (g p)
Hence the result is again
ptl (zﬂ
r(e3)r(%)

2I‘ii°—;’—q+1;

Case IV. Let p be odd, =2m—1, and ¢q be odd, =2n—1.
2m — 2
Jf(@m-1, 27»—1)=mf(21n—3,2n—l)—etc.
44 2m—-2)(2m—4)...2 :
_(2m+2n—2)(2m+2n—4)‘..(2n+2)f(1’21‘ 1)
cos?" ¢ ”‘r_ 1

T
and f(172n~1)=‘[,sin0cos”"10d0=[— . o_%;
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[2.4.6...(2m—2)][2.4.6...(2n—2)]
2.4.6 (2m+2n-2)

()

gmin=1 <2m -;—211)

2EER)

or (24941

s f(@2m=1, 2n-1)=

235. Hence, in every case we have the same result, viz

- -1 Qe
rsin”Q cos?6 d0 = F<B2_)F(q_2—)»
° # )

and it will be noticed that the Eﬂ+1 occurring in the

denominator is the sum of the o + and the q—; in the
numerator.

236. As it has been assumed that p is not <2 we must consider the
particular cases p=1, p=0 separately.

§ +1 i
When p=1, j;sin9c0§_"0d0=|:—cosv €l= X

q+1 g+1’
ReOSE - L
Now - el
2F(q+3) 2;&1 g+1
2

Hence, this case conforms to the general rule.

(n—-1)(n-3)...1
Whenp 0 f(cos) 0d0=ﬁ;&(n—nﬂTg (neven)

(n—1)(n-3)...2

n(n—9)...3 (= odd).

In the case  even, the above result may be written
gt (n+1) 1\ iy
— F b - —_—
NG R Bk r (2) F( 2 )

-, e
& n+2) 2’ n+2)
2 I‘(——2 or (22
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and in the case # odd, the result is

r(ett) (e
9T (qig) oT (-"-‘2"-2) '

o 2

Hence these cases also conform to the general rule
(e2)r(zyl)

which may therefore be assumed in all cases where p and q are positive
integers.

f: sin? @ cos? § df=

237. This, then, is a very convenient formula for evaluating
quickly integrals of the above form.

. T\p(2
Thus, _/: sin® @ cos®d d0=—-——-—r (222 :})(2)

_§.3.4Vr.5.5.3.4V7
2.7.6.5.4.3.2.1

5w
ot

If, however, the limits be other tham 0 and an integral
multiple of %r, we must find the indefinite integral either by

a reduction formula or by the method of Arts. 114-117
before inserting the limits.

238. Integrals of form
e Iw"‘X" dx, where X =a+bx+cx?

[This form obviously includes all such cases as

de am (a+bz+ca?y
Jorerer loreram® "0 —da
dx am di (@—p)»
> Lo ; dz, 3
Ix'"(a,+ba;+cx2)" Ja+bz+ ca? jﬁ2+ax+b o

I. Consider the case when m=0, ie. I, ,= IX" da.
Put P=(b+ 2cx) X7,
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Then % = 20X?+p(b+ 2cx)® X!
=2¢ X7+ p(b®—4ac+4eX) X!
=(2p+1)2cX?+p(b>—dac) X*7';

< (b+2) X =(2p+1)2el, , +p(B—4a0) Iy 1,

Y , 7 (b+202) XP p(B—4a0) [ 4,
ie. _dez_2(2p+l)c~2(2p+1)cJ'X bt

This reduction fails when 2p+41=0, but in that case the

2 dx :
integral is [——, and has been considered in Art. 80.
integr: TR as been con in
The formula (A) will finally reduce the integration of IX’dx

to that of something of the form IX' dz, where s lies between

0 and 1. If =0 or }, the integration can be written down.

Hence, in all cases where p is integral or of form 2":;_ 1, where

k is a positive integer, the integration of IX ?dz can be effected.
2k+1
If p be a negative integer or of form — ;_ , We can

apply the same formula to lower the index in the denomi-
nator, viz.
x (b+2ex)X* 2(2p+1)c
-1 e -
Jar o=y — G | 17
or writing —p for p,
e (b4+22) 1 , (2p—1)c dz
.‘.XP“'_ p(b®:—dac) X?  “p(b*—4ac) ) X*

II. Next, consider the case when m=1, e I, ,= I:z: Xvda.
Put P=X?H,

P )bt X7;

X”“=(p+1)ij"dx+2(p+1)chX”dx;
K t! b I
2(p+1)c 2¢°*”
and the last integral has been considered.

This reduction fails when p=—1.

A e
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zdx

But this case is Il,-zzjm’

required.

235

and no reduction is

239. In the case when m=—1,7.e.I_, ,= j%‘:dx, put P=2X?,

apP

Then a—:;:p(b-}—?w)XP"
=£[ba:+2(X—a—bx)]X""
_pl:___.b_*_ Xr—1
=—2a,p——-—— bX?- 1+2pX”

I_X._pdx jxv 1dw+aIXP - da,
z 2
! X b
that is I_l,p=-2¥+ §Io,p_1+aI_1,p_l. ....................

240 = .

. In the case In=jﬁd@ pllt
a+bx

P =am-1,/a+bx+-ca?

g = (m— l)z"'—zda+bx+w;2+2

dz

\b+2c:t)
Jatbotod
_2(m— l)(a—}~b:z:+ca:“")—{—b:&;+20:1:2

2J/a+ b+ ca?
(2'm, 1)

s (m l)aIm_2+ bIm—l'{"mIm;

which connects I,, with I,, , and I,,._2 (unless m=0).

Now i E“‘——xdx——
1 Vet b+ et
s ( b42c b ™
j~/a+bx+cx2 Ja+bz+ ca®

=%~/a+bz+ca;2—-2%10,

and 7, is discussed in Arts. 80. 81.

©
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241. III. In the general case Im,;sjme ?dzx, since

a4-br+ca? = X,
we have 2"~ X7+ = g™ ~% (g4 bz} cx?) X7,

and therefore
Im - LT aI,,, 2, p+bIm 1, P+cIm e oseeesenaanas (D)

Again, let P=2zm-'1X?*, Then we have

‘ﬂ)_(m 1)zm-2 XPH 4 (p+1)z™-1 (b+ 2ez) X» ’

=g" 2 X?[(m—1)(a+bz+ca?) + (p+1) (bz+ 2c2?)]
=(m—1)az™ 2 XP4+(m+p)ba™ ' X?+(m+2p+1)ca™ X?;
LG LR
=(m—1)al, _, p+(m+p)bl,_, ,+(m+2p+1)cl,, ,....(E)
Eliminating I,,_, , between (D) and (E),
g X —(m—1)1,y pr1=(Pp+1)bI s, o +2(p+1)¢l,, . (F)
We thus have, collecting the results,
Iz""‘2X”+1 dz
=aIxm-2Xde+bIzm—lxv dx+ch"‘X”clw, ..................... (D)
(m+2p+1)cjz”X”dz
_—_w’"-‘X"“—-(m——l)a-‘-xm—’X”dw—(m-}-p)bIz"'-‘X”dz, (E)

[amar @z
B o 50 gm—2 Y P+ m—1Yp
_2(p+l)c_2(p+l)c_“ XPH dg— Ix X*dz;......(F)
or, writing —p for p to adapt them to the use of cases in
which the index of X is negative,

xm—2

m

-l dx+bj.x1 ’dz-{-cj .............................. D)



FURTHER REDUCTION FORMULAE. 237

(m— 2p+1)bj o

:1:’"-‘ pm—1 )
=X—,ﬁ*(m~1)a'[/r,, dz—(m— p)bI LTI ()
xm

Fdx

1__omt (m—1) fom ,

~ 5T P 2p e 1 s T 2 )

242. Remarks.
The case of p= —1, in which formula (F) fails, is
xm
I'"‘"'=_“a+bx+cx2dz'

But in this case we proceed to partial fractions, and no
reduction is required.

Equation (D) (p positive) expresses one integral in terms
of three others, with a lower power of X at the
expense of introducing higher powers of #; and

Equation (D) raises the power of X in the denominators.

Equations (E) and (E’) reduce to integrations with the same
powers of X but lower powers of z.

Equation (F) connects with two integrals, in both of which
the index of # is lowered, whilst that of X is
raised in one integral and remains the same
in the other.

Equation (F’) plays a similar part for the negative index of X.

