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A. Topologie des Espaces Fonctionnels



On local disconnection of Euclidean spaces

by
A. Granas (Warszawa)

1. Introduction. Let S, be the n-dimensional sphere defined-in
the (n+1)-dimensional Euclidean space E,., by the equation

xf i -’l'g t oot -T:H =1
We consider a closed set. FCS,4;. Let U, denote the e-neighbour-
hood of a point aeF in 8,44, 1. e.

Us= FE [|le—a| <&l

X€Sy41

Let us denote by bg", for every two positive numbers ¢ and 7, £ >,
the number of components of U;—F which have a common point with U3.
If n<un', then b§"<<bi”, and consequently there exists

(1) lim bg" = by

n=0
Evidently bo> ¢ if e<e’. Consequently there exists a finite or infinite
limit
(2) hn; b:l——‘ bo(aasn-f-l_'F)-
The number bo(a,S,,H.—F) will be called the number of components in
which F decomposes the n+1 dimensional sphere 8,y1 at the point a.

In 1933 E. Cech!) proved, using the notion of local Betti numbers,
that the number b,(a,S,+;—F) is a topological invariant. The purpose
of this paper is to give an elementary proof of this fact without using
any notion of algebraic topology. The method of proof is based
on the notion of Borsuk’s cohomotopy groups ?) and Borsuk’s theorem 3)
on the structure of the n-th cohomotopy group of closed subset ' of S,,.

1) E. Cech [1].
t) K. Borsuk [2].
3) K. Borsuk [3].
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2 On local disconnection of Euclidean spaces

2. Definitions and notations. Throughout the paper by space
we understand a metric space and by a mapping a continuous trans-
formation.

X xY will denote the Cartesian product of two spaces X and Y
i. e. the set of all ordered pairs (x,y) with z€X, ye Y, metrized by the

formula
(@, y)—(,y")| =Ve—a P +Ty =y

If X, is a subset of X and f a mapping with the range X, then f|X,
will denote the: partial mapping of f defined in X, 4. e. the mapping fo
defined in X, by the formula fo(x)=f(x). We shall say that f constitutes
an extension of f, on X; we then write f{,Cf.

Y¥ will denote the set of all mappings of X into a compact space ¥,.
In the functional space Y we define a metric topology setting

|f—g|=sup |f(z)—g(@)] for evers f,g¢ b o

Two mappings f, geYX are called homotopic (written f~g) if there
exists a mapping h € YX*' where I denotes the closed interval 0<1<1,
such that

Mat, Mmiim, for every xe X.
h(z,1)=g(x)

The relation of homotopy, established in Y¥, is a relation of equi-
valence and thus the set of all mappings f €Y decomposes into disjoint
classes of homotopic mappings. The class of all mappings homotopic
with a mapping f eYX will be denoted by (f) and called the homotopy
class of f. A mapping f e ¥YX homotopic to a constant is said to be wn-
essential; we then write f~1.

If X, is a closed subset of a compact space X, then by X|.X, we de-
note the space obtained from X by identifying X, to a point g, . It is
known*) that for every space X[ X, there exists a natural mapping
@ € (X|X,)* which maps X—X, topologically onto X|X,—qy,.

3. Cohomotopy groups. In this section we give the definition
and some properties of Borsuk’s cohomotopy groups needed in the sequel.

By a product of the mappings f,¢ e 8F we understand the mapping
fx g(8:%8,)% defined by the formula
(fxy)(x):(f(a:),g(w)) for every zve X.
1) See for instance C. Kuratowski [4], p. 42.

et i e
TP .’l!{_;i?}.kjig.p!
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A. Granas 3

It is known 5) that:

(3) If X is a compactum and dim X <2n, then for ewery fxg e (S,x 8a)*
there exists a mapping he(8,x8,)**" satisfying the conditions

h(z,0)=(fx g)(x) for every zeX,
MX,1)Cby X Sp+8, X by,

where b, i8 an arbitrary point of S,.

In this case we define the sum of the homotopy classes (f),(g)CS¥
in the following manner: Setting

o(z)=h(z,1) for zeX,
9u(Y,b0)=y for (y,bo) € 8n X by,
Fn(bosy) =y for (bo,y) € by X S,
SaABn=1by X 8z+8n X by,

we have o € (8,A8,)%, #,¢ 85" and 9,0 ¢ 8F. We define the sum (f)+ (g)
of the homotopy classes (f), (¢9)CS¥ by setting
(N+(9)= (Inw).

It is known ¢) that:

(4) If X is a compactum and dim X <2n—1, then the homotopy classes
(f)C8Y constitute an Abelian group with the operation defined as ad-
dition of homotopy classes.

This group is called the n-th Borsuk group or n-th cohomotopy group
of X and is denoted in the sequel by B,(X); the order of this group will
be denoted by b,(X).

The zero element of B,(X) is the homotopy class which contains un-
essential mappings f e SX. An inverse element to (f) e B.(X) is obtained
in the following manner: Setting

Cu(mly$2,"-1wn7mn+l)= ($1,$2,...,$",—wu+1),

for every (x,,o,,...,%.41) € S,, we define the inverse element —(f) as the

homotopy class containing o,feS%.

If X, is a closed subset of a compactum X (with dim X <2n—1), then
(+(9)=(h) implies (f|X,)+ (9]X,)= (k| X,),
(f)=—(f2) implies (f,|Xo)=—(fo| X,)-

Let f be a mapping of X into Y. If ge8,; then gf ¢ 8, if g,~gs, then

gif~g.f. Let us set, for every homotopy class (¢)C8Y, fl(9)]1= (¢f)CSY.

(5)

5) See K. Borsuk [2] and E. Spanier [5].
¢) See K. Borsuk [2] and E. Spanier [5], p. 211.
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4 On local disconnection of Euclidean spaces

It is known?) that:

(6) If X and Y are compacta and dimX <2n—1, dim¥Y <2n—1, then
the mapping f (induced by f) is a homomorphism of B,(Y) into B,(X).

Let X, be a closed subset of X. By H,(X,X,) we denote the set of
homotopy classes (f)CS7 such that f|X,~1. Then:

If X is a compactum and dim X <2n—1, then the set H,(X,X,) is
a subgroup of B,(X).

Proof. Let (f),(9) e Ha(X,X,) and (f)+(9)=(h). By (5) it is (h|X,)
=(f| Xo) + (9] X,).- But f|X,~1 and g|X,~1, hence h|X,~1 and
(k) e Ho(X, X,). If (f,) € Hi(X,X,) and (fo)=—(f,), then, by (5), (fo Xo)
=—(f;|/X,). But f,|X,~1, hence f,|X,~1 and (f,) e Ha(X, X,).

The order of the group H,(X,X,) will be denoted by h.(X,X,).

4. Some lemmas. Let F be a proper closed subset of S§,;,. Let
Gy,G4,...,Gy,... be a finite or infinite sequence of all components of S,+1—F.
In every component G; we choose an arbitrary point p; and a spherical
n+1 dimensional element @; with centre p; and boundary Sy.

It is known 8) that:

(7) There exists a one-one correspondence between the set of all homotopy
classes (f)CSE and the set of all sequences {(f;)}, where (f)C 83,
=f|8u, 1=1,2,... and f; is unessential for almost all i. This cor-
respondence 18 an isomorphis-m between the cohomotopy group B,(F)

and the direct sum ) Z,'B (8)-

Now let 75, ,, be forevery i>1 a mapping of 8, onto S,, homotoplc toa ho-
meomorphism of S, onto S,. Let r,, be an extension of the mapping

r,D,,eS‘,f on 8,;11—(po)—(pi). Then, for i#j, the mapping r,o,IIS,,, is
unessential (because r,,o,,,IS,.,Cr,o,,IQ,,,eSQ'U), and for every i=1,2,.
the homotopy class (7, i | Sk S3n is a generator of the free cychc
group B,(S,). From this, applying (7), we obtain the following

) See E. Spanier [5], p. 214.

%) See K. Borsuk [3], p. 227 and 240.

°) By the direct sum iZA, of Abelian groups 4;, i=1,2,... we understand the
Abelian group A constituted by all sequences {a;} with a, e 4;, where a, =0 for almost
all indices i and where the group operation is defined by the formula {a}+f{aj}={a;+a}}-
It is clear that if a, is a generator of the free cyclic group 4; and 6;: 0 for i £j, 6;:1
for i=j, then the sequence {6}-al),{of-az),...,(6,/-a]},... constitutes the basis of the
group 4= $ A;.
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LEMMA 1. The sequence of the homotopy classes

0

(8) (rpopllF)’”pop,lF)y---:(rpomlp)’ o 4

constitutes the basis of the m-th cohomotopy group of F.

LEMMA 2. Let F be a closed subset of S,i1 (F#8nt1) and G an open
connected subset of S,i1 (G Spt1). If Go,Gy,...,Gi are all components of
Sai1—F such that G-G;#0 for i=0,1,...,k, then k=h,(F,F—@).

Proof. Let us order all components of 8,,;—F in a finite or infinite
sequence G,,G,...,Gk,Gx11,... and choose in every component G; a point
pi in such a manner that p,,p;,...,px € G. We infer by lemma 1 that
the homotopy classes

(9) (rpopllF)a (Tpop,lF)y see 9 (rpokaF) € B,(F)

re linearly independent. Since F—@G does not disconnect S,.; between
any pair of points p,,p,,...,px, then r,o,i|F—G~1 for every'i=1,2,...,k.
Thus we have shown that there exist at least % linearly independent
elements of the group H,(F,F—G@Q).

Now let us have any mapping feS. such that flF—G~1. We shall
prove that the homotopy class (f) is a linear combination of the clas-
ses (9). By lemma 1 the homotopy class (f) is a linear combination of
a finite number of elements of the sequence (8):

(10) (H= &(7pyp;, [F)+ cz(rpopi, [F)+ ..+ c,,,(?'pop,.m]F)-

Since the set F'—G disconnects S,+; between every pair of the points
of the sequence p ,p, . ,P;,0s---, We have

(11) (Ypop, | F — @) # (const | F—@G)  for every j>k.

From this and from f|F—G@~1 we infer that the linear combination
(10) cannot contain any class (r,o,,!lF) for j >k. Consequently the homo-
topy class (f) is a linear combination of the homotopy classes (9) and
the proof of lemma 2 is completed.

LemmaA 3. If H,, H, and G are three open neighbourhoods of a point
aéF(dim F<2n—1) such that H,CH,CG@, then

(12)  M[F|F—G,(F|F—@G)—H,)<h,[F|F—G,(F|F—G)—H,).
Proof. Let us set F*=F|F—@. Forevery fe 8, the relation f|F*—H,~1

implies f|F*—H,~1. It follows that H,[F*, F*—H,|CH,[F*, F*—H,] and
consequently also (12).

http://rcin.org.pl



6 On local disconnection of Euclidean spaces

LemMA 4. If H, G, and G, are three open neighbourhoods of a point
aeF(dim F<2n—1) such that HCG,CG,, then

(13) ho(F*, F*—H) <h,[F*| F*—Gy, (F*| F*—6,) —H],

where F* denotes the set F|F—G@,.

