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The purpose of the present treatise is to offer an ap­
proach to a higher and more generalized arithmetic 
through a systematic study of the algebraic numbers. 
By virtue of the simplicity of its foundations and the 
rigor of its deductions, arithmetic stands alone in the 
beauty and harmony of its truths. A divine gift, it offers 
proof that the mind is a reality attested by the sciences on 
the one hand, and the philosophies on the other. The 
province of arithmetic in this high position between 
science and philosophy, is both to serve and to be served 
in the quest of higher truths.

The earlier investigators in the theory of numbers made 
the rational integer the basis of their endeavor and, rest­
ing upon this foundation, their theories were advanced in 
a remarkable manner to very great heights. These 
heights naturally become the more elevated, the broader 
and wider the bases are made. The present work pro­
poses to show how the field of rational numbers is broad­
ened by the introduction of the algebraic numbers and 
how thereby the realm of rationality is extended. In 
this ‘‘widening of the field of arithmetic” by the intro­
duction of algebraic quantities, by the employment of 
rational functions of algebraic quantities, and similar ex­
tensions, many difficulties have been encountered and, in 
particular, difficulties that are found in the treatment of 
the algebraic numbers themselves. In connection with 
the overcoming of these difficulties and smoothing the 
paths of ascent, whether it be to a higher number theory 
or to a more exact science, or to a deeper and purer phi-
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vi INTRODUCTION

losophy, it is the part of the expositor to exhibit the 
power of a generalized arithmetic in its simplicity, its 
rigor, its harmony, and its charm. As indicated in the 
beginning, the purpose of this treatise is to help in making 
the theory of algebraic numbers more accessible, more 
attractive, and less difficult.

Soon after the introduction of the algebraic numbers as 
a study in themselves by Gauss, Jacobi, and others, a 
serious difficulty appeared in that, unlike the rational 
integers, they did not admit a unique factorization. This 
very perplexing condition was later overcome in part by 
Kummer’s discovery of the ideal numbers, which, although 
of a somewhat fictitious nature, are not “mere fiction.” 
As Kummer would express it, they are like certain chem­
ical compounds which have their reality in their combina­
tions. There exists here a marked analogy with Plato’s 
“doctrine of idea and number” which must again give 
new thought to the modern philosopher.

In mathematics these ideal numbers served as a start­
ing point for the remarkable discoveries made by two of 
Kummer’s followers: Dedekind, on the one hand, with 
the theory of moduls and ideals; Kronecker, on the other, 
with the methodical use (employ) of the theory of forms 
with indeterminate coefficients and of the modular sys­
tems. The exploitation of these two great theories is in 
the main the object of the present work.

The author had the good fortune, while a student in the 
University of Berlin, to hear the lectures of Frobenius on 
the Dedekind Theory and those of Kronecker, the last 
he ever gave, on his own work. Every method known to 
the author has been used to simplify the exposition which 
often involved proving anew fundamental theorems and 
formulas as they arose. If he has inadvertently made 
omissions and inaccuracies, it is hoped that the general
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INTRODUCTION vii

theory follows in such form that the reader can supply the 
defects. As an example of these difficulties, Dedekind 
himself declared that there always seemed to him to be a 
gap (Lücke) or at least a questionable point (zweifelhafte 
Stelle) in the foundation of the theory of ideals as given by 
Kronecker in his Grundzüge. It may be proved, how­
ever, that by the introduction of a fifth postulate (in 
addition to Dedekind’s four), the difficulty is obviated. 
This fifth postulate is the generalized Gaussian Lemma, 
proved independently by Kronecker, Dedekind, Hur­
witz, and others.

A central point of both the Kronecker and Dedekind 
theories is found in the treatment of the divisors of the 
discriminant. Here again exceptional cases arose which 
were of, an exceedingly baffling nature. Both Kronecker 
and Dedekind wished to establish a theorem by means of 
which a certain conformity between the ideal divisors of a 
prime integer p on the one hand, and the factorization of a 
fixed rational integral function, modulo p, on the other, 
was set forth. This theorem proved by Kummer for the 
case of cyclotomic realms was conjectured by him to be 
the key to the general theory. It was found, however, 
that this conformity fails when p is a so-called irregular 
divisor of the discriminant. If one considers only the al­
gebraic numbers themselves and applies the highest scien­
tific method in their handling, as was done by Dedekind, 
there remain lurking difficulties. Such and other ob­
stacles impeded the publication of Kronecker’s Grund­
züge and were the subject of repeated notes in the 
Göttingen Abhandlungen by Dedekind.

These difficulties were finally overcome by Hensel, 
who, by the introduction of the “fundamental form” and 
the “fundamental equation” of Kronecker, proved in 
their generality certain theorems which Dedekind found
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viii INTRODUCTION

necessary for a satisfactory exposition of his theory. In 
this treatment, the modular systems of Kronecker render 
a valuable if not indispensable service. It is fortunate 
that for the most part the difficulties found in the Dede­
kind theory are different from those of the Kronecker 
theory, so that a combination of the two gives a satis­
factory exposition of the whole. Thus, through the 
united efforts of two of the world’s greatest mathemati­
cians was the theory of algebraic numbers established 
upon a firm basis, free from defect.

It is here presented from a heuristic point of view with 
the hope that through this mode of treatment the innate 
relation of the general number theory to the function 
theory, algebra, algebraic (Abelian) integrals, and other 
branches of mathematics will be further developed and 
eventually generalized into a united arithmetized entity, 
the one contributing to the advancement of the other. 
Thus would Kronecker’s belief be realized, a belief that is 
cherished by others in increasing numbers. In this real­
ization, mathematics becomes as much the philosophy of 
thought as an apparatus of computation and thus too the 
confines of philosophy may in their turn be extended into 
something like an exact science. This generalized theory, 
while reaching to the highest arithmetical heights, be­
comes a profound mathematical-philosophical study, and 
its application to the sciences, as in the case of a related 
mathematical theory in Einstein’s work, is a natural con­
sequence. A similar theory emanating from an extended 
philosophic study which had its initial conception in 
something similar to Plato’s doctrine of idea and number, 
if applied to mathematics, might conceivably lead to 
analogous results.

The Dedekind theory was systematically worked out 
by Dedekind and, difficult though it be even in his final
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presentation, the extent of the ideas which he wished to 
convey may be fathomed. Further advances in his work 
seem possible in many directions. Kronecker, a man of 
independent fortune, had little experience as a lecturer. 
As he wrote no text-book, his work, while more compre­
hensive than Dedekind’s and possibly susceptible of vast 
extensions, remains to be put in systematic form with an 
emphasis upon the clarity of its exposition.

The present work, wτhile it follows more closely the 
Dedekind treatment which is purely arithemetical, sets 
forth the final fundamental results from both these en­
tirely different standpoints, in that the ideals and moduls 
of Dedekind are put in juxtaposition with the funda­
mental forms and equations of Kronecker, the discrimi­
nant and order-modul being their common vantage 
ground. And thus it is brought about that the “ method­
ical means of help derived from the indeterminate coeffi­
cients” with an intermingling of functions of many vari­
ables, does not appear foreign in a subject where the pure 
number concept is paramount. While the Dedekind 
theory is presented in its entirety, the Kronecker theory is 
everywhere emphasized. If this has been done effectu­
ally, it will appear that the work of even so great a mathe­
matician as Hurwitz adds but little that is new to the sub­
ject. His contributions, which are given in a separate 
chapter, offer a synoptic review of many of the previous 
results.

The classic theory of quadratic realms, interesting and 
instructive in themselves, serves as a stepping stone from 
the usual theory of rational integers to the general theory 
of algebraic numbers. This theory, founded upon the 
lectures of Hilbert, has been thoroughly worked over by 
Reid, The Elements of the Theory of Numbers, and by 
Sommer, Vorlesungen uber Zahlentheorie. Their results
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X INTRODUCTION

are incorporated in and form a part of the first volume. 
This volume is intended as an introduction to the general 
theory which is given in the second volume. The reader, 
having acquired through the study of the quadratic 
realms the meaning and significance of such terms as 
norms, units, moduls, ideals, divisibility, unique factor­
ization, etc., will naturally wish to see this theory ex­
tended to wider fields of investigation in the more general 
realms of rationality. Accordingly, the second volume is 
devoted to the presentation of this general theory.

The author has inserted in the text many historical 
notes and references which may be of service for those 
who wish to go deeper into the subject, as well as for 
university students who may be required to make reports 
on particular phases of the work. For this purpose fre­
quent references are also made to the works mentioned 
below, which give a very exhaustive history of the sub­
ject: "Report on the Theory of Numbers” by H. J. S. 
Smith, Collected Works, Vol. I, pp. 38-364; History of the 
Theory of Numbers, in three volumes, by L. E. Dickson 
(Carnegie Institution, Washington, D. C.); Appendix to 
David Hilbert’s Die Theorie der algebraischen Zahlkorper, 
Deutsche Math. Vereinigung, Vol. 4, Berlin, 1897. The 
latter report was brought up to date (1923) with the in­
clusion of omissions, in a supplementary Report on Alge­
braic Numbers (The National Academy of Sciences, 
Washington, D. C.) by Professors Dickson, Mitchell, 
Vandiver, and Wahlin.

The subject matter of the first volume is found in the 
Table of Contents, which follows.

I wish to express to The Macmillan Company and to 
their able representative, Mr. F. T. E. Sutphen, my 
appreciation of their uniform courtesy from the reading 
of the manuscript to its execution in book form.
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CHAPTER I

PRELIMINARY NOTIONS

where xi, x2, ∙ ∙ ∙, xn are the n roots of the function. But 
this distribution into linear factors ceases if the co­
efficients are subjected to certain conditions: for example, 
the coefficients of f(x) being all real, it may be required 
that the coefficients of its factors be all real. In this case 
we may resolve f(x) into factors of the first and second 
degree, since a function of the second degree with 
negative discriminant is irreducible, if we demand that 
the roots be real. One may further impose the condition 
that the coefficients of the factors of f(x) be integers, it 
being supposed that the coefficients of f(x) are integral. 
Functions which under such and similar conditions are 
resolvable into factors, are said to be reducible; if they 
may not be resolved into factors, they are called irre­
ducible.

By “function” we shall always mean “algebraic func­
tion” unless it is expressly stated to the contrary.

1

Art. 2. Realms. Any system of an infinite number of 
numbers or quantities constitute a realm or domain. For 
example, all integers form a realm, also all fractions con­
stitute a realm. It is evident that the latter realm is more

f(x) =an(x-x1)(x-x2) ∙ ∙ ∙(x-xn)
may always be resolved into its linear factors in the form

f(x) =anxn + an-1xn 1+ ∙ ∙ ∙ +a1x+a0

Art. 1. Reducible and Irreducible Functions. It has 
been seen in algebra that an algebraic function of the 
nth degree
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extended, that is, embraces more quantities than the 
former. If the coefficients of a given function f(x) all be­
long to one and the same realm, we may ask: Is f(z) 
reducible into factors whose coefficients belong to the 
same realm? If this is the case, the function is said to be 
reducible in this realm, otherwise irreducible. For ex­
ample, if the realm in question includes all quantities real 
and complex, then all functions are reducible except the 
linear functions; but if the realm includes only real quan­
tities, then all functions are reducible except the linear 
functions and the quadratic functions with negative 
discriminant.

2 THE THEORY OF ALGEBRAIC NUMBERS

Art. 3. Congruence of Two Functions with Respect to 
a Modulus.

be an integral function in x with integral coefficients. If 
the coefficients a0, a1,∙ ∙ ∙, an are all divisible by the 
positive integer k, we say that  f(x) is divisible by k.

It is seen then that

f(x)=a0+a1x+∙ ∙ ∙+anxn

 f(x)=kg(x),
where g(x) is also an integral function with integral 
coefficients. The function f(z) is therefore a multiple of k 
when and only when all the coefficients f(x) are divisible 
bv k.

f(x) =a0+a1x+a2x2+ ∙ ∙ ∙ +anxn
g(x) = b0+b1x + b2x2+ ∙ ∙ ∙ +bnxn

be two integral functions with integral coefficients. If 
the difference f(x)-g(x) is divisible by k, the two func­
tions f(x) and g(x) are said to be congruent with respect 
to the modulus k and this fact is indicated by the notation

 f(x)≡g(x)(mod k).
From this congruence it follows that

av≡bt,(mod k) (v' = 0, 1, 2, ∙ ∙ ∙, n);

Let

Let
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PRELIMINARY NOTIONS 3

(v= 0, 1, 2, ∙ ∙ ∙, n),av = bv+cvk
or

where the c s are integers. It follows also that
f(x) =g(x)+kh(x),

where h(x) like f(x) and g(x) is an integral function with 
integral coefficients.

Art. 4. The Gaussian Lemma. After these intro­
ductory remarks we may next prove the following 
theorem (stated by Gauss, Dis. Arith., Art. 43):

Theorem. If the product of two integral functions with 
integral coefficients is divisible by a prime integer p, one of 
the factors is divisible by p. Denote the two integral 
functions by

f(x) =a0 + a1x+ ∙ ∙ ∙+ anxn + ∙ ∙ ∙,
g(x) = b0 + b1x+ ∙ ∙ ∙+ -bmxm+ ∙ ∙ ∙

and let their product be the integral function
ϕ(x) =f(x)g(x) =c0+c1x+c2x2+ ∙ ∙ ∙,

where
c0 = a0b0, c1 =a0b1+b0a1, ∙∙∙.

To prove the theorem it is only necessary to show that if 
f(x) or g(x) is not divisible by p then φ(x) is not divisible 
by p. Suppose of the coefficients that appear in f(x) 
that a0, a1, ∙ ∙ ∙, an-1 are divisible by p; and of the 
coefficients in g(x) suppose that b0, b1, ∙∙∙, bm-1 are 
divisible by p while an and bm are not divisible by p.

The coefficient of xn+m in <p(x) is
cn+m= a0bn+m + a1bn+m-1 + a2bn+m-2+ ∙ ∙ ∙

+anbm + an+1bm-1+ ∙ ∙ ∙ + an+mb0.
All of these terms are divisible by p except anbm. It 
follows that cn+m is not divisible by p and consequently 
also thatϕ(x) =f(x)g(x) is not divisible by p.

The theorem when extended to the product of any 
number of functions is: A product of several integral

2
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4 THE THEORY OF ALGEBRAIC NUMBERS 

functions with integral coefficients is only divisible by the 
prime integer p when and only when one of the functions is 
divisible by p. The theorem is also true for functions of 
several variables, and may be proved as above, if the 
functions are arranged according to a definite sequence 
of the powers of the variables.

Art. 5. Primitive Functions; Divisors. If the coeffi­
cients of an integral function are integers and have t 
as their greatest common divisor, t is called the divisor 
of the function; and if this divisor is unity, the func­
tion is said to be primitive. Accordingly, a primitive 
function is an integral function in the variable with integral 
coefficients that have no common divisor other than unity. 
We may also speak of the divisor of fractional coefficients.
Let

f(x) =c0+c1x+c2x2+ ∙ ∙ ∙,
be an integral function with fractional coefficients c0, c1, 
∙ ∙ ∙; and let s be the least common multiple of the 
denominators of these fractions. It follows that c0 = b0 ∕s, 
c1 = b1 ∕s, ∙ ∙ ∙, where b0, bi,∙ ∙ ∙ are integers. Further let 
r be the greatest common divisor of b0, b1, ∙ ∙ ∙, so that 
b0 = d0r, b1 = d1r, ∙ ∙ ∙, where d0, d1, ∙ ∙ ∙ are integers. 
Denote r∣s by t. We thus have c0 = td0, c1 = td1, ∙ ∙ ∙. As 
above, t is said to be the divisor of the function. It has 
the property that all the coefficients c0 ∕t, c1 ∕t, ∙ ∙ ∙ are 
integers which have no common divisor other than 
unity.

It may be proved as follows that there is only one such 
divisor t. For suppose that t' were another. We would 
then have c0 = t'd'0, c1 = t'd'1, ∙∙∙, where d'0, d'1, ∙∙∙, are 
integers. Since d0, d1, ∙ ∙ ∙ are integers whose greatest 
common divisor is unity, we may determine other 
integers x0, x1 ∙ ∙ ∙ such that

x0d0+x1d1+ ···=1.
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t(x0d0+x1d1+ ∙ ∙ ∙) =t'(x0d0+d'1x1+ ∙ ∙ ∙).
It follows, since td0 = c0 = t'd'0, etc., that

PRELIMINARY NOTIONS 5

Hence t∕t'= d'0x0 + d'1x1+ ∙ ∙ ∙= k, say, where k is an 
integer. It is thus seen that t'==t∣k and also that 
f(x)∕t' = kf(x)/t; and it further follows that the coefficients 
of f(x) when this function is divided by t' are all divisible 
by the integer k. Thatf(x)∕t' be a primitive function we 
must accordingly have k = 1 or t = t'. Note that the 
quotient of any integral function by its divisor is a 
primitive function.

Art. 6. The product of two or more primitive func­
tions is a primitive function. For if f(x) and g(x) are 
two primitive functions and if f(x)g(x) = hfx), the coeffi­
cients of h(x) are integers; and if they have a com­
mon divisor i, then t is also an integer. Further de­
composing t into its prime factors, these prime factors 
are divisors of either f(x) or g(x), but as both f(x) and 
g(x) are primitive functions, these factors must all be 
unitv (Art. 4) and therefore t must be unity.

Art. 7. The divisor of a product of two or more func­
tions is equal to the product of the divisors of these 
functions. Letf(x) and g(x) be integral functions with 
rational coefficients and sunnose that

f(x')g(x')=h(x).
Let a and β be the divisors of f(χy) and g(x) so that 
f(x) = α√ι(z), g(χy) = βg1(x) where f1(x) and gi(x) are 
primitive functions. Further let γ be the divisor of h(x) 
so that h(x) = γh1(x), h1(x) being a primitive function. 
We then have

Since on the right hand f1(x)g1(x) is a primitive function,
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Art. 8. If an integral function whose coefficients are 
integers is resolvable into a product of two integral functions 
with rational coefficients, it may also be resolved into a 
product of two integral functions with integral coefficients.

For let f(x) = g(x)h(x) and write g(x) = βgl(x) where β 
is the divisor of g(x) so that g1(x) is a primitive function. 
It follows that f(x)∕g1(x') = βh(x), where βh(x) is an 
integral function with integral coefficients (Art. 7).

From this it also follows that if an integral function 
with integral coefficients is not resolvable into the 
product of two integral functions with integral coeffi­
cients, it cannot be resolved into two such functions with 
rational coefficients; or, if an integral function is irre­
ducible in the realm of all integers, it is also irreducible in 
the realm of all rational numbers.

Art. 9. Let f(x) be an integral function whose 
coefficients are integers and suppose that the coefficient

6 THE THEORY OF ALGEBRAIC NUMBERS

its divisors must be unity. It follows that
γ = a∙β.

Another form of the same theorem. If f(x) is an integral 
function with integral coefficients and if g(x) is a primitive

function; then if is an integral function of x, its co­

efficients are integral also. The coefficients in this 
fraction must be rational numbers, since division is a 
rational operation.

We may therefore write where h(χy) is a

primitive function. It follows that f(x) = th(x)g(x). 
Since the coefficients of fix') are integral, it is seen that

t is an integer and consequently the coefficients of

are integers.
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g(x) =b0 + b1x+∙∙∙+ 1 ∙ x8.

f(x) =g1(x)χ(x),

1 = b ∙c.

f(x) = 1∙xt+at-1xt-1+∙∙∙+a1x+a0,

g(x) = 1∙x8+b8-1x8-1+∙∙∙+b1x+b0,

f(x)g(x) =h(x) =x8+t+c8+t-1x8+t-1+∙∙∙+c1x+c0,

1 See Gauss, Dis. Arith., Art. 42.

g(x) = x-r,

Art. 10. If the function g(x)  is of the first degree in x, 
say

then the c's cannot all be integers, unless the a,s and b,s are 
all integers.

the a,s and b,s being rational; if further,

and

Theorem. If

As both b and c are integers, it follows that b=c=l=β 
and consequently the coefficients of g(x) are integral.

The above may be expressed differently as follows:

it is seen that

Comparing the coefficients in

Let β be the divisor of g(x), so that b0 ∕β, b1 ∕β, ∙ ∙ ∙, 1∕β are 
integers without a common divisor other than unity. 
Write 1∕β = b, where b is an integer. Since f(x) is 
divisible by g(x) and sinceg(x) = βg1(x), where g1(x) is a 
primitive function, it follows tha f(x)∕g1(x) = χ(x), where 
(Art. 7) χ(x) is an integral function with integral 
coefficients. Let c be the coefficient of the highest 
power of x in χ(x).

PRELIMINARY NOTIONS 7

of the highest power of x is unity; further let g(x) be a 
divisor of f(x) where g(x) is also an integral function of x 
having unity as the coefficient of the highest power of x. 
We may show 1 that the other coefficients ofg(x) are also 
integers. For let
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A (x) = a0xm+a1xm-1+∙ ∙ ∙+am-1x+am

B(x) = b0xn+b1xn- 1+∙ ∙ ∙+bn-1x+bn

C(x) =c0xm+n Ac 1xm+n 1+ ∙ ∙ ∙ ÷cm+n

yn+a1yn-1+a0a2yn-2+∙ ∙ ∙+a0n-1an = 0,

F(x) =a0xn + a1xn-1+∙ ∙ ∙+an-1x + an = 0,

8 THE THEORY OF ALGEBRAIC NUMBERS

where r is a rational number; if further f(x) of the pre­
ceding is divisible by g(x), then from above r must be an 
integer. If however f(x) is divisible by x — r, then r is a 
root of f(x) = 0. It follows that if in f(x)=0, all the 
coefficients are integers and if the coefficient of the highest 
power of x is unity, then the rational roots must all be 
intear al.

We have thus a simple method of determining all the 
rational roots of the equation

where the a,s are integers. For multiply this equation 
by αβ^1 and then write a0x = y. We have

an equation in which the coefficient of the highest power 
of y is unity, the other coefficients being integers. To 
determine whether this equation has integral roots, write 
for y the integer r; then, since all the terms except the 
last has r as a factor, it follows also that a0n-1an must be 
divisible by r, if r is a root of the equation. From this it 
is seen that all the roots of the equation in y that are 
rational are integers that are divisors of a0n-1an. Since 
a0x = y, we have only to divide these roots by a0 to have 
the rational roots of the equation in x.

Fundamental Theorem. If all the coefficients of the
functions

and

are rational, and if all the coefficients of their product

are rational integers, then all the products aibk are rational 
integers. For, if a and b are the divisors of A(x) and 
B(x), the integer c being the divisor of C(x), it is evident
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PRELIMINARY NOTIONS 9

that aibk has the form aa'i ∙bbk = ca'ib'k, where ab = c and 
where a'i and b'k are integers due to the property of the 
divisors a and b. This theorem is also due to Gauss.

Art. 11. The irreducibility of certain special functions 
may be considered next.

Theorem. Let f(x) be an integral function whose 
coefficients are integers and let p be a prime integer. In 
f(x) suppose that the coefficient of the highest power of x is 
not divisible by p and suppose further that the constant 
term is not divisible by p2. The functionf(x) is irreducible, 
if all the other coefficients are divisible by p including the 
constant term.

Let
f(x) =a0+a1x + a2x2 + ∙ ∙ ∙ +anxn,

where a0, ai, + ∙ ∙ ∙ + an are integers such that an is not 
divisible by p while α0, βι, ∙ ∙ ∙, αn-ι are divisible by p, 
and further α0 is not divisible by p2.

Suppose that fix) is resolvable into factors, and write 
f(x) = (b0+b1x + b2x2+ ∙ ∙ ∙ +brxr)(c0+c1x+ ∙ ∙ ∙ +-c8x8),

where the coefficients are integral (Art. 8). Equating 
coefficients of the highest power of x, it is seen that

an = br∙cs and a0 = b0c0.
Since an is not divisible by p, it follows that neither br 
nor cs is divisible by p. From the second relation since 
a0 is divisible by p but not by p2, it follows that either b0 
or c0, but not both of these numbers, is divisible by p. 
Suppose then that c0 is divisible by p. We have at once 
the following congruence
f(x) ≡ anxn ≡ (b0+b 1x ÷ b2x2 -J-----

+brxr)(cix+c2x2+ ∙ ∙ ∙ +c8x8) (mod. p).
Hence b0c1≡O (mod. p) and since b0≢O (mod. p) it 

follows that c1≡0 (mod. p). The term c1x may conse­
quently be dropped from the above congruence. Con-
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10 THE THEORY OF ALGEBRAIC NUMBERS

tinuing this process it is seen that all the c’s would be 
divisible by p. But ca is not divisible by p.

We therefore meet with a contradiction when we 
assume that f(x) may be resolved into factors.

This theorem is usually ascribed 1 to Eisenstein, as it is 
proved by him in the paper “ Ueber die Irreduktibilitat,” 
etc. (Crelle, Bd. 39, p. 160). It is proved, however, by 
Schonemann (Crelle, Bd. 32, p. 100).

Art. 12. An interesting application of the preceding 
theorem is to prove that the function (xp-l)∕(x-1), p a 
prime integer, is irreducible. It may be noted that the 
division of a circle into p equal parts depends upon this 
fact. We have at once
(1) (xp — l)∕(x-1) = xp-1+ xp-2+ ∙ ∙ ∙ + x2 + x + 1∙
With Eisenstein (op. cit. p. 167) write x=1 + x, so that

xk = l+kz+k(k-1)∕2 !z2+ ∙ ∙ ∙ + kzk-1+zk.
Observing that

n(n+l) = ⅓ [n(n+l)(n+2) - (n - 1)n(n+l)],
(n - l)n = ⅓[(n-l)n(n+1) - (n - 2)(n-l)n],

1∙2 = ⅓(1 ∙2∙3-0∙1 ∙2),
it is seen that

n(n+l)+ (n-l)n+ ∙ ∙ ∙ +1 ∙2 = ⅓n(n + l)(n+2),
and similarly
n(n+l)(n+2)-+ ∙ ∙ ∙ +2∙3∙4 + l ∙2∙3

= ¼ n(n+l)(n+2)(n + 3),
etc. Function (1) becomes when equated to zero
p+p(p -1)∕2 !z+p(p -1)(p-2')∕3 !z2

+ ∙ ∙ ∙+pzp-2 + zp-1 = 0.
1 For example by Netto in his Algebra, p. 56; and by Koenigsberger, Crelle, 

Bd. 115, p. 53. See Report on Algebraic Numbers (p. 32) by Dickson, Mitchell, 
Vandiver, Wahlin. In the future this report will be referred to as the Report on 
Algebraic Numbers.
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PRELIMINARY NOTIONS 11

In this equation the coefficient of the highest power of z 
is unity and the constant term is divisible by p but not by 
p2, while all the other coefficients are divisible by p. It 
follows that (xp- l)∕(x-1) is irreducible.

Art. 13. Schönemann,s Theorem. The quotient

where p is a prime integer and n any integer, is irreducible. 
To prove this theorem write x= 1 + z and note the follow­
ing congruences:

(l+z)p≡ l+zp (mod. p),

or

where ϕ(z) and ψ(z) are integral functions of z with inte­
gral coefficients. These values substituted in the above 
quotient causes it to become

As the numerator is divisible by the denominator, the 
quotient may be written

it results that
(mod. p).