243. Integrals of form

+ m
I(pw+q)"'(a+ba:+cm2)"dw, or (Tz%i)%—i—q—c)w’?dw

obviously come under the heading discussed, after trans-
formation, by making pz+ ¢ =1y, which transforms a+bz-ca?
to the form 4 + By+ Cy? where

Ap*=ap®—bpg+cg®, Bp*=bp—2¢q, Cp'=c,
and I(pa:+q)'"(a+bz+cx")"dx

becomes % Iy"‘(A + By +Cy*" dy,

and similarly in other cases.
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The particular cases where b=0 or ¢=0 come under the
heading of those discussed as Iz"'“(a-}—bz’)"dx in Art. 217.

-" dx

(g +pa)*Ja+bx + ca?

may be regarded as coming under the head of those discussed
in Art. 241, for the substitution g+ pz=y immediately reduces
them to that form. But as this form occurs very frequently
and is of considerable importance, it is desirable to consider it
independently.

244. Integrals of form I[,=

_Na+bz+ca?
g (T o
Then
dP _ b+ 2cx (n—1)pJa+bz+ ca?
dz ~ 2(q+pa)y—Natbrtez® (q-+po)
_ (6+2c2)(q+ pr)—2(n—1)p(a+ b+ ca?)
2(q+pa)*Ja+bw+cx?
ot s s i '
2 (¢+pa)yVatbetea? T
where A+ ug+rvgi=gb—2(n—1)pa,

wp+2vpq = 2qc+pb—2(n—1)pb,
vp?=2pc—2(n—1)pc,
from which we obtaitr"
A=—2(n —1)(«p®—bpq +cq®)/p,
u=—(2n—3)(bp—2¢q)/p,
v=—2(n—2)c/p.
And 2P=AI,+puly_ +vi, , is the formula sought.
That is
i 21 2
R | o e bf;q*cq_l,,

2 bz +ca® —2 c
=—W—(m—mbﬂ—ﬁﬂh_,—2(n—2)51,._2.

The case where n=1 is given in Art. 287, whence I, can be
found from the present formula, in which the coefficient of
I,_, vanishes when n=2. Then I, I,, ... can be successively
derived.



FURTHER REDUCTION FORMULAE. 239

245. The integral
Mz+ N dx
(p2+9)" Narvt+bx+ec

may be written as

Jff_(quH(N_ Mq)d.z

(pz+q)"Naz*+br+c

M, Np-dg
P p ’

where 7, is the integral discussed in Art. 244.

This therefore constitutes a reduction formula for /.

But both this integral and the more general integral

B f Mz+ N dx
(A2 + Bz + C)" Naz* + bz +c
are more conveniently evaluated by differentiation with regard to one
of the constants involved, ¢ in the one case, ' in the other, as explained
subsequently (see Art. 364).

246. The integrable cases.
Denote I, ,= Im”'X ? dz for shortness by (m, p).

The special cases
(0, — 1), (0, — i‘)’ (0, ‘L)’ (0, 1)
are all simple elementary integrals whose values have been discussed.
Formula (A), which connects (0, p) and (0, p— 1), will therefore continue
the series both ways and yield

0, £8), (0, £2), (0, +§), (0, £3), (0, £§), etec,
i.e. (0, £k) or (0 i2b+l)

where £ is any integer.
Formula (B) connects (1, p) with (0, p), and therefore contributes the
integrals
0 sh, (1, +220)
where £ is any integer.
Formula (C) connects (—1, p) with (-1, p—1); and (-1, —3%) and
(=1, +1) are simple cases already discussed ;

) (_‘l) "i), (_la _'E'), ( 1, _é)’ e }a.re contrlbuted
and (_1, +i)’ ("1) +g‘)r (‘1 +§), etc.
asalso (-1, +2), (-1, £3), (-1, £4), ete.

R R e ( -1, + 2k—+—) are contributed where £ is any integer.
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Formula (D) connects (m—2, p+1), (m—2, p), (m—1, p), (m, p)

~ (0, p+1), (0,p), (1,p), (2, p)are connected,
(1, p+1), (1,p), (2p), (3,p)are connected,
ete. ;
. (2, k), (2 i&;‘),
(3, + k), (3 - gl%l ), are contributed,
2k +1
(4, ik)v (41 S _2_‘)’ -
ete. ;

Formula (E) connects (m —2, p), (m—1, p), (m, p) ;

thereforealso (-2, +#£), (

(=3, +k), (—3, +

etc.

UGG

2k+1

» ) \ are contributed,
2k+1) ‘
2 y

Hence all integrals of form
Ix"‘X" dz, where X =a-+}bx4ca?

can be integrated in finite terms when p is of form xk or

L 241
i A

, and m, k are integers positive or negative.

_ Examprs.

247. 1. Taking

[i.z;_b+2cx 2(2p—1)c (dx
X1 pEX? pk X
where A'=a+bzr+c2? and k=4ac—1?,

rove Q—M 2_6 é_r
g > S 3 ¢

dz (b+2cx)( 30) 6c? [dx

]X' % atey)t el x

d.z b+2c.'c 5¢ 10c2) dz

T (sprant R X

2. Show that if Z,= f 2 do, then ol + b,y +al,

logX bfd‘t

zdzr _1
. 27

[BERTRAND.]

a1
iy and prove
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Deduce fx”{,h.=§ : logX+b 2,“ ?,
2dx_ 2 bz b-ac

X =%_?+ 20

log X+22222 be
[BERTRAND. ]
3 Prove
de_1,. 22 b [dr
7X 22 %X 2] X’
and deduce
b2—ac, a* b(3ac—b?) (dx
[Er=demmt 8T | T
[BERTRAND. ]

(The value of / ‘—Z‘A—f occurring in each of these results is given in Art. 80.)

4. If X=a+br+ca?, prove that

.Z‘"H'l d T J’xm—-l d@' b dx
fﬁi WE 20PXP 20]) T2 X”“
[BERTRAND. ]

5. Prove that if X =2+ ax+a?,

2, 2+a o3 3nat 71
fﬂdx_z(n+1)x 570711 G
[ST. JonN’s, 1889.]

6. Prove that if X =22+2+1,
do 1, 8 11 1 ge4l
@ [Fx=3'% T satan—vs ™ 5

dr 142z 2(2p-1)
(d) "’Xv+l 3po —p"_'pr

7. Show that if p be a positive integer and X =z?+2+1,

dx
@ [ ey
_(+2a) 1 (2p— 1)(_)_1_ (@p-1) E2p— 3)(_) 1
5 Lt p(p-1)\3) Tt pp-1)(p-2) \3) X5

o l)(2p 3) 3 1(2)1'-11

rp-
(2p—l)(2p—3) g l(g)»m_lzrn_

plp-1)(p-2)...2.1 &3

-

b) f _"‘Eﬁr 7 being a positive integer,
(2 42+1)2
_l+2e[ 12 . (n-)) (2) 2
= 3 27[4'—1 XZvn—l (2” l)(zn 3) 21:-8
(n—1)(n-2) (g)* 2‘
(2n—1)(2n—3)(2n—5) \3 X’ﬁ‘.‘

oty () i)

+
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W
248. Reduction of /, = “‘f;—,, o2 My
Ja +ba® + cat

Let X'=a+bx®4-cat, and put P=gn3/X.

Then g___(n__‘g)mn_“/j_*_w,._;‘(bx:}/—;rcxs)
(n—o)x”—4(a+bx2+cm4)+bfc" 2| 2cxn
VX
_ (n—=1)ex+(n—2)bx"-2+ (n—3)ax"—*
N X Al

o an-3 X =(n--1)el ,4+(n—2)b1,_,+(n—38)al,_,.
249. Integrations of

i) | cos px cos®qx dx, (ii) |cos px sin”qx du,
y2 q

- (iii) jsin px cos™ qx dux, (iv) Isin px sin®qx de,

including J'cosng:g dx, ete.
cos™ qx

There are two classes of reduction formulae for such in-
tegrals.
We may connect

Icos px cos™qx dx with Icos px cos™2qx d,
or we may connect
J.cos px cos™qx dx with Icos (p—q)z cos™ gz dz,

and the like with the other three cases.

250. First, we consider the former class of reduction.

(1) Let I,,= J.cos Pz cos™ qx dx.