Proof. Let ¢ be a natural mapping of F* onto F**=F*|F*—G, and
¢ the induced homomorphism of B,(F**) into B,(F*). If 785" and
f|F**—~H~1, then f|F*—H~1. From this we infer that

${H,(F**, FP**—H)}CH,(F*, F*—H).

Now let (¢)CS; and g|F*—H~1. Without loss of generality we can
suppose that g(F*—H)=p,e8,. It follows that g(F*—G)=p,. We de-
fine the mapping h of F** into 8§, as follows:

glg~2(x)] for aeF*|F*—Gi—(¢p_g,)
h(z) = »
Ro if 2= qF.—GJ o

Evidently hed8:", h|F*—H~1 and g(z)=h[g(z)] for every z e,
It follows that ¢{(h)}=(g) and ¢{H,[F**|F*—H]}=H,(F*, F*—H). From
this we infer the inequality (13).

5. The local cohomotopy numbers. Let a be an arbitrary point
of a compactum F with dim F<2n—1. Let Us(F) denote the &-neigh-
bourhood of a in F, 7. e.

Ua(F)= Q[|$—a|<e].
Let us set

(14) b;f"(a,F)=h,,[F||F—U;(F),(F"F—U;gF))—UZ(F)] for 0<e<.
By lemma 3, if n<7’, then b;"< b2". Consequently there exists

(15) lim b%"(a,F)=b}(a,F).

n-0

By lemma 4, if e<¢’, then bf.(a,F);bf,’(a,F). Consequently there exists
a finite or infinite limit

(16) lim by (a,F)=b,(a,F).

£-0

The number b,(a,F) will be called the local cohomotopy number of F
at the point aeF.
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From the definition of b;” and b;"(a,F) and by lemma 2, we infer
that in the case of FCS,4,

(17) b§" =b5"(a, F)+1.
From (17), (1), (2), (15) and (16) we obtain the following

THEOREM. If a e F=FC 8,1, then the number of components by(a,8y41—F)
in which the set F' decomposes the (n-+ 1)-dimensional sphere S,..1 at the
point a is determined by the local cohomotopy number b,(a,F) of F at the
point a by the formula

(18) bo(@,8ps1—F)=Dbs(a,F)+1.

Since the number b,(a,F) is topologically invariant, we obtain the
following

COROLLARY. The number of components by(a,S,+1—F) in which a closed
set FC8,41 decomposes the (m—+1)-dimensional sphere S,i, at the point
a e F i3 topologically imvariant.
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FUNDAMENTA
MATHEMATICAE
XLIV (1957)

K Teopumn KOoromoronuHeckux rpynn Bopcyka

A. Tpanac (Topyms)

B nacTosmieli 3aMeTKe paceMaTpuBalTCd HEKOTOpble TOATPYIIIbI 7-MepHol
KoroMoTonnyeckoli rpynmsl Bopeyka I YCTaHABINBAKTCA COOTHOMEHNS MeAXy paH-
raME paccMaTpuBaeMbX TpyIm. B kayecrBe HPOCTOT0 CIeACTBES OTHOTO U8 A0KA- -
3aHHBIX COOTHOIIeHuii BEIBoANTca n3pecTHas TeopeMa Pparmena-Bpayspa o pas-
CueHmE eBKINNOBHIX mpoeTpancTB. OxuomepHmifi ciyuaii ‘pacevarpusaies Ofizen-
Geprom (eM. [2]).

1. BBeaén cHavala o6Go3Hayenns YmoTpeGagemble B JalbHefimeM, a Takxe
HANIOMHUM KPaTKo OTpejeleHNe KOTOMOTONNYECKoli IpynmbL

IIpocTpanCTBO HempephIBHBIX oToGpu.ennﬂ koMmakTa X' B KoMmakT Y GyaeM
0003HaYaTs yepes ¥ Merpuka B Y* onpereasercs ¢opyyIof:

2(f,9) = supe (f(x).9@)), 1.9 be'

OtoGpakerus f, g € SX1) nasuaen zomomonHvLMu, f~ ¢, ecIn -cymecTByeT
oTobpaxkenne h e S,’}' oH 2) (I — saMenyTfi orpesox <0,1)), YyloBIerBopsiomee
YCIOBIIO:

I(r,0)=f(x), h(z,1)=g(r) zig awGro zrelX.

CoBoKymHOCTE OToOpameHnil g € S¥ romoromumx oToGpameHnno f e 8% Gyzem
HA3KIBATE 20.0MONUMeCKuM Kaaccos oTofpameHms f m o6o3maynM yepes (f).
TIpoerpanerso S, pacmajaeTess 6Iarojaps COOTHONIEHHI0 TOMOTONNH HA Hemepece-
Kalonulecss roMoTommueckne Kiacch. Eeam oroGpamense fe Sp TOMOTONHO o0ToGpa-
menuio ¥ = const, To GyleM HA3HBaTh €ro Hec Ju(e(mdc’H‘HbtJl, sanpcuBag f~1.

Fean A, A, asa xovmaxta 4,C.A, fo, Uy e Saify e 0oy o e S13), o,
B cuay nssecTHofi TeopenMsr Bopeyka (ey. [4], eTp. 86), CyILleCTBYeT g € Sy, Taxoe
uyro ¢,Cg 1 g~ f. Tomorommyeckufi Kiace (f)C 8 Gyzem masmiBaTh npoao 1Hce-
Hues ToMoTommueckoro kiacca (fo)C Si° Ha A.

1) 3aecp S, o603nagaeT n-MepHYW cdepy onpenersemMyln B (n+1)-HOM eBKINI0BOM
npoctpanerse E,., YpaBHenHeM yi+ a4 ...+ x5, = ) 88

?) X' x 1 ohosnavaer TONOJOrNYeCcKoe NpPON3BejeRHe NPOCTPAHCTE Xu 7.

3) 3anuchn jnc‘leb‘;’, rae joeS;“’, 4,c 4, o3mravaer, 910 f ABAAETCH NMPOIOAFCIHEM
fo na’d, 1. e. f(o) = fo(r) ans Beex sed,.




A.Tpanac 9

ITpoussedenues fxg orobpamenuti f,g e S; Gyzem HasiBath oToGpameHue -
fxg €(8,%x8,)" onpexexsunoe dopmyroi:

(fx9)(@)=(f(x),g(x)) xam awboro  eX.

HsBectro (em. [5], erp. 209-210), uto ecaw pasmeprocms xomnaxma X

senvue 2n, mo 0as awéozo (fxg) € (8, 8,)* cyweemeyem h e (8,x8,)!,
Y008.16MBOPAIOUILE YCAOBUI:

k(X,1)C 8, X by v byx 8,
Mz, 0)=(fxg)(®) 0an awboeo xeX

(37ech b, MpOM3BOJBHO (PHECHPOBAHHAH TOYEA cdeps S,).

Tloxomum Py, y)=y A18 (by,y) € by X 8p, D (Y, bo)=7 a1s1 (¥,by) € S, X by,
SuA8u=DbyX 8, v 8, X by, p(@)=Nh(2,1); Toraa umeem & e Sp* " @ € (S,A8,)%,
sHauntT dg € Si. :

Cymumy (f)+(g) roMorommdeckux xiaccos (f), (¢)C Sy ompegeasten dopymy-
aott: (f)+(9)= (9g).

HMssecrno (em. [5], erp. 210-214), uro Korxa pasmeprocms xomnarma X
menpute 2n—1, mo cosonynmocms eomomonuneckuz waaccos (f)C 8y odpasyem

adenesy epynny, ecau 2PYNNoBaL ONEPaUUL ONPEICAEHA KK CAOHCCHUE 20MOMO-
NUHECKUT KAACCOS.

9Ty rpynny (n-MepHyo KOroMOTONHYECKYH rpyumy kommakra X) Gyzem o06o-
3HAUaTh cuMBoiAoM B,(X), a eé paur ¢) — camBoaom b,(X).

Hyxém rpymner B,(X) sBisercs kxacc (const). Ecam ompegeinM oToGpa-
menue ¥, cpeper S, Ha ce6f GOPMYTOH B,(y, Tay...y Lys1) = (L1, Xgy ooy —Lpp1),
Toraa daeMeHT —(f), mas (f) e B,(X), coBmazaer ¢ roMOTONHYECKUM KIaccoM
(8.f) C 8o

2. IIyerb X koMmakT m A ero BaMEHyToe IOAMHOKecTBO. (GOBHAYHM CIIM-
BoaxoM H,(X,A) muomecrso Beex (f)CS¥ ragmx, wuro flA~1, a cumBoxoM
G,(A,X) uuomecrBo Beex (f)C Sy, KoTophle MOKHO mpofoxxnTe Ha X. Keam
dim X<2n—1, 1o H,(X,A) ofpasyer moarpymmy rpymmsr B,(X) (em. [3],
crp. 45). AHAIOTHYHO Jerko mpoBepdered, 4To ecan dim X <2n—1, To G,(4, X)
ABIfeTcS MOArpymmol rpymmst B,(A).

Iyers hy(X, A) panr rpymmsr H,(X, 4), a g,(A4, X) panr rpymms G,(4,X).

TeoreMs 1. Mewcdy pameamu epynn By(X), H (X, A), G,(A,X) umeem
meemo coomuouwerue: by(X)=h,(X, A)+g,(4,X).

4) Mon pancom aGeneBofi TPYIUB Mbl HOHAMAEM MAKCHMAJLHOE YHCIO JHHENHO
He3aBHCHMBIX 3JIeMEHTOB I'DYIIIBI.
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10 K mcopuu wozoxomonwnecsux epynn Lopeyra

NokazaTeancTBo. BBm1y HepaBeHCTB b,(X) > ¢.(A4,X), by(X) > hy(X, A4)
MOKeM MpeanoIo&uTs, yro uncaa h,(X,4), g4, X) roweunst. Ilycrs rosoromu-
YecKHe KIacChl:

(1) (91 (92)7 gm)csnv
2) (1), (h), ..., (i) C 83,

06pa3yiT COOTBETCTBEHHO MAKCHMAIBHYI cHCTeMY JMHENHO HeSaBHCUMBIX JIeMeH-
TOB IpyIIBI 6,,(4,A) n rpymmst H,(X, 4), m——g,,(A J0) ifer—ih, (XA

Iyers (7:)C S¥ TpojoIAeHNe KJacea (g)CS,, B (0= 1,2"..5,m): ‘noka-
#EM, YyTO CHCTeMa

(3) (1) (@) sevvs (Fm)s (hy)y (Re)y cony (i) C S

€cTh MAKCHMAIbHAS CHCTEMa IHeHHO He3aBHCHMBIX 3IeMeHTOB rpynmsl B,(X).
Ilycrs nMeeT MeCTO COOTHOIIEHHE
k m
(4) ZPI("i)+ZQi(!7i)=
i=1 i=1
TA€ PiyPayeers PhsG1sGoy ooy §m HEKOTOPHIE IleXOYHCIeHHble Kod{guuuentsr. Pac-
cMaTpuBasg CoOTHOIIeHHe (4) Ha A, sakiioyaeM BBEAY cBofictBa cmcTeMsl (2), 4To
BCe ¢; paBHBI HY.II0, 3aTeM, YUNTHBas cBOHCTBO chcTeMEl (1), 3aKIiyaeM, 4To Bee
i PABHEL HYI0, & BT0 TOKA3HIBACT IMHeHHy10 HE3ABHCHMOCT HI€MEHTOB CHCTEMSI (3).
Iyers (f) mpomsBoxbHEIH oiement rpymnel B,(X). B cmay csofiersa ca-
creMpl (1) cymecTBYWT Takue IeI0YNCICHHBE, HEe DaBHBIE OJHOBpEMEHHO HYIIW,

K03 QEIACHTEL Do, P1y-+ s Pmy UTO p‘,('f]A)—'rZ1 pi(9:)=0 (p,7#0). Ioxomnm
i=1

T + X' pig:); wveex (hj4)=0, 1. e. h e H(X, A). B cuxy cBoficTsa
i=1
cucreMsl (2) Hamn"rca Takie LeJI0YHCIACHHEE ¢o,§;,..-,¢x He Bce PaBHEIE HYIIO

(go7 0), uto go(h)+ 2, ¢i(h;) = 0. Otcoa moTyyaeM COOTHOLIEHHE

k m
Zm(’uH Po(lo(f)'i-/z ¢pilgi)=0, rae 291 + (P 2:)*#0,

i=1 i=1 i=1
YTo J0Ka3bIBaeT MAKCHMAJIBHOCTH CHCTEMBI (3) TQO))EMZI AOKa3aHa.