Equating like powers of z on either side of this congruence

Γo determine a0, write z = 0 and consequently x = l.
Since it follows that a0 = p.
Further writing
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12 THE THEORY OF ALGEBRAIC NUMBERS

it is seen that while (mod. p), all the other
a,s are ≡0 (mod. p). It follows that is not
divisible by p and since the constant term a0 is not 
divisible by p2, the given function is irreducible.

It may be noted that the division of a circle into pn 
equal parts depends upon the solution of the above 
equation.

Art. 14. The Algorithm of the Greatest Common 
Divisor. Let f(x) and f1(x) be integral functions with 
integral coefficients, the degree f(x) being greater than 
or equal to the degree of f1(x). Through division it is 
seen that

f1(x) = Q(x)f1(x)+R(x),

where Q(x) and R(x) are integral functions in x, whose 
coefficients are rational but in general not integral. 
The degree of R(x) is less than that off1(x). We may 
write Q(x)=q1(x)∣s, R(x) = f2(x)∕s, where s is an integer 
so chosen that the coefficients of bothq1(x) and f2(x) are 
integral.

The above equation is consequently

Eu
cl

id
’s 

sc
he

m
e

Li
be

r I
X,

 20

sf(x) =q1(x)f1(x) - f2(x), and similarly 
s1f1(x)= q2(x)f2(x) - f3(x),,

sr-2fr-2(x) =qr-1(x)fr-1(x) - fr(x), 
sr-1fr-1(x) = qr(x)fr(x)

Since the degree of fi+1(x) is less than that of fi(x), (ι = 2, 3, 
• ∙ ∙, r — 1) and as this degree can not be a negative integer, 
it follows that there must be a function frix) which is a 
divisor of sr-∖fr-ιix) as indicated. This function frix^) is 
an integral function with integral coefficients being of 
course an integer when its degree in x is zero.
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PRELIMINARY NOTIONS 13

Art. 15. Any of the polynomials f2(x), f3(x), ∙∙∙, 
fr(x) may be expressed as linear homogeneous functions 
of f(x) and f1(x); for note that

fλ = qλ-1fλ-1 - sλ-2fλ-2
where the functional sign is used to represent the function. 
Writing for 1fλ-1  its value, we have 
fλ = (qλ-1qλ-2 - sλ-2)fλ-2 - sλ-3qλ-1fλ-3

= [qλ-1qλ-2 qλ-3 - sλ-2qλ-3 - sλ-3qλ-1]fλ-3
[qλ-1qλ-2  - sλ-2]sλ-4fλ-4

= ψλ-1f1-ϕλ-1f.

fλ+2= qλ+1fλ+1 -sλfλ

fλ = ψλ-1f1-ϕλ-1f fλ+1= ψλf1-ϕλf

fλ+2 = [ψλqλ+1 - sλψλ-1]f1 - [ϕλqλ+1 - sλϕλ-]f

ψλ+1= qλ+1ψλ -  sλψλ-1
ϕλ+1 = qλ+1ϕλ -  sλϕλ-1

(i)

f1 = ψ0-f1-ϕ0f= 1 ∙f10∙f,
f2=ψ1f1-ϕ1f=q1f1-sf,

ψ0=l, ϕ0 = 0,
ψ1=q1, ϕ1 = s,
ψ2 = q1q2-s1, ϕ2 = sq2,
ψ3 = q1q2q3 - s2q1 - s1q3, ϕ3 = sq2q3-ss2,

1 See Netto, Algebra, p. 65.

To determine 1 the recursion-formulas for ψλ-1 and ϕλ-1 
we note that

In this formula write

It follows that

and consequently

Further since

it is seen that
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14 THE THEORY OF ALGEBRAIC NUMBERS

Art. 16. If we eliminate qλ from the formulas
ψλ = qλψλ-1 - sλ-1 ψλ-2,
Φλ = qλϕλ-1 - sλ-1 ϕλ-2,

we have
ϕλψλ-1 - ψλϕλ-1 = sλ-1[ϕλ-1 ψλ-2 - ψλ-1ϕλ-2]

And since ϕιϕo~ψιϕo = s, it follows that
Φλψλ-l~ ψλϕλ-1 = sλ-1sλ-2∙ ∙ ∙s1s,

or

From the relation
f1ψλ-fϕλ=fλ+1,

we have
f1/f = ϕλ∕ψλ+fλ+1∕fψλ∙

If we put λ = r, then since fr-1= 0, it follows that
f1/f = s/ψ0ψ1+ss1/ψ1ψ2+ ∙ ∙ ∙ +ss1∙ ∙ ∙ sr-1∕ψr-1ψr∙

∙∙∙, [fr]= n-nr, where 0≦n1<n2<n3∙ ∙ ∙ <nr≦n. It
follows at once from the formulas of Art. 14 that
[g1] = n1, [g2] = n2-n1 ∙∙∙,

[qλ] = nλ-nλ-1 ∙ ∙ ∙, [qr] = nr-nr-1 ,
and from Art. 15 that
[ψ1] = n1, [ψ2] = n2, ∙∙∙, [ψλ] = nλ, ∙∙∙, [ψr] = nr-1,∙
[ϕ1] =  0, [ϕ2] = n2-n1, ∙ ∙ ∙,

[ϕλ] = nλ-n1 ∙ ∙ ∙, [ϕr-1] = nr-1-n1

Art. 17. It is important to determine the degrees of 
the functions ψi(x) and ϕ1(x) (i = l, 2, ∙∙∙, r - 1). Let 
the degrees of f(x) and f1(x) be respectively n and n-n1
where Denoting the degree of any function g(x)
by [g] have [f] = n, [f1]= n-n1 ∙ ∙ ∙, [fλ] = n-nλ,
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nr-1<nr ≦n, nr-1-n1 ≦n-n1-1.so that

PRELIMINARY NOTIONS 15

From above it was seen that

We may therefore assert: If the function fr(x) is the 
greatest common divisor of the two functions f(x) and f1(x) 
we may always determine two functions ψr-1(x) and ϕr-1(x) 
such that

f1(x)ψr-1(x) ~f(x)ϕr-1(x) =fr{x),
where the degree of ψr-1(x) is at most n - 1 and that of 
ϕr-1(x) is at most n - n1-1.

Art. 18. Lagrange’s Interpolation 1 Formula. Suppose 
that ∕(z) is an integral function of the nth degree with 
rational coefficients. If for n +1 different values ascribed 
to the variable, say x0, x1, ∙ ∙ ∙, xn the n + 1 values of 
the function f(x0), f(x1), ∙ ∙ ∙, are known, then f(x)
may be completely determined. For write 
 fi(x) =f(xi)

(x-x0)(x-x1) ∙ ∙ ∙ (x-xn)= ϕ(x)

and note that fi(x) is equal to f(xi) for x = xi and is zero 
for the other n ascribed values of x. For brevity, put

We then have

Further write

It is seen thatf(x) is identical with F(x), since two
1 Lagrange’s Oeuvres, T. 7, p. 285; see also Hermite, “ Sur l’interpolation,” 

Comp. Rendus, 1859, T. 48, p. 62. The word is used by Wallis, Arithmetica 
Infinitorum, Oxford, 1655.
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16 THE THEORY OF ALGEBRAIC NUMBERS

functions of the nth degree which are equal for n + 1 
values of the variable are identically equal.

Art. 19. The Resultant. Let
f(x)=a0xm+a1xm-1 +∙∙∙+∖-am-1x+am

= a0(x - α1) (x - α2) ∙∙∙ (x - αm)
g(x) =b0xn + b1xn-1 +∙∙∙+bn-1x+bn

= b0(x -β1)(x -β2)∙∙∙(x -βn)
be two integral functions in x with rational coefficients. 
It is required to find the condition that the two functions 
have a common divisor. As this divisor must be at 
least of the first degree in x, we must derive the condition 
that the two equations

f(x) = 0 g(x)=0and
have at least one common root.

It follows that one of the quantities a must equal one 
of the quantities β and consequently also that

0= Rf,,g
where we define Rf,,g as the product of the following 
m∙n differences of roots:

Rf,,g = a0nb0m(α1- β1)(α1- β2) ∙∙∙ (α1- βn)
(α2- β1)(α2- β2) ∙∙∙ (α2- βn)

(αm- β1)(αm- β2) '∙∙∙ (αm- βn)
= a0ng(α1)g(α2) ∙∙∙ g(αm)
= (-l)m∙nb0mf (β1)f (β2)∙∙∙f (βn).

The expression Rf,,g is called the resultant of the two 
functions f(x) and g(x) and its vanishing is the condition 
that the two functions have a common factor.

Art. 20. The resultant may be expressed as an 
integral function of the coefficients off(x) and g(x) in 
determinantive form as follows:
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PRELIMINARY NOTIONS 17

Form n identical equations by multiplying the expression
a0xm + a1xm-1+∙ ∙ ∙+am-1x+am-f(x)≡0

respectively by xn-1, xn-2, ∙ ∙ ∙, x, 1; and then form m 
other equations by multiplying

b0xn + b1xn-1+∙ ∙ ∙+bn-1x+bn=0
respectively by xm-1, xm-2, ∙∙∙,x, 1. The m+n equa­
tions as shown on insert facing this page, thus present 
themselves.

These m+n equations are satisfied by the values x = β1,
x = βn∙ If then we write t=f(x), it is seen

that the determinant
a0, a1, a2, am-2, am-1, am-t , 0 0, 0, 0, 0
0, a0, a1,
0, 0, a0,,

b0, b1, b2,
a0, a1, 0, dam-1, am-t

am-4,am-3, am-2, am-1, am-t , 0
am-3, am-2, am-1, am-t , 00, 0, 0

0, 0

bn-1, bn, 0,
bn-2,n-1, bn,0, b0, b1, 

0, 0, 0,
0, 0, 0,

b0,
0,

b1 b2,
b0,, b1,

bn, ∩
bn

is a function of the nth degree in t, whose roots are
tl= f(β1), t2=f(β2), tn = f(βn)∙

The product of the roots in this equation is equal to the 
constant term divided by the coefficient of tn. The 
coefficient of ( -t)n is ( - 1)m∙nb0m, while the constant 
term is D, where

D =

a0, a1, a2,
0, a0, a1,,
0, 0, a0,

am-, 0, 0, 0, 0
0
00,

0,am-1, am 0,
am-2, am-1, am

0, 0, 0,
b0, b1, b2,,
0, b0, b1, 

a0 a1, a2,,
bn-1, bn,
bn-2, bn-1, bn

0, 0, 0, 0, 0
0, 0

0,
0, 0, 0,

0, 0, 0,
0, 0, 0,

b1, b2,
b0, b1,

b3,
b2,

b1
b3.

bn, 0

bn-1 bn
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or
D = (- 1)mn b0mf(β1)f(β2) ∙ ∙ ∙f(βn) = Rf,g

= a0ng(α1)g(α2)∙ ∙ ∙g(am).
Art. 21. In the determinant D multiply the first 

column by χm+n-1, the second by xm+n-2, the third by 
xm+n-3, ∙ ∙ ∙, the next to last by x, and add all these 
columns thus multiplied to the last column. If the deter­
minant is then developed with respect to the elements of 
this last column, it is seen that

D = Rf,g =f(x)G(x) + g(x)F(x),

 f(x) =a0xm+a1xm-1+∙∙∙+-am-1x+am
= a0(x-α1)(x-α2) ∙ ∙ ∙(x-am)

g(x) =f'(x),

Rf,f =a0m-1f'(α1)f'(α2)∙ ∙ ∙f'(αm)
If we put

then from Art. 19 (since here n = m-1)

Art. 22. The Discriminant. If we write

where F(x) and G(x) are definite integral functions in x, 
the degree of F(x) being equal to or less than m - 1, while 
the degree of G(x) is at most n - 1. Note that f(x) and 
g(x) had a common factor, then this factor must be a 
divisor of D. And hence, D being a constant, must be 
zero, when f(x) and g(x) contain a function of x as a 
divisor. See also Lagrange’s Addition to Euler's Alge­
bra, Sect. 4.

18 THE THEORY OF ALGEBRAIC NUMBERS

It follows that
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and write

PRELIMINARY NOTIONS 19

it follows that

Now if Rf, f' = 0. then is
∆(α1, α2, ∙ ∙ ∙, αm) =0,

which is the condition that f(x) and f'(x) have a common 
root, and that is, that f(x) have a multiple root. The 
quantity ∆(α1, α2, ∙ ∙ ∙, αm) is called the discriminant of 
/f(x)·

We also have as in Art. 21
∆(α1, α2, ∙ ∙ ∙, αm) =f(x)Φ(x) +f'(x)Ψ(x),

where the degree of Φ(x) is at most m - 2, while the degree 
of Ψ(x) is at most m - 1.

Art. 23. An Interesting Expression for Δ. Consider
the sum of terms
S = α0kϕ'(α1)ϕ'(α2) ∙ ∙ ∙ϕ'(αm) + α1kϕ'(α0)ϕ'(α2) ∙ ∙ ∙ ϕ'(αm) 

+ ∙ ∙ ∙ + αmkϕ'(α0)ϕ'(α1) ∙ ∙ ∙ϕ'((αm-1),
where ϕ(x) is defined in the preceding article, and note 
that ϕ'(α0) is divisible by α0-α1 as is also ϕ(α1). It is 
further seen that all the terms in >S are divisible by 
(α0-α1)2 except the first two and these two terms may 
be written
(α0-α1)ϕ'(α2)ϕ'(α3) ∙ ∙ ∙ϕ'(am)[α1kα0-α1) ∙ ∙ ∙(α0- am)

— α0k(α0-α1)∙ ∙ ∙(α1- am)
The quantity within the brackets vanishes for (α1 = α0 
and is therefore divisible by α0- α1 and consequently
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$ is divisible by (α0-α1)2. Similarly it may be shown 
that β is divisible by

20 THE THEORY OF ALGEBRAIC NUMBERS

Since the dimension of S in the quantities α0, α1,∙∙∙, αm 
is m2 + k while that of Δ is m2 +∖m, it follows, since S is 
divisible by Δ, that S = 0 for k = 0, 1, ∙ ∙ ∙, m - 1, and 
consequently S∕Δ = 0 for these values of k. On the other 
hand S∕Δ = constant for k = m. If then we write S = Δ∙C 
and equate like powers α0m2+n, it is seen that C = 1 and that

S = Δ.
Art. 24. The Fundamental Theorem. In the theory 

of rational integers, the fundamental theorem is that 
every integer admits factorization into its prime factors 
in only one way. The proof of this theorem depends 
upon the Euclid Algorithm. This algorithm for the 
determination of the greatest common divisor of two 
integral functions of x was given in Art. 14.

For two positive integers a and b a similar method is 
as follows (Euclid, Liber VII, 2): We may take b less 
than a. If q is the quotient of the division of a by b, 
and if r is the remainder, we may write

a = bq + r,
and similarly,

b = rq1+r1,
r = rlq2+r2,

rn-2= rn-1qn+rn
Since r>r1>r2> ∙ ∙ ∙ >rn, the r's being positive integers, 
we finally reach a remainder rn which is either unity or 
zero.
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If rn = 1, the two integers a and b are relatively prime 
and by proceeding as in Art. 15, two integers m and n 
may be found such that

ma + nb = 1.
If rn = 0 and rn-1>l, it is seen that rn-2 is divisible by 
 rn-1 as are also rn-3, rn-4, ∙ ∙ ∙,r,b, a. In this case rn-1 = d 
is the greatest common divisor of a and b and as seen in 
Art. 15 two integers k and I may be found such that

ka+lb = d.
The greatest common divisor d of two integers a and b 
may be written (a, b) = d, and in particular, if a and b 
are relatively prime, (a, b)= 1.

Corollary. If (a, b) = 1 and if c is any third integer, 
then every common divisor of ca and b is a common 
divisor of c and b.

This is evident if the equations above are each multi­
plied by c, thus giving

ac = bcq+rc,
bc = rcq1 + r1C,
rc = r1cq2+r2c,

rn-2c = rn-1cqn+rnc,

rn = 1.
where

It is evident that any divisor of ac and b in the first of 
the above equations also divides rc, and is also a divisor 
of r1c in the second equation, as it is of r2c, ∙ ∙ ∙, rn-1c, 
rnc = c. This is also seen from the fact that since (a, b') = 1 
we may write ma+nb = 1 or mac+nbc = c. Hence, every 
divisor of ac and b on the left hand side is a divisor of c 
on the right hand side.

PRELIMINARY NOTIONS 21

www.rcin.org.pl



22 THE THEORY OF ALGEBRAIC NUMBERS

It follows that if (a, c) = 1 and (b, c) = 1, then (ab, c) = 1; 
and if (ab, p)=p, then either (a, p)=p, or (b, p)=p. 
From this it follows that: A positive integer a may be 
decomposed into its positive prime factors in only one way. 
And this is the fundamental theorem.

For, if

where the p’s and q’s are prime integers, the h’s and k’s 
being positive integers, then from the theorem just 
proved, one of the p’s on one side must equal to one 
of the q’s on the other side, and vice versa.

Art. 25. If a1, a2, ∙ ∙ ∙, an are n positive integers and if 
aij is the greatest common divisor of ai and aj, and if 
further dv is the greatest common divisor of all products of 
every v of these numbers (v = 1, 2, ∙ ∙ ∙, n - 1), then is

(1)

For let p be a prime number that enters αl∙ to the ki 
power and arrange the numbers αb α2, ∙ ∙ ∙, an so that 
ki≦k2≦ks≦ ∙∙∙ ≦kn ; then p appears in ai,j to the k1 
power and consequently in the product ∏αl∙,j∙ to the 
power (n -l)k1 + (n-2)k2 + ∙ ∙ ∙ +1 ∙kn-1∙ On the other 
hand p appears in dl to the ki power, in d2 to the (k1+k2) 
power, in d3 to the (k1+ k2+k3) power, in dn-1 to the 
(k1+ k2+ ∙ ∙ ∙ +kn-1) power. It follows that p appears to 
the same power on either side of the formula (1) with 
which the correctness of the theorem is established. It 
is seen in Art. 127 that the analogous theorem is true for 
moduls.

Art. 26. A Fundamental Theorem in Linear Forms.
A homogeneous linear form in n variables is an expression

f = a1x1+a2x2+∙∙∙ + anxn,
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in which the a's are constant coefficients and the x's are 
variables.

If there are n such linear forms
fi=ai1x1 + ai2x2 +∙∙∙+ ainxn (i =1,2, ∙ ∙ ∙, n),

the determinant of the n2 coefficients of these forms
Δ = (a11, a22, ∙∙∙ , ann )

is called the determinant of the n forms.
The Minkowski 1 Theorem. Iffi∙ =ai1x1 + ai2x2 +∙∙∙+

+ ainxn i =1,2, ∙ ∙ ∙, n), are n homogeneous linear forms 
with real coefficients and with determinant +1, it is always 
possible to determine n rational integers for x1 to xn in such 
a wau that

|f1|≦1 , |f2|≦1 |fn|≦1.
The following proof due to Hilbert (1890-1891) is 

given for the case n = 3, and then it is not difficult to pass 
to the general proof.

The proof is presented in three parts:
lo. Let the normal form of three forms f1 f2, f3 be 

defined by

where h1 and h2 are rational integers and c1, i2 are arbi­
trary real quantities. Note that ∆ = 1. The integers 
h1, h2 may be taken positive, as the integers x1 and x2 
are susceptible of either positive or negative integral 
rational values. Now write for x1 any one of the integers

0, ±1, ±2, ∙ ∙ ∙, when h1 is an even integer, and

0, ±1, ±2, ∙ ∙ ∙, when h1 is odd; simi­

larly write for x2 any of the integers 0, ±1, ∙ ∙ ∙,
1 Geomelrie der Zahlen, p. 104.
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f1≦½

f2≦½

The integer hih2 may be marked off on a straight line

when h2 is even, and 0, ±1, ∙ ∙ ∙, when

24 THE THEORY OF ALGEBRAIC NUMBERS

h2 is odd. We thus have (h1 + l)(h2+l) combinations of

values of x1 and x2 for which or and at

the same time or Corresponding to each

of these N= (h1 + l)(h2+l) combinations of values of 
x1, x2, we may so choose x3 as a rational integer that

has a value situated between 0 and h1h2∙, for we have

only to give x3 an integral value such that

is situated between 0 and 1.

consisting of hlh2 in­
tervals oι unit length. As there are N= (h1 + l)(h2+l)
combinations of values of x1, x2, it is seen that for these 
combinations there is more than one value of f3 that 
must fall within at least one of the intervals. Suppose 
then that x1 = a1, x2 = a2, x3 = a3, and x1 = b1, x2 = b2, x3 = b3 
are two of the above combinations of values of xi, x2 
that cause f3 to fall within one and the same interval 
and denote the corresponding values of f3 by f'3 and f'3 
so thatf'3 =c1al + c2a2 + h1h2a3 and f''3 = c1bl + c2b2 + h1h2b3. 
Since f'3 and f''3 fall within a unit interval, it is seen that

|f'3-f''3| ≦1,
and that is

|c1(a1-b1)+c2(a2-b2)+h1h2(a3-b3)|  ≦1,
where (a3-b3 is an integer, while a1-b1, aa2-b2 are integral 
values of x1, x2 that are found among the N combinations 
of values initially allotted to x1, x2 so that |a1-b1| ≦h1,
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a11 a12 a13
a21 a22, a23
a23 a32, a23

tions (i), (ii), (iii), and (iv) are satisfied by other forms 
which differ from the form (1) by quantities arbitrarily 
small. Note that the minor of at least one of the 
quantities αx3, «23, «33 in the determinant

It is evident that (ii) cannot be satisfied if a11, a12, a13 
have a greatest common divisor which is not of the form

However, we may show as follows that the condi-

(i)

(ii)

(iii)
(iv)

a11l11 + a12l22  +a13l32 = 0,
a11l13 + a12l23  +a13l33 = 0,

(l11, l22, l33) = 1,

become where hl is a rational integer, it is necessary

that

From equation (T) it is seen that the y,s have integral 
values, if the x,s are integral, and vice versa.

In order that the unit transformation (T)cause f1 to

in which the Vs are integers may be used to transform 
the f’s into the normal form above. The determinant 
of this transformation, namely (a11, a22, a33)(l11, l22, l33) 
must be unity; and that is (l11, l22, l33) must be unity.

xi=li1y1 + li2y2 + li3y3(T)

be three linear forms with arbitrary real coefficients and 
determinant ∆ = l. The transformation

(i=l,2, 3)fi=ai1x1 + ai2x2 + ai3x3(1)
2o. Next let

|a2-b2| ≦h2 And these values make |f1|≦1 and |f2|≦1

25PRELIMINARY NOTIONS
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26 THE THEORY OF ALGEBRAIC NUMBERS

a11 - ϵ11, a12 - ϵ12, a13 - ϵ13
a21 - ϵ21, a22 - ϵ22, a23 - ϵ23
a31- ϵ31, a32- ϵ32, a33 - ϵ33

= 1.

f1= a11x2 + a12x2+ a23x3

may be made <δ.

Suppose next that the coefficients of the function

Multiply the numerators and denominators of these 
quantities by a sufficiently high power of H = h11h12h13

which were hitherto real be varied by quantities less 
than  ϵ and at the same time are made rational numbers 
of the form

By choosing e sufficiently small, it is evident that

must be different from zero. Let this be a11a22, - a21a12, 
the minor of a33,’ and let δ be a positive quantity that is 
arbitrarily small. Then it is always possible to find a 
quantity ϵ<δ, such that when the coefficients a11, a12, 
∙∙∙, a32 are varied by quantities ϵ11, ϵ22, ∙ ∙ ∙, ϵ32 which 
are all less than ϵ, the coefficient a33 need also be varied 
by a quantity ϵ33 which is less than δ, in order that the 
determinant of the corresponding forms be = 1: that is

Noting that the determinant (a11 a22, «a33) = 1, if we put 
each of the quantities ϵ11, ϵ22, ∙ ∙ ∙, ϵ32, equal to e, excepting 
c33 and expand the determinant, it is seen that

ϵ33 [ A1 + ϵA2] + ϵB1 + ϵ2B2 = 0,
where A1 A2, B1 , B2 are functions of the coefficients 
a11 . ∙ ∙ ∙. a33. and A1≠0.

It follows that
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and replace a11, a12, a13 in the form f1 by

where these expressions differ from an, cq2, ct13 by quan­
tities less than e.

Since H11, H12, H13 can have no divisor other than 
unity, we may apply the transformation (T) to the form

and determine the coefficients I of the transformation 
so that

H11l11 +H12l21 + H13l31 = 1,
H11l12 +H12l22 + H13l32 = 0
H11l13 +H12l23 + H13l33 = 0.

(iia)
(iiia)
(iυa)

(υ)
H11= t(l22l33 -l23l32)
H12 = t(l32l13 - l12l33),
H13 = t(l12l23 —-l13l22),

For, from (Hid) and (ivd) it is seen that

t being the factor of proportionality.
It follows that

Since 1 is the greatest common divisor of H11, H12 
and H13, integers m, n and k may be found such that 

mH11 + n H12 + kH13 giving where g is a rational

integer. Writing this value of t in (v), it is seen that the 
differences l22l33 — l23l32, ∙∙∙, must each be divisible by g. 
After this division the resulting integers must be rela­
tively prime since this is true of H11 , H12 , H13. Had the 
differences  l22l33 — l23l32, ∙∙∙, been chosen relatively prime 
initially, it is seen that t = l. Suppose that this has
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Since the integers H22 and H23 are relatively prime, 
equation (iib) may be satisfied by integral values of m22 
and m32,' and by writing m33 = H22 and m23 =- H23 it is

(ib)
(iib)

(iiib)

H21+-H 22m21+ H 23m31, = 0,
H 22m22 +  H 23m32 = 1,
H 22m23 +  H 23m33 = 0.

with determinant m22m33-m32m23 = +1, where the inte­
gers m satisfv the conditions

y1 = z1
y2 = m21z1+m22z2+m23z3
y3 = m31z1  + m32z2-+-m33z3

where the integers H22, H23 have no common divisor 
save unity and where h2 and H21 are rational integers.

To the formsf'1, φ'2, f'3 apply a new transformation:

f'2 = b21y1, + b22y2 + b23y3,
f'3=b31y1, + b32y2 + b33y3,

(2)

where the b,s are real quantities.
Next determine a positive quantity ϵ1 such that by a 

variation of b21, b22, b23 by quantities less than ϵ1, the 
corresponding variations of the original coefficients a21, 
a22, a23 shall be ≦ϵ.

Then vary the quantities b21, b22, b23 by quantities less 
than ϵ1 so that f'2 takes the form

28 THE THEORY OF ALGEBRAIC NUMBERS

been done and determine values l11, l21, l31, which satisfy 
(iia). If in the resulting form the values of H11, H12, H13 
from (v) are written, it is seen that (l11, l22, l33) = 1.