Then
1,=2002 g qx—{-n—q Isin px cos™ gz sin gx dx
_sin px cos p

cos"1qx sin gz

cos™ qu+4—= o I:

+J.(£§plo'—”{——(n —1)gcosm—2qx(1—cos?qx)+qcosmqa} (lx]
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sin px

= 7— cos"qx —

'nq on—1 1
P cos px cos™ gz sin qz
ng* 2
+ o Icospz{ (n—1) cos?qx+n cos"qx}dz;

272 n—1
(l—n—p%)ln=u(p sin px cos qx —ngq cos px sin ),

p?
n(n—1)q? 3 ik
UL e
sin p& cos g —nq cos Pz sin g
In=cos""1qxp ! Z)z__nng P g
n(n—1)¢*
g v
Now ,,{% COS"GT _  m1 . P sin pz cos qz—2 ng cos pa sin gz
cos px cos?® px

Hence the reduction formula may be written more com-
pactly as
_ cos’pz icos"qx_n(n-—-l)qzl
ﬂ—pz_anﬂ dx cos T p?_ n2q2

n—2°

By successive reduction, the power-factor cos"qz may be
reduced either to cosqz or to unity, when m is a positive
integer, and the integration can then be completed.

If n be negative (=—m), we can, by solving for I,_,,
express the same formula as

__cos’px dsecmgx  p°-mPq? 7
™2 m(m+1)g?dx cospr m(m—+1)g2 ™™

/i

and therefore a reduction formula for J'COi‘]XE dz is also
furnished. ot

Similar work and remarks apply to the other three cases,
(ii), (iii) and (iv), but it is desirable to consider them in
detail.

251, (ii) Let I"EIcos p sin"gw da.
Then

l,,:%zsm“qz—%jsin px sin"~1gx cos gz dz
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it sin px sin® qr — nq [__M sin”—1 qx cos qx
P P P
[ 2 (1) in-2g0(1 —sint o) —g sinega}s
= -S":bm— sin”qz +%‘% cos pa sin"~'qx cos g

v

pq cos pr{(n—1)sin*%qx —n sin"qx} dx;

272 n—1
( _%)1”_8"1 qz(psmpa:smqx-}—nqcospa:cosqz)

_n("_ 1)? n—2>

(p sin px sin gz +ng cos px cos ¢x)

Oy et |
vily=sint e

p"—-nzqz
_nm—1)g
p i an n-2>

cos’pz d sin"gx n(n—1)¢*
pi—nigdzcospr  p?—ng?

'l‘.(’. Iﬂ - n—-2°

252. (iii) Let I,= jsin P cosmqw da.
Then
I,=— (%w cos"qr — % Icos pa cos™1qx sin gz dz

i _9.0_’;@ cosmqr — % [M cos™-1qz sin gz

_Iﬂpf {—(n —1)q cos"2qx(1 —cos®qz) 4 q cosrqz} dz-i;

yn—1
(1 e AAA __cosp 2 (pcospwcosqm+nqsmpa:smqm)

(p cos px cos gz +nq sin pz sin qx)

P el -1
ST = eossmlag:

pz_n2q2
”(”_“1214_ 5
pP—n’g

; e sm2px d cos"gz  n(n—1)¢*
7.6, no p & ~q2dm Bmpw P __n2q

n—-2°
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253, (iv) Let I,= Isin P sin"qz da.
Then

e cosppx Slnnqa._*_nq [ ppw SID""qu cos qx

—IM—{(n—l)q sin®2qz(1—sin’qr)—q sin®qx} da:] 4

n’q

( ————)I,,:—smﬂ_lq (p cos px sin gz —ng sin px cos ¢x)
»* P
'—n("—l)?l,._z;

P COS P& Sin gx —ng sin P& cos ¢z

. et 3 -1
. I,=—sin""1qx

p2_n2q2
n(n—1)q?
i p2_n2qz n—3a;

sinpr d sm"qa: n(n 1)¢? I
P —n’gdw sinpr pP-nig® "V

s.e. L=

254, The four results are therefore
cos’px  d cos"gx
p*—mniq® dx cos px
n(n—1)¢
ey
cos’px d sin"gx
p*—n?q® dx cos pz
_nin=l)g’
p—nig’
sinpz  d cos"qz
pi—mntq® dx sin px

Icos pxcostqr dr=

jcos px cos™ gz da.

jcoa pzsinqxr dr=

jcos pzsin®-2qz da.

jsin px cos™qr da =

_nn=1)g
pP—nig
sin?pz  d sin"qx

“.sm pa sintqx de = PP 3 B pe

jsm px cos™2qx da.

VLY 2
- 7;(271 ,n;; g - | sin pz sin?—2qz da.
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That is, if 4 stands for the first factor and P the second, or

power-factor, i.e. I,= j-A P dz, we have, 1n all cases,

(Pt L=4* L (§)—nn-1)1.,
ot (#*—u'g) [,=4 Q—Pd—“—n(n_nqzz,,_,

dx

Writing —m for n, for the cases where n is negative, we
may write this as

ip_Péé—(T’ —m? 2)1 me

255. Such formulae are more particularly useful for negative indices
of the power factor. For if the integral sought be, say,

m(m+ 1) T 3=4

f cos 4z sin® 3z dz,

the “multiple angle” process for sin®3z will be more convenient than a
reduction.

Thus, sin' 3.1:— = (sm 152 — 5 sin 92+ 10sin 37) ;

" cos 4z sin' 3.1:= o [(sm 192+ sin 11z) — 5 (sin 13z + sin 5x)

+10(sin 7z —sin z)},
and the integral is

_1[cos192z  cosllz 5cos13z 5cos 5x+10cos7x IOcosx]
- B T TR Tt 5 7 j1 B
But to integrate J dx, this process is useless. Therefore we

change n to —n in the second of the formulae of Art. 254.
Then

cospr o cos’pr d secpr p?—n*q® [ cospx N3
fsin"“qx " n(n+1)q? dx sin"gx n(n+1)g®) sin*qz "’
whence
cosdw ,  costdx d secdx + 13.5 fgosw
j sin®3x ~ 3.4.3%2dxsin®3x ' 3.4.3%)sin®3z
aud 1905:1@ i cos?4x isee4x_ Vi ! f0084xdz-
sin?3z " 1.2.3%drsin3z 1.2.3%)sin3z" °
whilst

fcoq4x ( 1 o )d
sindz ““~2) \§ihz  sin3z i fe

z 3z
~2—10g ta.ué—élog tan §—+2cosz H
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hence
f cosdx ,  cos*dx d sec 4.z'+ 13.5 ( costdx i sec4x
sin®3x  3.4.3%drsin®3x  3.4.3°\1.2.3%dr sin3y

% Wt z 1 3z
w iy 3i<§logtan—2—(—ilog tan 5 +2cosw )}

=etc.

256. For the second mode of reduction, mentioned above in

Art. 249, we may connect I, that is gcos px cos™qx dx or one

of the other cases with
Ly oniq omhgithe slod, add
To shorten the expressions we shall use the notation
¢p for cospz, s, for sinpz, ete.
The mode of procedure is the same in all cases, viz. :
Put P=the power factor x the complementary function of
the other factor. Differentiate and rearrange.

() I, = |cpee™ da.
Let Py =8yc,"
Then %% =PCpCy"—Ng8yCy 18,

=¢" (p+n9) cpeg—ng6,_4];

s Pi=(p+ng)|cpe,” dz—ng |cpgc da.

i) 1,,,,,=Ic,,s,,n d.
Let P, =8,8,"

dP, B
Then - 2=pc,8,"+ngsys, ¢,

dx
= 8" [(p+71g) ¢p8y+198p4];

s Py=(p+mnq) Icpsqﬂ(lz + ’nq."sp_qsqnv-l ki

(iid) I ns e gt
Let Py=cyc™
Then o P8pCy™ — NYCyCy™ 1 8

dz

= —¢," M (p+ng) 8pCq—MqSp_q];

S Py=—(p+ngq) Ispcq" dx +o;qjsp_ch"—1 dz
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(iv) Ihsi I.epsq" da.
Let P,=c,8."
Then (fi—l;* = —ps,8,"+ngc,s," e,

= =8, " [(p+nq)s,s,— nqcﬂ—q] >
. Py=—(p+mng) Ispsq" dz+mng Icp_.,sq"“ da.
We thus obtain the four results:

(1) {(p+ng) Icpcq" de=s,c+ng -"c,,_qc,,"-l da.
(2) (p + 7lq) Cp Sq'l dz — sl‘ sq‘n i /nq jsl'—v 8,1"_1 d(l;.
(3) (p+mq) J.spcq" dr= —c,c,"+ng Is,,_ch”-l da.