3. Ilycts A u B aBa xoymakra., OGosHauny uepe3 P,(4,B) COBOKyIHOCTH
seex (f)C S7#°% ragnx, uro flA~1, f|[B~1. Ecmn dim(AuB)<2n—1, 1o 13
ouenaHoro pasescrsa P,(A4,B)= H,(AuB,A)~H,(AwB,B) 3akiouaen, 4To
P,(A4,B) apasercs moarpyunofi rpynumst B,(AuB). OGosnauum uepes. p,(4,B)
paur rpynust P,(A4, B) 1 IOKaikeM, YTo LMeeT MecTo crexylomas
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TroreMA 2. Pawnew epynn H(AwB, A~B),H,(A,A~B), H(B,A~B),
P.(A,B) césazanst cOOMHOWEHUEM:

hi(ACB, A ~B) = hy(4, A~ B)+ hy(B, A~ B)+ p,(4, B).

JlokaxeM IpeJBApATEIEHO CAEAYIONIYI0 JeMMY:

JAemms. Eeauw A u B 06a womnaxma, f e 8p u flA~nB~1, mo eywecmeyem
npodoancernue [ omodpascenus fCFeSI°% na mmonceemso AUB, npuuém
flB ~1.

Teticruteasno, f|A~BCf* € 8§ u f*~1. Onpegexnm j popmyxoft: f(a) =
=f(z) mas we A, f(x)=f*(=) a8 xeB.

Jlerko . BujeTh, YT0 (hYHKIHS f YAOBAETBOPSET YCAOBMSM JeMMEL

JNogasarexncTBo TeopeMsl 2. Kean (g) ¢ H,(B, A~ B), To cuMBoIoM ()
GyzeM 0603HAYaTh CYNECTBYWIIee B CHIY JeMMbl Takoe IIPOJOJKEHHEe I'0MOTOIH-
yeckoro kxacca (g)C 82 ma AUB, uro glA~1; (§) e H(AUB, A~ B). Anaxo-
ruuno ecin (f) € Hy(A, A~B), To cumBoioM (f) 6yaem 0603HAYaTH CymIecTBYOIIee
B cumlIy JEeMMBI Takoe IIpojolmeHHe Kiacca ( )C 84 wa AUB, uto fIB~1;
(f) e Hi(AUuB, A ~ B). B cuxy mepaBencts h,(4,A4 ~ B) <h(AwB, A~ B),
ho(By, A~ B) < hy(AUB, A~ B), p(A,B) < ho(AuB, A ~B) MokeM Ipexmoxo-
EATh, 4T0 4ucia Pu(A,B), h,(A,A~B),h,(B,A~ B) koHeunsl, 160 B IPOTHBHOM
caydae TeopeMa Obura OB JToKasama.

Ilyers roMoTonuyecKne KJIACCH:

(5) (fl)a(fz);--'p(fk)c‘s:’
(6) (91), (92)5 -5 (9) C S
(7) 0, RSy @80 YA

oGpasyn)'l‘ MaKCHMAJIbHY O cucremMy JuHefiHO He3aBHCHMBIX 9JEMEHTOB COOTBETCTBEHHO
rpyun Ho(A, A ~ B),H(B, A~ B), Pi(4, B);k =h,(A,A~ B),l=h,(B,A~B),

m=p.(4,B).

PacCMOTpuM TOMOTOIIMYECKHU e ]{Jlaécbll
(8) (71)7(f2)7"~7(7k)'CS:UB; 7!"B~1 (t=1,2,..., k),
(9) (@)5(@2)s s (@) CHV%5 GlA~1 (i=12,...,0),

U IOKameM, 4To cucreMa
(10) (F)s(Fa)y oes (FR) 5 (@) (Fa) 5 +oes (G1)5 () 5 (Ra)y oy (Rim)

ofpasyerT MaKCUMAJGHYH CHCTeMY JHHefiHoO He3aBHCHMBIX 9HIeMEHTOB I'PYIIbl
H,(AvwB, A~B). Pacemorpuy IIpou3BOJBHYI0 PABHYI HYJIH JuHefinyo komMOuna-
M0 9JIEMeHTOB cueTeMbl (10)
k 1 m
(11) pilh) + 3 a:@) + X rilhy) =0
:=1

i=1 |=1

http://rcin.org.pl



152 R meopuu rnozomomonuneckux pyun Lopeyxa

# TOKakeM, 4To Bce 1eJOYHCIEHHBe KO3((uIIEeHTH P;,¢;,7; paBHH Hyaw. Jel-

CTBHTEJBHO, paccma'rpnsaﬂ (11) na A, nyeem h;|A~1, glA~1, f|A=f;; orciona

3aKI104aeN, 9To Y Pi(f;) =0, 2 3HAYMT B cHIY CBONCTBA MAKCEMAILHOCTH CHCTEMH
i=1

(5) Bce p; paBHE HyIW. TToAo0HBIM 0Gpa3oM, paccma’rpnnan (11) sa B, 3aKTioyaey
(sBEAY Mi|B~1 (i=1,2,...,m), HB~1  (i=1,2,. - k), gilB=g; (i=
=1,2,...,1)), 4To Bce ¢; pPaBHBI HYI0 Ul pPaBEHCTBO (11) OpAHEMaeT BHJ

m

f ri(h;) =0, Ho oTcwola B cmay cBoficTBa MaKCHMAIBHOCTH cneTeMBl (7) cxe-
=1

AYeT, YTO BCe /; TaKKe PaBHBl HYIK Il JuHeliHa# He3aBHCHMOCTh 3JeMeHTOB (10)
JoKasaHa.

Iyers (f) e H(AvwB,A~B). Ha 4 uMeem, B cuay cBolicTBA MaKcHMaib-
k

Hoetn enereMs (3), po(f]4) + 2 pi(fi) = 0, rie He Bee p; PABHH HYIIO (Po 0),
i=1

1
ana B nMee, B cnay cBoficTBa MaKCHMAILHOCTH cucreMsl (6), go(f|B)+ > :(9:)=0,
i=1

TJe He Bce ¢; paBHB HYIW (g,7# 0).
Pacemorpum na AUB aaexent (H)C 872, ompepeaémumii dopmyzod

k 74
(12) (H)=po@o() + Y, oI+ Y, 2otl)-
i=1 i=1
B cmay aByx mpexmaymux coorHomennti umeem (H)e P,(A4,B), 3HaymT HMeeT
cootnomenne 7o(H) + > ri(h;)=0, T1e He Bce r; PABHH HYa (ry% 0); oTcloxa,
i=1

B CHJY COOTHOmeHEH (12), nMeeM

roPodol f) + Zr.,qopi</,)+ 5’ roPodil@) + >, Moty )=0,

i=1 i=1 :-1

TAe He Bce IeXoyuCIeHHHE Ko3(P(HIHEHTH pPaBHH HYIW (7,Poq,7# 0). OTcoza
cIepyeT MAakcuMaIpHOCTH cmcreMbl (10). Teopema 2 TeM caMbiM J0KasaHa.

4. Nyers F=FC®8,:1 u by(8,;,\F) o603Hauaer uyucio KOMIOHEHT, Ha
KoTOpEle MHomecTBoO F' pas6mBaer S,.;. K. Bopeyk joxasaa (em. [1]), uTo ymcxo
by(8,1\F) oxHo3nayHO ompezexsiercsi paHroM b,(F) KoroMoTommyeckoll TpymIH
B,(F) vMuoxecrBa F mpu moMomu ¢opMyaH:

(13) bo(Sni1 - F)=bu(F)+1.

OTcwoaa, HCIOIBSYH TeopeMy 2, BHIBEAeM cleiylouiee NpeAIokenue:

TeorEMA ®rarMeua-Bravapsa. Iyemsy A=A4,B= B,A UBCS,,;; ecau
dim A~B <n—2, mo by(Ss;1\ (4 UB))=bo(8:1\ A)+be(8s:1\B)—1.
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A.Tpawac 13

Joka3atTeabcTBo. Ha ocHoBaHmm (13) J0KasaTeIbCTBO, KAK JErKO BHAETH,
CBOAUTCA E J0Ka3aTelJhCTBY PaBeHCTBA:

(14) by(AwB) = by(A) + bx(B).

W3 dimA~B<n—2 ciegyer (cM. [4], erp. 88), uro ecam feSpY%,
flA~1,f|B~1, 10, f~1 . e. P,(A,B)=0 (p.(4,B)=0). C apyrofi croponsI,
upexnoxokenne dim A~ B <n—2 BieddT 8a co6oi, 4TO BeAKoe ]‘eS,fUB Ha
A~B HecymecTBeHHO (cM. [4], erp. 124), a oTcoAa CIeyIT paBeHCTBA I'pYIN:
H(ACB,A~B)=B,(AuB),H,(A,A~B)=B,(A),H,(B,A ~ B) = B,(B),
a sHaynT ® pauroB: h,(A v B, A~ B)="b,(4uB),h(A, A~ B)=b,(4),
ho(B,A~B)=b,(B). Orcoza B cuIy TeopeMbl 2 cleiyeT paBeHcTBO (14) m Teo-
pema Pparmena-Bpayspa TeM caMbIM J0Ka3aHa.

UuTupoBanHan nureparypa

[11 K. Borsuk, Set theoretical approach to the disconnection theory of the Eucli-
dean space, Fund. Math. 37 (1950). p. 217-41.

[2] S. Eilenberg, Transformations continues en circonférence et la topologie du
plan, Fund. Math. 26 (1936), p. 61-113. h

[3] A. Granas, On local disconnection of Buclidean spaces, Fund. Math. 41
(1954), p. 42-48.