The transformation (T) has thus offered the three new 
forms
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φ3'' = c31z1 + c32z2 + c33z3 

for values of wi which lie between -1 and +1. with 
respect to xi (i = l, 2, 3). The values of xi thus derived 
are all in absolute value less than a finite quantity G, say. 
Since, however, there are only a finite number of integral 
rational numbers whose absolute values are less than G, 
there are only a finite number of systems of integral 
values of x1, x2, x3, for which | φ1 | < 1, | φ2 | < 1, | φ3 | < 1,

φi =wi (i = l, 2, 3)

fi =ai1x1 + ai2x2  + ai3x3 (i=l, 2, 3).

(i = l,2, 3),(11) φi = (ai1 - ϵi1)x1 +  (ai2 - ϵi2)x2  +  (ai3 - ϵi3)x3

(I)
This may be done as follows:

Solve the equations

3o. We have finally only to prove that if the theorem 
is true for the forms

Since the determinant of these three forms is +1, it is 
seen that C33 = h1h2. We thus have the normal form in 
which the Minkowski Theorem was proved to be true; 
that is, there are integral values of z1, z2, z3 which cause 
each of the forms just written to be less than unity. 
And by expressing the x,s in terms of the values of the 
z,s it is seen that the same is true of the three linear 
forms (1), where in these linear forms the coefficients 
have been varied by quantities less than ϵ.

seen that (iiib) is satisfied as is also the determinant of 
the substitution. The transformation (T') offers the 
three new forms
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it is also true of the forms
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|f1|  ≦ w1, |f2|  ≦ w2, |f3|  ≦ w3,
simultaneously exist.

are three linear forms with real coefficients and with the 
positive determinant Δ; and if further w1, w2, w3 are three 
positive quantities whose product w1∙w2-w3 = Δ, but which 
otherwise are quite arbitrary, then it is possible to determine 
three rational integers x1, x2, x3 for which the three in­
equalities

fi =ai1x1 + ai2x2  + ai3x3 (i=1,2, 3)
IfTheorem II.

x1, x2, x3.

and therefore also 3GM ≧λ, where M is the largest abso­
lute value of any ϵ. But since M<δ, this contradicts the 
value assumed for δ above, as well as the assumption 
that λ is positive for all the system of integral values of

It follows that

or

while

It was seen that a system of integral values of x, say 
ξ1, ξ2, ξ3, whose absolute values are less than G, cause 
|φk| to be less than unity, that is

Suppose that for none of these systems the inequalities 
∖|fi|≦ 1 (i = l, 2, 3) exists, but that, for one of the forms/, 
say, ∖|fk| = 1 +λ, where λ is a positive quantity for all such 
systems of values.

30 THE THEORY OF ALGEBRAIC NUMBERS

Now so choose our δ as defined above that
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The correctness of this theorem follows directly from 
the first theorem. We need only write

Art. 27. The following is an ingenious proof of the 
Minkowski Theorem due to Hurwitz, Gott. Nachrichten 
Math. Phys. Kl., 1897. See also note by Humbert in the 
Appendix of the Translation of Hilbert’s Die Theorie der 
algebraischen Zahlkbrper, by A. Levy and Th. Got.

As the process of the proof is the same for any number 
of variables, this number will be limited to three as in the 
preceding articles.

have real coefficients with determinant +1, we may always 
give to c1 c2, c3 real values which are situated between +1 
and - 1, in such a way that x1, x2, x3 are rational integers.

Note in this connection that if Δ is a determinant of 
the nth order, its reciprocal determinant ∆' = ∆n-1, so 
that if Δ = +1, then also Δ' = +1. The proof given above 
is a variation of the one found in Sommer, Vorlesungen 
uber Zahlentheorie, p. 64, where a reference is made to 
Hilbert.

xi∙ = Ai1c1+Ai2c2+Ai3c3 (i=l, 2, 3)
Theorem III. If the three linear forms

f1=w1φ1, f2 = w2φ2, f3=w3φ3,
from which it follows that φ1, φ2, φ3 are three real forms 
with determinant = +1.

It follows from the first theorem that integral values 
may be given to x1, x2, x3 such that

|φ1|  ≦ 1 |φ2|  ≦ 1 |φ3|  ≦ 1
and consequently also

|f1|  ≦ w1, |f2|  ≦ w2, |f3|  ≦ w3,
Further, if the three equations fi = ci∙ [i=l, 2, 3] be 

solved for xγ, x2, z3, we have the theorem:
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a substitution whose determinant is +1.
This substitution is denoted briefly by (z; z+λx). 

Observe, however, that the variables on the right hand 
side are not the same as those on the left, although for 
convenience in notation they are written alike.

By this substitution the coefficient of x Decomes 
αi+λc1, and by a proper choice of λ, this coefficient, a'l 
say, may be made to be >0 and ≦ |c1|, while the coeffi­
cients of y and of z remain unchanged.

Next make the substitution (x; x+vz), and choose v 
so as to render the coefficient c'1, say, of z positive and ≦ |a'1|. By continuing this process the coefficient of z

x||x, y||y, z || z+λx,

the coefficient cb say, is in absolute value as small or 
smaller than ai and b1, we may make the substitution

f1 = a1x+b1y+c1z

in the case of n forms in n variables). The proof bv
|fi|≡∙∛Δis the same as to say that for these values

(i=l,2, 3)

Hurwitz is divided into four parts.
First Part. Suppose that the coefficients of the ∕l∙ are 

all integers.
If in the form

If the coefficients ai, bi. ci (i = 1, 2, 3) are each divided

minant =+1. To say, then, that for x, y, z integral 
values different from zero may be determined such that

there are three forms, say Γi=l, 2, 3Ί with deter-
by ∛Δ the determinant becomes +1. Thus in all cases

with determinant Δ, which as above may be taken posi­
tive.

fi(x) =aix+biy+ciz (t = l, 2, 3)
Let the three linear forms be

32 THE THEORY OF ALGEBRAIC NUMBERS
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and note that, since all substitutions have had as deter­
minant + 1, the new variables are integers if the old 
were, and vice versa.

Second Part. Two linear homogeneous functions 
Φ1(x, y, z) and Φ2(x, y, z) with integral coefficients are

F1(x) = Ax
F2(x) = bx+By
F3(x) =c1x+c2y+Cz

A>0,
B>0,
C>0,

0≤b<B,
0≤c1<C, 0≤c2<Cj

Since all the substitutions made have had +1 as 
determinant, the determinant of the three forms F1(x), 
F2(x), f(x), and that is ABC, is equal to Δ. Hence C 
is positive.

Further, in the form f3(x), make the substitutions 
(z; z+λx) and (z; z+μy) and thereby render the coeffi­
cients, say c1 and c2 of x and y, respectively, positive and 
less than C, the form f3(x) now being F3(x) = c1x + c2y +Cz.

Observe finally that the original system of forms 
fi(x) (i = l, 2, 3) have become

Due to these substitutions the form f3(x) is, say,
F2(x) = bx+By.

may be caused to vanish, then by a series of similar 
substitutions (y; y+μy) we may cause the coefficient of 
y to vanish. Due to these substitutions f1(x) has be­
come, say, F1(x) = Ax, where A is positive.

PRELIMINARY NOTIONS 33

The above substitutions have caused the form f2(x)
to become, say, Leaving x unchanged we
may operate with successive substitutions upon y and z, 
and cause the coefficient of z to vanish, the form f∕2(x) 
becoming b,x+By where B>0.

Finally making the substitution (y; y+μy), we may 
make the resulting coefficient b of x positive and <B, 
the form thereby becoming
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Φ1(x, y, z)-Φ2(x, y, z) =λ1F1+λ2F2+λ3F3,

Since the coefficient of x in such a function lies between 
0 (inclusive) and A (exclusive), while that of y is between 
0 (inclusive) and B (exclusive), and that of z is between 0 
(inclusive) and C (exclusive), it is evident that there are 
ABC( = Δ) such reduced forms, say Ψ1 Ψ2, ∙∙∙, Ψδ. 
And every linear form with integral coefficients is con­
gruent (modd. F1, F2, F3) to one of these forms.

Thus it is seen that there are Δ forms and only Δ 
forms that are incongruent (modd. F1, F2, F3), and 
among them is the form in which all three coefficients 
are zero. It is clear that there are the same number of 
incongruent forms (modd. f1, f2, f3); for two incongruent 
forms (modd. f1, f2, f3) remain incongruent when they are 
operated upon by substitutions of determinant ±1.

Next let r be a positive integer such that r3 ≦Δ < (r +1)3 
and consider the forms g(x) = l1x + l2y + l3z, where l1, l2, l3

the integers A1 B1 C1 being fixed. In this Ψ-function 
choose λ3 so that C1+λ3C be positive and <C; and 
similarly by suitable selections of λ1 and λ2 cause the 
coefficients of x and y to be positive and respectively less 
than A and B.

Such a function Ψ is said to be reduced (modd. F1 F2,
F3).

Φ = A1x + B1y + C1z,

Ψ =Φ+λ1F1+λ2F2+λ3F3,,
where

where λ1 λ2, λ3 are any rational integers. The function 
Φ being a fixed linear form with integral coefficients, all 
functions Φ+λ1F1+λ2F2+λ3F3, the λ's being variable 
integers, are congruent (modd. Fi, F2, F3).

Consider the function
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said to be congruent with respect to F1(x), B2(x), and 
F3(xy=) as moduli, if
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r≦∆⅓,

|gi(x)| ∣ ≤S∆⅓,
IΛ(z) I =∆⅛.

are real quantities. As in Art. 26 it is seen that by 
varying all of these coefficients by quantities less than δ,

(i=l, 2, 3)fi(x) =aix+biy+ciz

3

where all the coefficients of gi(x) are integers.
Observe that the determinant of gi(x) [i= 1, 2, 3] is 

∆S3. The theorem being true of forms with integral 
coefficients, it is possible to find for x, y, z rational integral
values that are not all zero, such that and
for these values of x, y, z it is also true that

Suppose finally that the coefficients ai, 
bi, ci of the forms

Third Part. The theorem is also true if the coefficients 
of fi(x) [i= 1, 2, 3] are any fractions. For if S is the least 
common denominator of all these fractions, we may write

Since the Theorem of Minkowski is proved for
(i = l, 2, 3).|t'1|≦r

the forms fi∙(x) [i= 1, 2, 3], whose coefficients are rational 
integers.

where

a1λ1 + a2λ2 + a3λ3 =t'1,
b1λ1 + b2λ2 + b3λ3 =t'2,,
c1λ1 + c2λ2 + c3λ3 =t'3,,

may take any of the values 0, 1, 2, ∙ ∙ ∙, r. It is evident 
that there are (r+l)3 such forms. It is also clear that 
at least two of these functions, say g1(x) and g2(x) must 
be congruent (modd. f1, f2, f3). And that is,
λ1(a1x+b1y+c1z) +λ2(a2x+b2y+c2z) +λ3(a3x+b3y+c3z)

= g1(x)-g2(x) =t'1x+t'2y+t'3z.
Further note that t'1, t'2, and t'3 are not all zero, since 

g1(x) and g2(x) are two distinct functions.
It follows that

Fourth Part.
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Minkowski’s proof of the theorem for forms in n 
variables is found in Vol. II, Chapter 8 of the present 
treatise.

|fi(x)| ≤∆⅓ (i=1, 2,3).

 Ai∙, Bi, Ci being rational numbers.
From the third part above integral values may be 

assigned to x, y, z such that |φi(x)| ≤∆⅓ (x = 1, 2, 3).
For such a system of values it follows also (Art. 26) that

 φi(x) = Aix+Biy + Ciz (i=1, 2, 3),

where δ is an arbitrarily small positive quantity, the 
functions fi(x) become the forms φi(x) with determinant 
Δ where

36 THE THEORY OF ALGEBRAIC NUMBERS
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CHAPTER II

THE GENERAL NOTION OF REALMS 
OF RATIONALITY

Art. 28. In Art. 2 it was seen that all integers 
constituted a realm. These integers may be called 
elements of the realm and the realm may be called a 
realm of integrity.1 It is evident that the operations of 
addition, subtraction and multiplication performed with 
integers upon integers give integers belonging to the 
realm in question. Hilbert2 calls such a realm of 
integrity a Zahlring or Ring.

1 See Kronecker, Grundzuge, etc., p. 14. We shall denote this paper by 
the word Kronecker.

2 Hilbert, Jahresbericht der deutschen math. Vereinigung, Vol. IV, p. 237. 
We shall refer to it as Hilbert, Bericht.

There exists a realm which is constituted solely of the 
number “ zero.” This realm we shall once for all exclude.

Take a quantity a which is different from zero. It is 
seen that all quantities that are had through rational 
operations upon a constitute a realm (see Abel, Vol. II, p. 
220). Such a realm was called a realm of rationality by 
Kronecker. In the word “realm” we must avoid any 
notion of space (Kronecker, Vol. II, p. 249). This 
realm of rationality, or realm as we shall usually denote 
it for brevity, was called a body of numbers (Kδrper 
von Zahlen, or Zahlkörper by Dedekind; see p. 435 of 
Dirichlet’s Zahlentheorie, 4th Edition). Denote the realm 
formed by rational operations upon a by R(a). It is 
sometimes denoted by R(a). It is evident that the

quantity appears in this realm and consequently

37
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also all integral or fractional numbers are found in the 
realm R(a). The realm R(a) consisting only of rational 
functions of a is closed in itself.

The collectivity or totality of all rational numbers 
form for themselves a realm. This realm Kronecker 
(Grundzüge, p. 8) called the absolute realm of rationality. 
We denote it by 9t(l), or simply by Roman R.

To get by means of an example an insight into what 
will follow, consider the plane of the complex variable 
z = x+iy. This plane is the realm R(i), where i is a root 
of the equation x2+l = 0. If a and b are two rational 
numbers, or if, as we shall say, a and b are two numbers 
belonging to the realm R(l), that is, to the realm of 
rational numbers, then a+ib is a number of the realm 
R(i) and is denoted by a point on the complex plane. If 
c+id is any other number of the realm R(i), any rational 
combination of a+ib and c+id is a quantity of the form 
U+iV, where U and V are numbers belonging to R(1). 
Further U+iV is represented by some point on the 
complex plane or is a quantity of the realm R(i). 
Observe that all real numbers lie upon the real axis on 
the plane of the complex variable.

If all the numbers of the realm 21, say, also belong to 
the realm B, we say (Kronecker, p. 9) that A is a divisor 
of Bor that B is divisible by A. Every arbitrary realm 
is consequently divisible by the realm R(l), that is, by 
the realm of rational numbers. A realm more general 
than the absolute realm must contain other quantities 
besides all rational numbers. If, for example, the realm 
contains an indeterminate quantity u, it contains also u2, 
u3, ∙ ∙ ∙, and all integral powers of u. If ϕ(u) and ψ(u) are

two such functions of u, the realm contains and in

short all rational functions of u.
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Such a realm we denote by R(u). If the realm con­
tains two indeterminate quantities u and v, it contains 
also all rational functions of these quantities with rational 
coefficients. This realm we denote by R(u, v), etc.

By I(1) we denote the realm of integrity which con­
tains all integers; by I(u) we denote the realm of 
integrity which contains all integral functions of u with 
rational coefficients and by I(1, u) we denote the realm 
of integrity which contains all integral functions of u 
with integral coefficients.

It is evident that R(u) is divisible by I(u) and that 
I(u) is divisible by I(1, u).

By I(u, v) we denote the realm of integrity that 
contains all integral functions of u and v with rational 
coefficients and in the realm I(1, u, v) the coefficients are 
also integers.

If of two realms R(u, v, ∙ ∙ ∙) and R(u', v', ∙∙∙) the 
elements u, v, ∙ ∙ ∙ are rationally expressible through the 
elements u', v', ∙∙∙, then R(u, v, ∙ ∙ ∙) is a divisor of 
R(u', v', ∙∙∙); if further the elements u', v,, ∙ ∙ ∙ are also 
rationally expressible through u, v, ∙ ∙ ∙, the two realms 
are identical.

We consider any fixed realm as the basis of our 
investigation. Such a realm may be called the stock­
realm (Stammbereich; see Kronecker, p. 7). It is the 
realm from which all other realms (and quantities) are 
produced during the investigation in question. When 
emphasis is put upon certain quantities u, v, ∙ ∙ ∙ of this 
realm it is denoted by R(u, v, ∙ ∙ ∙), otherwise simply by R. 
All quantities that belong to this realm are regarded as 
rational.

Let x be a variable that is not contained in the realm R 
and consider two integral functions of x whose coefficients 
belong to the fixed realm R. If we multiply two such
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x2 + 4x + 9 = (x — (2+ √-5)(x — (2 - √-5))

x4+x3+x2+x +1
R(√-5).is reducible in

functions, it is evident that the coefficients of the 
product also belong to R. Reciprocally, if a function 
whose coefficients belong to R is resolvable into two other 
functions whose coefficients all belong to R, we say that 
the function is reducible, otherwise irreducible (cf. Abel, 
Works, Vol. I, p. 479) in the realm R. For example 
x2 - 4x + 9 is irreducible in R(1); but
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EXAMPLES

is irreducible in R(1), reducible in R(√-5).

It is seen from Ex. 2 that p, an irreducible prime in R, 
may be decomposed into p factors in R(α). We shall see 
later (Art. 105) that these factors are algebraic integers in 
R(α).

Art. 29. To fix the ideas let us consider some of the 
theorems of Chap. I in more extended realms of ration­
ality, the proofs here being practically the same as there.

1. Show that x6-l may be decomposed into linear factors in 
R(√-5).

2. It was proved that is irreducible in R(1), if n is a

prime integer (Art. 12). Show that this function is reducible in

It may also be observed that if a is a root, other than

unity of xp-1=0, then other roots are α, α2, ∙∙∙, αp-1, ap=1, so

that or writing x= 1,

p= 1(1 - α)(l - α2)∙ ∙ ∙ (1 - ap-1).
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Take first a function P = P(u) integral in u whose 
coefficients are rational numbers, that is, let P(u) belong 
to the realm I(u). If P(u) is irreducible in the realm 
R(1), we say it is a prime function in this realm although 
it may contain as a factor a constant. The quantity u 
may be looked upon as having definite values in the 
function P(u) and is introduced as an element in the 
realm of rationality Such a quantity u may be
called an indeterminate to distinguish it from a variable x 
which never enters as such as an element in a realm of 
rationality.

Let g(u) and h(u) be two other functions of the 
indeterminate u which belong to the realm I(u). De­
note them by A and B respectively.

Theorem: If the product A∙B is divisible by the prime 
function P, one of the factors A or B is divisible by P. For 
suppose that A is not divisible by P. Then A and P are 
relatively prime; that is, they have no common divisor 
which is a function of u. For suppose they had a greatest 
common divisor, say φ(u). Denote this divisor by D, 
where D is an integral function in u whose coefficients are 
rational numbers. It would follow that P is divisible by 
D. But since P in the realm of all rational numbers is 
irreducible, it follows either that P=D or that D is a 
constant. But since A is supposed not to be divisible by 
P, the case P = D must be excluded. If then A B is 
divisible by P, the factor B must be divisible by P. 
Suppose further that P(u) is also a primitive function in 
I(1, u), that is, a function with integral coefficients whose 
greatest common divisor is unity. We also assume as 
above that P(u) is irreducible in the realm R(1), and is 
cal,ed a prime function. If then A ∙B is divisible by P 
and if A is not divisible by P, then B/P is an integral 
function with integral coefficients provided the coefficients 
of B are integral.
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Art. 31. Generalization of the Gaussian Lemma. 
Theorem. Suppose that f(x, u) and g(x, u) are two given 
integral functions in x and u. If the product f(x, u)g(x, u) 
is divisible by P(u), then one of the factors is divisible by

f(x,u)≡g(x,u)[mod. P(u)]
if f(x,u)- g(x,u) is divisible by P(u).

and from the preceding article it follows that A0∣P, 
A1∣P, ∙ ∙ ∙ are integral functions in u with rational 
coefficients. We may state this in the following theorem: 
If a function f(x,u) integral in x and u with rational 
coefficients is divisible by a prime function P(u), then all 
the coefficients of this function arranged according to 
powers of x are divisible by P(u).

Further since any integral function in u, say Q(u), may 
be resolved into a product of prime functions, and as the 
theorem is true for all of these prime functions it is also 
true if in the place of P(u) in the statement of the theorem 
we write Q(u)

If we have two functions f(x,u) and g(x,u) integral in 
x, whose coefficients belong to the realm I(u), then we 
may write as in Art. 3

f(x, u)∕P = A0∕P-∖-A1∕Px+A2∕Px2+∙∙∙,,

where A0, A1 ∙∙∙, are integral functions in u with 
rational coefficients. The A’s therefore belong to the 
realm I(u). Suppose as above that P(u) is irreducible 
in R(l) and further that f(x, u) is divisible by P; in 
other words, let f(x, u)/P = g(x, u) where g(x, u) is an 
integral function in x, whose coefficients belong to I(u). 
We may then write

f(x, u) =A0+A1x+A2x2+∙∙∙,

Art. 30. Consider next an integral function in x and u, 
say
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where the C's are integral functions in u and have no 
common divisor other than possibly a constant. The 
function F(x, u) is said to be primitive with respect to the 
realm I(u) and t is called the divisor off(x, u). It is also 
possible so to choose the divisor that the C’s are integral

where it is supposed that the coefficients Ao, A1, ∙ ∙ ∙ are 
integral or rational functions of u. Then as in Art. 7 a 
function t = t(u) may always be determined such that

f(x, u) =A0+A1x+A2x2 +∙ ∙ ∙

Art. 32. We may next introduce the notion of divisor 
for such functions. Again write

where A0, A1, ∙ ∙ ∙, B0, B1, ∙ ∙ ∙ belong to the realm I(u). 
We assume, of course, as in the two preceding articles, 
that P(u) is irreducible in the realm R(l).

The theorem may be indirectly proved by showing 
that if neither of the factors is divisible by P(u), then 
their quotient is not divisible by P(u). In f(x, u) suppose 
that the coefficients A0, A1, ∙ ∙ ∙, Ar-1 are divisible by 
P(u), but that Ar is not divisible by P(u); and further 
suppose that the coefficients B0, B1, ∙ ∙ ∙ , Bs-1 are 
divisible by P(u), but that Bs is not divisible by P(u). 
The coefficient of xr+8 in the quotient is A0Bs+r+A1Bs+r-1 
+∙ ∙ ∙+ArBs+Ar+1Bs-1∙ ∙ ∙+Ar+sB0. In this sum all
the summands are divisible by P(u) except ArBs. It 
follows then that the product of the two factors of f(x, u)  
and g(x, u) is not divisible by P(u).

f(x, u) =A0+A1x+A2x2 + ∙∙∙,
g(x, u)=B0+B1x+B2x2 + ∙∙∙,,

P(u). The proof of this theorem is similar to the one 
given in Art. 4.

Let
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integral function in u (cf. Art. 7).
From this we have further: If an integral function in x 

and u is resolvable into two factors integral in x and rational 
in u, it is also resolvable into two factors that are integral in 
both x and u. In other words: If an integral function in x 
whose coefficients belong to the realm I(u) is resolvable into 
factors whose coefficients belong to the realm R(u), the 
function may be resolved into factors whose coefficients 
belong to the realm I(u); and further if an integral function 
in x whose coefficients belong to the realm I(1,u) is 
resolvable into factors whose coefficients belong to the realm 
R(u), it is also resolvable into factors whose coefficients 
belong to the realm I(1,u).

Let f(x,u) be an integral function in both x and u in 
which the coefficient of the highest power of x is unity and

functions in u with integral coefficients which have no 
common divisor other than unity. The corresponding 
function F(x, u) is then primitive with respect to the 
realm I(1,u)∙ In most cases the nature of the coeffi- 
ients is disregarded, and we shall therefore (cf. Kro- 
necker, Grundzüge, p. 4) employ the first definition as 
that of a primitive function. We have already (Art. 29) 
disregarded the constant factor in the definition of a 
prime function.

We have the theorem: The product of two primitive 
functions of x and u is a primitive function; and the divisor 
of the product of two primitive functions is the product of 
the divisors of these functions. These theorems are true 
for both the realms I(u) and I(1,u). The following 
theorems may also be proved: If f(x,u) and g(x,u) are 
integral functions in x and u whose coefficients are rational 
numbers, if further gfx, u) is a primitive function in I(u)
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is an integral function in x, it is also anand if
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Art. 33. The above theory may be extended to the 
case where there are present two indeterminates u and v. 
Let P be an integral function in u and v whose coefficients 
are rational numbers. We further assume that P cannot 
be resolved into two integral functions of u and v with 
rational coefficients. In other words P(u, v) belongs to 
the realm I(u,v) and considered as a function of u is 
irreducible in the realm R(v) and therefore also in 3f(v) 
(Art. 32). The function P(u, v) is then said to be a 
prime function in the realm R(u, v). It may have as a 
factor a constant term, which is independent of both u 
and v. Let g(u, v) be a second function which may be 
denoted by A. If A is not divisible by P, then considered 
as functions of u alone A and P must be relatively prime. 
For if considered as functions of u the functions A and P 
had a greatest common divisor D, then we must have 
P = D∙E where D and E are integral functions of u with 
coefficients that are rational in v. But P in the realm 
¾(y) is irreducible. It follows that either D = P or that 
D is a constant. But P cannot equal D, for in that case

in g(x, u) the coefficients of x belong to I(1, u)∙

is an integral function of x, then alsoR(u) and if

then also in g(x, u) the coefficients of x must all be 
integral functions of u (see Art. 9). Similarly, if f(x, u) 
is an integral function in x whose coefficients belong to 
I(1, u) and the coefficient of the highest power of x is 
unity; if further in g(x, u) the coefficient of the highest 
power of x is unity and the other coefficients belong to

is an integral function of x,finally suppose that

let g(x, u) be an integral function in x in which the 
coefficient of the highest power of x is unity while the 
remaining coefficients are rational functions of u and
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Since g(v)  is the product of prime functions, say p1(v), 
p2(v), ∙ ∙ ∙, while Ψ(u, v) is the product of prime functions 
P1(u, v), P2(u, v), ∙∙∙, then (see Art. 4) A must be 
divisible by all, some or none of the prime functions 
p(v) while B is divisible by the rest of them. If further

of the prime functions P(u, v) while D is divisible by the 
rest of them.

Art. 35. Consider next integral functions of x whose 
coefficients belong to I(u, v). The following theorem is

then C must be divisible by all, some or none

46 THE THEORY OF ALGEBRAIC NUMBERS

A would be divisible by P which is contrary to our 
hypothesis.

Art. 34. Suppose that A and B as above are functions 
that belong to the realm I(u, v) and let P-P(u, v) be a 
prime function. If the product A∙B is divisible by P 
and if considered as functions of u, A and P are relative

prime, it follows that B must be divisible by P or

is an integral function in u. Further if P considered as a 
function of u is a primitive function with respect to the

realm R(v) (Art. 32), it is seen that is an integral func-

iton in both u and υ. Suppose that Φ(u, v) = t(v)Ψ(u, v), 
where t(v) is the divisor of Φ(u, v). It follows that

Ψ(u, v) belongs to I(u, v). Then, since where

g(v) and g1(v) are integral in υ without a common divisor,

t is seen, if where H(u, v) belongs to

I(u, v), that
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where the B’s belong to I(u, v) and have no divisor other 
than a possible constant. The function F(x, u, v) is 
primitive with respect to the realm R(u, v). If t has been 
so chosen that the B’s belong to the realm I(1, u, v) and 
the integral coefficients B0, B1 B2, ∙ ∙ ∙ have no common 
divisor other than unity, then F(x, u, v) is a primitive 
function with respect to the realm I(1, u, v).