(®) (png) [s,8,da= ¢, ng [o, 40,1 da

Thus an integral of the first kind connects directly with a

lower order integral of the first kind ;

an integral of the second kind connects directly with
a lower order integral of the fourth kind ;

an integral of the third kind connects directly with
a lower order integral of the third kind;

an integral of the fourth kind connects directly with
a lower order integral of the second kind.

Thus to connect an integral of the second or fourth kind
with one of its own kind, a second operation is necessary.

For example,
(p +mq) |c,8,"dx=s,8,"— nqjsp_qsq"*l dw
=8,8,"— Vb T [—epy8 T+ (n—1)g I g8 R 0],
p—g+(n—1)g

which conneets jcl,s,l"(lx with [cl,_zqsq"—’ dz,

imi g g n 1 : n—2
and similarly for ,"6"6" dx with jby_2,18q da.
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257. Avoidance of a Reduction Formula.
For integrals of the classes under discussion, viz.

J'cos px cos™qx di, ete.,

it is often convenient to avoid a reduction formula altogether
so long as m is a positive integer, when we shall require to
put the power-factor (cos"gz in this case) into cosines or
sines of multiples of gz, as seen in the example in Art. 255.
Proceeding as in Art. 112, the formulae required are:

27 cosml = (y—}—%)”: ete.

=2[cosnb+"C,cos (n — 2)0+"C,ycos(n - 4)0+ ... +-K],
1 n!

where K== it beeveh, i ceinsit fhie i (A)
2(n N
5!
n! .
or =-—_m-0089 if n be Odd, ......... (B)
2 e

i (2 1)""-} sin"0 = cos n6 — »C, cos(n — 2)6

n!
G

2"—1(‘])"*;1Sin"9=sinn6 »C, sin(n — 2)0

+...+(«1); if » be even; (C)

n-1 n
4. (=D m sin 0
ey
1f n be odd. (D)
Then taking 6 =qz,
27 cosmqa cos pax =a series of form 23 I, cosr cos pa, say,
=D, K, (cosT+px +-cosr — pa),

. 1/, sin r+pa: sinr - pz
and -‘-cospoc cos qmdz-§§<ZJK TEp + DK, );
taking due account of the final terms.

Similarly we may proceed in the other cases.

The formulae (A), (B), (C), (D) can be readily reproduced as
explained previously in Art. 112 for any particular value of n
for which they may be required.
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Ex. f sin 2z sin®5.x da.

% iy 1 1 1
2‘¢‘sm‘6=<3/—9> = '1/‘+_?_6(‘1/‘+?_)+15<‘1/’+_7/—3>_20
= 2c0866—12cos46+30cos20-20:

" taking =5z,
sin®5x sin 22= — 5 [2 sin 22 cos 30x — 12 sin 2z cos 202
+30sin 22 cos 102 — 20 sin 2z]
- §1; [sin 32z — sin 28 — 6 (sin 222 —sin 18z)
+15(sin 122 — sin 8z) — 20 sin 227),
. : 1 [[cos 32z cos 28z cos 22z cos 18z
LT - ey = = P
and fsm 2z 8in®bx dz = = T %8 6( ) 18 )
cos 122 cos 8z cos 2x
+15( T P ) 20 Gy b
258. The Integrals
cos 0 o sin nx
2 2 dz.
M Icos"w 2) _[cos"w
cos n . sinnw
X 4
@) jsm"w ) _[sm"
In case (1),
cos nx 2cosx cos(n — 1)z - cos(n — 2)z
Inp= = 5 . dz
cos’x cos’x
=2Iﬂ—1,p—l e In-z,p-
In case (2),
' sin na 2 coszsin(n — 1)x — sin(n — 2):1:
G T cosPx
"'21»—1 -1 In_z,p .
For cases (3) and (4), let
COs NT sin na
Lo (g 45 Jun= [y 40
In case (3),
7. —[cosmx, _ - 2sinzsin(n — 1)z + cos(n — 2)1:
e L 0TS 1T e sin’z
Wrne 2Jn-1,p-1+ln-2,p-
In case (4),
sin nx 2%1nxcos(n— 1)z+sm(n~—")x
Jn o= P »
sin’z sin’z
i 21“-1,13—1 +Jn_2.p-

www.rcin.org.pl
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The cases (1) and (2), therefore, reduce to lower order
integrals of the same form.

The cases (3) and (4) reduce to lower order integrals, but in
each case the forms are partly interchanged.

COS N&¥

It may be worth noting that in the form jcos dz we

might as an alternative method express cos na as a series of
powers of cosz and integrate each term by methods already
discussed.

Ifnbeoddj

expressing sin nz as a series of powers of sinz and integrating
each term. '

If » be even sin nz contains a factor cosz, and the integral
is immediately obtainable; e.g.

sin nx

dx may be treated similarly by

3 9
J‘S{n:x i "‘45111:1:(1 : sin®z) SRR
sin®x sin® @
4 1 8
£ E T L SO
_I(4s T ik 3sin'z Tsmz

Similar remarks apply in the other cases.

259. Ex. 1. fCOSd.L =2fCOS4Z' fcos:}x

cos®xy cos*z
9 [2 cos 31; jcos Qx :I j'cos 37:
i cos & oud costz cos®z

=4f (4 cos®x —3) dx—2f(2—sec’x)dx

- f (4—3sec») dx

=8(.r+sm22x) — 122 —4x + 2 tan z — 4z +3tanz

=4sin2zx -12z+5tanx ;
or otherwise, and more readily, without a reduction,

cos ox 16 cos®z — 20 cos®z+ b5 cos & W
costz 0T cos®z

———f{S(l—}-uos 2x) — 20+ 5 sec?z} dx

=4sin 2z — 122+ 5 tan z, as before.
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g oot o it fonae

sindz

sinxz sin®z

ki —2[2f°953xdx+fs'.",2” dx]
sinx sin‘x

sin 2x cosx
+[_ 2] sin’x f sin®z

=- 4f(cot.z'—-4sinxcos.1:) dx—B[cotxdx

L[ g,
sin®z
sin®z :
= 16 3 —-l2logsmx~m

= 8sin’xr—12logsinz—4 cosec?x ;

or otherwise, and more readily, without a reduction,

dsin x

fcos5x fl—lZsin’x+163in‘x

sindz

sind z

= — 4 cosec?z— 12 log sin x+ 8 sin%z, as before.

260. Integrals I Ej

_ [sin"pz
L= j cos px

sin”pa do,. Jw J‘c(.)s"pa:
cos pa sin pa

T J’sin"‘”px(l —cos2px)dx

CoS px
= —Icosp:v sin"2pr de+1,_,;

_ sin"lpgy

AN T b
ad j‘cqs"px oL jcos"—"‘p:v(l —sin?px) de
sin px sin px

= — |sin px cos"2pr de+J,_,;
_cos™lpx

"=m—1)p +J s

Also since
L= jtanpx da =})log sec pa,
sin pz

= j(sec Px —cos px) dr=—

J,=|cot pz dx

Jy= I(cosec P —sin p) de =

2 4

—}lo sin pz
P g sIn pz,

Cos P IE
+p g tan 9

+p log tan <p + 7'),

]
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we have
sin®"px _ _sin?*lpg  sin?"Spg
Icospx T 2n—1 2n—8
sindpx  sin pz pT
gl etk o tan (% +4)'
-“sin"‘"'lpx _ _ sin*pz  sin**2pz
oS px i 2n 2n—2
4 ind
_sintps_SinPT o,
+ 2
costfimdii | (1 Feost=lom | cosBnin
_“sinpz T 2n—1 2n—3

cos®pw | cos px pz
g +—1—+logta.n 5

cos?nHpg cos?"px  cos?"—Ipx
———dr= -
_[ sin px 2n 2n—2

2
EO—S_';B? + c___oszpm +log sin pa.

261. Integration of

Jcos px ab; J‘cf)s px i, J‘sin pr it “‘s%n P
cos g sin gz cos g sin g

(i) We may regard p, q as integra,l and prime te each other
For if p, g be fractional, = ™ and 22 ? respectively, let
oy g

' R, R,
be reduced to the forms <

where S is the L.c.M. of s, and s, and R, R, are integers.
Let 2= Sy. Then

cos (R cos
gt §
sin (P ) sin (S )a: sin (Byy)
O rdy-
L1y
sin (q ) sin (S )x (R Y)
Hence we only need to consider the case where p and q are

integers,
The signs of p and g are also immaterial to the discussion.
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Again, if p and ¢ were not prime to each other, let G be

the c.cm., and let p=Gp’, g=Gq, and let z= 5. Then

cos CO8 /L
i (GP) 1 [ sin®Y)
—dr= dy,
cos(G ) G | cos (y)
sin' "4 sin ‘7Y

where p’ and ¢’ are prime to each other.