[4] W. Hurewicz and H. Wallman, Dimension theory, Princeton 1941.

[5] E. Spanier, Borsuk’s cohomotopy groups, Annals of Math, 50 (1949), p.203-245

Regu par la Rédaction le 15. 1. 1956

http://rcin.org.pl



BJIETENDL
OOALCKONT AKAMEMIN HAVE
Ceppa MAT., aCTP. R QBI. HAYK

Tom VII, N¢7%, 1959

MATEMATHI'A

A.TPAHAC
0 PA3BBHEHIIM BAHAXOBLIX ITPOCTPAHCTB

IIpedcmasaeno K. BOPCYKOM 16 .mas 1959

1. OGosnaunM dgepes R, — m-MepHOe eBKJL10BO IIPOCTPABCTBO, R, — mpo-
crpancrBo R, Ge3 Toukm O, a uepe3 X BaMKNYToe I OrpaHnYeHHOE MHOKECTBO,
pacmoIoxennoe B R, *).

B 1931 roay K. Bopeyk jxokasax B pabore [1] cieiylomylo TeopeMy O pas-
GreHnl eBEIHJOBHIX IPOCTPAHCTB:

s mozo, umobs mroxcecmeo X He pasiusano npocmpammea R,, neod-
x00umo u Oocmamonro, wmobwt .wlve dew omodpaxerus f, geR Ovau 20-
Momonrs **),

OcHOBHEIM pesyIbTaToM HacTofmell paGoTil gBIgeTcd TeopeMa 2, KoTopas
npejeTaBageT cobofi TepeHecenme copMyINpoBaBHOro mpeilomenns Bopcyka Ha
cxyyalt 6aBaxoBHX IpocTpaHCTB. J0Ka3aTeILCTBO TeOPeMBl 2 sIeMeHTApHO (OHO
He HCIOIL3YeT MOBATHH TeOpHH roMoJormii) H OCHOBAHO HA MPUMEHEHHH TeOopeMb
Illayaepa o HemoaBmaEHOH Touke [7] m TeopeMBl O IPOAOAKERUH TOMOTONEN IS
6apaxoBHIX IIPOCTPaBCTB [4].

2. Beejey neroTopnie 06G03HadeHns, KoTopbiMA GYleM N0Ib30BaTeCd B Aalb-
yeffmen: Fo — GeckoHeuHoMepHOe 6aHaxoBo mpocrparerso, E, — n-MepHoe IOJ-
mpocTpanerBo npoeTpanersa o, Poo mpocTpgnctBo o, 6es Toukn 0, Pp= E,\ {0}

Tyers X kakoe-anGo MeTpmueckoe DpocTpanerBo. HempepwiBHoe oToGpamenne
F: X —E nasuiBaeM enoawe wuenpepsinva na X, ecan nuomectBo F(X)

*) J1ns Dpou3BOJBHBIX MeTpnuecknx npocrpancrs X, ¥ vepes ¥¥ o6osnauaen
MHOX€eCTBO BCeX HenpepHFHHX oTo6pazennii npoctpanctsa X B ¥, uepes X x ¥ Tono-
J0THYECKOE NPONIBeNienHe 3THX mpocTpancTs. TomoTomus otobpaxenul f, ge ¥X osna-
YaeT cyuleCTBOBaBHMe (YHKIHM he YX*I (I — saMknyTHA oTpesdox [0,1]), ana xoTopohn

npyn n1060M r e X umeeM k(z,C) = f(z), h(x, 1) = ¢(2). B aaabuefimen sannch foCfe ¥
rae foe ¥, X,c X osnauaer, 9TO j ABaserca npoponxennes fyna X, 1. e. f(z) = = fo(x)
npn awloM x e X,; 6yaeM nucats Takxe f, = f|X,.

**) OTMeTHM, 9YTO ANH YA006CTBA MBl HECKOJIBKO BHJOHBMENHNN OPHTHHANBUYI

GopmMyanpoBKy Teopemb Bopcyka, 3aMeHHB NpOCTpaHCTBO oTOGpakenni S;° Muoxe-

cra X B (n—1)-Mepuyw cdepy S, | UPOCTPAHCTBOM ﬁf
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kKoMmakTHO B Hoo; ecam, KpoMe Toro, 3HadeHms orTofpameHns F mpmHajIemaT
negoropomy moxmpocrparciBy E,C Ew, T. e. F: X > FE,, 1o F HasmBaeM xo-
‘HewHomepHsiw oToGpakenneM Ha X.

Mmeer MecTo cIeiyoIee IpejIokeHAe O MPOAOJNKeHHH BIOJHE HEIPEPHIBHBIX
oToGpamennti:

(2,1). Ecau X, sa.urnymoe nodmnoxcecmso X u omodpaxcenue Fo: X y—Eoo
6M0Me  HEMPEPLIBHO, MO CYWECmByem 6NOAHE HenpepuieHoe omodpaxcerue
F: X —conv (FyX,)) maxoe, wmo F,CF *).

Tyers Temeps X C Eo. HempepriHOe orToGpamenne f: X —FE 6yiem Ha-
BLIBATE 6NOAHE HENPEPLIEHHLN 6eKMOPHHLM Moaem Ha X, ecIn OHO JOMyCKaeT
upejicTaBleHAe BHJA:

f(@) =2—F(x),

rge orobpaxenne F: X — H, BHoIHe HempephBHO Ha X; eciu oToGpamenme F'
KOHe4HOMepHO, To f GyJeM HaSHIBATE kOHeuHOMEPHuM nosem Ha X.
CoBOKYUHOCTH BUHOJHE HENpPEPHIBHLIX BEKTOPHEIX Ioxelt ma X o6osHaumm
yepes C(BX), coBokymmocTs e KomeuHoMepHhx moxett ma X uepes €,(Ex).
MuomeerBo ©(FX) GyieM paceMaTpEBaTh K4k METPHYECKOe IPOCTDAHCTBO,
ompefeasisi paccrostame |f —g| sxementos f, g « €(EX) mo dopumyae: -

|f—g| = sup [f(z)—g(2)
ze X'
Tak Kak 40006 6NOAHE HENPEPHIBHOE O0MOOPANCEHUE MONCHO PABHOMEPHO
ANNPOKCUMUPOBAML KOHEUHOMEPHBLMU 0mobpadcerusisw (eM. [B]), TO MBI OTydaeM:
(2,2) Mnowceemso Co(BX) naommo 6 C(EZ).
Jlamee HMEeT MECTO CIelyiomiee MpPeJIoKeHHe:
(2,3) Ecau X samxnymo u fe C(EX), mo f(X) marxce samxnymo.

Tlpexmoioxum Temepb, 4To MHOXkecTBO X C Fo 3aMEHYTO H IOJOKHM:
C(PY) = PRnC(EZ); CyPx)=PanCyEz).

JMeMeHTHl IPOCTPAHCTBA C(PX) Gyzem masmBath HewcresaiouuMu 6noaKe
nenpepviensmu noasnwu wa X. Us (2,2) n (2,3) caexyer:

(2,4) Mwonceemeo €y(PX) naommno 6 C(PX).

3. Beegem Temepb 0cHOBHOe AIf JaJabHeilimmero IOHATHe TOMOTONHH DJIEMEHTOB
npocrpancrea € (PX),

ByZeM roBopuTh, 4T0 Femcye3alIHe BEKTOpHEIE IOXH f, geG(P:,‘;) 20M0-
monnee (mumen (f~ g B €(PX)), ecan cymecrsyer oro6pamenne H: X XI—>He,
KOT0poe YAOBIETBOPHET CHEAYIIIUM YCIOBHAM:

*) 910 mpeiOKkeRHe ABIAETCH BeChMA TACTHHIM ciydaeM O0mell TeopeMbl 0 Mpo-
JAONKEHHH HENDePHBHLIX (YRKNHA, RokazaEHOA Jlyrympm [2]; camBox conv (Fy(X,))
0003HAYAET HAHMEHbIIEe 3AMKHYTO® BHIIYKIOe MHOXECTBO cojepxamiee Fy(X,).
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16 0 paabuenun 6arazoebLT NPOCNPAHCME

1°. otoGpamenne H BmoiHe HempepniBHO Ha X X1,
20, ¢ivrknes h(x,t) = o— H(z,t) # 0 nag xo6oro e X u tel,
3% h(x,0) = f(x), h(x,1)= g(x) aag qi060ro "z €"X:
TIpoerpaucrso € (PX) pacmajaeTcd 61arolapd COOTHOIIEHHI TOMOTONNH Ha
HellepeceKannecs KIacchl TOMOTONEBIX modeii.
" Huewor wmeerd clelyomue NpejJokenus:

(3,1). Eeau XoCX u f,9eC(PE), mo usz f~g 6 C(Px) cuedyem
1 X o~ g|X, 6 G(szr;:“)-

(8,2). Feau feC(PX) u wucao & manoso, umo 0 < &< 0(0, f(X))*),
mo us |f—g| < ¢ geC(PE) cacdyem f~g ¢ C(PY).

N3 (2,4) n (3,2) caexyer:

(3,3). Twdoe enoane nenpeprieroe noae f e C(PZ) 20momonns newomopony
KOHEUHOMCPHOMY N0 § € G, (PY).

IToawsysicn (3,3) JokasbiBaeM cIelyioliee IpeilomeHHe:

(3,4) Ecaw X — xaxodi-audo samxnymud wap npocmpanemsi Eo,, mno 0as
2060z |, g € C(PX) uneem f~g 8 C(PI).
IIMeer MecTo caexyomas:

Jemma 1 ( o mpopoamernnn roMorounnm) [lyems X, — sauxnymoe
nodmmnoacecmeo xunoncecméa X C By fo, Go € C(PRY) npuném foxg, 6 €(Pa).
Ecau f,Cf e C(PT), mo cywecmeyem maxoe g € C(PL), dan xomopozo g,C g
u f~g 6 C(PX).

JokasarelscTBo JeMMH 1 mpnBeleHo B paGoTe aBTopa [4].

4. Tyers X, — rpaEama HekoTopoli orpaEmdeHHON BaMEHYTofi o6xacTH
XCE, um ua X, sajano BekTopHOe moxe f, e €(PX?).

ByAeM roBopaTs, uTo moXe f, € €(Pa°) Hecyujecmeenro, ecIu 118 HEKOTO-
poro f e €(PX) mmeem f,C f; B mpoTaBHOM cIydae GyzeMm TOBOPHTE, YTO HoTe f,
cyuecmeenHo.

W3 rTeopenst Illayzepa o HemogBuxHON Toduke [7] Jerko BHIBOJRTCH Cle-
Ayomas:

Texyma 2. Eeaw x, asasemes ewympenued mouwwod odaacmu X, mo pac-
cmampusaesoe na X, HeucHeaawujee 8N0AHe HENPEPLLBHOE NOJe & — Ty A6AACMCA
CYULCMBCHH VLM,

Mu ropopuy, 4ro MHomecTBO X C E,, omdeasiem TOYKE &, @ € B\ X
B mpocrpascTBe Fo, €cIn BTH TOYER NpOHAjTe:xaT Pa3ANyYHBIM KOMIOHEHTAM
nomoxnenng E\X.