Let f be an integral function in x whose coefficients 
belong to I(u, v) and suppose that the coefficient of the 
highest power of x is unity. Further let g be an integral 
function in x whose highest coefficient is unity while the 
other coefficients belong to R(u, v). If finall  f/g is an 
integral function in x whose coefficients belong to I(u, v), 
then the coefficients of g belong also to I(u, v). The 
same is also true if for the realm I(u, v) in the statement 
of the theorem we substitute 3I(1, u, v)∙

It may also be shown that if an integral function in x 
whose coefficients belong to I(1, u, v) may be resolved 
into factors whose coefficients belong to R(u, v)., it may 
also be resolved into factors whose coefficients belong to 
I(1, u, v).

where the coefficients belong to the realm R(u, v). Then 
as in Art. 32 we may always determine a divisor t = t(u, v). 
such that

f(x, u, v) =A0+A1x+A2x2+∙∙∙∙,

found also to be true here: If the product of two functions 
f(x, u, v) and g(x, u, v) whose coefficients belong to I(u, v) 
divisible by the prime function P(u, v) which belongs to 
I(u, v) and is irreducible in R(v), then one of the functions 
is divisible by P(u,v).

To introduce the conception of the divisor for such 
functions, write
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Art. 36. Continuing it is seen in general that if 
P = P(u, v, ∙ ∙ ∙, s) belongs to the realm I = I(u, v, ∙ ∙ ∙, s), 
and considered as a function of u is irreducible in the 
realm R(v, ∙ ∙ ∙, s), it is also irreducible in the realm 
I(v, ∙ ∙ ∙, s) and is a prime function belonging to the 
realm R(u,v, ∙ ∙ ∙, s) = R, say. The constant coefficients 
may have a common divisor other than unity. If A is 
any other function that belongs to I and if A considered 
as a function of u is not divisible by P, then A and P are 
relatively prime. If further A and B are two functions 
belonging to I and if A∙B÷P is a function belonging 
to I, then either A or B is divisible by P.

If the product of two integral functions in x, say f(x) 
and g(x) whose coefficients belong to 3 is divisible by P, 
then either f(x) or g(x) is divisible by P; if f(x) say, is 
divisible by P, all the coefficients of x in f(x) are divisible 
by P.

It is always possible to find in the realm R a divisor t 
which will render any integral function in x whose 
coefficients belong to R a primitive function. The 
product of two primitive functions of x whose coefficients 
belong to I is a primitive function whose coefficients 
belong to I∙ If further f is an integral function of x 
whose coefficients belong to 3 and if g is a primitive 
function of x with respect to the realm R and if f/g is an 
integral function of x whose coefficients belong to R, the 
coefficients of this quotient also belong to I∙

It may be further shown that if an integral function in 
x whose coefficients belong to I is resolvable into two 
factors whose coefficients belong to R, it is also resolvable 
into two factors whose coefficients belong to 3∙ The 
same is true for the realm I(1 ,u, v, ∙ ∙ ∙, s).

If f is an integral function of x whose coefficients belong 
to I, the coefficient of the highest power of x being unity,

48
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and if g is an integral function in x having unity as the 
coefficient of the highest power of x; if further f÷g is an 
integral function of x whose coefficients belong to R, the 
coefficients of g belong to I∙ In this connection see a 
paper by Pierpont “ Galois’s Theory of Algebraic Equa­
tions,” Annals of Mathematics, Second Series, Vol. II 
(1900-1901), pp. 22 et seq.
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Art. 37. The Greatest Common Divisor. If f(x) and 
f1(x) are integral functions of x of degrees m and n 
respectively (m≧n), with coefficients belonging to the 
realm I = I(u, v, ∙∙∙,z), we may write as in Art. 14

sf(x)=q1(x) - f2(x),

f1(x)ψ(x) -f(x)ϕ(x) =fr(x),

d01, d02, of F(x0)

of F(x1),

F(xn)ofdn2dn1,

d11, d12,
(1)

Art. 38. The Reduction of a Function into Its Irre­
ducible Factors. A table of prime numbers gives a 
ready method for the resolution of an integer into its 
prime factors. Consider first an integral function F(x) 
of degree 2n or 2n+l in x whose coefficients belong to 
I(1). Give to x such integral values xi that F(xi) ≠0 for 
i = Q, 1, 2, ∙ ∙ ∙ , n. These functional values are evidently 
integers. Denote their divisors by

where the degree of ψ(x) is at most m - 1, and the degree 
of ϕ(x) is at most n — 1.

where s and the coefficients of q1(x) and f2(x) belong to I∙ 
The greatest common divisor fr(x) may be found in the 
same way as was done for the realm I(1) in Art. 14. 
Further as in Art. 17 two integral functions of x may be 
determined say ψ(x) and ϕ(x) whose coefficients belong 
to 3 such that
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where in the first row unity and F(x0) are to be included 
among the divisors, in the second row unity and F(x1), 
etc

Further write
f(xi)=di1(i = 0, 1,2, ∙∙∙, n)

and put
Φ(x) = (x-x0)(x-x1) ∙ ∙ ∙(x-xn).

The number of functions of the nth degree which like 
f(x) may be formed by the interpolation formula by 
taking one of the d,s out of every row of the scheme (1) are 
in number k0∙k1 ∙∙∙ ∙kn. The divisors, if any, of the nth 
degree in x of the function F(x) are contained among 
these functions and are to be found by trial. In the 
same way the divisors of the (n-l)st degree may be 
found, etc.

Take next the problem of finding the divisors of the 
function F(x, u), which is an integral function of the 2n 
or 2n + l degree in x and whose coefficients belong to 
3(1, u). We give to x respectively integral values 
x0, x1, ∙ ∙ ∙, xn which are to be so chosen that the function 
is not zero for any of them. Let dj1(u), dj2(u), ∙ ∙ ∙, djιj.(u) 
be the divisors of F(xj) (j = 0, 1, 2, ∙ ∙ ∙, n). We may then 
as above by means of Lagrange’s interpolation formula 
determine l0∙l1∙ - ∙ln functions of the nth degree in x 
whose coefficients belong to I(1, u) from which the 
divisors of the nth degree in x, if any, of F(x, n) are to be

If f(x) is a divisor of Fix'), it is evident that ∕(zl∙) is a 
divisor of F(xi).

By Lagrange’s interpolation formula (Art. 18) we form 
the function f(x) which for the n+l values x0, x1, ∙∙∙ , xn 
takes the n + 1 values d01, d11, ∙ ∙ ∙, dn1, viz.

www.rcin.org.pl



1 See for example for the case of one variable papers by Runge, Crelle’s 
Journal, Vol. 99, p. 89; Mandi, Crelle’s Journal, Vol. 113, p. 252; and for the 
case of several variables, see Meyer, Math. Ann., Vol. 30, p. 30; Hancock, Ann. 
de I’i,cole Norm. Sup., 3β S6rie, T. XVII, p. 89.

it is seen that the divisors of g, g1and Φ may be derived 
as above and consequently also the divisors of ϕ(x, u, v, 
∙∙∙, s).

The above method of decomposing an integral function 
into its irreducible factors is due to Kronecker {Grundzüge, 
p. 4). It is of interest in particular from a theoretical 
standpoint in that the existence of the roots is not 
presupposed.

In practice the process of finding the factors has been 
simplified.1

where g and g1 are integral in the variables with integral 
coefficients. Writing

where Φ(x, u, v, ∙ ∙ ∙, s) is integral in all its variables, with 
integral coefficients. We may further write

In this manner it is evident that we may determine the 
irreducible factors of a polynomial F(x, u, v, ∙ ∙ ∙, s) 
integral in x whose coefficients belong to the realm 
I(1, u,v, ∙∙∙, s).

To resolve an integral function of x, say ϕ(x,u,v, ∙ ∙ ∙, s) 
into its irreducible factors, when the coefficients are not 
integral but belong to the realm R(u,v, ∙ ∙ ∙, s), we note, if 
t(u, v, ∙ ∙ ∙, s) is the divisor (Art. 32) of ϕ(x, u,υ, ∙ ∙ ∙, s), that

found by trial. The same process must be continued for 
the divisors, if any, of the (n - l)st degree in x of F(x, u), 
etc.

REALMS OF RATIONALITY 51

www.rcin.org.pl



where h(x) is a function integral in x. It follows that 
every root of f(x)=0 satisfies the equation g(x)=0. 
If ϕ is a constant, then f and g are prime to each other 
with respect to the realm 9t. In this case it is always 
possible (cf. Art. 17) to determine two integral functions 
p(x) and q(x) whose coefficients belong to 9ι such that

It is evident from this that f(x) and g(x) have here no 
root in common. Hence the irreducible equation f(x) = 0 
either has all its roots in common with g(x) =0 or none. 
(Abel, Vol. II, p. 230. See also Serret, Cours d’algebre 
superieure, No. 100).

g(x) =f(x)h(x),

p((x)f(x)+q(x)g(x) = 1∙

Art. 40. If f(x) and g(x) are two integral functions of 
x, whose coefficients belong to the realm 9ι, and iff(x) is 
irreducible in this realm, then if every root of g(x)=0 
satisfies the equationf(x) = 0, it is seen that g(x) must 
to a constant factor be a power of f(x). For if f(x) and
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Art. 39. Let f(x) be an irreducible integral function of 
x, whose coefficients belong to a fixed realm of rationality 
R and let g(x)be an integral function whose coefficients 
belong to the same realm. We have the following 
theorem: If the equation g(x)=0 has a root in common 
with the irreducible equation f(x) = 0, it is divisible by f(x). 
(See Abel, Works, Vol. I, p. 480).

To prove this theorem, let ϕ(x^) be the greatest common 
divisor of g(x) and f(x). It is not possible for the 
irreducible function f(x") to be divisible by ϕ(x) unless 
either ϕ(x)=f(x) or ϕ(x)=a constant. If ϕ(x)=f(x), 
then g(x) is divisible by f(x) and the coefficients of the

quotient belong to the realm R. We then
have
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where the P’s are irreducible functions, not necessarily
A = P∙P'∙P"∙∙∙,

where g2(x) is integral in x with coefficients that belong 
to R Continuing in this manner we must finally have 
g(x) equal to a power of f(x) multiplied by a constant.

Art. 41. The following theorems follow at once:
1. An irreducible equation can have no root in common 

with an equation of lower degree.
2. An irreducible equation f(x)=0 cannot have a 

multiple root; for this root would also be a root of 
f'(x) =0 and f'(x) is of lower degree than f(x).
We shall regard two irreducible functions as different, 
when they differ otherwise than by a multiplicative 
constant.

3. Two different irreducible equations can have no 
common root.

4. When a product of two integral functions is divisible 
by an irreducible function, one of the factors is divisible 
by this function.

5. A reducible function may be distributed into 
irreducible factors in only one way, where all the coeffi­
cients belong to a fixed realm R.

For let A be a reducible function of x which by a con­
tinued reduction into factors has the form

g(x) =f(x)2g2(x),

where g1(x) is a function integral in x whose coefficients 
belong to R. Since the roots of g1(x)=0 also satisfy 
g(x)=0, they must satisfy f(x)=0. It follows that 
g1(x) is divisible by f(x) or
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g(x) have a root in common, it follows from the preceding 
article that g(x) is divisible by f(x) so that

g(x) =f(x)g1(x),
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Algebra, Vol. I, § 179, and the original source as found in Legendre, 
Théorie des nombres, Vol. II, pp. 191 et seq.

is irreducible in I(1, x)∙ The six roots of this last function are 
given by Poisson, Réflexions sur la théorie des nombres, p. 125.

See also Gauss, Disq. Arithm., Art. 73.

For such equations as see the method given in Weber’s

1. Using the method of Mandi (Crelle, Vol. 113, p. 252) show 
that x6+2x5+3x4+3x3+3x2+2x + l is factorable in I(1, x).

2. Using the same method show that

different. If there is possible another reduction, say
A=Q∙Q'.Q''...,

we must have
P∙P'∙P''∙∙∙=Q.Q'.Q''∙∙∙,

It follows that P ∙P' ∙P'' ∙ ■ ∙ must be divisible by Q, and 
also by Q', Q'', ∙ ∙ ∙. Hence one of the factors P, P', P'', 
∙∙∙∙, say P is divisible by Q. But since P and Q are both 
irreducible, it follows that P = Q and similarly for all the 
other factors. It is thus seen that the sequence of the 
irreducible factors of a function may be different while 
the factors themselves must be the same.

EXAMPLES
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Art. 43. If the stock realm R is formed of all rational 
functions of u, v, w, ∙ ∙ ∙, 2, then x is an algebraic function 
of u, v, w, ∙ ∙, z, if there exists an algebraic equation 
whose coefficients belonε to this realm and which x

1 Lindemann, “Ueber die Zahl π” (Math. Ann., Bd. XX, p. 213). See also 
Weierstrass, “Zu Lindemann’s Abhandlung, ueber die Ludolp’sche Zahl,” Sitz, 
der Ber. Akad. (Dec. 1885). Papers by Hilbert, Hurwitz, and Gordan on the 
same subject are found in the 43rd Volume of the Mathematische Annalen. See 
other references in the Encyklopaedie der math. T7ι'ss., Bd. I, p. 669; also in 
Hancock’s ,*Systèmes modulaires de Kronecker,” Ann. de l'Ecole Normale, 
Paris, 1900; and Report on Algebraic Numbers, p. 76.

CHAPTER III

ALGEBRAIC REALMS OF RATIONALITY

Art. 42. Take a fixed realm of rationality R, as the 
stock realm. Let f denote an integral algebraic function 
whose coefficients belong to the realm R. If x is a 
quantity which does not belong to this realm and which 
causes such a function as f to vanish, we say that x is an 
algebraic quantity. If, however, there is no algebraic 
equation which x satisfies, then x is a transcendental 
quantity. That there exist such quantities was first 
shown by Liouville in a paper “Sur des classes très- 
étendus des quantités dont la valeur n,est ni algebrique 
ni meme réductible à des irrationelles algébriques” 
(Liouville's Journal, Vol. 16, p. 133, Serie I, 1851).

In particular Hermite (1873) in a paper “Sur lafonction 
exponentielle” (Comp. Rend., Vol. LXXVII) has shown 
that e is not an algebraic quantity. Later Lindemann 1 
proved that the same is true of τr. In the same con­
nection see a paper by G. Cantor “Ueber eine Eigenschaft 
des Inbegriffs aller algebraischen Zahlen,” Crelle, Bd. 77, 
p. 258 (1874).
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satisfies, provided x does not belong to this same realm. 
We say that x is an algebraic quantity which is derived 
from the realm R (any stock realm), if x satisfies an 
algebraic equation whose coefficients belong to this realm.

All the algebraic quantities which are derived from a 
fixed stock realm clearly form another realm.

If x is an algebraic quantity that is derived from the 
realm R, there is an algebraic function which vanishes 
for this value of the variable. It may happen that the 
function is reducible. In this case, as we saw above, it 
may be uniquely resolved into its irreducible factors, one 
of which must be satisfied by x. Hence associated with 
every algebraic quantity x there is a definite irreducible 
equation which x satisfies. If this equation, f(x) = 0 say, 
is of the nth degree, then the remaining n - 1 roots x', x", 
∙∙∙, x(n_1) are called the algebraic quantities conjugate to 
x. This conception is relative, since it refers to the realm R.

Art. 44. If we adjoin (cf. Galois, Oeuvres, p. 34; 
Galois, Liouville,s Journal, Vol. 11, p. 418; see also Weber’s 
Algebra, I, § 147 of the 2nd Edition) the algebraic quantity 
x to the stock realm R, we have a new realm R(x), which 
in addition to containing the realm R consists of all 
rational functions of x whose coefficients belong to R. 
(See also Dedekind, p. 455 of Dirichlet’s Zahlentheorie').

Consider next any rational function of x, say h(x)∣g(x), 
which has a definite value, so that therefore g(x)≠0. 
Suppose further that x satisfies the irreducible equation 
 f(t)=0 of degree n and also that g(t) and  f(t) have no 
roots in common. We may determine (Art. 39) two 
functions p(t) and q(t) such that

p(t)g(t) + q(t) f(t) = 1 
If in this expression we write t = x, we have

p(x)g(x) = 1 h(x)∣g(x)=h(x)p(x),or
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g(t)=f(t)ϕ(t)+h(t),

c0+c1x+c1x2+∙∙∙+cn-1xn-1

Art. 45. If x satisfies an irreducible equation of the 
nth degree, the n roots of this equation were defined above 
as being conjugate to one another. We saw above that 
by adjoining x to the stock-realm Rt a new realm R(x) was 
derived. Similarly to the quantity x' there corresponds 
the realm R(x'), to the quantity x'' the realm R(x''), etc. 
These n realms are called conjugate realms.

Two conjugate realms R(x) and R(x') will have a 
number of quantities in common, for example all the 
quantities of the stock realm R They may also be 
wholly contained the one in the other. For if x' is a 
rational function of x, the realm R(x') is contained in the 
realm R(x). If not only x' is a rational function of x

and write for the c s all possible quantities of the realm R; 
and every quantity of this realm is thereby had only once.

Otherwise by equating two such quantities, we would 
have an equation of degree less than n that was satisfied 
by x.

The realm R(x) is called an algebraic realm of the nth 
degree.

where h(t} is an integral function in t of degree less than n.
Writing t = x, we have g(x) = h(x). From the above it 

is seen that every rational function of x may by means of 
the equation f(x)=0 be transformed into an equation of 
degree less than n, and in such a way that we have the entire 
realm R(x), if we form the expression
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which is an integral function of x. It is therefore 
sufficient in the realm R(x) to consider only integral 
functions of the algebraic quantity x. Further suppose 
that g(t) is an integral function whose degree in x is 
greater than n, so that
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but also x is a rational function of x', the two realms R(x) 
and R(x') are identical.1

There are realms which are identical with all their 
conjugate realms. Such realms are called Galois or 
normal realms of rationality. They exist if all the roots 
of the equation f(t) =0 have the property that each one is 
a rational function of the other. Equations in which 
this property exist are called Galois or normal equations. 
(See Galois, Oeuvres. See also Abel, Mémoire sur une 
classe particulière d'équations, etc.; Oeuvres (Sylow and 
Lie), Vol. I, p. 478; Weber, Algebra, I, § 152 et seq.)

Art. 46. If we compare realms of rationality with one 
another we have two important conceptions to develop: 
viz., the least common multiple and the greatest common 
divisor of realms of rationality.

Let x be an algebraic quantity which is derived from 
the stock realm R and let y and z be two other algebraic 
quantities that are derived from R. Consider the 
realms R(x), R(y) and R(z). We understand by the 
least common multiple of these realms, the smallest realm 
which contains them all; by the greatest common divisor 
we understand the realm which consists of all quantities 
common to these realms.

Art. 47. We shall first develop the notion of the least 
common multiple. The least common multiple of any 
number of realms is also called the product of these realms. 
Both conceptions are the same. For the realm R(x, y) 
contains the realms R(x) and R(y) or R(x) andR(y) are 
both divisors of R(x, y). The latter realm is also the 
least common multiple of thejltwo former. For any

1 If α is a quantity belonging to 9t(τ), then is
a=c0+c1x+c1x2 + ∙ ∙ ∙ +cn-1xn-1

where the c’s are rational numbers in 9i; and when for x we write the conjugate 
roots x', x'', ∙∙∙,x(n-1) we have the quantities α', α'', ∙∙∙, α(n-1) which are
conjugate to α.
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realm that contains R(x) and R(y) contains also R(x, y). 
We may therefore write R(x)R(y) =R(x, y). It is evi­
dent if the realm R(x) contains the realm 9t(ι∕) that 
R(x) ·R(y)  = R(x, y) = R(x) since y must be a rational 
function of x. We always haveR(l)R(x) = R(x).

If further x, y, z, ∙ ∙ ∙, are algebraic quantities that are 
derived from R then all rational functions of x, y, z, ∙ ∙ ∙ 
form a realm R(x, y, z, ∙ ∙ ∙) which is the least common 
multiple of the realms R(x), R(y), R(z), ∙∙∙.

We shall show how such a realm is equivalent to a 
realm R(σ) where the algebraic quantity σ is a rational 
function of x, y, z, ∙ ∙ ∙ and reciprocally the quantities
x, y, z, ∙ ∙ ∙ are rational functions of σ. This theorem was 
first given by Abel, Precis d,une theorie des fonctions 
elliptiques. The proof given here is somewhat different. 
See also Weber’s Algebra, Vol. I, p. 459. Let z be a root 
of the irreducible equation f(x) =0 of degree m whose 
coefficients are quantities of the realm 9t and let y 
satisfy the irreducible equation g(x) =0 of degree n whose 
coefficients likewise belong to R(x, y). We wish to show that 
there is a quantity τ say which belongs to the realm 
R(x, y) and is consequently a rational function of x, y; 
and reciprocally that x and y are rational functions of τ. 
When this has been proved it is evident that the realms 
R(x, y) and R(x, y)(τ) are identical.

Let x, x', x'', ∙ ∙, x(m-1) be the roots of f(x) =0, and let
y, y', y'', ’' y(n-1) be those of g(x)=0. It is always 
possible to determine a rational function τ = χ(x, y) in 
such a way that the m∙n values of τ are all different when 
for x all the conjugate values x, x', x'', ∙ ∙ ∙, x(m-1) are 
written and for y the values y, y', y'', ’' y(n-1). The 
linear function x+qy has this property, if the constant q 
is chosen as follows: Note that the difference x+qy

and observe that there-(x,+qy') is not zero, if

59
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(t - τ)(t-τ') ∙ ∙ ∙ =Φ(t),

τ = χ(x, y), r' = χ(x,, y), τ'' = χ(χ'', y),∖ ∙∙∙,
Art. 48. We may accordingly write

are m∙n such values. If we give to q any other values 
and write χ(x, y) = x+qy, it is clear that the m∙n values 
of τ = χ(x, y) are different, when x and y take the above 
values.

where the x’s go through the above conjugate values of x, 
as do the y,s of y. Let t be a variable quantity and form 
the product

where Φ(t) is an integral function of the m∙n degree in t 
whose coefficients are the elementary symmetric functions 
of the τ,s. These coefficients may in turn be replaced by 
rational expressions in the coefficients of f(x) and g(x) and 
consequently belong to the realm R. To each of the 
m∙n values of χ(x, y) there corresponds a different value 
of τ and to every τ there corresponds a definite value of 
χ(x, y)

Let p = ϑ(x, y) be any rational function of x, y and write
ρ = ϑ(x, y) ρ' = ϑ(x', y) ρ''= ϑ(x'', y),

where the ρ’s are marked as the r’s above, when the x’s 
and y’s have corresponding values in the ρ’s as in the τ's. 
Next form the function

which is an integral function in t. If we write this 
function in the form

it is seen that Ψ(t) is an integral function in t whose 
coefficients are symmetric functions in the x’s and y,s 
and therefore belong to the realm R Writing t=τ, we
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which is a rational function of τ whose coefficients belong 
to the realm R But p = ϑ(x, y) is any rational function 
of x, y. We may therefore write ρ = x with the result 
that x is a rational function of τ. The same is true for y.

If therefore the function χ as written above gives m∙n 
different values, it is seen that the realms R(τ) and R(x, y) 
are identical.

This is a sufficient, but not a necessary condition; for 
it is sufficient that k of the m∙n values of χ be different, 
where k is the degree of the irreducible factor h(t), say, of 
Φ(t), which is satisfied by τ.

Art. 49. Continuing the investigation we may take 
instead of the two quantities x and y any number of such 
quantities x, y, z, ∙∙∙, which are derived from the realm 
R Let x be defined through the irreducible equation 
f(x)=0 of degree m, while y is defined through the 
irreducible equation g(y)=0 of degree n, z through an 
irreducible equation of degree l, etc.

The smallest realm which contains all these quantities 
is the least common multiple of these realms, the realm 
R(z, y, z, ∙ ∙ ∙). It may be shown that from this realm 
R(z, y, z, ∙ ∙ ∙) a new quantity σ may be derived which is a 
rational function of x, y, z, ∙ ∙ ∙, say σ = ϕ(x, y, z, ∙ ∙ ∙) and 
at the same time x is a rational function of σ and also y is 
a rational function of σ, while z is a rational function of σ, 
etc.

It follows then that the realms R(x, y, z, ∙ ∙ ∙) and R(σ) 
are identical. It is sufficient for the proof of this 
theorem so to choose σ that the m∙n∙l ∙∙∙ values of σ 
which are had when for x,y, z, ∙∙∙ their conjugate values 
are written, are all different. Such a function can always

ρΦ'(τ) = Ψ(τ) or
have
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be determined.1 For consider the linear expression

62 THE THEORY OF ALGEBRAIC NUMBERS

(1) w =h1α1 + h2α2 + ∙ ∙ ∙ + hkαk

(2) wi-wj = h1(α1i-α1j) + h2(α2i-α2j)
+ ∙ ∙ ∙ +hk(αki-αkj),

values of h for which any two values of w may be equal. 
Any other value of h will give values of w different from 
one another. Another proof is given in the next article.

Art. 50. We may with Weber (Algebra, Vol. I, § 43) 
let Φ1(x, y, z, ∙ ∙ ∙), Φ2(x, y, z, ∙ ∙ ∙), Φ3(x, y, z, ∙ ∙ ∙), ∙ ∙ ∙ 
be integral functions of the variables x, y, z, ∙ ∙ ∙ with 
numerical coefficients, which do not all simultaneously 
vanish in any of the functions. It may be proved that 
values may be given to the variables in an infinite 
number of ways, so that none of the functions Φ1, Φ2, 
Φ3, ∙ ∙ ∙ vanishes. For, if the functions depend only upon 
one variable, there are only a finite number of values 
which cause the functions to vanish. Assuming that this 
is true for n variables, it may be proved to hold for n+1

1 See Camille Jordan, Math. Ann., Vol. I, p. 143; Traits des substitutions, No.
351; Cantor, Math. Ann., Vol. V, p. 133; Bachmann or Galois, Math. Ann., Vol. 
18, p. 460.

among the w's. If we put hi = l, h2 = h, h3 = h2, ∙∙∙·, 
hk = hk-1, then any of the differences of (2) may be equal 
for k - 1 values of h, that is, for any root of the equation 
(2), when we put wi-wj = 0, and consequently there are

including zero. There are such differences

where ali-aij-, etc., are differences among the α,s

where the α's are all different as are the h,s. It is seen by 
permuting the α's that there are n = N values of w. 
The difference of any two such w’s, say wi and w,, gives an 
expression of the form
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ΨiΦi + ΩiΦi = χi∙,

R(x,y) = R(τ)
then is

R(x,y, z) = R(τ, z) = R(λ),
R(x,y, z, t) = R(λ, t) = R(μ), etc.

where χi is independent of t. Determine such values of 
the other variables that the functions χi are all different 
from zero while Φ1 becomes a function of t alone. Then 
give to t such a value that Φ1 becomes zero. It is seen 
from (a) that none of the other functions Φi∙ can vanish 
for this value of t.