Therefore we shall need only to consider the case where Pq
are positive integers, prime to each other

(i) Supposing p>g.

Since cospz+cos(p—2¢)z= 2cos(p—q)zcos gz,

Q=

cos px —cos (p—2q9)x = — 2 sin (p—q)z sin gz,

sin pr+sin (p—2g)x= 2sin (p—q)x cos ¢,

sin pr—sin (p—2g)x= 2 cos (p—q)z sin gz,
we have

cospx 4 2sin(p—q)3;_jcos (p—?q)wdz

€OS g% P—q o8 qT
"‘cosp:vdz g 08 (p—q)z+ o8 (p—~2q)xdx
sin g P—q sin gz
J‘sxnmdx=_2cos(p—q)m_ sin (p 2q):1:
oS g% - p—q sin
“‘sinpxdx= 9 sin (p—q)_:f_}_ sin (p—2q):v
sin gz pP—q sin gz

Hence, by a sufficient number of reductions of this kind, we
can reduce the integration of

~ COS

(p)

o Bin (qx)
to that of another integral of the same form, say

cos
. P2
sin

where P lies between g and —gq.
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Hence we shall introduce no limitation upon our method in
the discussion of such integrals in assuming p < g.

(iii) We take, then, p and g positive, integral, prime to each
other, and p <<g. The case p and g, both even, need not be
considered, being a reducible case as shown.

Now
if n be even,

COSNT = I}El——»—“'; s
3. Enia,

if n be odd, ? where a,=(2r 1),

sin2q, —sin%x

n-1
A
cosnr= cosz Il s
1 sina,

if n be even,
n-2
! ; 2 sin’q, —sin’z
sinnz=nsinrcosz Il —— 5—

1 Sinza, 1 rmr
if » be odd, >

where a,=—.
n

sl

! ;) 2 sin%a, —sin®x

snnr—nemell — ==t
: sin%q,

And where necessary a factor sin’a, —sin*z can be written
as cos’z — cos?a,. (See Hobson, Trigonometry, p. 114.)
Factorizing both numerator and denominator of

cos
sin (=)

cos :

it (q2)
the number of factors in the numerator is less than that in
the denominator, and in all cases the integrand can be thrown
into partial fractions by the ordinary rules (factors not re-
peated) and expressed in one of the forms,

Z A 2 Acosz Z Asinz
sin?g - sin%z’ sin%q — sin%z’ cos?x — cos?a’

and the particular fractions
Asinz Acosz A -~ A
cos2z —1° 1—sin2z’ cos’x sin?x
may occur.

VYWW.IC
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(iv) Finally,
sin a cos a dz tan :c>
sin2¢ — sin2x tana/’
sin q cos x dx (sinz
TR tanh' G gl 1)
sin?q — sin%x sin a

J‘sin % cos a dz ol (cos x)

— tauh“(

cos?x — cos2a cosa/’
and
sinx cos T
J.M_d’”* —-logtanQ, Il qmzxdx Iogtan(2 )

Hence in all such cases the integration can be performed.
It is not essential that the numerator :?1? (pz) should be

factorized. It might be expanded in powers of cosz or sinz,
as the case may be. But the factorization is convenient, pre-
sents no difficulty, and as a rule is simpler in application, as
it indicates in factorized form the values of the constants
occurring in the partial fractions.

cos §,1:
da.
cos $

262. Ex. Find the integral /= f
Let #=6y. Then

__ o [cosdy cos 4y f cos 23 Y d
I—chos3_/d‘/ and fc 53Jal;l/ 2siny — condy dy,

by the first reduction formula, (Art. 261, ii).

: oT .
| 2
s 1 sin‘y

% sin"—;
Also fcos 3‘-/d e ly
il sin2 T — sin?y

cosy

sin’%r

sm’z sin”% —sin?y
i cosy d

sin? T sin?Z —sin%y )( sin? = —sin?; 4

4 2 y 6 y
s e W sl diedi o @
_sm 6 sin®7 -sin’3 coky
T 2T _ . o 1 —sinty
sin i sin 6 sin 5

Uk T
sin?— — gin?—
4 6 cosy dy
sin?T — sin?7 gin2T - sin?y
2 6 6

+
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ST SRR oA L e
sin® | sin?- —sin?-

= 2 log tan (_z_‘_‘n—)

sin?®- ain'.’—:):—sin"%r e

(=]

w3

sin?T — gin*T :
: . cosec = tanh—1 Sl
sin®T - sin®7 ? sinT
2 6 6
So far, obvious arithmetical simplification is postponed, so that the
general process may be exhibited and made clear.
Simplifying the arithmetic, we shall finally get

e PR 2 T\ _9tanh—(2sin®
fcoséxdx_HBmG 2logta.n<l2+4> 2 tanh (Zsm6).

+

263. Integrals of form

cos™ pr . cos” pa 2 sin”pax & sin"pa o
cos & sin & cos sin 2

where p and n are integers, n being positive.
These are generally integrated as follows:
First put the power factor in the numerator into the form
of a series of cosines or sines of multiples of pz, say
cos
ZA, Hin (rpe).

We are then to integrate each term, viz. expressions of type

o (rpa)
sin @)
by a reduction formula, a case of Art. 261 (ii), viz.:
“‘coskxdz= g Sin (k—1 ):c__J‘cos (k—2)xdx’
cosT k—1 cos T
“‘cqs kzdx: 2cos(l.:——1)x+“‘cos ({c—2)xdx’
sinz k—1 sin
sin kzdx: _g 008 (k=1)z _(sin (k—2)z B
cosx k—1 cos &
sinkz ,  _sin(k—1)z  (sin (k—2)z
Isinz il v +j sin@ oy

which obviously follow from the trigonometrical formulae
cos kx4 cos (k— 2)z =2 cos @ cos (k— 1)z,
ete.
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59 10
Ex. Consider f‘ﬁ_’%} do.
cos
We have, taking y = e,
5
25 cos®3r= (y +;) =etc.=2 cos 152 +10 cos 92 +20 cos 3z

cos®3x b (cos 152 5Hcos9zx 10 cos ‘31-)

cosx 2\ cosx - cosx cosz
But
j‘cos 152 ,  2sin l4z'__2sin 122 2sin 10z
cosx AT 12 10 ,
_ZsinSx 2sin6x 2sin 4w 2sin2x_
8 6 4 2 i
fposQ.tdx_ 2sin8z 2sin 6z 2asin4.1:_2sin2.7&'4_1c
coszx 8 6 1 ) L)
fcos v 2sin 27
——dr= — -z
cos 2
cos®3z , 1 [2sinldzr 2sin 12z+2sin 10.c+88in8x
cosz T g 14 12 10 8
8sin 6z  8sindx  12sin 2z :I
—— % + 1 “ 5 —6z |

264. Integrals of form

e L cos"px ,  (sin"px sin"pa
j cos g i _[sin qx iy, jcos qx e jsin qx d.

These are dealt with in a similar manner to those of the

previous article.
First expressing the power factor as

COS ( z)

we reduce the integration in each case to that of a series of
terms of type
¢oR . &
sin P?)