Iyers X — saMgHyTOe H OrpanHYeHHOe IOJMHOEECTBO IPOCTpaHCTBA Ko,
B &y, &g e B \X.

*) (0, (X)) — o3mauaer paccroanne muoxectBa f(X) no toyku 0.
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TroreMa 1 (06 oTZeIeHHH TOoYek B 6GaHAXOBOM IIPOCTPAHCTBE).
Ias mozo, wmodvt mmomcecmeo X ne omoeasno mower &, &, € Ex\X 6 npo-
empanemee Eo, meodxodumo w 00cmamonno, wmoovl Heucuesaujue 6noaHe He-
npepuensie sexmopnsie noas (& — )| X, (& —x,)| X 6wau omomonnw 6 €(PZ) *).

Teopema 1 JoxaspiBaeTcs IpH IIOMOIE JeMMH 1 m 2.

5. Mu rosopuwm, 9ro MHOEecTBo X C Ky paséusaem mpocrpancerso E,, ecin
nonoxnenue Eo\ X HecBfsHO.

Ilyers X — orpaHuYeHHOe W BaMKHYTOe IOAMHOKECTBO IpocTpaHcTBa F,.
Jmeer mecro creiymomas:

Jemma 3. Eeaw mnooncecmeo X ne paséusaem npocmparcmeéa u X* —ranoii-
aubo samrnymuwd wap npocmparcemsa B, codepacawuti X, mo 0an awdozo
noasn f e C(PE) cyweemeyem nose f* € €(PE"), das womopoeo fC f*.

OCHOBHEIM pe3yJbTaToM HacTosimell paGoTsl ABISeTCH CIeAylmas:

TrorEMA 2 (0 pa36ueHuu GaHAXOBEX IpPoCTpPaHCTB). s mozo,
umobur 3amxnymoe u ozparuvennoe muoxcecmso X C Ey ne pasdusano amnarosa
npocmparcmea Eo, neodroduno w docmamowno, 4moos. awodvie 06a Heuce3wonjue
6noame menpepuieHie sexmoprsie noas I, g € C(PX) duau zomomonnse 6 C(PE).

Heo6x0ANMOCTE YCJIOBHS TEOPEMEl 2 BEITEKAeT W3 JeMMH 2 U IpejIomeHuit
(3,1) m (3,4), KocTaToyHOCTH Ke clefyeT m3 TeopeMsl 1.

6. Ilyers Temepsh oToGpakeHue he C(EX) Gyzer romeoMopdusmMoMm MHOe-
crBa X na MHOoxecTBo X* = h(X). OueBngHo, 4To ecau npocmparcmeo C(PE)
cocmoum w3 00H020 KAGCCA 20MOMONUU, MO IMUM e céoiicmeom odaadaem
npoempancmso €(PX’), Orcoza u us Teop. 2 mmeem:

Caencrsue. Feaw mmoxceemeo X paszéusaem oanaxoso mpocmpancmso Fo
u omodpascenue h e C(EX) seasemesn 2omeomopgpusmon, mo oépas h(X) .uno-
aceemea X nmpu omodpascenuw h maxxce pazéusaem mnpoemparcmeo Foo **).

TloxHble ZOKASATEXHCTBA IPHBEJIEHHEIX TeopeM OyAyT omyOJIMKOBaHEI B KY]-
nare ,Fundamenta Mathematicae’.
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A. GRANAS. ON THE DISCONNECTION OF BANACH SPACES

Let E, be a Banach space, P = Ex\{0}. If X, Y C B, then we
denote by E€(YX) the set of all continuous mappings f: X—Y which
can be represented in the form

fle)=2—F(),

where the mapping F: X —E, is completely continuous on X (i.e. F(X)
is compact in Ey).

Two mappings f, g € €(Px) are called homotopic (fxzg in (Z(Pg)),
if there- exists a mapping H: X XI—E, (I-denotes the closed interval
[0,1]) such that:

1°. the set H(X xI) is compact in E,

20, h(x,t) = a— H(w,1) # 0 for every ve X and t eI,

3¢, h(z,0) = f(x), h(z,1) = g(x).

1If the points z,, #,, ¢ X belong to the same component of the metric
space X, then we shall write #;~x, in X.

Let X be a closed and bounded subset of the Banach space E.

TeEOREM 1. (Criterion of separation between two points).
Let vy, x, e Ex\X. Then we have the equivalence

@y~ i E\X} = {(#—2,)| X > (2—2,)| X in €(PZ)}.

THEOREM 2. (On disconnection of Banach spaces).
The set B, X is connected, if and only if for every f, g e C(PZ) we have
i~yg in G(PX).
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1. Introduction. For arbitrary metric spaces X and ¥, we denote
by Y¥* the set of all continuous mappings of X into ¥, and by X x ¥ —
the Cartesian product of X and Y. If a mapping fe Y%, then we shall
write also f: X Y. .

I X,C X and | e Y* then fjX, will denote the partial mapping
of f, i. e. the mapping f,, defined in X, by the formula fy(z) = f(x); we
shall say that f is an extension of f, over X and then we shall write f, G

Two mappings f, g € Y are called homotopic (written f~g) if there
exists a mapping he YX*? (I denotes the closed interval [0, 1]) such
that for each xe X

h(z,0) = f(2), h(z,1) =g(2).

If f e Y¥ is homotopic to a constant mapping (i. e. a mapping onto
a single-point set in Y) then we shall write f~I.

If the points ,, #, belong to the same component of the space X,
then we shall write: @, ~x, in X. :

Let X be a closed and bounded subset of the n-dimensional Euclidean
space R" and let 0 denote the origin of R".

In 1931 K. Borsuk proved in the paper [1] the following theorem:

The set R™X is connected if and only if the functional space
(R™{0})% is connected or, which is the same, if any two mappings
f, g €(R™{0})* are homotopic.

The same author also gave a criterion concerning the separation of
the Buclidean space between two points (see, for instance, [4], p. 302):

(@~ in RMX) = (@—2)| X ~(@—2,)| X in (R"\{0});

that is to say:

The set X does mot separaté the space R"™ between two poinis
2, e R© X if and only if the mappings (z—x,)| X and (v-—x,) X
are homotopic in (R™ {0})%.
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In this paper we shall give an extension of Borsuk’s theorems to
the case of arbitrary Banach spaces (Theorems 2 and 3). (%)

In this case the space (R"\{O})X is replaced by the space €(PX)
consisting of all non-vanigshing compact fields on X, where X is a bounded
closed subset of the Banach space and the homotopy of two mappings
i ge(R"\{O})x is replaced by a homotopy of two elements of the
_space C(PX).

The proof of Theorems 2 and 3 is based on Theorem 1, which is
Borsuk’s Extension Homotopy Theorem (2) formulated for Banach spaces.

The invariance of the disconnection property of Banach spaces under
a certain class of homeomorphisms is deduced directly from Theorem 3.
The proof of this does not refer to the Leray-Schauder notion of the
degree of a mapping [8]; it is, as a matter of fact, a consequence of the
well-known Schauder Fixed Points Theorem.

2. Preliminaries. We shall use the following notation: K., —in-
finite-dimensional Banach space, E, —a subspace of E, of dimension 7,
P, —the space B, without the origin 0, P,—the space E, without 0.
If Z is a subset of E, we denote the closure of Z by Z and the convex
closure (i. e. the smallest convex closed set containing Z) by conv(Z).
‘We shall denote by V(xz,, 0) an open spherical region in the space H
with centre x, and radius ¢ and by Sc(z,, o) its boundary; if z, e Ey,
then we shall put

Va@oy 0) = Voo(®oy 0) N Bny  Sn-1(Zoy 0) = Seo(@oy @) n By
In the sequel we shall use the following lemma:
2.1. Let X be a closed bounded separable convex subset of Eo. Then X
18 @ retract of B, 1. €. there ewists a mapping r: B —X such that r(x) = x
for every xe X.
Proof. For z€Exo\X and y e E, the function

S le—yl
p(2,y) = min {2—inf||w—z{| B O}
zeX

is continuous on the set F.\X and we have 0 < p(x, y) < 2. Hence if
{yx} is a dense sequence of points in X, then the function

@, veX,
o oo
ki (lgz""p (2, 90)) " (ng 2 (@, g me), @¢ X,

is the required retraction of E, onto X.

() These theorems were announced in [5].
(?) For Borsuk’s Theorem, see [2] and [7], p. 86.
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Let X be an arbitrary space. A mapping F:X —»FE, is said to be
compact on X if the image F(X) is contained in some compact set.

Compact mappings will be denoted in the sequel by capital letters
Fy Gy H:

A compact mapping F: X —F, is said to be finite-dimensional on X
if its values lie in some finite-dimensional subspace E,C E. depending
on F, i.e. F: X—>E,.

The following theorem is due to J. Schauder and J. Leray [8]:

2.2. APPROXIMATION THEOREM. Let F:X —Fy be a compact mapping
on X. For every £> 0, there exists a finite-dimensional mapping F,: X — B,
such that
1) |F(w)—F(x)| <e for each weX.

Proof. For a given ¢ > 0, we can find a finite subset {y,, ¥, ..., ¥}
of E, such that every point of the compact set F(X) is at a distance
less than ¢ from at least one of the y;. Let E, be a fipite-dimensional
subspace of E, which contains all the points y; (¢ =1, 2, ..., k).

Let us put
k
2 (@) ys
(2) F(o)="—— for 2zeX,
2 ()
i=1
where

(3) Afw) =max{0,e—|F(x)—y} for zeX (i=1,2,..,k).

The mapping F, defined by (2) is finite-dimensional on X, F,: X — E,,
and satisfies inequality (1); thus the proof is complete.

2.3. Every compact mapping F: X — By, can be represented in the form

(4) F(x) = Z Fy(w) ,

n=0

where the mappings Fy, are finite-dimensional on X (n =0,1,...) and,
(5) |!F,.(:v)|]<2iﬂ for every weX and'n=1,2,..

Proof. This is a simple consequence of the Approximation Theo-
rem 2.2,

In the sequel we shall use the following theorem, which is a very
special case of the theorem of Dugundji concerning extensions of con-
tinuous transformations [3]:

2.4. EXTENSION OF COMPACT MAPPINGS THEOREM. Let X, be a closed
subset of a metric space X. Then every compact mapping F:X,—Es can
be extended to a compact mapping F: X —conv (F(X,)).
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Proof. In the case when the mapping ¥ is finite-dimensional our
theorem is a simple consequence of lemma 2.1 and the well-known
Tietze Extension Theorem ([7], p. 80). For the proof of our theorem
in the general case let us consider the representation of ¥ on X, given
by formulas (4) and (5). Let F, (n =0,1,2,...) be an extension of the
finite-dimensional mapping F, from X, over X such that

[]F’,.(m)”so—ln for ®eX and n=1,2,..

Denote by r a retraction of E. on the set conv(F(X,)), which is
obviously bounded and separable.

The mapping F defined on X by the formula

Fa)=r ( ZF,.(W))
n=0
is the required extension of ¥ from X, over X.

