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NOTE ON AN EQUATION IN FINITE DIFFERENCES.

[Philosophical Magazine, vιπ. (1879), pp. 120, 121.]

I GAVE* a great many years ago in this Magazine the integral of the 
equation in differences

1 1Ure - )- Uχ-2,x

which I obtained by observing that the equation could be solved by supposing 
each u of an odd order to be equal to the u of the order immediately superior, 
and also by supposing it to be equal to the u of the order immediately 
inferior. The upshot of the investigation expressed in the simplest language 
was to furnish two particular integrals of which one gives rise to the series

1 1 _ i _i _ 1 ∙ 3 _ 1.3
m0 — 1, w1— 1, u2— ⅜, n3— ⅛, ui— 2 us — 2 4'",

the other
1 ft λ 2.4 2.4 2.4.6w0 — 1, u1 — 2, u2-'-, u3 — i ni-g, u5-g 5·”·

See also Boole’s Finite Differences, 2nd Edition (edited by Mr Moulton), 
p. 235.

Now let φ, a function of any letter t, be the generating function of ux. 
Then, since

iTW/j (iC -2) Ux—2 ~ —1 ~ —2 = θ,

we shall have
(i-i≈)⅛ + (-ι-2i)≠ = σs

and integrating we find
(i - ohι + <)i Φ = cjdt λ∕(⅛t),

Φ = C'JALa + uain^,i+∕<1-i,>.
(l-fa)i (l-i)*(l+0*

[* Vol. ιι. of this Reprint, p. 690.]
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■ 1 % we see at a glance gives the values of ux corresponding to the first
(1 - i2)2
particular integral ; and since the two first terms of the function multiplied 
by G are 1 + 2i, it follows that this function is the generatrix of the second 
particular integral—in other words, that

gm~1⅜+√(l-⅜*) = 1 + 2i + 2e, + 2φs+2ψ + 2⅛ +.... 
(l-i)i(l + i)i 1-3 1.3 1.3.5

Hence
Zsin-1i + √(1 — i2) _ 1 ∫ ∕sin-11 + √(1 — i2)∖ 1

(i-i≠ 1 + it ∖ (i-i)>(i+i)⅜ ∕ J

2 2.4 2.4.6
= 1÷ιi2÷Γ73i4÷Γ3^ *6÷->

and integrating
sin-11 2 t? 2.4 t5 2.4.6 i7

√(1 -i2) = t + Γ3 + Γ^3'5 + 1.3.5 7 + '"'

Thus we have the remarkable identity
∕ 1 1.3 a t 1.3.5 , ∖(1 + 2τ+2.4τ + 2.4.6 τ ''√

∕1 lτ 1.3 t2 1.3.5 t3 ∖
x v + 2 3 + 2.4 5 +2.4.6 7 '*√

, 2τ 2.4 τ2 2.4.6 τ3 = 1-1------- 1----------- 1---- -------- ....
131 351 3 57

I do not recollect ever having met with these remarkable series before 
I discovered them by the preceding method ; but on showing them to 
Dr Story of this University, he ascertained that they had been stated not 
long ago by Mr Glaisher in a paper in the Mathematical Messenger, and made 
the foundation there of various summations for calculating rτr ; but where 
Mr Glaisher found these series, which are not given in the ordinary books on 
the Calculus, or (if new) how he lighted upon them, he has not stated, and it 
is desirable that he should do so.
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