COS
ol

dz,

qz)

and proceed as explained in Art. 261.
cos® S d
cos 4z

Ex. Integrate I—f
We have, taking y=ebw,
5

28 cos® b= (;1/ +‘—/1—) =ete. =2 cos 262+ 10 cos 152+ 20 cos b ;

i< el cos 25z cos 152 co‘z.n' ]
=g [ g +5[ o d +1of )
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The reduction formula
f@p:z; L sin (p—¢q)z fcos (p— qudz

cos gz p—q cos gz
gives
j‘cos 25z ,  2sin 21.7:_fcosl7x
cosdr = 21 cos 4z
_2sin2lr 2sinl3z j‘cos9xdr
T oo 13 cosdr
_2sin2lz 2sin13x» 2sin5x_j‘ cosz ..
9 13 5 cosdx
fcos 15z P 2sin1lz 2sin3z fcos(—x)
cos 4z ! 3 cos 4z 3
cosbr ,  2sinx  [cos(—3z)
A f cosdr =~ 1 —[ cos 4z
Hence
1[2sin2lz 2sin 13z 10s1n11m+2sm5.z' 10 sin 3x+208mx K]
2 L R T 11 5 3 1 i
where
. cosaz—bcosx+10cos3x ,  (40cos®x—34cosz
% —f cos 4z i cos 4x g
25 in?
=2/ cosx Rt MLl . sin?Z sin’%f da
Ll 8 8
sm’-— —sin2 sm’§ —sin®z
2sin? T sin? i 3—20sin2Z 3—QOsin’:}I
8 8 f 8 8
= cos A= dx
i g Lo oy
sin? i sin?a2 sm’—g —sin?z

o BT
i SR
sin® - —sin’g

sin z

T L
3—20sin? - )cosec =tanh™!
Tove I:( 8 8 sin=
8

(3 20 sm238 ) cosec 3— tanh—? Sm: H
sin 5

cos®5z
cos 4x

L | b % e aed bl :
=-§[2—lsm21.1:—1—3311113.1:+1lsmll.r+5smo.z'—-gsmar+10mn.z‘

1 o ) _,8inz
717+ { (3 20 sin g) cosecg T tanh ———
sing

sl

. g df 3r sinx
—(3-  jldd 22 tanh—t——| L
(3 20 sin 3 >cosec 8 tanh - 31r}]
8
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265. Integrals of form
in? P q g
sin? o cos” & A3 at e €
ax? ad sin” x cos?x
sin?x 0. ] sin?x : p (sin’~lzcosx ™
x4 (q LDl x-1

_ __sin’z |:{ sin?~1% cos a;}
=Tg—neit (g—2)2*
1 (p—1)sin?—2x(1 —sin®z)—sin’z
+q—2_‘. z71-2 dx]
sin?-1g )
_W[(q—2)s1nx+pm cos ]
S L e o
+(q_l)(q_‘2) [(p I)IP—?.Q—2 pIP,Q—Z]'

Therefore, provided ¢g=~1 or 2,

(q—1)(q—2) 1y, q—p(p—1) I,- q—2+7’21p g2

sin?-1z

=—"_"[(g—2)sinz+pzcosz]. (A)

2?1

I,=

This formula will be found useful in evaluating certain

sin
d:z; in the case where

definite integrals of the form j

p< q and where p and g are elther both odd or both even
integers >2; for in this case the right-hand side vanishes at
both limits. We thus have
sinfx sin’w sin?
(g1~ 22 +p2 | B da—pp—1) | 2o Tdn =0,
where p 4 ¢>2 (see Chap. XX VL)
266. Inthe same way, in the second case, supposing ¢ +1 or 2,
ficostm cos?w p (cos?lzsinz
b “=I R —q—lj i
. cos’x P [ { __cos? 'z sin m}
“% fg-iefd gl bA - i eRjat
1 (cos?z—(p— l)cos"-zz(l—cos%) ]
=]

p-1 :
G (?_—(1:‘)9(:‘7;_—;);57——1 [(g—2) cosz—pz sinz]

p .
-—@————_1)(7——2) [PLp,ge—(P—1)ps,42];

" (g—=1)(q—2)]p —p(p—1)ps g2+ DIy g
cos’1g i
gl ™ [(g—2) cosz—pzsinz]. (B)
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267. Again, in the third case,

xq+
Ipg= Iw‘l cosec?z dx = m cosec".'z:+ a3 Ix‘ﬂ1 cosec? z cot x dz

q+1
;+ i cosec"z+-—p—— I:z'l+2 cosec?z-cot

+1q

+— Izq+2( p cosec?x cot?x 4 cosec?+2x) dx]

+1 241 A 4
_ x?*1 cosec?tlx
= @ Dig ¥ 3[4 #2)sinas-pacoss]

+m+—2) Ix‘l +2[(p + 1) cosec?+2x—p cosec?x]dx ;
@1+ 2L —p(P+ D e g0t P Lnase
=a1+ cosec?*1[(q + 2) sin z+ pz cos z]. (C)
268. And finally, in bhe fourth case,

,,q_-[z‘lsecl’zdz—

sectx — —— jz‘l +lgec?z tan = dz

+1

z2+1 +2
——sec’zr tan

gl Wx_qﬂ [ T2
xd+lgecl+ly

(q+1)(q+2)[(9+2) €os & — pz sin x]

T |7 L+ Do s —p seos] da;

@D+ Lo —p(P+ 1) s et p g
=gdtlgec? 1z [(¢+2) cosz —px sinz]. (D)
It will be seen that formulae (C) and (D) could have been
derived from (A) and (B) by cha.nging the signs of p and q.
269. Integrals of form I, J. = dx or Ia; sec™x dzx, included

as the ca.se g=1in Art. 265, may be treated thus:

x
I _dr=|cos®+———dzx
1% cos"a: “costHig

. z cosz+(n+1)zsinz
=s8inx+———— — |sinz +( j_z) dx
cos™tly cos™ iy

sin sinx 1—cos?z
= e 1 dr—(n+1) |z n+e
cos™tlg cos" iy cos™t+ix

1
sinzg 1 1 —(n+1)Lnse—1,)

=
cos"tlz  nmcostw
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Therefore
ol
('n+1)1n+2 s prgp = o +onl”
NT Sin £ — CoS T n
or I”+2=n(n+l)cos"+1$+n+11"’
or, changing n to n—2,
(n—2)zsinz—cosz , n—2
I (n 1)(’n 2) cos® 1z 'm—1 In-z ............ (1)
Now, ;

I,= |z sec?w dr=x tan z+log cos
and
Il=jcc sec do =g log tan (Z—;-{—g)—-[log tan(g-i—;)da:.
Thus, I,, I, ... can be readily written down.
But I, I, I,, ... ultimately connect with "-log tan (;-r—l—;) de,

which is not expressible in finite terms as an indefinite integral.

270. Similarly, if /,=|-——dx or Iw cosec” x da,

sm"
we have

J 74 j-sm z.

iz
*sinttig
sinz—(n+1)x COST .
sin"t2g

dx— (n+1)“.

+|cosx

Z,
phieg L sin"Hg

1—sin?z
sin®+2g

cos T
sin®+lg
cosz 1

— St nsm"z =+ 1)L —1);

N oS8 £+ Sin &
n sin™Hg

+

w{res ) gy

. (DI, =~ +nl,;

or, changing n to n—2,
I __(n—2)zcos:v+sinx n—2 @
"= = Ty =2y sriz T a1 v (@)
Noting that

I,= |z cosec’x dx = —x cot v+ log sin x

and e [a: cosecz dx =z log tan J.log tan g dz,
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it is clear that I,, I, ... can be successively written down, but

that I,, I, ..., which connect with j‘log ta,ngdw, cannot, be

expressed in finite terms as an indefinite integral.
It is also obvious that these formulae (1) and (2) could be
reproduced by taking

P (n—2)x sinz—cos z T (n—2)x cosz+sinx
cos™ g sin"1g

respectively, differentiating, and rearranging the terms.

271. Reduction formuls for

Iﬂ -} J’:L da},
Vi—arJ1—Ea?
n being integral.

Let R=(1—a?)(1—k%a?), and put P =xz2"-3/R.

HaH —(1 4% 22z
Then %:(2n—3)w2"—4\/ﬂ+x2" o +627£_ 2
=[(2n—8){1—(1 +k)a® + I2a*} —(1 + k*) 2%+ 2Ka+] ”;';
2n—4
=[(2n—8)—2(n—1)(1 +%)a+(2n—1)k2at] “J
A s Tl ) 2n—1)k
(2n— 3) J— 2(n— 1)(1+L) ~/ +( n— )c JR
Hence P=(2n—3)I,_,—2(n—1)(1 +%*)1,_+(2n—1)k*1,,
n 2 2
B e x? -3JR+27L 1 (1+4?) 2n— 3 g

Ea—1)8" " In—1 K T gy T e
[Serret, p. 44, Tom. ii., Calc. Diff. et Intégral.]