As a simple consequence of the Approximation Theorem 2.2 we
shall prove the well-known Schauder Fixed Point Theorem [10], which
will be used in the sequel:

2.5. If X is a closed convex subset of B and F a compact mapping
of X into itself, then F has a fixed point.

Proof. By 2.1 for each k¥ =1, 2, ... there exists a finite-dimensional
mapping Fy: X —+X ~ E,u such that

(6) |P(@)~Fya)l < 7 for each e X.

By the Brouwer Fixed Point Theorem ([4]) the mapping Fy; has a fixed
point x; = Fy(wx) and hence by (6) we have

¢ 1
(7) | (@) — <%
Since F is a compact mapping, we can assume, without loss of generality,
that there exists limF (zz) = #*. On account of (7) we have lima;, = a*
k=00 k=00

and hence limF (z;) = F (x*), i. e. a* = F(a*), which completes the proof.

k=oc

3. The space C(EX) of compact fields in F,. Now let X be
a subset of the Banach space E.

A mapping f: X —FE is said to be a compact vector field on X if it
can be represented in the form

(8) j(@) = 2—F(a),

where F: X —+FE, is a compact mapping on the set X.
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The set of all compact vector fields on X will be denoted by C(Ex).

A compact vector field fe C(BE) is said to be finite-dimensional
if the mapping F of formula (8) is finite-dimensional. The set of all
finite-dimensional vector fields on X will be denoted by Cu(EX).

In the sequel we shall consider the set C(EX) as a metric space and
define the distance po(f,g) by setting

(9) e(f,g)=gg§)!|f(w)—y(mll for each f,geC(EY).

From the Approximation theorem 2.2 we obtain:

3.1. The set G ,(EX) is dense in the space C(EX).
3.2. If X is closed in By and fe C(EZ) then the set f(X) is also
closed in Eu.
Proof. Let ynef(X), imyn = ¥4, Yn= [ (@) = 2n—F (wn); without loss
n=00

of generality, we can assume that there exists limF (2,) = y*, ¥* € E.

n=00

We have limaz, = y,+y* ,}irgf(wn)=f(yo+y'), i.e. Yo=7F(Yo+¥%),

Yot+y*e X.
If X and Y are subsets of E, then we shall put

10 g SRR UTE = I SR W BTG Lt o

In the sequel we shall consider the space €(PX) of non-vanishing
compact fields on X.
Let X be a closed subset of F.. From 3.1, 3.2 we infer that:

3.3. The set G (PX) is dense in the space G(PX).

4. Notion of homotopy in the space € (PZ). Two non-vanishing
compact vector fields f, g e €(PX) are called homotopic in the space C€(PZ)
(we shall write fog in €(PZX)) if there exists a mapping h ¢ P%*" which
satisfies the following conditions:

1° h(xz,0) = f(x), h(z,1) = g(x)for each zeX;

2° a mapping h can be represented in the form

h(z,t) =o—H(x,t),

where the mapping H:X x I - E, is compact on X x I.

The relation of homotopy established in the space €(P2) is a relation
of equivalence and thus the set of all non-vanishing compact vector
fields f e €(PZX) decomposes into disjoint classes of homotopic fields.

4.1. Let X, be a subset of X and f,ge C(PY); then f~g in C(PX)
implies f|X,~g|X, in C(PX).

http://r
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4.2. For a given fe C(PX), if a positive number & is less than the
distance dist(f(X), 0) then for every g e G(PX) the condition o(f,9)<e
implies fog in C(PX).

Proof. Let f(x) = —F(x) and g(z) = z— G(x). For each ¢ X we
have [v—F(x)| > e, |F(x)—G(x)| < e From these inequalities we infer
that, for each v ¢ X and te I, » # H(x,t) = tF(x) + (1—1%)@(x) and thus
the mapping h e €(PZ*) defined by h(z,t) =x—H(x,t) (since H is
a compact mapping on X x I) is a homotopy between f and g.

Properties 3.3 and 4.2 imply:

4.3. Every compact field fe C(PX) is homotopic to some finite-di-
mensional field g e G (PX).

4.4. Let X = Vo(xy, 0) be a closed spherical region in Es. Then any
two compact fields f, g e C(PX) are homotopic f~g in C(PX).

Proof. By 4.3 we can assume that the compact fields f, g € € (PZ)
are finite-dimensional. Let f(2) = 2— F (x), ¢(¢) = *— G(2); we can assume
thatthe values of # and G lie in the same finite-dimensional subspace
Eyn C E and that the point z, belongs to E,. Put V, = X ~ En, fo = f|Va,
Fo=F|Va, go=g|Vn, Go= G|Va. We have fy, go: Vn—Ppn and thus fo~g,.
Let ho(w,t) = — Ho(w, t) be a homotopy joining f, with g, in the space
Py» we have Hyx,0) = Fyx), Hoz,1) = Gox) for each xeV,. We
shall extend the mapping H,:Vy x I —Ey over X x I to a compact mapping
H:X x I—Es which satisfies the following conditions:

x # H(x,t). for each xeX and tel,
H(2,0) =F(z), H(x,1) = Q(x). for each axeX.

For this denote by {e, e, ..., s}, €x € En, a basis of E, and by
{iy by ..., ln} the dual basis in the conjugate space to E,; thus every
element z ¢ E, can be written in the form

(10) ¥ = li(z)e;.

¥

=

-

Let us consider the following closed subset of X x I:
Iy =(Xx{0F < (Va X I} (X x1)
and define on T, a real-valued functions ¢; (i = 1,2, ..., %) as follows:
L(F (x)) for .. weX and t=0,
(11) pla,t) =1 (G (x)) for 2eX and t=1,
Li(Hox,t)) for xeV, and tel.
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Tietze Extension Theorem yields an extension gi(z,t) of ¢i(z,?)
over X x I; since each function g; is bounded, we can assume that also
each @; is bounded and thus the mapping H:X x I € Ey defined by

(12) H(z,t) = D ¥z, e
i=1

is compact. From (10) and (11) it follows that the mapping H defined
by (12) is the desired extension of H, over X x I and thus the proof
is complete.

5. Extension Homotopy Theorem. We shall consider the
question of extending a non-vanishing compact field defined on a closed
subset X, of X C K, to a non-vanishing compact field defined over the
whole X. We shall prove that the existence of such extension depends
only on the homotopy class of the given compact field.

THEOREM 1 (ON THE EXTENSION OF HOMOTOPY [5]). Let X, be a closed
subset of X C By and f,, goe(E(Px°) two homotopic in C(PZ) compact
fields. Then if there is an extension fe € (PZ) of f, over X, there is also
an extension g e C(PX) of g, over X with f and g homotopic in cC(PI).

Proof. The homotopy of the non-vanishing compact fields

fol®) =
9o(®)

—Fyx), FoXy>Ex,

x
z—Go(x), Go:Xo>Ew,

means that there exists a compact mappmg H;: X x I -E, satistying
the following conditions:

x # Hyx,t) for each xeX,and tel,
Hyx,0) =Fz), Hyw,1)= Go() for each 2eX,.

There exists, by hypotesis, an extension fe C(PE), f(x) = 2—F (),
of f, over X; thus F,CF: X —>FEy,
Denote by T, the following subset of the Cartesian product X x I:

To= (XoxI)v (X x{0}),
and define the following mapping Hg:T—Ew:

Hg(x,0) = F(x) for xeX and {=0,
Hi(x,t) = Hy(x,t) for wxeX,and 0<t<1.

The mapping Hi is compact on 7, and hence by 2.4 it can be
extended to a compact mapping H*: X X I >FE, over X xI.
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Let us define the set .Y, C X by the condition:
(reX,) if and only if (x— Hy(x,t) =0 for some tel).

X, and X, are obviously disjoint closed subsets of X. Hence there
is a continuous real-valued function A(z) defined over X whose range
is between 0 and 1 and which is 0 on X, and 1 on X,.

Now consider the mapping

H(z,t) = H*(w,A(®)t) for aeX and tel.

It is clear that H is a compact mapping on X x I and for each x ¢ X
and tel
y LoFAH (gt
If we define g(x) by

g(x) =2—G(2), | where; . G(x)==H(x;l), 2eX,

it is clear that g(«) is an extension of g,(x) over X, and likewise that
H(xz,0) = F(x) for x ¢ X. Since H (2, 1) = G (x) by definition, we conclude
that the non-vanishing compact fields

flx) =x—F(x) and g¢gx)=2z—G@) (reX)
are homotopic in E(PZX). The proof of Theorem 1 is complete.

6. Separation of the space between two points. Let X
be a closed and bounded subset of E,.

THEOREM 2. The set X does not separates the. Banach space E be-
tween two points x,,, € By, X if and only if the non-vanishing compact
fields (x—a,)| X, (x—y)| X are homotopic in the space €(PZ).

The proof of theorem 1 is based on the following

LEMMA 1. Let U be a bounded open set in By, @, a point in U and Y
the boundary of U. Then the non-vanishing compact field (x—x,)|Y cannot
be extended to a non-vanishing compact field over U = U v Y.

Proof. Suppose it were possible to extend (z—ux,)|Y over U to
a non-vanishing compact field f, say, f(x) = v—F(x), f(x) = x—x, for
each ve Y.

Let o be so large that U and F(U) are contained in the spherical
region Vo = Va(2,, 0) of radius o and z, as centre.

The formulas

() o oo for  weV. T,

I ) = F{2) ¢ 300 o L6l
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would then define F*:V.,—V. as a compact mapping of V. into itself
without fixed points. This is a contradiction of the Schauder Fixed-
Points Theorem 2.5. The proof is complete.

Proof of Theorem 2. Assuming first that #, and x, are not separated
by X we shall prove that the compact fields (r—x,)|X and (z—,)| X
are not homotopic. We are given

ek =.UroFs

U, V being disjoint sets which are open in H, and x,¢ U, 2, ¢ V. One
of the sets U, V, say U, is bounded. The non-vanishing compact field
(#—ax,)| X can be extended over U v X, in fact over H \{r,} D U u X.
On the other hand, according to Lemma 1, it is not possible, in view
of the boundary of U being contained in X, to extend (z— ;)| X over
U v X to a non-vanishing compact field. Hence (z—a,)| X and (z— x,)| X
are not homotopic in the space €(PZX) since Theorem 1 would be con-
tradicted if they were.

Now let us assume that ®,~a, in E,\X. Then one can join z,
and x, by a continuous arc in E.\X, i.e. one can find a continuous
function »(¢) of the real parameter ¢, 0 <t <1, with values in F.,\X
such that -

pR)=imy & In(l)=ayn
The mapping h: X x I —+P, defined by
h(z,t) =a—7r(t), xeX and tel,

is obviously a homotopy joining (z—a,)| X and (v—m) X in E(PZ).
Hence Theorem 2 is proved.

7. The main theorem. For the proof of the main theorem we
shall use the following lemmas.

LEMMA 2. Let Voo = Voo(@gy 0)y %o € Bn C By Vi = Voo ~ En. Suppose
that the mapping F:V,—Ey, has d finite number of fiwed points @,, Ty, ..., Tx €
€Va. Then there is a compact mapping F:Ve—E, which has the same
fized points as F and which 8 an extension of F over Ve.