(a)

variables. To show this, arrange the terms with respect 
to the (n + l)st variable t, say. Then by hypothesis, 
values may be given to the other n variables such that 
the coefficients of all the powers of t shall vanish in none 
of the functions. We thus have functions of the one 
variable t and can ascribe such values to it that none of 
the functions vanish. It is clear that we may use rational 
values of the variables in establishing the desired result.

Theorem. If none of the functions Φ1, Φ2, Φ3, ∙ ∙ ∙ 
above have a common factor, values may be given the 
variables such that one of the functions vanishes while the 
others are different from zero.

Let the variable t be present in say Φ1 and observe (see 
Art. 17, end) that functions Ψi, Ωi may be determined 
such that
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Art. 51. If σ = ϕ(x, y, z, ∙ ∙ ∙) is a rational function of 
x,y, z, ∙ ∙, and if the m∙n∙l∙ ∙ ∙ values of ϕ are all dif­
ferent when the conjugate values are written for x, y, z, 
∙ ∙ ∙, then reciprocally the quantities x, y, z, ∙ ∙ ∙ may be 
expressed as rational functions of σ. The proof may be 
performed in the same way as the one above for the two 
quantities x and y. However, through a repetition of 
that process, it follows that if
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τ=√2 + √3.

τ3 = ll√2+9√3.

τ3-9τ = 2√2 or

R(√2)R(√3) = R(√2, √3) = R((√2 + √3)).

Example. If R(√5)R(√-3) = R(τ), find τ.

αr = a1αr-1+a2αr-2+∙∙∙+ ar,
βs = b1βs-1 + b2βs-2+∙∙∙+βs.

Further let u and υ be two indeterminates. It may be 
shown first that

γ = αu-γβv
is an algebraic number. For represent the r∙s = n 
numbers aρβσ (ρ = 0, 1, ∙ ∙ ∙, r - 1; σ = 0, 1, ∙ ∙ ∙, s - 1) in 
any sequence by wv (p = 1, 2, ∙∙∙, n). We assert that 
wvγ may be expressed through the form

wvγ  = xv1w1 +xv2w1 +∙∙∙+xvnwn,(1)

x=√2 y=√3and

As an example, let R be the realm of all rational num­
bers, that is, take R = R(l) and let
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be two algebraic numbers that are derived from this 
realm. A quantity τ may always be found which is a 
rational function of √2 and √3 and through which V2 
and √3 may be rationally expressed. Such a function is 
for example

It is seen that

It follows that

and similarly

It is thus shown that

Art. 52. Another Proof. Let a and β be two alge­
braic numbers which satisfy the irreducible equations
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From this it is seen that γ = cm+βy satisfies an algebraic 
equation, whose coefficients are rational functions of u 
and v. This equation is not necessarily irreducible but 
the function on the left hand side may always be resolved 
into irreducible factors, one of which, say f(t, u, ν') 
becomes zero for t = y. We therefore have the identical 
equation

f(αu+βv, u, v) ≡0.

Since the w’s are not all zero, as at least αβ≠0, we must 
have

(xll-γ)w1+xl2w2+∙∙∙+xlnwn = 0,
x2lwl + (x22 - γ) w2 +∙∙∙+x2nwn = 0,

xnlwl -∖-xn2w2 +∙∙∙+ (xnn -γ)wn = 0.

wvγ = αρβσ(αu+βv) = aρ+1βσu+αρβσ+1v.
If ρ<r-1, then aρ+1βσ is one of the w’s above; but if 
ρ = r —1, then

aρ+1βσ= arβσ
= (a1αr-1 + a2αr-2+ ∙ ∙ ∙ +ar)βσ,

which is a linear function of the w’s.
Similarly if σ < s - 1, then αρβσ+1 is one of the w’s above; 

but if σ = s-1, then
αρβσ+1 = αρβs

= αρ(b1βs-1+b2βs-2+∙∙∙+bs),
which is a linear function of the w’s. In every case, it is 
seen that wvγ takes the form expressed through the 
relation (1).

These equations may be written in the form

where the x s are linear functions of u and v. For
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xll-γ xl2, xln
x2l, x22 - γ x2n

xnl ∙xn2 xnn -γ

= 0.
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It is then seen that a and β are rational functions of γ.
It has thus been shown that if a and β are two arbitrary 

algebraic numbers, we may always determine a number γ 
such that (1) y is algebraic, (2) y is a rational function of α 
and β (this rational function may indeed be taken linear) 
and (3) α and β are themselves rational functions of y with 
rational coefficients. Similarly it may be proved that if 
α1, α2, ∙∙∙ αn are n algebraic numbers, we may always 
find a number w, such that (I) w is algebraic, (2) w is a 
rational function of α1, α2, ∙∙∙ αn (indeed w may be chosen 
a linear function of α1, α2, ∙∙∙ αn with rational coefficients) 
and (3) each of the quantities α1, α2, ∙∙∙ αn is a rational 
function of w with rational coefficients.

Art. 53. Normal Realms. The following is an im­
portant application of the theorem in Art. 49. Let R be 
the stock realm from which the algebraic quantity x is 
derived, and suppose that x satisfies the irreducible equa­
tion f(x) = 0 which is of the nth degree in x. Further let x, 
x', x", ∙ ∙ ∙, x(n-1)> be the n roots of this equation and form 
the realms R(x), R(x'), , ∙ ∙, R(x(n-1))∙

The norm of the realmR(x) is defined as the product
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If this equation is differentiated with regard to u and v 
respectively, we have

Since the function is of a finite degree in

au+βv whose coefficients are rational functions of u and 
v, we may always give a pair of values to u and v such that
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R(x), R(x'), , ∙ ∙, R(x(n-1)).
of the realms1

As shown in Art. 49 we may determine a function
σ = ϕ(x, x', ∙ ∙ ∙, x(n-1)),

1 See Abel, Vol. I, pp. 546, 547; Vol. II, pp. 231, 241, 242, 336, 337; Gauss, 
Works, Vol. I, p. 103 (1831); and Kummer, Liouv. Journ. 12, p. 187 (1844).

or
vΦ'(σ) = Ψ(σ),

It is seen that Ψ(t) is an integral function in t whose 
coefficients remain unaltered when for v and σ their 
values in terms of the x,s are substituted and then the 
x’s permuted. They are consequently symmetric func­
tions of the x,s and belong to the realm R It follows at 
once that

etc. Form the function

v = ϑ(x, x',x'', ∙ ∙ ∙, x(n-1))
v' = ϑ(x', x, x'', ∙ ∙ ∙, x(n-1))

v'' = ϑ(x'', x', x,  ∙ ∙ ∙, x(n-1))

a function of the n! degree in t whose coefficients remain 
unaltered when x, x', x'', ∙∙∙ are interchanged. They 
are therefore symmetric functions and belong to the 
realm R Next take n! arbitrary functions formed 
like the functions above. For example, such functions 
may be had by permuting the x’s as follows;

linear in the quantities x, x', ∙ ∙ ∙, x(n-1), which by the 
permutation of the x’s takes n! different values. These 
n! values are denoted by σ, σ', σ'', ∙ ∙ ∙. Take next a 
variable quantity t and form the product

Φ(t) = (t-σ)(t-σ')(t-σ'')...,
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which is a rational function of σ. Since v is an arbitrary 
function of x, x', ∙ ∙ ∙, x(n-1), we may write each of these 
quantities in the place of v and then from the above 
equation it is seen that each of these x’s may be expressed 
as a rational function of σ. (See Example 6 at end of 
this chapter.)

Consequently the norm of the realm R(z), that is 
R(x, x', x'', ∙ ∙ ∙, x(n-1)), is identical with the realm R(σ). 
The degree of the realm R(σ) is equal to the degree of the 
irreducible equation which σ satisfies. This degree is 
very important in the further discussion. It is called the 
order of the equation f(x) =0.

It was seen above that σ, σ', σ'', ∙ ∙ ∙ were rational 
functions of x, x', x'', ∙ ∙ ∙. Since x, x', x'', ∙ ∙ ∙ are 
rational functions of σ, it follows also that σ, σ', σ'', ∙ ∙ ∙ 
are rational functions of σ. Hence the realms R(σ'), 
R(σ''), ,, are identical with the realm 9J(σ). A realm 
having this property is called normal.

We have thus proved the theorem: The norm of a 
realm is a normal realm. (See Art. 45.)

Art. 54. We may next develop more fully the idea of 
an algebraic realm of the nth degree. In Art. 44, such a 
realm was defined through an irreducible algebraic 
equation of the nth degree. It was seen that every 
quantity of the realm R(x) could in only one way be 
represented in the form

b1+b2x+b3x2+∙∙∙+ bnxn-1
where the b's take all possible values of a fixed (stock-) 
realm of rationality. The following definitions may be 
offered: If x1, x2, ∙∙∙, xn are any n quantities of the 
realm R(x),  they are said to be linearly independent, if it 
is not possible to determine n quantities a1, a2, ∙ ∙ ∙, an 
of the stock-realm 91 such that

a1x1+a2x2+∙∙∙+anxn = 0;
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and when this is the case, the n quantities x1, x2, ∙∙∙, xn 
form an irreducible system (with respect to the realm 
R(x) Dedekind, §164 of the Dirichlet, Zahlentheorie.

If we take 1, x, x2, ∙ ∙ ∙, xn-1 as these n quantities, it is 
seen that they are linearly independent, since x satisfies 
an irreducible equation of degree not lower than the nth.

If x0, x1, xi, ∙ ∙ ∙, xn are i+1 quantities of the realm 
R(x), it follows that they may be expressed in the form

x0 = b01+b02x+b03x2+∙ ∙ ∙+∖-b0nxn-1,
x1 = b11+b12x+b13x2+∙ ∙ ∙+∖-b1nxn-1,

xn = bn1+bn2x+bn3x2+∙ ∙ ∙+∖-bnnxn-1
where the b’s belong to the realm R

The n + 1 quantities x0, x1, ∙ ∙ ∙, xn are linearly de­
pendent, for it is always possible to determine n + 1 
quantities a0, a1, ∙ ∙ ∙, an in such a way that

a0x0 + a1x1+∙ ∙ ∙+anxn =0(1)
To show this, substitute for x0, x1, ∙ ∙ ∙, xn their values 
from above and equate the coefficients of the different 
powers of x to zero. It follows that

We thus have n equations in n+1 unknown quantities, 
and from them we may always determine n+1 values 
for a0, a1, ∙ ∙ ∙, an which are different from zero and which 
satisfy the relation (1). All these quantities belong to 
the fixed realm R, since they are determined through 
rational operations upon the b’s.

Art. 55. We seek the criterion by which it may be 
determined whether n quantities x1, x2, ∙ ∙ ∙, xn are

b01a0 + b11a1 + b21a2+∙ ∙ ∙+bn1an=0
b02a0 + b12a1 + b22a2+∙ ∙ ∙+bn2an=0

b0na0 + b1na1 + b2na2+∙ ∙ ∙+bnnan=0
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linearly dependent or linearly independent. These 
quantities may be written in the form

x1 = b11+b12x+b13x2+∙∙∙+b1nxn-1,
x2 = b21+b22x+b23x2+∙∙∙+b2nxn-1,

xn = bn1+bn2x+bn3x2+∙∙∙+bnnxn-1
The x’s are linearly dependent if n quantities a1 a2, ∙ ∙ ∙, 
an can be found such that

a1x1+a2x2+∙∙∙+ anxn = 0∙
If in this equation we write for the x’s their values, we 
have the following relations

b11a1 + b21a2+∙∙∙+bn1an= 0
b12a1 + b22a2+∙∙∙+bn2an= 0

b1na1 + b2na2+∙∙∙+bnnan= 0
We thus have n homogeneous equations in the a’s with 
the determinant

b11 b21 bn1
b12, b22 bn2

b1n b2n bnn

D =

Art. 56. If the determinant D = 0, it is possible to 
find n quantities a1 a2, ∙ ∙ ∙,, an, which are not all zero 
and such that the n equations
(1) bi1a1 + bi2a2+∙∙∙+binan= 0 (i=1, 2, ∙∙∙, n)

b11, b21, bm1
b12 b22, bm2

b1m b2m bmm

Di

are satisfied. For, assuming that the b’s are not all 
zero, let

be a sub-determinant of D which is not zero, while all the
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sub-determinants of higher order are zero, the extreme 
case being the determinant D itself. Bordering the 
determinant D1 and developing the resulting determinant

D2 = b11 b21, bm1 ul

b12, b22, bm2 u2

b1,m+1 b2,m+1 * J bm,m+1 um+1

with respect to ul, u2, ∙ ∙ ∙, um+1, if is seen that
D2 = u1C1+u2C2+ ∙ ∙ ∙ +umCm+um+1Cm+1,

where
Cm+1 = D1≠0.

Observe that two columns in D2 become equal for
 u1=bi1, u2=bi2, ∙∙∙, um+1=bi,m+1 (i= 1,2,∙∙∙,m)

and when i = m+1, m+2, ∙∙∙, n, the determinant D2
being a sub-determinant of D1 and of order higher than 
m, is by hypothesis zero.

Accordingly, if we write
a1=C1,  a2=C2,  ∙∙∙ , am+1=Cm+1, am+2=Cm+2 ,  ∙∙∙ , an=0

it is seen that the equations (1) are satisfied. Next 
multiply the equations (1) respectively by 1, x, x2, ∙ ∙ ∙, 
xn-1 and adding, it follows that

a1x1 + a2x2 + ∙∙∙ +anxn =0
With this it is seen that the x’s are linearly dependent if 
D1 = 0 and form a reducible system. Otherwise the α,s 
are all zero and consequently the x,s are linearly inde­
pendent and form an irreducible system.

Art. 57. We may accordingly introduce the following 
definition of an algebraic realm of rationality. Having 
fixed a realm R as a stock-realm, we regard all quantities 
belonging to this realm as rational. Consider further a 
realm which contains besides the quantities that belong 
to the realm R still other quantities. This latter realm 
is said to be algebraic, if there is a number n, such that
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a1x1+a2x2 + ∙∙∙ + anxn= 0,

ax+a1x1+a2x2 + ∙∙∙ + anxn= 0

xx1 = a11x1+a12x2+ ∙∙∙ +a1nxn
xx2 = a21x1+a22x2+ ∙∙∙ +a2nxn

xxn=  an1x1+an2x2+ ∙∙∙ +annxn

(1)

a11 - x a12 a13 a1n
a2na23a22 - xa21

an1 an2 an3, ann-xn

= 0.Φ1(x) =

If we develop this determinant, we have an integral 
function of the nth degree in x, whose coefficients belong 
to the realm R

Hence it is seen that x is an algebraic quantity that is 
derived from the realm R, and reciprocally every quantity

Since these n equations must exist, it is necessary that 
their determinant be zero, or

Let x be an arbitrary quantity of Ω which realm by 
hypothesis also contains the quantities x1, x2, ∙∙∙, xn∙ 
This realm must therefore contain the products xx1, xx2, 
∙∙∙, xxn, so that

or,

where the a’s belong to the fixed realm R. But if x is an 
additional quantity in Ω there must be a relation
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If we consider a realm of the nth degree, say Ω, then in 
virtue of this new definition there exists n quantities in 
the realm which are linearly independent, among which 
therefore there is no such relation as

any n+l quantities of the realm are linearly dependent. 
The smallest number n for which this is true is called the 
degree of the realm.
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r11 r21 rn1
r12 r22, rn2

 r1n, r2n, r2n

x'1 = r11Xι+r21x2+∙∙∙+-rn1xn,
x'2 = r12Xι+r22x2+∙∙∙+-rn2xn,

x'n = r1nXι+r2nx2+∙∙∙+-rnnxn,
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that belongs to the realm of the nth degree satisfies an 
irreducible equation whose degree is at most n.

Art. 58. Observe next that if x'1, x'2, ∙ ∙ ∙, x'm are any 
other n linearly independent quantities of the realm, we 
must have

(1)

where the r’s are rational numbers and where the 
determinant

Δ =

is different from zero.
It follows in a manner similar to that in which the 

equations (1) of the preceding article were derived that

(2) xx'i = a'i1x'1 +a'i2x'2+∙∙∙+a'inx'n (i = l,2, ..∙,n)j

and corresponding to the equation Φ1(z)=0, above, is 
derived the equation

Φ2(z) =

 a'11-x a'12 a'1n
a'21  a'22-x a'2n

a'n1 a'n2, a'nn-x

= 0.

That the functions Φ1(x) and Φ2(x) are identical is seen 
by multiplying them both by the determinant Δ. In the 
first case multiply the columns by the rows and in the 
second case, the rows by the columns. Observe in the 
first case that the general term of the resulting de­
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xxi = ai1x1 +ai2x2+∙∙∙+ainxn

Φ1(x) =xn+A1xn-1+A2xn-2+ ∙ ∙ ∙ +An-1x+An = 0.

S(x) =x(1)+x(2)+ ∙ ∙ ∙ +x(n).

(1) (-l)nAn = =N(x),
a11 a12 a1n
a21 a22 a2n

an1 an2 ann

By writing z = 0 in the determinant that defines Φι(x), 
it is seen that

Denote the roots of this equation by x(1), x(2), ∙ ∙ ∙, x(n) 
If x is any one of these conjugate roots, by definition the 
norm of x is the product of the roots and written

while the spur of x, is written
N(x) = N(x(1)) = N(x(2)) = ∙ ∙ ∙ = N(x(n)) = xx(1) ∙ ∙ ∙ x(n-1)

Art. 59. Norm; Spur. Expanding the determinant 
that defines Φ1(x), it is seen that

with which it is proved that Cik = C'ik and that Φi(x) 
= Φ2(x).

it follows directly that

while from the equations

To show that these terms are equal, note that if the 
values (1) are written in (2) we have

and in the second case the general term is

terminant is
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while
S(x) = a11 + a22+ ∙ ∙ ∙ + ann = -A1.

N(x∙y) = N(x) N(y).
and that is

|Cik| =|aik| ∙ |a'ik| i=l, 2, ∙∙∙,n
k = l, 2, ∙∙∙,n

From the multiplication of determinants it is seen that
Cik =a'i1a'1k+ a'i2a'2k + ∙∙∙ + a'ina'nk

where
xyxi = Ci1x1+Ci2x2 + ∙∙∙ +Cinxn    (i=l, 2, ∙∙∙,n)

yxi = a'i1x1+a'i2x2 + ∙∙∙ +a'inxn    (i=l, 2, ∙∙∙,n),

x(t1x1+ t2x2+ ∙∙∙ + tnxn)=0.

t1ai1+t2ai2+ ∙∙∙ +tnain= 0 (i = l, 2, ∙∙∙, n).

N(0)=0, N(1) = 1.

S(ax) = aS(x).

From the equations (1) of Art. 57 it is seen that S(0) = 0, 
S(1) =n. If a is any rational number,

If α and β are two numbers of the realm Ω, then is 
S (α+β) = S (α) + S(β). Observe further that

It may be proved that x = 0 is the only quantity of the 
realm Ω whose norm is zero. For, under the assumption 
that the determinant (1) above is zero, quantities 
t1, t2, ∙ ∙ ∙, tn may be found such that

Hence, multiplying the equations (1) of Art. 57 respect­
ively by t1, t2, ∙ ∙ ∙, tn and adding, it is seen that

Since the quantities x1, x2, ∙ ∙ ∙, xn are linearly inde­
pendent, it follows that x = 0.

If a is a rational number, N(a) =an. If y is any other 
number of Ω, so that we have a second system of equations 
analogous to equations (1) of Art. 57 and (2) of Art. 58

it is seen that
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(i)

Art. 60. Realms such as were defined like Ω in Article 
57 are finite realms. It was seen that a finite realm 
contains only algebraic quantities. It follows also that 
no transcendental quantity can belong to such a realm. 
Regarding infinite realms we can only make negative 
statements, just as the definition of an infinite realm may 
only be expressed negatively.

If we adjoin the root of an irreducible algebraic equa­
tion to the stock-realm R, the realm thereby produced is 
finite.

Reciprocally, we have all possible finite realms, if we 
adjoin to the realm R the roots of all possible algebraic 
equations.

To prove this we have only to show that in every finite 
realm A, say, there exists an algebraic quantity x of such a 
nature that the realm is completely determined through it.

Let n be the degree of A. If n = 1, then is A = R(l) = R 
and consequently x = 1. But if n> 1, there is an algebraic 
quantity in the realm A. Let this quantity be α and 
let the degree of the irreducible equation which a 
satisfies be a. If n = a, we have all the quantities of the 
realm A by multiplying respectively the quantities 
1, α, α2, ∙ ∙ ∙, αa-1 by all possible rational numbers and 
adding the products thus formed. In this case A = R (α)

or from (i)

It is also seen that

Writing in this expression it follows that
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and consequently x = α. But if n>a, there must be 
in A more than a linearly independent quantities so that 
there must be at least another quantity a which is 
linearly independent of the a quantities 1, α, α2, ∙ ∙ ∙, αa-1. 
We may however (Art. 51) always determine a quantity β 
which is a rational function of the α’s and α' and through 
which the α,s and α' may be rationally expressed. Let 
the degree of the irreducible equation which β satisfies be 
b so that R(β) is of degree b. It is seen that the realm 
R(β) contains the a+l quantities 1, α, α2, ∙ ∙ ∙, αa-1 and 
α' and since these quantities are linearly independent 
b≧α+l.

If b = n, then is A = R(β) and consequently x = β. But 
if b<n, we must continue this process until finally we 
come to a realm of degree n so that A = R(x) where x 
satisfied an irreducible equation of the nth degree.

We have thus shown that in every finite realm there 
exists a quantity x which satisfies an irreducible equation 
whose coefficients are rational and whose degree is n; and 
through this quantity x the realm is completely determined.

Art. 61. Primitive Quantities; Kronecker’s Gattung.
By adjoining to the realm 9t the algebraic quantities a, β, 
• ∙ ∙, we saw that by a finite number of operations, we must 
come to a realm R(x) of the nth degree. There must exist 
several such quantities such as x which belong to the same 
realm. Let y be another quantity which also satisfies an 
irreducible equation of the nth degree. It is evident from 
the manner in which these quantities are derived (see 
also Art. 69) that both x and y may be rationally ex­
pressed the one in terms of the other. Such quantities 
are called primitive quantities. A primitive quantity 
determines its realm of rationality. The collectivity of 
primitive quantities constitute what Kronecker called a
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“ Gattung.” Thus, associated with every realm is its 
Gattung.

The following method may be employed to determine 
whether quantities are primitive or not. Suppose that 
x is a primitive quantity and that y = ϕ(x') is another 
quantity belonging to the same realm 9J. Let t be a 
variable quantity and form the equation
[t-ϕ(x)][t-ϕ(x')][t-ϕ(x'')]∙ ∙ ∙[t-ϕ(x(n-1))]=g(t)

which is an integral function of the nth degree in t whose 
coefficients belong to the realm 91. Writing y = ϕ(x), 
y = ϕ(x'), y'' = ϕ(x'''), ∙ ∙ ∙·, y(n-1) = ϕ(x(n-1)), the above 
equation becomes 

which is satisfied if y is written in the place of t. But if y 
is to be a primitive quantity, it must satisfy an irreducible 
equation of the nth degree. Hence the equation g(t) =0 
must be irreducible and y,, y'', ∙ ∙ ∙, y(n-1) must be the 
conjugate values of y.

Accordingly, if the n quantities y=ϕ(x), y' = ϕ(x'), 
y'' = ϕ(x'') ∙ ∙ ∙, y(n-1) = ϕ(x(n-1)) are all different, then y is a 
primitive quantity in the realm and the realm is com­
pletely determined through y.

Observe that if a realm A is determined by a quantity 
x, so that A = R(x), then x may be replaced by a rational 
function of x, say Φ(x), provided that the conjugate 
quantities y = Φ(x), y' = ϕ(x),  ∙ ∙, y(n-1) = ϕ(x(n-1)) are 
all different, the realms R(x) and R(y) being in this case 
identical.

We have here also a second proof of the theorem that 
if y belongs to the realm R(x), it is an algebraic quantity. 
For it may be rationally expressed in terms of x and from 
what we have just seen satisfies an irreducible equation 
of degree at most = n.

(t-y)(t-y')(t-y'')∙ ∙ ∙(t-y(n-1)) =g(t),
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Art. 62. Basis. In Art. 54 we were able to define the 
degree of a finite realm by means of the properties of the 
realm. We saw that a realm was of the nth degree when 
there were n linearly independent quantities in this realm, 
while any n + 1 quantities of this realm were linearly 
dependent, however these quantities be chosen.

In a realm of the nth degree any system of n linearly 
independent quantities is called a basis (cf. Dedekind, p. 
468 of Dirichlet’s Zahlentheorie) of the realm. If we 
multiply the n quantities that constitute the basis by all 
possible numbers that belong to the stock realm 9t, we 
have through addition all possible quantities of our new 
realm and each quantity only once (see below).

x0η+x1α1+x2α2+ ∙∙∙ + xnαn =0 

η = y1α1 + y2α2+ ∙∙∙ + ynαn,

η = y'1α1 + y'2α2+ ∙∙∙ + y'nαn,

0 = (y1- y'1)α1+(y2- y'2)α2+ ∙∙∙ +(yn- y'n)αn∙,

yv=y'v (v,=1,2,∙∙∙, n )∙
The rational numbers y1, y2, ∙∙∙ , yn are called the 
coordinates of η. The coordinates of any number of a

and consequently since the α,s are linearly independent, 
we must have

we would have

where the y,s are rational numbers.
There is only one way of expressing η in this manner. 

For if

and in such a way that x0, x1, x2, ∙ ∙ ∙, xn  are not all zero. In 
particular x0 is different from zero, for otherwise there 
would be a linear relation among the α's. It follows that

If α1, α2, ∙ ∙ ∙, αn form a basis of a realm of the nth 
degree and if η is any arbitrary quantity of this realm, 
then (Art. 54) we may always determine n+l rational 
numbers x0, x1, x2, ∙ ∙ ∙, xn so that
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 βv,=Cvα1 +Cv2α2 + ∙∙∙ +Cvnαn (v=1,2,∙∙∙, n)

r=l, 2, ∙ ∙ ∙, n
s = l, 2, ∙ ∙ ∙, nC = | crs | ≠ 0

t1β1 +t2β2+∙∙∙+tnβn = 0

a'υ a''υ a(n)υ (v=1,2,∙∙∙, n)

a'1 a'2 a'2
a''na''2a''1

a(n)1 a''2 a(n)n

∆(α1, α2, ∙ ∙ ∙, αn) =

and call ∆(α1, α2, ∙ ∙ ∙, αn) the discriminant of the n
quantities α1, α2, ∙ ∙ ∙, αn.

We then write

where the t's are rational numbers.
The quantities α1, α2, ∙ ∙ ∙, αn are called basal elements 

or elements (terms) of the basis αb α2, ∙ ∙ ∙, αn∙
Art. 63. Discriminant. We shall now give a criterion 

by which it may be determined whether a system of n 
numbers α1, α2, ∙ ∙ ∙, αn form a basis of a realm or not.