By successive reduction I, may be made to depend upon I
and I, by putting in succession n=2, 3, 4,...; and I, I,
which are respectively

dx 2?dx
= ™ =
are the integrals known as Legendrian Elliptic Integrals,
and discussed later.
When n=1, k2[1=a:—1~/_+1_1,
le

7:.8. = 7\,2[ s S
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When n=0, kI,=—z-3/R+2(14k*)I_—3I_,,
and putting successively n=—1, —2, ete., we can calculate
I, I_,,ete.,in terms of I, and I,.
272. Obviously, if we put z=sin 6,
' _ [ sin®*r6d0
" JJ/1—k%sin20’
and the same reduction formula applies. ‘

20 d0 cosec20 d0
Thus I, I 12 A
bl J /1—k?sin?0 - " JJI—k?sin%0

can both be connected linearly with

J‘_' dO_ Pt j‘_giﬁ@de i
/1 —k?sin20 J1—k?sin20’

and the latter being

kz.L/l —k*sin20 Lz.“\/l P i

we have connected each of I, and I_, with

do 2 ain20
e e and jdl—k sin260 d@

273. Instead of starting with P=z*"-3/R, we might have
proceeded to form the connection required by means of
integration by parts, which presents no difficulty.

Thus R=(1—2?)(1—k?x?),

%: —2(1 4-k2)z - 4k2x3,

n—3
Multiply by —(g;/R_ and integrate

o dR
2JR dz
But the left side =22"-3,/R—(2n ~3)Ix’”‘4\/ﬁdx

do= —(14-k2)I,_, 42821,

=$2"‘3JI_£—(2n_3)I‘”2""(1 —5%(1 — k2a?) iz
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oo — (LRI, 2820,
=2 -3/R—(2n—38)[ I, ,—(1+*)1,_,+ kL],
te. 2273 /R=(2n— 1)k, —2(n—1)(1+4>)1,_,+(2n—3)1,_,,
the result already obtained.
274. Reduction formula for
; 4R 20 b
s J.(l + ax?)"/ (1 —a?) (1 —k22?)
do
J’(l +a sin20) /1 — k2 sin%6’

z.e.

where z=sin 6.
Let R=(1—2%)(1—k2?), as before; then

1dR _ 3 il
b (1+4-k2) w4 2k2a3,
x\/E
Put P‘—‘W
Then
z dR
i VEYSIRE 2 1)ardR

dx (IFaz®)"1T ~ (1+az?)*
(14-az?)[(1 — 22) (1 — k202) — (1 4+ A2) 2?4 2k204]
—2(n—1)az?(1—a?)(1 —ka?)
(14-az?)"/R
~ (14-az?)[1—2(1+ k)24 3k2wt] — 2 (n—1)ax?(1 —a?) (1 — k22?)
il (1+as?)"JR
_ A+ B(1+a2?) +C(14-ax*)?%+ D(1+ax?)? pad
i (1+az?®)"JR s
where 4+ B+C-+D=1,
aB+42aC+3aD=a—2(1+k%) —2(n—1)a,
a?C +3a2D = 3k2—2a (1 +%k2)+2(n — 1)a(14-42),
a®D=3k*a—2(n—1)ak?;
whence we obtain
a?d= (2n—2)(a+1)(a+k?),
a?B= —(2n—3)[a(a-+2)+(2a-+3)k?],
a’C= (2n—4)[a+(a+3)k?],
aD = —(2n—5)k2.
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Then Pu AT B, 0T o8

and I, is connected with three integrals of the same form, but
lower order. Also, the formula is true whether » is positive
or negative.

Now o

L =L/(1 —o?)(1— a2y
and is Legendre’s first elliptic integral (Chaps. XI. and XXXI.).
i = ;
2 I(l +ax?) /(1 —2?) (1 — k2a?)’
and is Legendre’s third elliptic integral ; and

P e ... i
VA =2 (1 - ka2)
a dz a o1 — k2
~(8)| = A

and these are, respectively, Legendre’s first and second elliptic
integrals.

These integrals I, I,, I_, are therefore all known. Their
properties will be discussed in the proper place. We thus
have a means of connecting /, with them for any integral
value of n, positive or negative.

The same reduction formula obviously must hold for

de
(14 asin26)*/T — & sin?6’

which is only another form of the same integral.

EXAMPLES.
1. If X=az"+b, obtain reduction formulae for the integral
Uy, o= L% dz of the forms,

(i) Au,, s +Buy_n, + B =0,

(i) 4w, ,+ B, ,_,+R =0,
where A, B, A', I’ are constants and R, R are algebraic functions
of z. [MaTn. Trip., 1896]
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2. Prove that

(w) .‘- cos™pdp = )—1—n tan ¢ cos™¢p + (1 - ;—n)j cos®™™ % dop,
[TrixiTY, 1891.]

) I sec” ¢ dp = 217L tan ¢ sec™ ¢ + (1 - —2171) j sec™ ¢ dep,

(L C. §., 1886.]
3. Prove that
ol z o L)) L | il
L e 24 22\ 2 2\ (020 02
j(a +o) ¥ domp Lo (@)t 4, j(a +a%) T da.
[L C. 8., 1886.]

4. Investigate a formula of reduction applicable to
Ix"‘(l + xz)’“ dz,

where m and n are positive integers, and complete the integration

fm=5n="7. [ST Jolm’s CoLt., 1881.]
5. If p(n)= az"“r(az 2 prove that ¢(n)=>—— 2 <,b(n -1).
[R. P.]

6. Investigate formulae of reduction for

) j "(a -+ ba) .

o J‘(acz+a2)"r.

(C) I(aZ + a:‘z); vy J. aa + 9,3) 5
o
i J-(xa_. 1)%dz. (f) I (a2 +a2) N da,

and obtain the value of jxs(x3 - 1)""‘d;1;.

[CoLLEGES, CamB.]
7. Investigate a formula of reduction for
Z2"+l
I ks zz)*
and by means of this integral show that
1 1 1 1.3 1 THSLD 1

BT RTINS TRt Tt W
 2.4.6...2n
=3.5.7...@2n+1)

Sum also the series

SR R g £ Ao s L s >

gl R g R R O S w1 A TR B

[MaTH. Trrp., 1897.]

www.rcin.org.pl
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8. Find a reduction formula for

-"“ 2 dx
1\/z—- 1.
Show that
S RVL i Teloial gl (2n b
ST (2n+1 2.4 7.4..
= (il )54 (1«_2 iY@ "
_1+3(z 1)+5(x 1)2+ ki +1(a: L)%
where a,, d,, ... are the binomial coefficients. [ST. JomN’s, 1886.]
I
9. Prove that if u,,sj- sin®z dz,
0
1 1
then fu,"=<1 a Zb) U,y s
and deduce
g 1 {1 2-1 (2n-1)(2n-3)
sinzdr= — 5 {—+ +}
_L 21 \n  n(n—-1) n(n-1)(n-2)

(n-1)(@n-3)...3 =

m(2n—2)...4.2 "4’
[Mars. Trre., 1878.]

10. Prove that

J,"+1J1—z2 l b..@m-1) = 2.4.6...2m 1
@ = 5.
1422 i 4 6...2m 1 35.7...2m+1"2

11. Find a reduction formula for
Ie“" cos™z dz,
where n is a positive integer, and evaluate

¢* costz d.
[Ox¥orD, 1889.]

12. Find formulae of reduction for

) jx”sinxdx,
(2) Ie‘“‘ sin"z da.
Deduce from the latter a formula of reduction for

jcos ax sin™x dz.
[CoLLEGES 7, 1890.]
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13. Show that
(m+n)(m+n— 2)J.sin”' 0 cos™6do
=(m—1)sin™*'60 cos" ' — (n — 1) sin™' @ cos™+' 0
+(m—1)(n- I)Isin""zﬁ cos™ 26 dé.

[TriN. CoLL. CAMB., 1889.]
14. Show that

o jcos ma cos™z dx
i sin2a:+m(m—1) sin4:c+ sin 2max
it A T 4 Drg
where m is a positive integer. [COLLEGES a, 1885.]

15. Show that

(2m —-2)(2m—4)...4.2
(4m—-1)(4m-3) ... 2m+1)’
m being a positive integer. [OxFoRD, 1889.]

3
_" sin® 0 cos™10 d6 =
0

7
16. Evaluate the integral I e~ "*cos™x dz,

m being a positive integer. il [CoLL., 1886.]
17. Prove that if

I, .= Icos"‘x sin ne dz,

(m+n) I, .= —cos™zcosnz +ml,_, ,
and [I T . (2+22+§?+ +2_...)
el omil PR T T [BERTRAND. |
7
18. If Uy, = I cos™z sin nz dz,

0
1 m

prove that Uil = TR e

m+n m+n

Hence find the value, when m is a positive integer, of

T
™ si dx.
L cos ™2 sin 2mx dz v, 1887.]