Proof. By 2.1 it follows that 7, is a retract of V., i. e. there is
a mapping 7:Ve—V, such that r(z) =z for z e V,.

Putting for each ze V.

F(a) =F(r(x))

we obviously obtain the desired compact mapping F:Ve—>En.

http://rcin.org.pl
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LeMMA 3. Let X be a closed bounded subset of E, and f, e PX. Then
there exists a mapping f e BEr such that:
1° the set N of all roots of the equation

f(@) =0
18 finite; if @, x, € N then ®,, x, belong to different components of E,\ X,

2° f(x) = fo(x) for each xe X.

The proof is a slight modification of the proof of a similar Lemma
given in [4], p. 300.

LEMMA 4. Suppose that a bounded and closed subset X of E does
not disconnect Eo and that Ve = Veo(®y, ) 8 @ spherical region which
contains X. Then every mon-vanishing compact field f,e C(PX) can be
extended over Vo to a compact mon-vamishing field f e €(PL®).

Proof. By Theorem 1 and 4.3 we can assume, without loss of
generality, that a compact field fo(#) = a—F,(z) is finite-dimensional,
i.e. F: X—>E,.

Suppose that S, is the boundary of V. and that a point a* ¢ E,
does not belong to V. Define the mapping f, € PX!, X, = 8o u X by

*
hia) =a—Ffa), where Fyo)={f = g ¢l

Putting Xf = X, ~ By, fi = f,| Xt we have f} e PXi,

By Lemma 3 there exists a mapping fi e Ei» such that the set N
of all roots of the equation f3(x) = 0 is finite, N = {x,, @,, ..., 7}, and
fe(@) = fi(x) for every xeX}.

By Lemma 2 the mapping f§|(V»\N) can be extended ‘o a finite-
dimensional field f, e € (PL°\).

Since the set V,\N is connected, the points ,, &, ..., 2; can be
joined by a chain Vi, Va, ..., V& CV\X of open spherical regions
such that Vi, intersects Vi if and onmly if [i—j| =1 (i, =1,2,...,1).

Let E,, be a finite-dimensional subspace of . spanned by the
centres of Vi, (i =1,2,...,1) and containing H,.

1 2 i v
Let us put T = V&, T* =T A By Vin=Voo n B, Xy =V \7,
=1
X2 =Vu\T* 2 = fol X2. ¢
Since X% is connected, it follows that the mapping f* ¢ P can be

extended to a mapping f ¢ PLm\"m over Vu\Vi, where V,, is a certain
open spherical region contained in 7*. Since fi(x) = z—a* for @ € Sp—,
= Epnn Sx, we have f;|Spn_1~1 and consequently fy|S;,—1 1, where
87—y is- the boundary of V;,. This implies that f5 C ff ¢ Ppm.
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By Lemma 2 we extend the mapping fi(z) = 2—Fi(x), &V,
to a compact field f e €(PL®) and thus the proof of Lemma 4 is complete.

The main result of this paper is the following

THEOREM 3 (ON THE DISCONNECTION OF BANACH SPACES). Let X
be a bounded closed subset of the Bamach space "E. The set E,\X is
connected if and only if any two non-vanishing compact fields f, g e C(PX)
are homotopic in the space E(PX).

Proof. Necessity. Suppose that X does not disconnect F., and
f, g € C(PE). By Lemma 4 compact fields f/ and g can be extended to
non-vanishing compact fields f, ge(Z(PV"") over a closed spherical region
Ve which contains X.

By 4.4 we have f~§ in G(PL®) and hence by 4.1 the compact
fields f and g are homotopic in €(PZ).

Sufficiency. Suppose that X disconnects .. Then there certainly
exist two points @, and x, separated by X. By Theorem 2 the non-
vanishing compact fields (2—a,)|X and (¢—ua,)|X are not homotopic
in €(PZE) and thus the proof of Theorem 3 is complete.

8. Jordan separation theorem in Banach spaces. We shall
say that two bounded and closed subsets X and Y of E,, are homeomorphic
in the marrow sense if there exists a homeomorphism % e €(EZ) such that
WS h(XT).

It is clear that if the closed and bounded subsets X and Y of BEo, are
homeomorphic in the narrow sense then the space G(PX) consists of one
homotopy class if and only if the space C(PE) consists of one homotopy class.

From this we obtain the following, due to J. Leray [9]:

CoRROLARY 1. If a closed and bounded subset X of the Banach space
B disconnects Bw, then so does every subset of E., which is homeomorphic
to X in the narrow sense.

As an obviods application of Corrolary 1 we obtain the following:

CORROLARY 2 (JORDAN SEPARATION THEOREM). A subset of E. which
8 homeomorphic in the narrow sense to a sphere Su(x,, o) disconnects He.
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TOPOLOGIE ALGEBRIQUE. — Sur la multiplication cohomotopique
dans les espaces de Banach. Note (*) de M. Avxprzes Graxas,
présentée par M. Jean Leray.

Soit E, un espace de Banach a dimension infinie. Nous désignons par P,
I'espace E, diminué du point O.

Soit X, YCE_. On appelle champ vectoriel compact sur X dans Y une
application f : X — Y si elle peut étre représentée sous la forme

Yt yes o LI R, zeX,

ou F: X — E_ est une application compacte ('). Nous notons € (YY)
Iensemble des champs compacts sur X dans Y.

Soient f, g : X = Y deux champs vectoriels compacts. On dit que f et g
sont homotopes s’il existe une application h: X X1 — Y telle que :

(1) h(w,0)=f(x) et h(z, 1) = g () pour tout z€X;

() h(z, t) =2 — H (z, t) pour tout (z;t)€XX]I,
ou H: XXI— E_ est une application compacte. Nous notons [f] la classe
d’homotopie du champ f (c’est-a-dire I’ensemble de tous les champs compacts
homotopes & f). En classant les éléments de € (Y*) en classes d’homo-
topie on définit une décomposition de € (Y*) en classes disjointes. Dans
le cas od Y =P_ nous désignons la famille de ces classes par =° (X).

Soit X un sous-ensemble fermé et borné de E_, U une composante
bornée de E, — X, et f un champ compact sur X dans P_. On nomme U
composante inessentielle pour f s’il existe un champ compact f sur XU U
dans P_ tel que f C f [c’est-a-dire f(z) =f (z) pour tout z€ X]. Sinon,
on nomme U composante essentielle pour f.

Lemme. — X étant un sous-ensemble fermé et borné de E _, soit f un champ
compact sur X dans P_. Le nombre des composantes bornées de E_— X
qui sont essentielles pour f est fini.

Définition de multiplication cohomotopique dans =~ (X). — X étant un
sous-ensemble fermé et borné de E_, solent o, f€r” (X) et fu€x, fs€B,
fo(2) =2 —F. (2), fs(z)=2—Fs(z), z€X. Soit. Uy, Us, ..., Urla
suite finie de composantes bornées de E_ — X qui sont essentielles pour f,
ou ponr'fas Soit .7 € U pours =41 140 ¥ % Ll e

Sans restreindre la généralité on peut admettre que F,:X - E,,
Fs: X - E,, ot E, est un sous-espace de E_ a n-dimensions tel que z,,

Zsy ..., zx€E,. Soient

Xo=XnE, - fam=Sa|Xm,  Sow=J8|Xwn-

On a e ] A
Jao o Xy —>En— | h’[tp “ML‘CID(:%HE 9('{3{7)7'5 "= (Xim)



32

ou 7' (X,,) désigne le (n— 1) groupe de cohomotopie de X., (*).
Soit fagm : X = E.— | 0 | une application telle que

SaBim €[ fam]-[fom] €77~ (Xin)-
L’application fa3.) se laisse étendre a un champ vectoriel compact

fas: X — P_ sur X dans P_, de fagon que chaque composante bornée U
de E_ — X différente de U, ..., U; soit inessentielle pour f,s. Posons

.3 = [fa].[fs] = [fag] €77 (X).

La classe d’homotopie [f.3] est déterminée de fagon univoque : elle ne
dépend que des classes d’homotopie [f.] et [fs]. On appelle composi-
tion («, B) — «.B la multiplication cohomotopique des classes.

Tutorime 1. — La multiplication cohomotopique des classes o, € " (X)
définit sur n” (X) une lot du groupe abélien.
Tutortme 2 (°). — X étant un sous-ensemble fermé et borné de E,

soit Uy, U,, ..., U, ... la suite (finie ou transfinie) de toutes les compo-
santes bornées de E_ — X; soit z.€ U.. Le groupe =" (X) est libre et a pour
base les classes d’homotopie des translations

[(z—2)|X]), [(x—2)[X] ..oy [(z—2:)|X],

Soient X et Y deux sous-ensembles bornés et fermés de E_. On dit
que X et Y sont homéomorphes au sens étroit s’il existe une application
bicontinue & de X sur Y telle que h€ € (Y¥).

TatoriME 3. — Si X et Y sont homéomorphes au sens étroit on a Uiso-
morphisme

&3 (X)) w=(Y):

On en déduit le théoreme d’invariance :

CorRrOLAIRE (*). — Soient X et Y deux sous-ensembles bornés et fermés
de E_ qui sont homéomorphes au sens étroit. Alors la puissance de la famille
des composantes de B — X est égale & celle des composantes de E_,—Y.

(*) Séance du 18 décembre 1961.

(1) C’est-a-dire F (X) est compact.

(?) Voir par exemple C. KuraTowski, Topologie, II, Appendice I, Warszawa, 1961.

(?) Généralisation d’un théoréme dtt a M. K. Borsuk, Fund. Math.,, 33, 1950
P. 217-241.

(*) Théoréme dt 4 M. J. LERAY, Comptes rendus, 200, 1935, p. 1082.
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In the following sequence of notes we give some further development (see [4]
and [2]) of the theory of compact vector fields. In particular we intend to include
the treatment of cohomology functors, the representation theorem for such functors
and Alexander—Pontriagin type of duality. One of the further papers will be de-
voted to the concept of a codimension. In this preliminary note we introduce basic
categories and assemble the main facts and definitions which will enter in our
discussion.

1. Categorical preliminaries. Let € be a concrete category and 4, Xe €. We
write A < X and call (X, A) to be a pair in G, if 4 is a subset of X and the inclusion
mapi:A—>Xisin €. If f: X — Y and 4 = X we write f’ = f|4 for the restriction
of fto A; fis called an extension of f’ over X and we write also f" < f.

Let € be a subcategory of €. We say that a map f': 4 — Y is inessential (rel. £)
provided each diagram

7
7
A = /
A/

e

5
— X

where A4, Xe £, can be completed in €. Otherwise f” is called essential.

An object Y e € is called an extension object for X € £ provided for each 4 € &,
Ac X and f': A — Y the diagram 4 can be completed.

Example: If € = € is the category of compact metrizable spaces, then the
n-sphere S is an extension object for X if and only if dim X < n (Alexandroff Theo-
rem).