Let the algebraic quantity through which the realm of 
the nth degree is determined be x and let α1, α2, ∙ ∙ ∙, αn be 
expressed as integral functions of x (Art. 44). Then in 
the expressions of the α,s in terms of x, let x be replaced 
by each of its conjugate values (including x) x(1), x(2)\ ∙ ∙ ∙, 
x(n) and let the corresponding values of aυ be

They do not form a basis if C = 0; for in this case there 
exists a relation of the form (Art. 56)

The β's also form a basis of the fixed realm if

If α1 α2, ∙∙∙ , αn and β1, β2, ∙ ∙ ∙, βn are two systems of 
n numbers which belong to a fixed realm of the nth 
degree and if α1 α2, ∙∙∙ , αn form a basis of this realm, 
we must have

realm are uniquely determined when once a definite basis 
has been established.
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1, 1, 1

∆(l, x, x2, ∙ ∙ ∙, xn-1) =
x(1) x(2), x(n)

f(t) = (t - x(1))(t — x(2)) ∙ ∙ ∙ (t -x(n))
= (t -x(v))g(t),

where
g(t) = (t - x(1))(t — x(2)) ∙ ∙ ∙ (t -x(v-1))(t -x(v+1)) ∙ ∙ ∙  (t -x(n)).
Hence

f'(t) =(t -x(v))g'(t)+g(t),
and consequently
f'(x(v)) =g(x(v)) = (x(v) - x(1)) (x(v) -x(2))

∙ ∙ ∙ (x(v) -x(v-1))(x(v) -x(v+1)) ∙ ∙ ∙ (x(v) -x(n))
(v,= 1, 2, ···,n).

The following four theorems may be proved:
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(1)

(2)

(3)

(4)

These theorems are proved first for the case where the 
system α1, α2, ∙ ∙ ∙, αn consist of the n quantities 1, x, x2, 
∙ ∙ ∙, xn-1. For this case we have

If ∆(αi, α2, ∙ ∙ ∙, αn) =0, then α1, α2, ∙ ∙ ∙, αn do not
form a basis.

If ∆(αι,α2, ∙ ∙ ∙, αn)≠0, then αb α2, ∙ ∙ ∙, αn form a
basis;

If α1, α2, ∙ ∙ ∙, αn do not form a basis, then ∆(αx, α2,
 ∙∙∙, αn) = 0;

If α1, α2, ∙∙∙, αn form a basis, then ∆(αb α2, ∙∙∙,
αn) ≠0;

Observe if f(t)=0 is the irreducible equation which is 
satisfied by x, that we have
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∆(αb α2, ∙∙∙,αn) = |ars|2∆(l, x, x2, ∙ ∙ ∙, xn-1)
(r, s = l, 2, .∙., n).

or

α11 α12 α1n
α2nα22α21,

αn1 αn2 αnn

1, 1, 1
x(n)x(1), x(2),

x(1)n-1, x(2)n-1, x(n)n-1

α'1 α''1 α(n)1
α'2 α''2 α(n)2

α(n)nα''nα'n

(μ, y=l, 2, .∙., n).
By the theorem for the multiplication of determinants, 
we have

αp = av1+av2x+av3x2+ ∙ ∙ ∙+ avnxn-1 (v=l, 2, ∙∙∙, n).

Since the equation f(t) =0, through which the algebraic 
quantity x is determined, is irreducible, it has no multiple 
root (Art. 41) and consequently f'(x(v))≠0 and therefore

also

It follows that ∆(1, x, x2, ∙ ∙ ∙, xn-1)≠0. The four 
theorems stated above are seen to be true for this special 
case, as we know that 1, x, x2, ∙ ∙ ∙, xn-1 form a basis.

Art. 64. Let α1 α2, ∙ ∙ ∙, αn be any n quantities of a 
realm of the nth degree. They may therefore be ex­
pressed in the form

Let x(1), x(2), ∙ ∙ ∙, x(n) be the quantities that are conjugate 
with x (including x) and write

We therefore have
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This is a symmetric function of the c roots z, z', ∙ ∙ ∙, 
z(c-1) and consequently its coefficients may be expressed 
through those of h(z); but these coefficients belong to the 
realm consequently the coefficients of F(t) belong also

F(t)= [t-ϕ(z)][t-ϕ(z')]∙ ∙ ∙[t-ϕ(z(c-1))] = 0.
or

F(t) = (t -x)(t -x') ∙ ∙ ∙ (t -x(c-1) )=0,
These quantities are the roots of the equation

z = ϕ(z),
z' = ϕ(z'),
x" = ϕ(z'') etc.

Since ∆(l, x, x2, ∙∙∙, xn-1)≠0 and since the quantities 
α1, α2, ∙ ∙ ∙, αn form, a basιs^ when and only w hen |ars|≠0, 
it is seen that α1 α2, ∙ ∙ ∙, an form a basis when and only 
when the discriminant ∆(α1, α2, ∙ ∙ ∙, an)≠0.

We also note the quadratic relation that exists between 
the two discriminants of any n quantities of a realm.

The conception of a discriminant of any n numbers of 
an algebraic realm of the nth degree is a very fortunate 
generalization of the discriminant of an algebraic equa­
tion (Art. 22).
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Art. 65. Divisors of Realms of Rationality. So far we 
have considered only multiples of algebraic realms; we 
may next consider the divisors of such realms.

Let R be the stock-realm and let h(z)=0 be an 
irreducible equation of degree c in z whose coefficients 
belong to the realm R. Let the roots of the equation 
h(z)=0 be z, z', z", ∙ ∙ ∙, z(c-1). We consider the realm 
R(z) and an arbitrary quantity x of this realm. This 
quantity x must (Art. 44) be an integral function of z, 
say x = ϕ(z), whose coefficients belong to the realm 9t.

Suppose that the quantities which are had when for z 
we write its conjugate values are
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to the realm R We may prove the following theorem: 
The function F(t) is either an irreducible function or the 
power of an irreducible function.

If possible resolve F(t) into factors and let f(t) be one 
of the irreducible factors of degree a, which vanishes for 
t = ϕ(z) say, so that

 f[ϕ(z)] = 0.
This equation has therefore with respect to the realm R 
a root in common with the irreducible equation h(z) = 0.

We consequently (Art. 39) must have  f[ϕ(z)] = 0, 
f[ϕ(z')] = 0, f[ϕ(z'')] = 0, f[ϕ(z(c-1))] = 0, or f(x')=0, 
f(xr) =0, ∙ ∙ ∙,f(xc-1) = 0. It is thus seen that every root 
of  F(t)=0 satisfies the irreducible equation f(t)=0, so 
that therefore (the lower suffices denoting the degrees of 
their respective functions)

Fc(t) = [fa(t)]n,
where c = a∙n (cf. Lagrange, Oeuvres, III, p. 355) and where 
the coefficients of both F and f belong to 9L

Art. 66. Consider the realm R(x) which is formed by 
adjoining the quantity x of the preceding article to the 
realm R. Since every quantity in the realm R(x) is a 
rational function of x and as x is a rational function of z, 
it follows that every quantity in R(x) is a rational 
function of z and therefore belongs to the realm R(z). 
Hence the realm R(x) is a divisor of the realm R(x). On 
the other hand every quantity in R(z) is not contained in 
R(x).

If n=1 in the preceding article, then x satisfies an 
irreducible equation whose degree is c. Further the 
quantities 1, x, x2, ∙ ∙ ∙, xc-1 all belong to the realm R(z) 
and are linearly independent. But the realm R(z) does 
not contain more than this number of independent quan­
tities. It follows that z may be expressed rationally in
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and Λ(i) have the common root t = z. And from this it 
follows that t = z satisfies the irreducible equation h(t) = 0

g(t, x') = (t-z')(t-z1')  ∙ ∙ ∙(t-zn-1)

Observe that the function ϕ(i)-x vanishes for the n 
values of t = z, z1, ∙ ∙ ∙, zn-1. It is seen that the functions

x = ϕ(z) =ϕ(z1) = ϕ(z2) = ∙ ∙ ∙ = ϕ(zn-1),
x' = ϕ(z') =ϕ(z'1) = ϕ(z'2) = ∙ ∙ ∙ = ϕ(z'n-1),

x(a-l) =ϕ(z(a-l)) =ϕ(z1(a-l)) = ϕ(z2(a-l)) = ∙ ∙ ∙ = ϕ(zn-1(a-l)),

Suppose next that the realm A is a divisor of the realm 
C the realm A being of degree a. If x is a primitive 
quantity in A it satisfies an irreducible equation f(t) = 0 
of degree a. Since x also belongs to the realm C, it is 
seen that x is an integral function of z, say x = ϕ(z). It 
was shown in Art. 68 that c = a∙n, where n is an integer. 
From this it follows that if A is a divisor of C, then a, 
the degree of A, is a divisor of c, the degree of C. It is 
evident that there are realms which have no divisors 
save R. This is evidently true when c is a prime integer.

Art. 68. If 21 is a divisor of C, then the c quantities 
ϕ(z), ϕ(z'), ∙∙∙, ϕ(z(c-1)), as shown above, may be dis­
tributed into a groups, there being n equal quantities in 
each group, namely (writing these same quantities in a 
somewhat different notation)

C = R(z).

terms of the powers of x, and it is seen that x and z are 
primitive quantities (Art. 61) in the realm R(z). The 
realms R(z) and R(z) are then identical.

Art. 67. We take R as the stock-realm and consider a 
realm C. of degree c. In this realm C there is a primitive 
quantity z which satisfies an irreducible equation h(z) =0 
of degree c. The realm C is completely determined 
through this quantity so that
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and consequently G(t, x) vanishes for the same values of 
t as g(t, x); and, since G(t, x) is by hypothesis a divisor of 
g(t, x), it is seen that g(t, x) is irreducible in the realm A.

Hence also the degree of C with respect to A is c/a, if 
with respect to the realm R it is c.

G[z, ϕ(z)] = 0 , G[z1, ϕ(z1)] = 0, ∙ ∙ ∙, G[zn-1-, ϕ(zn-1)] = 0

Theorem. With respect to the realm A the function 
g(t, x) above, is irreducible. For suppose that g(t, x) were 
resolvable into factors and let the irreducible factor that 
contains the root z be G(t, x). Then, since x = ϕ(z), it 
follows that G[z, ϕ(z)] = O. The coefficients of G[z, ϕ(z)] 
belong to the realm R. Hence this function vanishes for 
the other roots of the irreducible equation h(z) =0 (Art. 
41). It follows that

is a rational function in x.

It is clear that the coefficients of Ψ(t) belong toR, while

Observe that f(t) = (t - x)(t-x') ∙∙∙ (t -x(a-1)) is an irre­
ducible function in R and form the expression
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τ(a-1)= S(z(a-1), z1(a-1), ∙∙∙, zn-1(a-1)),

τ = S(z, z1, ∙∙∙, zn-1),
τ' = S(z', z'1, ∙∙∙, z'n-1),

It may be shown as follows that every symmetric 
function of z, z1, ∙∙∙, zn-1 is a rational function of x. 
For, let S(t, t1, ∙∙∙, tn-1) be any symmetric function in 
t, t1, ∙ ∙ ∙, tn-1, and write

of degree c in the realm R, while in the realm R(x) it

satisfies an equation of degree

www.rcin.org.pl



ALGEBRAIC REALMS OF RATIONALITY 87

Art. 69. Let y be a second quantity belonging to the 
realm C, and form the realm B = R(y). Corresponding 
to this divisor of the realm C suppose that there is a 
second distribution of the c quantities into a systems of 
n quantities.

y = ψ(z)=ψ(z1) = ∙ ∙ ∙ = ψ(zn-1), 
y' = ψ(z')=ψ(z'1) = ∙ ∙ ∙ = ψ(z'n-1),

y(a-1) = ψ(z(a-1))=ψ(z1(a-1)) = ∙ ∙ ∙ = ψ(zn-1(a-1))

and consequently y belongs to the realm R(x). It follows 
that the realm R(y) is a divisor of the realm R(x).

In the above discussion it is not necessary that the 
quantities y, y', y", ∙ ∙ ∙, y(a-1) be all different; but if they 
are, the two realms A = R(x) and B = R(y) are identical, 
the quantities x and y being primitive quantities in them.

which is an integral function in t whose coefficients belong 
to the realm R Denote it by S(t).

If in the above equation we put t = x, we have

yf'(x)=S(x) or

This expression is the same as

It may be shown that y is a rational function of x; for let 
t be any variable. Form the function
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Art. 70. We have seen that if the degree a of a 
divisor-realm A is less than c the degree of the realm C, 
then to this divisor there corresponds a distribution of the 
c quantities into n equal groups of a different quantities 
or into a different systems of n equal quantities. Such a 
distribution corresponds to each divisor. There is, how­
ever, only a finite number of distributions of c quantities 
into a systems of n quantities. Possibly to many of these 
distributions there will correspond no divisors; to each 
divisor, however, there will correspond one and only one 
distribution. From this we conclude that an algebraic 
realm has only a finite number of divisors.

Reciprocally, it may be shown that if a realm contains 
only a finite number of divisors, it is an algebraic realm. 
For consider any realm C taken with respect to a stock­
realm R. Let z be a quantity of the realm C, and form 
the realm R(z) which consists of all rational functions 
of z. Besides z the realm S contains also z2. Hence 
also the realm R(z2) is a divisor of C. In the same way 
C contains also the realms R(z3), R(z4), ∙ ∙ ∙. It is thus 
seen that C contains an infinite number of divisors. But 
in virtue of our hypothesis, there can be only a finite 
number of such divisors. Hence some of the realms 
R(zk) must be equal, say
(1)

b0zp+b1zp+q+b2zp+2q +∙∙∙+ bszp+sq = a0+a0zq+∙∙∙+  arzrq.

R(zp) = R(zq) where p<q.
The realm R(zq) consists of all rational function of zq 
of the form

where the a’s and b’s belong to the realm Rt. Since zp 
belongs in virtue of (1) to the realm R(zq) it is seen that 
zp must be expressible in the above form, so that
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This being an algebraic equation in z, which is not 
identically satisfied, since none of the exponents on either 
side of the equation are equal, it follows that z is an 
algebraic quantity.

If then λ is any quantity that belongs to the realm C, 
then is λ an algebraic quantity, with which we may form 
the realm R(λ). Let λ' be another algebraic quantity 
of C which is not contained in R(λ). Since C contains 
the two realms R(λ) and R(λ'), it contains also their 
product, that is R(λ) ∙ R(λ') = R(λ, λ') = R(μ), say. Con­
tinuing in this manner, if μ' is an algebraic quantity 
different from μ which is also found in C we form the 
realm R(p) = R(μ)R(μ') which is a divisor of the realm C. 
Since C contains only a finite number of divisors, by 
continuing this process, we must finally come to an 
algebraic quantity ϑ, such that C = R(ϑ). From this 
it follows that C is a finite or algebraic realm.

Art. 71. Let C be a realm of degree c and let z be a 
primitive quantity of this realm so that C = 9ι(z). 
Further let A be a divisor-realm of degree a and let x be 
a primitive quantity in this realm so that 3l = 9t(x). 
Since x belongs to A and as A is a divisor of S, it is seen 
that x is a quantity in C so that x = ϕ(z), where ϕ denotes 
an integral function. The quantity z satisfies an irre­
ducible equation of degree c. Let the other roots of this 
equation be z', z", ∙ ∙ ∙, z(c-1) so that the a quantities 
conjugate with (and including) x are to be found among 
ϕ(z), ϕ(z') ∙ ∙ ∙, ϕ(z(c-1)), each repeated n times (Art. 65).

Art. 72. We shall now see again how a realm is 
reduced if we consider instead of the realm R, a more 
general realm SB = R(y) as the realm of rationality. Let 
the irreducible equation in R which x satisfies be Fa(u) = 0 
of degree a. Next consider the realm B = R(y) of degree
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Due to the equations x = φ(z) and z = χ(x, y), it is seen 
that x is a rational function of z and that z is a rational 
function of x (taken with respect to the realm B). Let 
the irreducible equation which x satisfies with respect to 
the realm B be (see Art. 68, end),

B0 - B1x - B2x2+∙∙∙+ Ba'-1xa'-1

Art. 73. Lemma. Let B be a finite realm and y a 
primitive quantity in it, and let y' be a quantity con­
jugate with y. Further let F(u, y) and G(u, y) be two 
functions whose coefficients belong to B.

Theorem: If F(u, y') is divisible by G(u, y), then is 
F(u, y') divisible by G(u, y'). For if F(u, y) is divisible

where the B’s are all quantities of the realm B = R(y).

Note in this connection also that If then  R is

taken as the realm of rationality, then A is of degree a, 
but if 53 is the realm of rationality, then A is of degree

and we may represent all the quantities of A in

the form

b and let the least common multiple of A and B be 
C = R(z) of degree c; that is A∙B = C. Since B is a 
divisor of C we have y = ψ(z), where ψ denotes a rational 
function whose coefficients belong to R We may also 
express C in the form C = R(x, y) (Art. 47). It follows 
that all quantities in C are rational functions of x and y, 
so that z=χ(x, y), where χ denotes a rational function.

With respect to the realm B = R(y), z satisfies an irre-
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ducible equation of degree and C with respect to this

realm is of degree (see Art. 68).
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by G(u,y), we must have F(u,y)=G(u,y)H(u,y), 
where the coefficients of H(u,y) also belong to the realm 
B. In the equation

the coefficient of any power of u in this difference is a 
function of y, say Φ(y), and since these coefficients are 
identically zero, it is seen that Φ(t) becomes zero for t = y. 
Hence also Φ(t) becomes zero for the conjugate values of 
y (Art. 41; cf. Abel, Vol. II, p. 231).

It follows at once that

F(u,y)-G(u,y)H(u,y) ≡ 0,

F(u,y')-≡G(u,y')H(u,y').

F(u,y') = G(u,y')H(u,y'),

F(u,y) = G(u,y)H(u,y)

when in it we interchange y and y,. Similarly it is seen 
that  F(u) is divisible by G(u,y''), ∙∙∙, G(u,y(b-1))· 
Each of these functions contains therefore at least one

1 See Camille Jordan, Traité des substitutions, p. 269; Holder, Math. Ann., 
Bd. 34, p. 47.

since Fa(u) remains unchangedalso divisible by
From the lemma just proved it follows that Fa(u) is

realm, it follows that Fa(u) is divisible by

the quantity x satisfied an irreducible equation Fa(u) = 0 
of degree a. Since both equations are satisfied by x and

is irreducible in the more extendedsince

equation of degree say G(u,y) =0; and in the realmR,

as the realm of rationality,1 the quantity x satisfied an

that is, when B is takenWe saw that in the realm

then we must have

Further if F(u,y) is irreducible in the realm R(y), then 
also F(u,y') is irreducible.
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of the roots of Fa(u) = 0. But the coefficients of the 
product of the G,s belong to the realm R. It follows then 
that the product of the G,s is a power of Fa(u) and indeed

the power.

Art. 74. Let A and B be two finite realms of degrees a 
and b, with respect to R and let C be the product of 
these realms of degree c. If 21 is taken as the realm of
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a' = 1 = b'.
Art. 75. The Greatest Common Divisor. If A and B 

are two arbitrary realms of degrees a and b they will in 
general have certain quantities in common. All these 
quantities that are common to the two realms form

This result may be expressed in the following manner: 
Take R as the stock-realm of rationality and let x and y 
be two quantities that belong to the realm C = 9ι(z), x satisfy­
ing an irreducible equation of degree a in R and y satisfying 
an irreducible equation of degree b in R Then there are 
also in R(z) equations in which x appears with coefficients 
that are functions of y and vice versa. Let the one in which 
x appears to the lowest degree be of degree a' in x while 
the one in which y appears to the lowest degree be of degree 
b' in y; then among the numbers a, a', b, b' we have the 
relation (1).

A special case is when x and y are rationally expressed 
the one in terms of the other; in this case we have

rationality then 53 is of degree while ifB is taken

as the realm of rationality, then A is of degree
Hence c = ab' = ba' or

(1)
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another realm D, the greatest common divisor of the 
realms A and B. If t is a primitive quantity in D so 
that D = R(t), it is evident that t is a rational function of 
x and of y, say
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t = ϕ(x) t= ψ(y)∙
Further since R(t) is the greatest common divisor of the 
realms A and B., any quantity t' common to these realms 
is a rational function of t.

We start then with two realms A =R(x) and B =R(y) 
of degrees a and b with respect to 9L We form their 
product C = R(x, y) = R(z) of degree c and we let their 
greatest common divisor be D = R(t) of degree d. The 
quantity x satisfies an irreducible equation Fa(u)=0 of 
degree a taken with respect to the realm R while it

regard to the realm 23.

cd≦,ab.
Art. 76. Under certain conditions cd = ab and conse­

quently H(u) = G(u). This is always the case if A or B 
is a Galois or normal realm. If for example A is a normal

or

u, must be a divisor of It follows that

satisfies the irreducible equation taken with

If next we take the realm D as the realm of rational­
ity it is seen that x satisfies an irreducible equation

of degree a/d (Art. 68). The coefficients of

this equation belong to D and since D is a divisor of B, 
they also belong to the realm B. Consequently with 
respect to the realmB the quantity x satisfies the equa­
tion But we just saw that with respect to

the realm B the quantity x satisfies the irreducible equa­
tion Hence considered as a function of

and
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expressible in terms of x. Further since G(u) is a divisor 
of H(u), it follows that the coefficients of G(u) are rational 
functions of x and therefore belong to the realm A. But 
in the equation G(u) =0 the coefficients are quantities in 
the realm B; consequently they belong to the realm D. 
In D, however, the function H(u) is irreducible and since 
x satisfies G(u) =0 and also H(u)=0 (the coefficients of 
both equations being rational in the realm D), it follows

is a Galois realm, the roots of H(u) are all rationallyIf

Fa(u) = (u-x)(u-x,')∙ ∙ ∙(u-x(a-1))
and in D it satisfies the irreducible equation

In 9ι the quantity x satisfies the irreducible equation

to assume that is a Galois realm.

It may be proved as follows that instead of assuming 21 
to be a Galois realm in the above statement, it is sufficient

G = H and ab = cd.

The coefficients of G(u) belong to the realm B, but since 
they are rational functions of x, they also belong to the 
realm A. Hence also they belong to the realm D which 
is the greatest common divisor of A and 23. But in D 
the quantity x satisfies the irreducible equation H(u) =0. 
It follows (Art. 39) that G is divisible by H. But since 
H is divisible by G, it follows that

G(u) = (u-x)(u-x,) ∙ ∙ ∙(u — x(k)), where k≦a-l.

realm, then the conjugate quantities with x, that is, x,, 
x", ∙ ∙ ∙, x(a-1)>, which are the roots of Fa(u)=0, are ra­
tionally expressible in terms of x. Since G(u) is a divisor 
of F(u), it contains a certain number of the a factors of 
F(u), say
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that G(u) is divisible by H(u) and consequently as above
H(u)=G(u) or ab = cd.

Art. 77. The Relative Equality of Two Realms. As an 
example of what has been given above we may introduce 
as a new conception that of the relative equality of two 
realms. Let R be a fixed stock-realm and with respect 
to this realm consider the realm A in which the quantity 
x is a primitive quantity satisfying an irreducible equa­
tion Fa(u) = 0 of degree a so that A = R(x). Hence every 
quantity of the realm A is expressible in the form (Art. 
44)

g0+g1x+g2x2+∙∙∙+ga-1xa-1,
where the g’s are rational quantities of the realmR.

If A' is another realm taken with respect to a new 
stock-realm R' and if x is a primitive quantity of A' so 
that A'= R(x) and if the quantity x satisfies the same 
irreducible equation Fa(u) = 0 with respect to R' as it 
did with respect to R then we may say that the two

realms and are relatively equal. The coefficients

of the equation Fa(u) = 0  belong to both realms R and R' 
and consequently to the greatest common divisor of 
these two realms. Every quantity in A and A' may be 
expressed in the form

g'0+g'1x+g'2x2+∙∙∙+g'a-1xa-1

It is seen that if cd = ab, the realms and are rela­

tively equal; for in the quantity x is a primitive

quantity which satisfies the irreducible equation

where the coefficients belong to the greatest common 
divisor of the realms R and R'.
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Art. 79. We may next consider the norm of several 
realms. If x is the root of an irreducible equation, and 
if x', x", ∙ ∙ ∙ are the quantities conjugate to x, we define 
the product x∙ x' ∙  x", ∙ ∙ ∙∙ as the norm of any one of the

Hence if we suppose that B is a normal realm, then since 
G(u, y) is irreducible in the realm R(y), as are also 
G(u, y'), G(u, y''), ∙ ∙ ∙, G(u, y(d-1)) (Art. 73), it is seen 
that the function F(u) irreducible in R has the above 
factors irreducible in R(y).

Fa(u)=G(u, y)G(u, y') ∙ ∙ ∙ G(u, y(d-1)).
and consequently also

H(u, t)= G(u, y),
If further ab = cd, then from Art. 76 we have

Since 33 is a divisor of 21, it follows also that (see Art. 73)
b = m∙d.

when
t(d-1) = ψ'(y(d-1)) =ψ(y1(d-1)) = ∙ ∙ ∙ =ψ(ym-1(d-1)),

t = ψ(y) =ψ(y1) = ∙ ∙ ∙ =ψ(ym-1),
t' = ψ'(y') =ψ(y'1) = ∙ ∙ ∙ =ψ(y'm-1),

it is evident (Art. 68), if t = ψ(y), that we have the follow­
ing system

Art. 78. Consider again (Art. 68) the four realms A, 
B, C, D. We saw that if B = R(y) is taken as the realm 
of rationality, the quantity x satisfies the irreducible

The realm D being a divisor of B,equation

And from above G(u) = H(u).

tity which satisfies the irreducible equation

the quantity x is likewise a primitive quan-and in
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quantities x, x', x'', ∙ ∙ ∙, x(a-1) and write this product 
= N(x) = N(x') = ∙ ∙ ∙. From x is derived the realm R(x); 
from x' the realm R(x'); etc. These realms we called 
conjugate realms (Art. 45) and their product we called 
the norm (Art. 53) of the realm R(x) so that

ALGEBRAIC REALMS OF RATIONALITY Q7

R(x)R(x') ∙ ∙ ∙ R(x(a-1)) =R(x, x', ∙ ∙ ∙, x(a-1)) =N[R(x)]=N[R(x')] = ∙ ∙ ∙ = N[R(x(a-1))]∙
Theorem I. The norm of the product of several realms 

is equal to the product of their norms. Suppose we have 
given the two realms R(x) and R(y). The product of 
these realms, that is R(x)R(y) = R(x, y) forms a new 
realm, say, R(z), where z satisfies an irreducible equation 
of degree c. We wish to prove that
R( z', z'', ∙ ∙ ∙, z(c-1))

=R(x, x', ∙ ∙ ∙, x(a-1)∖ y, y , y'', ∙ ∙ ∙, y(b-1)).

R(z) = R(x, y),

z = χ(x, y), x=ϕ(z), y=ψ(z),
we have

This equality may be proved by showing that each of 
the realms is divisible by the other.