19; 1f L "EIcos“x cos nz dz,

prove that I, , = costne d <c9§"¢ m(m 1)

M i T I
m? —n? dz \cos nz ht
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and show that

7 i %
A ] By [Im_g. J
), mE-n b

20. Prove that j"cos"x cosna dr= —2"%,
0
n being a positive integer. [BERTRAND.]

21. If m and n be positive integers, and if m +n be even, prove that

k.4

13
I cos™ 0 cosnb db =

0

T m!
Intlom N om—mn,
U AR SATE

[CoLLEGES, 1882.]

4

ey

232, If j cos™z cos nx dz be denoted by f(m, n), show that

0
m m
f(m, n)=mf(m— 1, n+ l>=ﬁ:ﬁf(m" 1, n-1).
[Ox¥orp, 1890.]

23. Prove that if n be a positive integer, greater than unity,

fcos""zav; sinnz dx = —1—
0 n—-1 [Oxrorp I. P., 1889.]

2. If u,,.,n—:—'[a:’"' cosec”x dx, prove that

(2= 1)(n = 2) U= (0 — 2)%Upp, n—o+ M (1 — 1) Uiy, s
—am=msinz + (n — 2)x cos ¢} cosec" 1z,
- [MaTH. TRIP., 1896.]

95. If j esavtlog z dz = b (n),
0

prove that b(n+2)— (2n+1)p(n+1)+n2p(n)=0.
[R. P., St. JouN’s CoLL., 1881.]

1 gn e da;
26. Show that if Une= X
ow that i o L —
2Uﬂ+1 + U'n(2"" e 1) —2n U’n—-l =0, [CoLLEGES 8, 1887.]
97. Prove that if ¢ (m)= I 2 (3 + 3az + &) da,

then (2m—1)¢(m)+ 3a(2m — 3)¢(m — 2)+ (2m — 4)c p(m — 3)

3
= 202 (2% + 3az + ¢)”. [TriNiTY, 1886.]
3
28. If u.,nzj €™ cos™x da,
0
prove that (M + 02) Uy = m (M — 1) Upp_g + M. [OxFoRD L. P.,1900.]
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sin"a du
(1-%2 sin%)‘},

then  (m— 1)kl — (m — 2)(1 +42) L+ (m — 8) Iy, =O0.
[TriNITY, 1890.]

7
29. Prove that if I,,,,EI
0

30. Obtain a reduction formula for the integral

= I(a cos?0 + 2/ sin 6 cos 0 + b sin260)~" d6

in the form ]
2(n+1)(ab—h?) I — (2n+ 1) (@ + ) Iy + 201y
L e lhat
" 9n doz’ [MaTH. TrIP., 1898.]
LI 7 88624 3¢
31. Show that L eIy TR i
e being less than unity. [St. JouN’s CoLL., 1885.]
32, I L Is’.“ i Y
sin 2
prove that (n— 1)L — L) =2sin(n - 1)z,

and hence that

£
j gin W_’r, if » be odd,

o Sinz

il ;ﬂl
_—_2<1—§-:,-5 7 L+(=1) >1f'nbeeven

38.. It X=a+bar+cx® and Iy = j'aj"‘Xsz,

prove the existence of reduction formulae of the nature of
(i) gl X - e AlIm_p 5 BIIm-Q-n,p 3 ClI':M-mLp 5
(i) am-2 X2 = 4, Ly 5+ Bl n,p + Colmonp;
(iii) am+1X» = Aglnp+ Bglmin, p1 + Colinign,p—1 5
(iv) amtiXe =App+BInp +Cillminp;
(v) @i XpHl = 4L o+ Bslmnp  + Colmnpi;
and find the values of the fifteen constants.

dx
34. Show that Im
can be reduced to the integration of
dx w?dz
8 sl R £ s s W~ 0, b2>1ac),
_‘-a,+ba;2+ca:4 i _“a+bx2+a,“ ( )
and-integrate these expressions ; p being integral. [BERTRAND.]
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a‘rm

35. Show that, if U, n = _[(logw)“

gy s e 6 e 1)ty ey
[OxForp, 1. P., 1889.]

(n = 1)t n = (log a:)

36. Find reduction formulae for

() Itanh"x de;

(B) Ism"x ’

dx
™ I(a b+ oo
37,0 o= I%’ where X= aa? + 2bz + ¢, show that

amly+ (2m = 1)Ly + (m = 1) el =2mWX. [, 1801.]
38. Establish a reduction formula for

&
=[x
where X=aa? + b2 + ¢, in the form
_aJX
(42?+ Byr!
showing that
A= (@n-2)2 (4%~ ABb+ B,

=Mp+plp+vlh o+ SIn—m

p= - (2n-3) 53 (4%~ 24Bb + 35%),

v= — (20 4) 1y (4~ 3Ba),

&= - (21;—5)‘4;2a
39. Show that, if

Kt j" sin™ 8 cos nd d6, J,,,_,.EI' sin™ 0 sin nf b,
0 0

then Jm—),'fH-l=(1 "%) L, Im—x,'n+ - <1 i :’;‘L) Jm,m

where m is a positive integer ; and point out how these results can
be used to find the values of I, , and Jy, 5. [C. S., 1896.]
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40. If T be a function of z such that
dT \2 2 3
(E) = A +3BT+3CT?+ DTS,

prove that
d 14T n-1)4 3
d—z(r,r-iﬁ o Tn ) 5 (2n ‘3)1'"-1

T2 o738
Apply the result to investigate a reduction formula for
dz
T
By a consideration of the case where C=0, D=0 (or in any
other way), obtain a reduction formula for

3(n 2)C (2n-5)D

dz
I(a + 20z + ca®)™ (L C. 8., 1897.]
41. Prove that

j P eindy =/ MJ‘ 2 gy
0

2n
where 7 is a positive integer. [CoLLEGES «, 1890.]
b
4. I u-,.EI (b - ) (2 - a) )}V,
a
show that 2nu,=(2r - 1)(a+d)un_, — 2(n - 1)abu,_,.
[Ox¥Forp 1. Pus., 1912.]
43. By applying the substitution z=acos?6+bsin%0 (or other-
wise), prove that the definite integral
> 2 dz
av(z—0)(b-2)
is a rational integral function of @ and b when = is an integer ; and
evaluate it when n = 3. [OxF. L P., 1913.]

M I EJ'°°52"‘”

sin?z  °

obtain a formula of reduction connecting u, and ;.
Hence, or otherwise, evaiuate

¥ cos 2nz d
, win’z %

where 7 is a positive integer and g>x>0.

Consider the case when the lower limit is negative.
[OxF. I. P., 1915.]
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45. By multiplying the inequality 1>2sin - sin?z by sin?»~1z
and by sin?*z, and integrat.ing between 0 and 4=, show that
(#n+3)(2n+1) = 2.4...%n _ [In@n+l) ¥
dn+d 2 > 3..@n-1)" \ dnx1 }
[MaTH. TrIP. L., 1915.]

46. The expression
l-a
(1 - asin? 0)*
where 1>a>0, is expanded in ascending powers of a, and the co-
efficient of a” is denoted by u,. Prove that

-(1- a,sin20)’},

5
_L Und6=0. [MATH. TrIp. 1., 1916.]
in(2n -1 in2nz
VLR Ui J‘W e _‘-ssinn% da,

prove the reduction formulae
N (Spyr — Sn) =8I0 20T, Vppy — V=543
and show that if v, be taken between the limits 0 and %, its value

is 4nw, where n is an integer. [MaTs. Trie. L., 1914.]
: Tde
48, If A= cos%/a"’ +sin2¢/02, find A
and prove that ‘f’? — wab{3(at+ ) + ot /16,
2
and that r ! L -
(1 - 2)* 3(1-e?)t e, 1883.]

49. If U,= jsin”‘z(a + b cosz)~"dz, prove that U, can be calcu-
lated by means of a reduction formula of the nature
AU,+BU,_,+ CU,_y=sin""z(a+bcosz)™"*;
and determine the constants 4, B, C.

dx om! w
50. Prove that J": (@ =S+~ alnl WiV
where A denotes 4(a? - ¢2) and is supposed positive. ~ [TrIN., 1887.]
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