An h-category (€, ~) is a category € such that for each pair of objects 4, Be €
there is defined in the set Map (4, B) an equivalence relation “~" (called homotopy)
satisfying the following (compositive) property:

N8 =8 =>8ah =8k
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If fe Map (4, B), then by [f] we denote the equivalence (homotopy) class contain-
ing f and we let = (4, B) be the set of homotopy classes [f]: 4 — B. By €/~ we
denote the category having the same objects as (€, ~) and as maps the homotopy
classes between objects.

A map f: A —B in (€, ) is called invertible (h-invertible) provided there is
f':B—A such that ' f= 1, ff' =15(f'f = 1,, ff’ = 15). We write in the first
case A ~ B and in the second 4 3 B.

A map f: A — B is an r—map (rn—map) if there is a map s: B — A called
an s—map for r (called sy—map for r) such that rs= 1p (rs ~ 15). We write
Ay B(A 7, B) if there exist two r—maps (ra—maps) ry:4—>B, r; : B— A.

(1.1) The relations ~, 3%, ¥, %, defined in the class of objects of (€, ~) are
equizalence relations and we have:

A%'Bin (€, =)< A ~BinCf=,
A Bin (€ =)< A4 7 BinG/~.

A functor A: €, — €, between h-categories is called an A-functor if it sends Ah-com-
mutative diagrams in €; into s-commutative diagrams in €,.

Example: Let (2, 7) be a subcategory of (€, ¥) and U be a fixed object in €.
For f: X — Y in & we let f*: n (Y, U) > (X, U) be the map induced by f and
defined by [g] — [gf]. The assignments X — = (X, U), f — f* define the contravariant
h-functor = (U) from (&, ) to the category of sets €.

(1.2) Let A: € — G, be an h-functor. If = is any one of the equivalence relations
defined above, then we have

X~ Yin € = A(X) = A(Y) in G,

2. The directed set 2 (E). Compact mappings. In what follows we denote by E
an infinite dimensional linear normed space.

By 2(E)=L={L,, L, Ly, ...} we shall denote the directed set of all finite
dimensional linear subspaces of E with the natural order relation < defined by the
condition L, < Ly if and only if L, = Ly. For notational convenience we establish
one-to-one correspondence a <> L, between the symbols a, 8,7, ... and L,, Lg, Ly, ...
and in the formulas to occur we replace frequently one kind of symbols by another.
Thus, for example, we shall write a < f instead of L, < Ly. For X, Y < E and
fiX—>Ywelet X,=XnNL,and f, he the restriction of f: X,.

A mapping F: X —E from a metric space X is compact provided the closure
F(X) is compact. A compact mapping F: X —E is said to be an a-mapping (finite
dimensional mapping) provided F(X)<La(F(X)<L; for some fe 2).

The following facts ‘corxceming compact mappings are of fundamental impor-
tance:

(21) (Schauder’s Approximation Theorem) Every compact mapping
is the uniform limit. of a sequence of finite dimensional mappings.
For the proof see e.g. [4] p. 24.
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(2.2) (Extension of Compact Mappings Theorem). If 4 is closed in X
and F: A — E is a compact mapping, then there is a compact extension F*.: X —FE
of F over X such that the image F* (X) is contained in the convex hull conv (F (4)).

This, in view of Mazur’s Lemma [5], is a consequence of the Dugundji Extension
Theorem [1].

3. Compact and a-fields. The Leray-Schauder category €. Given X,Yc E
and a mapping f: X — Y we denote by the same but capital letter the mapping
F: X - E defined by F(x) =x — f(x), xe X.

Let X and Y be in E and a be an element in L. A mapping f: X — Y is said to
be a compact vector field (a-field) provided F: X — E is a compact mapping (a-map-
ping).

The set of all compact fields (a-fields) with domain X and range Y will be denoted
by €(X, ¥) (€, (X, Y)).

@YD Iff: X—>Y and g: Y — Z are compact fields (a-fields) then so is their
composition gf: X — Z. The identity mapping 1y: X — X is a compact field (a-field)
for each X < E.

It follows that the subsets of E and the compact vector fields form a category.
This category will be denoted by € (E) (or simply €) and called the Leray — Schauder
category.

In addition the subsets of E and a-fi€lds form a subcategory of € denoted by
€, (E) (or simply by €,).

The union of all categories €, (a e L) in € will be denoted by €. The maps
of the category &, will be called finite dimensional fields.

Remark. Some of the sets € (X, Y) might be empty. For instance, the set
C (E, E — {0}) is empty because, in view of the Schauder Fixed Point Theorem,
there is no compact field f: E — E such that f(x) # 0 for all xeE.

Let £ (resp. £, and £) be the full subcategory of € (resp. €, and €) generated
by the closed bounded subsets of E. The category £ will be called the main category.

Let © be any of the categories introduced above. By D* we shall denote the
category of based objects in D and by D the category of pairs of objects in D. Thus,
for example, € has as objects the closed bounded pairs (X, 4), (¥, B) < E and as
maps the compact fields between such pairs; we write £ (X, 4; Y, B) for such a set
of maps. Similarly, £* has as objects the based closed bounded subsets X, ¥ < E
and as maps the compact fields preserving base points.

4. Compact and a-homotopies. € and €, as /-categories. Given X, Y < E and
a homotopy #;: X — Y (0 < t < 1) we denote by the capital H the mapping from
XXI (I —[0,1]) to E defined by H(x,t) = x — hs(x), (x, ) e XX I

Let X, Y < E. A family of compact fields (a-fields) 4;: X — Y is called a compact
homotopy (a-homotopy) provided H: Xx I — E is a compact mapping (a-mapping).

Given a compact homotopy (a-homotopy) 4:: X — Y and a subset 4 ¢ X
we let hy = hy | A to be the partial compact homotopy (a-homotopy); in this case
we shall write also #; = h and say that A is an extension of h;: 4 — Y over X.

' |
NttD://rcin or
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Two compact fields (a-fields) fo,f;: X — Y are called homotopic, fo =~ fi,
(a-homotopic, fy % f1) provided there is a compact homotopy (a-homotopy)
hi: X — Y such that ho. =fos: hu== S

(4.1) The relation of homotopy (a-homotopy) is an equivalence relation in each
of the sets € (X, Y) (€, (X, Y)). If the fields (a-fields) f1,f,: X - Y and g\, 82: Y -~ Z
.are homotopic (a-homotopic), then so are their eompositions gifi, g2/2: X — Z.

It follows that the relations ~ and 7 convert the Leray—Schauder category €
and the category €, into h-categories (€, ~) and (€, ) respectively.

The set Map (X, Y) in €/~ (€,/,) will be denoted by = (X, ¥) (=, (X, ¥)) and
[f] ([f].) will stand for the homotopy (a-homotopy) class containing the compact
field (a-field) f: X — Y.

It is evident that the main category £ admits a structure of an h-category (£, ~)
with the relation of homotopy induced by that in €. Similarly, the relation 3’ in €,
converts £, into an h-category (£,, ¥)-

Let D be any one of the categories defined in the previous paragraph, By consi-
dering relative compact homotopies (or relative a-homotopies) we convert the cate-
gory of pairs D into an h-category. Similarly, by considering based compact homo-
topies (or based a-homotopies) we convert D* into an h-category.

5. The extension problem in € and €,. Given a pair (X, 4) in £ and a map
f: A — Uin € (in €,) we consider the extension problem for the map f, i.e. the problem
of extending f over X in € (in €,). It is of importance that this problem, under quite
general hypotheses, depends only on the homotopy (a-homotopy) class of the
given map.

(5.1) (Homotopy Extensnon Theorem). Let (X, A) be a closed pair in
E, U an open set in E and let hy: A — U be a compact homotopy (a-homotopy). If
hy = hye € (X, U) (hge €, (X, U)), then there is a compact homotopy (a-homotopy)
hi: X — U such that hy < he.

For the proof see [3].
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In this Note*) the main category £ being of primary interest, we are concerned
with a contravariant h-functor 7 (U): £ — @5, which is associated with an object
U in €. We show that for some objects U (called admissible), this functor can be
converted into an A-functor from £ to the category € of based sets.

If U is admissible, we associate with an object X in £ two directed (homotopy)
systems of based sets {=, (X, U), iy} and {= (X,, U,), 3} It turns out that these
systems are naturally equivalent and the based set z (X, U) is a direct limit of the
first of them.

1. Fields with admissible range U. Call an object U e € admissible, provided U
is open in E and its complement is contained in some finite dimensional subspace
of E. In the rest of this Note U will stand for an arbitrary but fixed admissible set
and W = E—U for its complement. The objects of the main category £ will be
simply called objects and denoted by X, Y, 4.

For a given object X we denote by 2% = 2, the cofinal subset of 2 defined
by the condition

| 0 WL,
ae Ly< 1 (i) U,=L,—W is connected
(iii) X,=XnNL, is not empty
The elements of £y are said to be admissible with respect to X. We assume that the
elements of £ which appear in the sequel are admissible with respect to the objects
under consideration.

For notationai convenience (U being fixed admissible object) we shall use the

following abbreviations:

€(X)=C(X, U); 7 (X) =z (X, U),
€. (X)=C, (X, U); 7e (X) = =, (X, U),
G("/u)':(g(",rx3 Uz); n(Xa)=ﬂ(X¢; U,)-

*) For the definitions and notation used in this Note see [1].
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Now we establish certain lemmas concerning compact fields and compact
homotopies with admissible range U.

(1.1) Let hy : X — U be a compact homotopy. For each ¢ satisfying 0 < ¢ <
< dist (h(XXI), W) there is an a-homotopy h;:X — U, such that |hi(x) —
— ) <e (xeX, tel).

Let H' : XX 1 - L, be an g-approximation of H : XX I — E. Assuming (without
loss of generality) that W < L, and putting 7 (x) = x — H' (x,1), (xe X, tel)
we obtain the required a-homotopy.

As a consequence we have

(1.2) Let f : X — U be a compact field. There exists an a-field f* : X — U, such
that f ~ f*.

(1.3) Let f : X -~ L,—W be a mapping. There exists an a-field f : X - E—W
such that f' = f,.

Let F: X — L, be a compact extension of F’ : X, — L, over X and let f(x) =
= x — F(x), (xeX). Evidently, f,=f" and we claim that f:X — U. For,
suppose to the contrary that f (x) € W for some x € X. Since W < L,and F(X) < L,
we conclude that x € L, , But then f(x) = f’ (x) € W. This contradiction completes
the proof.

As a consequence we obtain

(1.4) The set €, (X) and hence the sets m, (X) and 7 (X) are not empty.

(1.5) Let f, g : X — U be two afields and h, : X — L,— W a homotopy between
£, and g, . There exists an a-homotopy h: : X — U between f and g such that hy < hy.

ofine on T = (XX {0}) U (X,xX1) U (XX {1}) an a-mapping H* by

I F(x) if . .xeX s ands <=0
H* (x,0) =1 H (x;0): iftt (0)eXyxd,
G (%) it wielxiohandoins =010

Let H:XxI—L, be a compact extension of H* over XX 1. Putting /i (x) =
=x— H(x, 1), (xeX,tel), we obtain the requir