From the equality of the realms

ψ(z'),
are the quantities conjugate to y, each one being repeated

these quantities are conjugate to x, each one being 
repeated c/a times. In the same way the quantities

where all the functions are rational in their arguments, 
the coefficients belonging to the stock-realm R It is 
evident since x = ϕ(z), that R(x) is a divisor of R(z); 
and, if we form

ϕ(z'), ϕ(z''), ϕ(z(c-1)),

1 Gauss, Werke, I, p. 103 (1831); Kummer, Journ. d. Math., Vol. 12, p. 187.

ψ(z'') ψ(z(c-1))
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Further suppose that A = R(x) is a divisor of C where 
the degree of A is a and denote by x, x', ∙ ∙ ∙, x(a-1) the

R(z, z', ∙∙∙,z(c-1)) is the norm of C

Theorem II. The norm of the divisor of a realm is a 
divisor of its norm. Let C = R(z) be a realm of degree c 
and let z, z', ∙∙∙,z(c-1) be the quantities that are con­
jugate to z, so that

R(x, x', ∙ ∙ ∙, y , y', ∙ ∙ ∙) = R(z, z', ∙∙∙,z(c-1))
From the inequalities (1) and (2) results the equality

It is thus shown that z' is a rational function of x' and y' 
and similarly z'' is a rational function of x'' and y'', etc. 
It follows that z, z', z'', ∙ ∙, z(c-1) belong to the realm
R(x, x', ∙ ∙ ∙, x(a-1)∖ y, y , y'', ∙ ∙ ∙, y(b-1)) and consequently 
(2) R(z, z', ∙∙∙,z(c-1))<R(x, x', ∙ ∙ ∙,y, y , y'', ∙ ∙ ∙).

z' = χ(x, y)∙
and consequently

z'=χ[ϕ(z'), ψ(z')],

where in the latter expression the coefficients belong to 
the realm 9L It follows that

z = χ(x, y), we have 
z = χ[ϕ(z), ψ(z)J,

(1) R(x, x', ∙ ∙ ∙, y , y', ∙ ∙ ∙)<R(z, z', ∙∙∙,z(c-1)).
On the other hand, since

from which it is seen that every rational function of the 
realm R(x, x', ∙ ∙ ∙, x(a-1)∖ y, y , y'', ∙ ∙ ∙, y(b-1)). is a rational 
function of the realm 9‰ z', ∙ ∙ ∙, z(c_1)) and consequently 
the first realm is a divisor of the second; or as it may be 
expressed symbolically
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c/b times. We have at once
R(x, x', ∙ ∙ ∙, x(a-1)∖ y, y , y'', ∙ ∙ ∙, y(b-1)).

= R[ϕ(z), ϕ(z'), ∙ ∙ ∙, ϕ(z(c-1)), ψ(z), ∙ ∙ ∙, ψ(z(c-1)),
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ϕ, ψ and χ denoting rational iunctιons. lhe quantities 
ϕ(z), ϕ(z,'), ∙ ∙ ∙, (z(c-1)) are conjugate to x, each repeated 
c/a times; while ψ(z), ψ'(z), ■ ∙ ∙, ψ(zf'c~r>') are conjugate to 
y, each repeated c∣b times. Since z=χ(x, y), it follows 
(see preceding article) that z' = χ(x', y'), so that z' is a 
rational function of x' and y'. But since x' is a rational 
function of x while y' is a rational function of y, and as 
x and y are both rational functions of z, it is seen that z' 
is a rational function of z. Similarly it is seen that z'' 
is a rational function of z, etc. It follows that C is a 
normal realm.

Next let the greatest common divisor of two normal 
realms A and B be D = R(t), so that t = ϕ(x) and t = ψ(y),

x = ϕ(z)∖ y = ψ(z) and z = χ(x, y),

quantities that are conjugate to x so that R(x, x', ∙ ∙ ∙,  
x(a-1)) is the norm of R(x). Since A is a divisor of C, 
every quantity in 21 is also contained in (5, and conse­
quently x = ϕ(z) where ϕ denotes a rational function. 
The conjugate quantities are x' = ϕ(z'), x'' = ϕ(z''), ∙∙∙; 
and these quantities x', x'', ∙ ∙ ∙ are quantities of ift(x', 
x'', ∙ ∙ ∙) which is the norm of R(x) = A, while z', z'', ∙ ∙ ∙ 
belong to the norm of  R(z) = C. Hence every quantity 
belonging to the norm of x is also to be found in the norm 
of z, so that the norm of A is a divisor of the norm of S.

Art. 80. We defined the realm A = R(x) as a normal or 
Galois realm (Art. 45), if R(x) = R(x') = ∙ ∙ ∙ = R(x(a-1)); 
that is, if the realm R(x) is equal to its norm.

Theorem III. The least common multiple and the 
greatest common divisor of two normal realms are normal 
realms. Let A = R(x) and B = R(y) be two normal realms, 
where x', x'', ∙ ∙ ∙, x(a-1) are the quantities conjugate to x 
and the quantities y', y'', ∙ ∙ ∙, y(b-1) are the quantities 
conjugate to y. Further suppose that C = R(x, y) = R(z) 
is the least common multiple of 21 and SB so that
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And this means that C' is divisible by A and A by C''. 
Realms which have besides themselves and 9ι no other 
normal divisors are called simple realms.1

Suppose that C is not a simple realm and that it has 
the normal divisor C3. Suppose also that there is a 
normal divisor between C and C3 and denote this divisor 
by C1. We next see whether between C and C1 there 
lies a normal divisor. Suppose that this is not the case, 
but suppose that between C1 and C3 there lies the normal 
divisor C2. We further assume that between C1 and C2;

C'>A>C''.

Art. 81. Let C be a normal realm and consider all 
divisors of this realm; of these divisors select those which 
are also normal realms. Let C' and C'' be two such realms. 
Suppose further that it is possible to find a divisor 51 of 
C which is contained in C' and in which C'' is contained. 
If A, C' and C'' are different from one another 51 is said 
to lie between C' and C'' or

It is seen that t' is a rational function of x', and conse­
quently also of x, since x' is a rational function of x∖ 
similarly t' is a rational function of y; and being a rational 
function of both x and y, it follows that t' is a rational 
function of t. Similarly it may be shown that t'', t''', ∙ ∙ ∙ 
are rational functions of t, and consequently D is a normal 
realm.

where ϕ and ψ denote rational functions. Further every 
quantity that may be rationally expressed in terms of x 
and also in terms of y is found in the realm D and con­
sequently is a rational function of t.

Let the quantities that are conjugate to t be t' = φ(x'), 
t'' = φ(x''), ∙ ∙ ∙; and correspondingly let

l Camille Jordan, Math. Ann., Vol. I, p. 142, and Traite des substitutions, p. 41.

t',=ψ(y'), t''=ψ(y'')

100 THE THEORY OF ALGEBRAIC NUMBERS

www.rcin.org.pl



We shall show that the numbers c, c1, c2, ∙∙∙, ck are 
identical with the numbers c, c'1, c'2, ∙∙∙, c'k, if the sequence 
is neglected. By assuming the truth of the theorem for

are

Suppose further that we have found in another manner 
the connected chain of normal divisors C, C'1, C'2, ∙∙∙, C'k,, 
R and suppose that the degrees of

are

and suppose that the degrees of
C, C1, C2, ∙∙∙, Ck, R

Art. 82. It may next be shown that such a repre­
sentation of a connected chain of normal divisors is 
unique and completely determined if the sequence of the 
divisors is not considered. Suppose that we have found 
in any manner the connected chain of normal divisors

and that between two successive divisors no other normal 
divisor appears.

C>C1>C2>C3>R,

form a connected chain of normal divisors.
In order then that the above realms form a connected 

chain of normal divisors, it is necessary that

C, C1, C2, C3, R

C2 and C3; C3 and 9t there lie no other common divisors. 
We say that the realms
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in which the A's and SB’s are different. We shall show 
that the realms of both series are relatively equal (Art. 
77) to one another.

Let D be the greatest common divisor of A and SB. 
Let d, a, b be the degrees of these respective realms. It 
was seen in Art. 80, end, that D is a normal realm. As 
there is no divisor between C and A and none between 
S and SB, it is evident that C is the least common multiple 
of A and SB (Art. 47) so that C = A∙B. We may show 
that C, A, D and C, B, form connected chains. To 
prove this we need only show that if there were a normal 
divisor between A and T), then there would be also one 
between C and SB; and if there were one between B and 
D there would be one between C and A. Suppose that 
A' is a normal divisor between A and D and let C' be 
the least common multiple of A' and B. We assert C' 
lies between C and SB. For it is clear that S' is a normal 
realm that is a divisor of S and a multiple of SB. We 
have then only to show that S' is equal to neither S nor 
to SB. The greatest common divisor of A' and B is D, 
for D is the greatest common divisor of A and B and 
further A' is a divisor of A while D is a divisor of A' 
and B.

If c' is the degree of C' and a' that of A', it follows since 
the realms are normal realms (Art. 76), that
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the divisors of C which are of lower degree than S, we 
may show it to be true also for the series including S.

Take the two connected chains of normal divisors
C, A, A1, ∙∙∙, R
C, B, B1, .∙∙, R,

c'd = a'b and cd = ab.
We thus have
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(1) C, A, D, D', ∙∙∙, R
(2) C, A, A1, A2, ∙∙∙, R
(3) C, B, B1, B2, ∙∙∙, R
(4) C, B, D),D', ∙∙∙, Rt

it is seen that these series are identical, only the first two 
terms are interchanged. It is also seen that (1) and (2) 
are identical by hypothesis, since they have the terms 
C, A in common and the theorem is supposed to be true 
from A to R. Similarly (3) and (4) are identical, and 
consequently also (2) and (3) are equal, since the quo­
tients in both series are neglecting the sequence relatively 
equal.

(Arts. 75 and 76). Hence if we take the series (1) and (4)

and

Since S = AB we have ab = cd and hence also

Since a>a', it follows that c>c' and therefore C>C'. 
Further A' is different D, it being > D. It follows that 
A' is not a divisor of B; and since A' is a divisor of C', it 
follows that C' is different from B. Hence if between A 
and D there were to lie a normal realm, there would also 
be one between C and B and vice versa. Hence C, A, £) 
is a connected chain as is also C, B, D.

Art. 83. Consider next the following four chains of 
normal divisors:
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that the associated realms themselves are invariant.
1 See for example Frobenius, Crelle, Vol. 100. Sylow, Math. Ann., Vol. V, p. 

589. Hölder, Math. Ann., Vol. 34, p. 47.
2 Camille Jordan, Journ. de Math. (2) T. 12, p. 111. Camille Jordan, Journal 

de 1’École Poly., Vol. 38, p. 190 (1861). Abel, Oeuvres, II, p. 222 and pp. 233, 256, 
260, 262, 266, 270, 279.
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Art. 84. With the material which has been formu­
lated, we are now able to state the following theorem. We 
know that the root of an algebraic equation is expressed 
through its coefficients and involves the extraction of roots.

Theorem. Suppose that we have an irrational quantity 
which has been found through the extraction of roots: let 
rational functions be formed of this quantity, the coefficients 
belonging to a fixed realm. Then form another quantity by 
extraction of roots of these functions. Further form rational 
functions of this new quantity, etc. The root expression so 
formed satisfies an algebraic equation. Form the norm C

of this equation. The numbers that are there­

with determined, are powers of prime numbers, if C. is the

norm of a solvable realm Reciprocally, if are

powers of prime numbers, then C is the norm of a solvable 
realm.1 For the truth of the theorem it is not necessary 
that the chain of normal divisors be a continuous one. 
The necessary and sufficient condition that the quantities 
of a realm be expressible through the extraction of roots

is that the integers be the powers of prime

numbers. Galois stated the theorem for prime numbers 
(but not for powers of these numbers), viz., that such 
an equation could be solved through the extraction of 
roots and that the roots could be expressed rationally in 
terms of one another.2 Jordan observed that the num­

bers are invariant. It may also be observed
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x3 - p1x2 + p2x - p3 = 0,

Since zz' = p21-3p2, it is seen that the z' may be expressed 
rationally in terms of z, since ω is an element of the stock­
realm. The same is true of all six of the above values. 
It follows 1 that z is a primitive quantity of the realm C, 
so that C = R(z).

Consider next the third powers of the six quantities in 
(1). It is seen that only z3 and z'3 are different. These 
quantities z3 and z'3 belong therefore to a quadratic 
realm. Further note that the square root of the dis­
criminant is a two-valued function of the third degree in

z =x0 + ωx1 + ω2x2

z' = x0 + ω2x1 + ωx2

ω2z =x1+ωx2+ω2x0
ωz = x2 + ωx0 + ω2x1

ω2z' =x2 + ωx1 + ω2x0,
ωz' =x1 + ωx0 + ω2x2.

and denote its roots by x0, x1, x2. Let the quantities 
p1,  p2, p3, ω, where ω is a cube root of unity constitute a 
stock-realm R. To this realm adjoin the quantity x0 
and denote the realm R(x0) by A, which is evidently of 
the third degree. The conjugate realms are R(x1) and 
R(x2). Form the normal realm (Art. 53)

Art. 85. Realms of Rationality That Are Associated 
with the Cubic Equation. Write the general cubic in the 
form

R(x0)R(x1)R(x2) = R(x0, x1, x2) =R(x0, x1) = C,
say. Consider next the linear expression

z = x0 + ωx1 + ω2x2,
and note that the six values that this function may take 
when z0, Xi, x2 are permuted, are

1 Lagrange, III, 403 writes: “ Voila, si je ne me trompe, les vrais princιpes de la 
résolution des équations et l'analyse la plus propre à y conduire; tout se réduit, 
comme on voit, à une espèce de calcul des combinations, par lequel on trouve a 
priori les résultats auxquels on doit s’attendre.”

(1)
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√D =(x1-x0)(x2-x0)(x2- x1),
F(x) = (x-x0) (x-x1) (x-x2),

F'(x0) = (x0-x1) (x0-x2).

and since x2+x1= p1ι~x0, it results that

It is seen that

If the realm C is considered with respect to the realm B, 
it is seen that C is of the third degree and may be written 
C≡R(x0, x1) = R(x0, √D). Further since C is a normal 
realm, the quantities x1, x2 may be exrpessed rationally 
through x0 and √D.

To verify this, observe that

and the interchange of x1 and x2 in (1) and (2) changes z 
to z' and √D and - √-D. And it is evident that one of 
these quantities may be expressed rationally in terms of 
the other. It follows that the realm of the sixth degree 
contains the realm, say B = R(√D), which is a normal 
realm of the second degree. It further contains the 
realm A = R(x0), which is not a normal realm. Hence 
the realm C is the least common multiple of the realms 
A and B. Let D be the greatest common divisor of 
these two realms. From Art. 76 it is evident that the 
relation cd = ab exists among the degrees of the four 
realms A, B, C, D, so that
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z, the two values being √D and - √-D, where

(2) D=(x0-x1)2(x1-x2)2(x2-x0)2.
√D= +(x0-Xι) (xι-x2)(x2-xo),

z3 = ½(2p31-qp1p2 + 27p3) +3∕2√-3√D;

For it is seen that
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F(x) =ax4+-4bx3 + 6cx2 + 4dx + e = 0

R(x0)R(x1)R(x2)2R(x3) = R(x0,x1, x2, x3)= 9R(x0,x1, x2,) = C,
say. This is a realm of the 24th degree, since the four 
roots may be permuted in 24 ways. In the Theory of 
Equations (see for example Burnside and Panton, Fourth

and denote its roots by x0, x1, x2, x3. Next form the 
normal realm

In Art. 81 a connected chain of normal divisors was 
defined. Such a case is present here, namely, C of the 
sixth degree, B of the second degree, A of the third 
degree and R of the first degree. Their quotients offer 
the prime integers 3 and 2; and to this is due the fact 
that the cubic may be solved through the extraction of 
roots. Thus it is seen that if the radical √D be con­
sidered among the quantities regarded as known, it is 
possible in the realm of R(√D) to express any root of a 
cubic as a rational function of any other root and known 
quantities. (See Serret, Algebre superieure, Vol. II, p. 
406). Similar results were derived by the author for 
the roots of the biquadratic. See examples and refer­
ences at the end of the chapter.

Art. 86. Realms of Rationality Connected with the 
Biquadratic. Write the biquadratic in the form

In the same way it may be shown that

and
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ax0+b= √p+  √q+ √r=σ and ax1+b= √p-  √q- √r= T,

T4+T3σ+3H(T2+Tσ +6p)+G(3σ+5T)-2p(T2+2Tσ-6p) = 0,
σ4+σ3T+3H(σ2+σT+6p)+G(3T+5σ)-2p(σ2+2σT-6p) = 0

show that the rational relations

1. If
EXAMPLES

It follows from Art. 84 that the associated equations 
are solvable. If further the realm C is considered with 
respect to the realm B, then C/B is of the fourth degree 
and x0 is a primitive quantity in it. It results that the 
other roots x1, x2, x3 may be rationally expressed in terms 
of x0, p, q, r.

prime integers.

these realms are vhich are powers of

From this it is also seen that S contains the realm of all 
rational quantities in p, q, r, and that is the realm 
R(p, q, r) = B, where B like C is a normal realm being 
equal to R(p), R(q), R(r), the quantities p, q, r being the 
roots of a cubic. It was seen in the preceding article that 
53 in its turn contained the normal realm of the second 
degree  R(√D) =A, say; while A contains the stock-realm 
R of the first degree. The quotients of the degrees of

C = R(x0, x1, x2) = R(√p,√q,√r).

It is evident that x0, x1, x2, x3 may be expressed rationally 
in terms of √p,√q,√r and vice versa; and consequently 
it follows that

Edition, 1899, Art. 61), it is seen that
ax0 + -b = √p-√q-√r,
ax2 + -b = √p-√q+√r

ax1 + -b = √p+√q-√r
ax3 + -b = √p+√q+√r

where p, q, r are the roots of Euler’s cubic
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σ= 2τ+3τ'+x'', σ'= 2τ'+3τ+z'', σ''= 2x''+3τ' +z, σ'''= 2τ+3x''+τ',
σ(4)= 2x'+3x''+x, σ(5) = 2x''+3x+x'.

Further write φ(t)= (t-σ)(t- σ') ∙ ∙ ∙ · (t—σ(5)). Calculate χ from the

formula

Similarly determine x' from Finally de­

termine x'' as a rational function of σ; also determine σ' and σ as 
rational functions of σ.

6. In Art. 53 let x, x', x'' be roots of x3+Ax+B=0. Write

root, the original biquadratic has a double root.
For solutions of Examples 1-5, see Am. Math. Monthly, Vol. XXVI, 

pp. 292-5, where they were given for the first time by the author.

Cubic (where G≠0) have a common

5. Show that if the equations 8t3+12Ht2+G2=0 and the Euler

G2a6ΔT= C0σ3+C1σ2+C2σ+C3; G2a6∆σ= C0T3+C1T2+C2T+C3
and show that C0, C1, C2, C3 are integral functions of p with coefficients 
that are integral functions in H, G2,1.

4. Write

where Δ is the discriminant of the biquadratic, and show that Ao, Aι, 
and A2 are integral functions of H, G2 and I.

and that is: σ may be expressed rationally in T and vice versa.
2. Show that the following integral relations exist:

0=T[8p3+12Hp2+G2]+4p2σ3+2Gpσ2+(24Hpi+G2)σ+6Gp(2p+H)
with another equation having T and σ interchanged and five other 
similar pairs of relations.

exist, where p, q, r are the roots of the equation
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tn + a1 +a1tn-1 +a2tn+21+ ∙ ∙ ∙ +an-1+an=0,

Art. 87. A quantity x is by definition an algebraic 
number if it satisfies an irreducible algebraic equation

CHAPTER IV

ALGEBRAIC INTEGERS

where a1, a2, ∙ ∙ ∙, an are integral or fractional numbers 
that belong to a fixed realm of rationality 1 and x is by 
definition an algebraic integer if the quantities a1, a2, ∙ ∙ ∙, 
an are all integers in the fixed realm. This conception is 
true also for the case of rational integers, for here n = 1 
and the equation which x satisfies is t - a = 0.

If x is an algebraic integer, all the conjugate quantities 
to x are algebraic integers.

The product of these quantities was called (Art. 59) the 
norm of x [written N(x)]. The sum of these quantities 
may be called the spur 2 of x [[written S(x)]. It is 
evident that the spur and norm of an algebraic integer 
are rational integers; for in the above equation

S(x) = -  a1 and N(x) = (-1)nan

1 Those who are reading this subject for the first time may consult with 
advantage a paper by L. J. Mordell; “An introductory account of the arithmet­
ical theory of algebraic numbers, etc.” Bulletin of the Am. Math. Society, Vol. 
29, p. 445.

2 Dedekind, § 167 of the Dirichlet Zahlentheorie∙, see also Dedekind-Weber, 
Crelle, Vol. 92, p. 188.
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If an algebraic quantity satisfies a reducible or an irre­
ducible algebraic equation, in which the coefficient of the 
highest power = 1, while the remaining coefficients are all 
integers belonging to a fixed realm, the algebraic quantity is 
integral.

For, if the equation is reducible, it may always be
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and

h(x) =xn + c1xn -1+c2xn-2+ ∙ ∙ ∙ +cn-1x+cn,

resolved into irreducible factors in which the coefficient 
of the highest power of the variable =1, and the other 
coefficients are all integral (Art. 10). One of these 
irreducible factors must be satisfied by the algebraic 
quantity, which is consequently an algebraic integer.
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This may also be shown as follows: If

where the c’s are integers, and if h((x)=f(x) ∙g(x) where

the integers a0, a1, ∙ ∙ ∙, ar and the integers b0, bi, ∙ ∙ ∙,bs 
having no common divisor, save unity, then is a0 = 1 = b0. 
Foι
a0b0h(x) = (a0xr+a1xr-1+ ∙ ∙ ∙ +ar)(b0xs + b1xs-1 ∙ ∙ ∙ +bs).
If p is a prime integer that divides a0b0, then (Art. 4) it 
must divide one of the factors on the right hand side. 
But the coefficients of neither of these factors have a 
common divisor other than unity.

Making an application of this to the special case that x 
is a rational number, we have the theorem:

Every rational root of an algebraic equation, in which the 
coefficient of the highest power of x = l and the remaining 
coefficients integers, is integral.

xn + a1xn-1 + a2xn-2 + ∙ ∙ ∙ +an-1x+an = 0,

rn+a1srn-1+a2s2rn-2+ ∙ ∙ ∙ +an-1sn-1r+αnsn = 0.
It follows that s must be = 1; otherwise if p is a prime

where the α,s are integers, then

root of the equation

For if (where r and s are relatively prime) is a
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integer that divides s, it must also divide r, contrary to 
the assumption that r and s are relatively prime. (See 
also Art. 10.)

112 THE THEORY OF ALGEBRAIC NUMBERS

Algebraic numbers that are not integral are called 
fractional algebraic numbers.1

Art. 88. That the algebraic integers are reproduced 
by the operations of addition, subtraction and multi­
plication is seen from the theorems below.

Theorem I. The sum of two algebraic integers is an 
algebraic integer.

Let a and β be integers which satisfy the equations

where the a's and b,s are integers belonging to a fixed 
realm R In the sequel, unless otherwise stated, this 
realm R is taken as the realm of natural numbers; 
and we shall denote it by R (see Art. 28). Further let

αr = a1αr-1+a2αr-2+ ∙ ∙ ∙ +ar,
βs = b1βs-1+b2βs-2+ ∙ ∙ ∙ +bs,

μ = α+β

αpβσ (p = 0, 1, ∙ ∙ ∙, r-1; σ = 0, 1, ∙ ∙ ∙, s-1),

which denote in any sequence by
w1 ,w2, ∙ ∙ ∙, wn.

It is evident that
μwv (v = l, 2, ∙∙∙,n)

may be written in the form (Art. 52)

and iorm the n = r∙s numbers

μwv=av1w1+av2w2 +∙∙∙+avnwn   (v = l, 2, ∙∙∙,n),

where av1, av2, ∙ ∙ ∙, avn are integers (including zero) of R.
1 Dedekind, § 173 of the Dirichlet Zahlentheorie. Also see J. Kδnig, Ein- 

leitung in die allgemeine Theorie der algebraischen Grossen. Teubner, Leipzig. 
1903.
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Through the elimination of wb w2, ∙ ∙ ∙, wn, we have
a11 -μ, a12 a1n
a21 a22 -μ, a2n

an2 ann -μ,

=0,
from which it is seen that μ satisfies an algebraic equation 
in which the coefficient of the highest power =1, the 
other coefficients being integers in R.

In the realm R(ι) for example, that is, in the plane of 
the complex variable, algebraic integers are of the form 
x+iy where x and y are natural integers including zero. 
Such integers offer easy illustrations of the theorem 
iust proved, as also of the following theorems.

Another Proof. Write

and observe that the coefficients of this polynomial are 
symmetric functions of the conjugate numbers α(1), α(2), 
∙∙∙, α(r) as also of β(1),∙∙∙ ∙, β(s).

apβσ (p=0,1, ∙ ∙ ∙, r-1; σ=0,1, ∙ ∙ ∙, s-1)

in any sequence by w1, w2, ∙ ∙ ∙, wn. It is evident that
μwv=cv1w1+cv2w2 +∙∙∙+cvnwn   (v = l, 2, ∙∙∙,n),

Theorem II. The difference of two algebraic integers is 
an algebraic integer.

This may be proved in an analogous manner as Theo­
rem I.

Theorem III. The product of two algebraic integers 
is an algebraic integer.

Let a and β be two algebraic integers defined as above 
and let μ = aβ. Further denote the numbers

an1
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where the c’s are integers (including zero) of R. The 
proof is in the same form now as in Theorem I.

If a is an algebraic integer and a a rational integer, 
then aa is an algebraic integer; for a must satisfy an 
algebraic equation

an = a1an-1 + a2an-2+ ∙ ∙ ∙ +an,
where the a,s are rational integers. It is also evident 
that

(aα)n = aa1(aα)n-1 +a2a1(aα)n-2+ ∙ ∙ ∙ +anan,
where the coefficients are also rational integers. Simi­
larly it may be proved that any algebraic number 
multiplied by a suitably chosen rational integer gives an 
algebraic integer. (Art. 93). It follows further that 
every function integral in any number of algebraic 
integers with integral (rational in R) coefficients is an 
algebraic integer. (Further see Art. 162).

There is still a fourth operation through which algebraic 
integers may be reproduced:

Theorem IV. If μ satisfies an algebraic equation in 
which the coefficient of the highest power =1, the other 
coefficients being algebraic integers, then μ is an algebraic 
integer.

For let
μm = α1μm 1 + α2μm-2-+ ∙ ∙ ∙ + αm,

(v = l, 2, ∙∙∙,m),

where α1, α2, ∙ ∙ ∙, αm are algebraic integers which satisfy 
the equations, say

the quantities av1,ι, av2, ∙ ∙ ∙, avm being integers in R. 
Further denote in any sequence the m∙r1∙r2∙ ∙ rm = n 
quantities

ρ1 = 0, 1, ∙∙∙, r1-1, ρ2=0, 1, ∙∙∙,r2-1,

ρm = , 1, ∙∙∙, rm-1 1, λ = 0, 1, 2, ∙ ∙ ∙ , m-1
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Art. 89. Definitions. If α and β are two algebraic 
numbers (integral or fractional), then a is said to be 
divisible by β, if a∕β is an algebraic integer.

Art. 88. Hence, any expression formed of algebraic 
numbers and rational integers in a rational manner is an 
algebraic number.

that α+γ, αγ, etc., are algebraic numbers as in

and is an algebraic number. It is clear, if we put

It follows that llβ satisfies the equation

whose roots are rational numbers, then clearly
xn + B1xn-1 + B2xn-2+ ∙ ∙ ∙ +Bn-1-x+Bn = 0,

If β is a root different from zero of the equation

Example. If a is a root of x3+x2+x+l=0 and β a root of 
x2- 2x -1=0, determine the equations which have as roots α+β, 
α-β, αβ.

μwv = dv1w1 + dv2w2 + -dvnwn (v = l, 2, ∙∙∙,n),

by w1, w2, ∙ ∙ ∙, wn. It is evident as above that
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where dv1, dv2, ∙ ∙ ∙,dvn are integers (including zero) of R. 
From now on the proof is the same as in Theorem I.

Corollary. It follows at once that if μ is an algebraic

integer, then is also an algebraic integer, For write

then is l∙xn- μm = 0 and from above x is an
algebraic integer. If further μm is a rational integer and 
if # is a rational root of xn- μm = Q, then is x a rational 
integer. (See last article).
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Since the norm of an algebraic integer is a rational integer, 
it follows that if a is divisible by β, N(α) is divisible by 
N(β). The inverse of this theorem is not true: that an 
algebraic quantity x be integral, it is not only necessary 
that its norm be a rational integer, but also all the 
elementary symmetric functions of the conjugate quanti­
ties (of which it is one) must be integral.

As in the case of division for rational numbers the two 
following elementary theorems are true also of algebraic 
numbers:

Theorem I. If a is divisible by β, and β by y, then is a 
divisible by y.

For if α∣β and β/γ are two algebraic integers, then the 
product (see Theorem II in Art. 88) of two such integers

The spur 1 and the norm of an algebraic quantity may 
be defined relatively with regard to an algebraic realm 
R(x) in which the given algebraic quantity is found. 
Let x be a root of the irreducible equation f(t)=0 of 
degree a and let the conjugate roots be xw, xw, ∙∙∙, 
x(a-1) if then α is a quantity that belongs to the 
realm R(x), then is α = φ(x) where φ is a rational function 
with coefficients that belong to the stock realm R. 
Relative to the realm R(x) the spur and norm of a may 
be defined through the relations (see also Art. 59)

S(α) =φ(x) + φ(x(1)) + φ(x(2)) +∙∙∙+ φ(x(α-1)),
N(α) = φ(x) ∙ φ(x(1)) ∙ ∙ ∙  φ(x(α-1)).

If a and β are two algebraic quantities that belong to 
R(x), then
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N (α ∙ β) = N(α) N (β)
and

1 See Art. 59.
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is an algebraic integer; it follows that that is, is
an algebraic integer.

Theorem II. If a and β are both divisible by κ, then 
aζ±βη is divisible by κ, where £ and η are algebraic integers.

For sinc( and ξ on the one hand, and and η on the

other, are four algebraic integers. and are alge­

braic integers, and also i.e., is an alge­

braic integer.
Γhe Theorem II may be generalized as follows: If 

the algebraic numbers, a, β, γ, ∙ ∙ ∙ are all divisible by κ 
and if ξ,  η, ζ∙ ∙ ∙ are algebraic integers, then also

is an algebraic integer.

braic integer. If of two algebraic numbers (integers or 
fractions) a and β, the one is divisible by the other, then 
each of the quotients is an algebraic unit. For put 
β∕α = ϵ and α∣β = e, where e and e, are algebraic integers;

then is β∕α∙α/β = ϵϵ' = 1, so that and and con-

unit, then since is an algebraic integer, is an alge-

responds to the definition of the rational unit 1. In the 
realm 9ι(i) for example, the units are ±l and ±i.

Every algebraic integer is divisible by any algebraic 
unit. For if a is an algebraic integer and e an algebraic

are algebraic integers. This definition cor-both ϵ and

Art. 90. Algebraic Units. An algebraic integer ϵ is 
called a unit if 1 is divisible by ϵ. Hence if ϵ is a unit,
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sequently 1 is divisible by ϵ and also by ϵ', or e and ϵ' are 
algebraic units.

A criterion by which it may be determined whether an 
algebraic integer is a unit, is as follows. If e is an alge­
braic integer, it satisfies an irreducible algebraic equation

ϵn+e1ϵn-1+e2ϵn-2-+∙∙∙+en-1ϵ+en = 0,

This equation is also irreducible and in order that e be 
an algebraic integer the coefficients in the last equation 
must be rational integers. Further since 1∕en is a 
rational integer, it follows that en= ±l. Hence a 
necessary condition that c be an algebraic unit is that en, 
[i.e. N(ϵ)] be = ±l. Here it is immaterial whether the 
norm is restricted (Art. 89) to a definite realm of ration­
ality or not. For when restricted to a definite realm 
N(ϵ) is a power of N(ϵ) where N(ϵ) is the product of the 
algebraic integers conjugate to ϵ (including ϵ). (Art. 65). 
The necessary condition, viz., N(ϵ) = ±l. is also a sufficient 
condition that ϵ be an algebraic unit.

For if a is an algebraic integer, then N(α) is divisible by 
a. To prove this note that if the irreducible equation 
which a satisfies, is

an + a1αn-1 + a2αn-2 +∙∙∙+ an = 0,
where α1, a2, ∙ ∙ ∙, an are rational integers, then

N(α) = ( - l)nan = ( - l)n-1(αn + a1αn-1 +∙∙∙+ an-1α) 
= ( - l)n-1α(αn-1+ a1αn-2+ ∙ ∙ ∙ +an-1);

1+e1ϵ' + e2ϵ2+∙∙∙∙en-1ϵn-1 + enϵ'n=0,
or

equation, we have

where the e’s are rational integers. Writing in this
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is an integer if ϵ and ϵ' are algebraic units. Hence in

is an algebraic integer, then alsoFor ifnumber of β

If α is an algebraic number and ϵ a unit, then α is 
divisible by αϵ and also αϵ is divisible by α. Two such 
lumbers which only differ through a multiplicative unit, 
of which the one is divisible by the other are called 
associate numbers. The one may be said to be an 
associate of the other. If α is divisible by β, then every 
associate number of a is divisible by every associate

is an algebraic unit.that

Further and are algebraic integers, so

are algebraic integers and consequently ϵϵ' is an

algebraic unit.

and consequently is an algebraic integer; or N(α) is
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divisible by a. Hence if ϵ is an algebraic integer and

 N(ϵ) = ±l, then is an algebraic integer and conse­

quently ϵ is an algebraic unit. We have thus proved the 
theorem:

The necessary and sufficient condition that an algebraic 
integer ϵ be a unit, is that N(ϵ) = ±l.

Art. 91. A system of units is reproduced through 
the operations of multiplication and division; for we have 
the two following theorems:

Theorem I. The product of two units is a unit.
Theorem II. The quotient of two units is a unit.
For if ϵ and ϵ' are two algebraic units, then ϵ and ϵ', as 

also 1∕ϵ and 1∕ϵ' are algebraic integers; hence also ϵϵ' and
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is integral. The analogous theorem for the multipli­
cation of congruences is not true, neither is it true for

also

For since and are algebraic integers, then

Theorem III. If α≡β (mod. κ) and α'≡β' (mod. κ), 
then is also α±α' ≡β±β' (mod. κ).

braic integer and a≡y (mod. κ).

is an algebraic integer; that is, is an alge-

are algebraic integers and consequentlyand

For if α≡β (mod. κ) and β≡y (mod. κ), then

Art. 92. Congruences. If α, β, κ are three arbitrary 
algebraic numbers, we write α≡β (mod. κ), if α - β is 
divisible by κ. From this definition we have the 
theorems as in the usual Theory of Numbers:

Theorem I. If α≡β (mod. κ), then is also β≡α 
(mod. κ).

Theorem II. If two numbers are congruent to a third 
(mod. κ), they are congruent to each other.

the case of division any algebraic number may be replaced 
by one of its associate numbers.

The power of a unit with positive or negative exponent 
is always a unit, since the system of units is reproduced 
through multiplication and division; in fact, if ϵ is an
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algebraic integer, then ϵr/s is a unit. For if ϵ and

are algebraic integers, then also (Art. 88) ϵr/s and ϵ'r/s are 
algebraic integers, so that ϵr/s  is an algebraic unit.
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10 ≡1 (mod. 3)
rational (fractional) numbers. For example, we have
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and

but

κ) and β≡β' (mod. κ), then are and

If, however, α, β, α', β' are integers (rational or algebraic) 
and κ arbitrary (rational or algebraic) and if α≡α' (mod.

in­

tegers, so that

is integral, or αβ≡α'β' (mod. κ).
If we wish to proceed as in The Theory of Rational 

Integers, we must first define a prime algebraic integer. 
If we define an algebraic integer as being prime when it 
can not be decomposed into two integers without one of 
these factors being a unit, we shall find that there is no 
integer which has this (see Arts. 28, 88, Corollary, 112) 
property. This difficulty may be overcome if we limit 
the algebraic integers to a fixed realm of rationality (Art. 
112).

Algebraic Integers of a Fixed Realm

Art. 93. Suppose we have a definite realm of ration­
ality, say Ω = R(ϑ) of the nth degree. The algebraic 
quantity ϑ which determines the realm satisfies an 
irreducible equation (Art. 60) of the nth degree, say 
f(x) = 0.

If α and β are two algebraic integers of this realm, 
then since α and β are both rational functions of ϑ, it
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μ =  c0 + c1ϑ + c2ϑ2+ ∙ ∙ + cn-1ϑn-1,
where the c’s are rational numbers. Hence μ belongs to 
the realm R(x); and, as we saw in (Art. 88) μ is an 
algebraic integer. It follows that the realm R(μ) is a 
divisor of R(x) and (Art. 67) the degree of the irreducible 
equation which μ satisfies is a divisor of n. Hence the 
algebraic integers of Ω are reproduced by addition. In 
the same way it is seen that they are reproduced by 
subtraction and multiplication.

In a similar manner as in Chapter III where all quanti­
ties of a definite realm were expressed through a basis, we 
shall now express all the integers of the realm Ω through a 
basis.

We may first show that the basis of a finite realm Ω 
may be so chosen that it consists only of algebraic 
integers:

If ΰ is any algebraic number, it satisfies a certain 
algebraic equation of the form (Art. 87)

122 THE THEORY OF ALGEBRAIC NUMBERS

follows also that μ = α+β is a rational function of ϑ and 
can be expressed in the form (Art. 44)

a0ϑn + a1ϑn-1 + ∙ ∙ ∙ +an-1ϑ + an = 0,

ηn+a1ηn-1 +a1a0ηn-2 ∙ ∙ ∙ +a1a0n-1 = 0,
where the coefficients are rational integers, the coefficient 
of the highest power being = 1. Hence η is an algebraic 
integer. We have thus shown that every fractional 
algebraic number ϑ may be expressed in the form η∣a0 
where η is an algebraic integer and a0 a rational integer; or 
it is always possible to determine a rational integer a0 
such that a0ϑ is an algebraic integer, ϑ being any algebraic 
number.

If then βl, β2, ∙ ∙ ∙, βn form a basis of the realm Ω, we

where a0, a1, ∙ ∙ ∙,an are rational integers. If we multiply 
this equation by a⅛~~1 and write a0ϑ = η, it follows that

www.rcin.org.pl



ALGEBRAIC INTEGERS 123

may always determine n rational integers, k1 k2, ∙ ∙ ∙, kn, 
such that k1β1, k2β2, ∙∙∙, knβn are algebraic integers. 
Further since these n integers are linearly independent, 
they also form a basis of Ω. Denote these n integers by 
α1, α2, ∙ ∙ ∙, αn. It is evident that the discriminant 
∆(α1, α2, ∙ ∙ ∙, αn) is a rational integer. For this dis­
criminant is an integral function of the α's and of the 
quantities that are conjugate to the α's which are also 
algebraic integers; the discriminant is therefore integral. 
In Chapter II, Art. 22, end, we saw that the discriminant 
is also rational; hence it is a rational integer. Further 
since an, α1, α2, ∙ ∙ ∙, αn. form a basis,

If in the linear form α1x1 + α2x2 + ∙ ∙ ∙+ αnxn we write 
for the x's all possible systems of rational numbers, we 
have all the quantities of the realm Ω (Art. 57). Among 
these numbers are found all the algebraic integers of Ω. 
If for x1, x2, ∙ ∙ ∙, xn we write only rational integers, we 
have only algebraic integers of Ω, although not necessarily 
all the integers of this realm. If all the integers of Ω are 
not had in this manner, there is an algebraic integer, say 
p, such that

∆(α1, α2, ∙ ∙ ∙, αn) ≠0.

where r1, r2, ∙ ∙ ∙, rn, r are rational integers without a 
greatest common divisor and r>l. If r is not a prime 
integer, it is divisible by a prime integer, p say, so that 
r = pq, where p>1 and q is an integer. It follows that

is an algebraic integer in Ω. Hence, if the expression 
a1x1 + a2x2+ ∙ ∙ ∙ +anxn offers an algebraic integer for 
rational fractional values of the x's, there is a system of

www.rcin.org.pl



124 THE THEORY OF ALGEBRAIC NUMBERS

fractional values of the x's in which the common denomi­
nator is p and for which the linear form α1x1 + α2x2 
+∙∙∙+αnxn represents an algebraic integer σ of Ω. As
the integers r1, r2, ∙ ∙ ∙, rn are not all divisible by p, 
suppose that r1, is relatively prime to p. Two integers 
s and t may always be determined such that

r1s-pt = 1.
It follows that

say, is an algebraic integer in Ω. 
We thus have

α1 = pβ1- sr2α2-∙∙∙-srnαn.
It is evident that the n quantities β1, a2, a3, ∙ ∙ ∙, an form a 
basis of Ω; for if there were a linear relation among them, 
there would exist a linear relation among the α,s, when 
for β, its value in terms of the α,s was written.

The realm Ω of the nth degree contains a primitive 
quantity, say ϑ such that (Art. 61) all quantities of Ω 
may be expressed linearly through 1, ϑ, ϑ2, ∙∙∙ , ϑn-1. 
Let the n quantities conjugate with ϑ be , ϑ'', ∙ ∙ ∙, 
ϑ(n), of which one is ϑ. Represent next the quantities 
β2, α1, ∙ ∙ ∙, αn through ϑ. When this has been done the 
equation

α1 — pβ1+sr2α2 +∙∙∙+ srnan = 0
is an identical relation in ΰ and consequently also in the 
quantities conjugate to We thus have the n relations

α1(λ) = pβ1(λ) - sr2a2(λ) - sr3a3(λ)-∙∙∙-  srnan(λ) (λ = l, 2, ∙∙∙, n).

From the theorem in determinants that the determinant 
remains unaltered if to one column the elements of 
another column multiplied by a constant factor are 
added, it follows that
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α''1 α''2 α''n

α1(n) α2(n) αn(n)

pβ'1, α'2,
∕α'n

pβ''1 α''2
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Hence if there are any algebraic integers of Ω which may 
be expressed through r1α1+ r2α2+∙ ∙ ∙+rnαn when the
r's are rational (fractional) numbers, then it is always 
possible to determine a basis consisting of another set of 
algebraic integers, and such that the discriminant is less 
than ∣∆(α1, α2, ∙ ∙ ∙, αn)| .

If further the linear form r1β1+ r2α2+∙ ∙ ∙+rnαn  repre­
sents algebraic integers of Ω for a system of fractional 
values of the r,s, by proceeding in the same manner we 
may derive another basis consisting of algebraic integers 
and such that the discriminant is less than ∣ ∆(β1, α2,
 ∙ ∙, αn)∣. By this process the absolute value of the 
discriminant which is a rational integer becomes smaller 
and smaller. We must therefore finally come to a basis 
ω1 ω2, ∙ ∙ ∙, ωn which consists of algebraic integers and is 
such that the linear form x1ω1 + x2ω2 + ∙ ∙ ∙+ xnωn no 
longer represents an algebraic integer for a system of 
fractional values of the x’s. This special basis is called 
the basis of all algebraic integers of the realm Ω. It has 
the following three properties: (1) The quantities ωi, ω2,
 ∙ ∙, ωn are all algebraic integers. (2) Its discriminant
≠0. (3) If in  x1ω1 + x2ω2 + ∙ ∙ ∙+ xnωn all possible sys­
tems of integral rational values are written for the x’s, 
we have all the algebraic integers of Ω (and only these).

∣ ∆(β1, α2, ∙ ∙ ∙, αn)∣<∣∆(α1, α2, ∙ ∙ ∙, αn)| ∙

and consequently ∆(α1, α2, ∙ ∙ ∙, αn) = p2∆(β1, α2, ∙ ∙ ∙, αn)∙
From this formula it is seen that β1, a2, a3, ∙ ∙ ∙, an form a 
basis; for ∆(α1, α2, ∙ ∙ ∙, αn) is different from zero due to 
the fact that α1, α2, ∙ ∙ ∙, αn form a basis. It is also 
evident, since p>l. that
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This last property which is the fundamental charac­
teristic of the basis of all algebraic integers of Ω may also 
be formulated as follows: The basis of all algebraic 
integers of Ω consisting of ω1 ω2, ∙ ∙ ∙, ωn is such that an 
algebraic integer of Ω which is expressed through this basis in 
the form x1ω1 + x2ω2 + ∙ ∙ ∙+ xnωn is only divisible by a 
rational integer k when the integral rational coordinates 
(Art. 62), x1, x2, ∙ ∙ ∙, xn are all divisible by k.

Art. 94. Let ω1 ω2, ∙ ∙ ∙, ωn be a basis of all the 
integers of Ω and let α1, α2, ∙ ∙ ∙, αn be an arbitrary basis of 
Ω. We have

αv = av1ω1 + av2ω2+ ∙ ∙ ∙ + avnωn (v = l, 2, ∙∙∙, n),
where av1, av2, ∙ ∙ ∙, avn are rational numbers. We again 
suppose that all the quantities of Ω are expressed through 
ϑ, where ϑ is defined as in the preceding article. When 
for ϑ we write its conjugate values, we obtain the n 
equations

αv(k)= av1ω1(k) + av2ω2(k) +∙∙∙+avnωn(k) (p, ⅛=1, 2, ..∙, n).

|αv(k)| = |av,k| ∙ |ωv(k)|

From these relations we have, due to the theorem for the 
multiplication of determinants,

and consequently if A = |av,k|,
∆(α1, α2, ∙ ∙ ∙, αn) = A2Δ(ω1 ω2, ∙ ∙ ∙, ωn).

It follows from this last expression that all discriminants 
of Ω must have the same sign. If as we have supposed, 
the α,s are linearly independent, then A must be different 
from zero (Art. 55); if however, the α's were linearly 
dependent, then A must be zero.

If further the α's are all algebraic integers, then the 
quantities av,k are all rational integers, as is therefore also 
A.

A the α's, like the ω's, form a basis of all algebraic

www.rcin.org.pl



with respect to ω1 ω2, ∙ ∙ ∙, ωn, then, since ||av,k| =±1, it
αv = av1ω1 + av2ω2+ ∙ ∙ ∙ + avnωn (v = l, 2, ∙∙∙,n),

The number K is called the index of the basis α1, α2, ∙ ∙ ∙, 
 αn. It follows that the discriminant of a basis is equal to 
the product of the square of its index by D. If the 
index of n algebraic integers, an, α2, ∙ ∙ ∙, αn is equal to 1 
and consequently also |av,k| =±1, these integers form a 
basis of all integers of Ω. For if we solve the n equations

∆(α1, α2, ∙ ∙ ∙, αn) = K2∆(ω1 ω2, ∙ ∙ ∙, ωn)

If α1, α2, ∙ ∙ ∙, αn is an arbitrary basis of Ω and if 
K = ± |av,k|, then is

Thus we see that the discriminants of the different bases 
of all algebraic integers of Ω are equal. We note then 
that the discriminant of the basis of all integers of Ω is 
independent of what basis of all the integers of Ω has been 
chosen. It is the most important invariant of the realm 
Ω. We may call it the basal invariant (Grundzahl) of Ω. 
It was denoted by D or Δ(Ω) by Dedekind (see p. 538 of 
the Dirichlet Zahlentheorie, Fourth Edition).

There are, of course, an infinite number of systems of n 
algebraic integers of Ω whose discriminant = D, and these 
systems of n integers form bases of all integers of Ω. 
The basal invariant D is in absolute value a minimum 
among all the discriminants (different from zero) of any 
n integers of Ω. The basis ω1 ω2, ∙ ∙ ∙, ωn is sometimes 
called a minimal basis of Ω. We have the discriminant of 
all other bases of Ω consisting of n algebraic integers if D 
is multiplied by certain positive integers A2 which are 
different from zero.

∆(ω1 ω2, ∙ ∙ ∙, ωn) = A'2∆(α1, α2, ∙ ∙ ∙, αn).
It follows that A2A'2 =1 or A2 = A'2 = 1, and consequently

∆(α1, α2, ∙ ∙ ∙, αn) =∆(ω1 ω2, ∙ ∙ ∙, ωn)

integers of Ω, then is
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If the left hand side of this expression is divisible by c, 
then since the coefficients of the linear form x1ω1 + x2ω2 + 
 ∙ ∙ ∙+ xnωnmust all be divisible by c (see end of Art. 93),

It follows that
αv= av1ω1 + av2ω2+ ∙ ∙ ∙ + avnωn (v = l, 2, ∙∙∙, n),

We have ∆(α1, α2, ∙ ∙ ∙, αn) = K2D, where K is a rational 
integer, since by hypothesis the α's  are integral and 
K = =t I avt I, and the quantities av,k are rational integers 
defined through the n equations

integer, where c, ci, c2, ∙ ∙ ∙, cn are rational integers without a 
common divisor, then is the index of the discriminant of the 
α's divisible by c.

integers and if is also an algebraic

Art. 95. Theorem. If <α1, α2, ∙ ∙ ∙, αn are n algebraic

with respect to the realm Ω = R(ϑ). Here ∆(l, ϑ, ϑ2, 
∙ ∙ ∙, ϑn-1) is called the discriminant of the number ϑ [And 
written ∆(ϑ) ], or the discriminant of the equation f(t) =0, 
while K is called the index of the number ϑ or the index 
of the equation f(t) =0.
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follows that each of the ω's is a linear function of the α’s 
with rational integral coefficients. Hence if all the 
integers of Ω can be expressed linearly in terms of the 
ω's with rational integral coefficients, they can also be 
expressed linearly in terms of the α's with rational 
integral coefficients.

If as a special case, a basis consists of 1, ϑ, ϑ2, ∙ ∙, ϑn-1, 
where ϑ satisfies an irreducible equation of the nth 
degree, f(t) =0, say, then is
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it is seen that
f(x) = (x -α') (x -α'')∙ ∙ ∙ (x -α(n-1)),

Writing
the different of the number a.

δ(α) = (α -α') (α -α'')∙ ∙ ∙ (α -α(n-1))
Art. 96. Hilbert, Bericht, § 3, calls the product

and as c1A, c2A, ∙ ∙ ∙, cnA, cA are all divisible by c, it 
follows also that A is divisible by c. This proves the 
theorem since A = K.

c1 Ak1+c2 Ak2-+∙ ∙ ∙+cn Akn+c Ak = A,
It follows also that

k1c1 +k2c2' +∙ ∙ ∙+kncnA+kc= 1.

which is equal to ckA, where A=K. Since k may take 
the values 1, 2, ∙ ∙ ∙, n, it is seen that the quantities ciA, 
c2A, ∙ ∙ - , cnA and also cA are divisible by c.

But since the integers c1, c2, ∙ ∙ ∙, cn, c have no common 
divisor, we may always determine n+1 integers k1, k2, 
∙ ∙ ∙, kn, k, such that

Each of these summations is zero except

is divisible by c. But this expression is

(1)

each of the n expressions c1av1 + c2av2 +∙ ∙ ∙+cnavn must be 
divisible by c. If in the determinant ∣ αp,t ∣ we denote the 
first minor of any element av,k by Av,k, it is seen that the 
expression
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And it is further seen that

Observe that if a is an algebraic integer, its norm and 
discriminant are rational integers, while δ(α) is an 
algebraic integer. Observe further that if $ is a number 
that determines the realm R(ϑ), then δ(ϑ) and ∆(ϑ) are 
both different from zero, and inversely (Arts. 61 and 63).

Another proof1 that in a realm of the nth degree there 
are always n algebraic integers ωi, ω2, ∙ ∙ ∙, ωn, such that 
every other integer ω of the realm may be expressed in 
the form

ω =  x1ω1 + x2ω2 +∙ ∙ ∙+ xnωn
where the x,s are rational integers is as follows:

Proof. Let a be an algebraic integer which determines 
the realm so that Ω = R(α). Then every number ω of the 
realm may be expressed in the form (Art. 54)

ω = r1+r2α+∙ ∙ ∙+rnαn -1,
where the r’s are rational numbers, and the conjugate 
values are

ω' = r1+r2α'+∙ ∙ ∙+rnα'n -1,

ωn -1 = r1+r2αn -1+∙ ∙ ∙+rn(α(n -1))n -1,

(i = l, 2, .., n),

Solving these equations in determinant form, it is seen 
that

1 The kernel of this proof is found in Lagrange, “ Réflexions sur la résolution 
algébrique des équations,” Oeuvres, III, § 100. See also Kronecker, Crelle, Vol. 
91, p. 307; Jordan, Traité des substitutions, p. 262; Netto, Substitutionentheorie, 
Chapter V; Hilbert, Bericht, § 3.
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(i=1, 2, ∙ ∙ ∙;)

which is an integer of the realm and C1(2) is reduced 
(mod. d).

In the group G3 put all integers of the form

where C2i(2) are rational integers.
Since ∑C2i(2ω2i∙ are integers of the realm, it is seen that 

as a second basal element we may take

Let the greatest common divisor of the integers C2i(2) 
(i=1, 2, ∙ ∙ ∙;) be C2(2)∖ We may accordingly write

(i=1, 2, ∙ ∙ ∙;)

i = 1, 2, ∙∙∙. As all rational integers appear in the 
realm, it is seen that C1i = id, i=1, 2, ∙ ∙ ∙; and we may 
accordingly write as the first basal element ω1 = l.

In the second group G2, write all integers of the realm 
of the form

where d = ∆(α) is the discriminant of a and where the A’s 
are rational integers.

Suppose that all the integers of the realm are collected 
in the n groups G1, G2, ∙ ∙ ∙, Gn. In the first group G1 let

all the integers of the form be collected, where

where d = ∆(α) is a rational integer and Ai being clearly 
integral (and = dri), is rationally integral.

It is thus seen that every integer of the realm may be 
put in the form
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ω-qnωn-qn-1ωn-1 +∙ ∙ ∙+  q2ω2~q1ω1=0,
as asserted in the theorem.

where A1(2), A2(2), ∙∙∙, An-3(2) are rational integers and 
An-2(2) is divisible by Cn-2(n-2)· Proceeding in this manner it 
is seen that

where An-1(1) is an integer divisible by Cn-1(n-1) and where
A1(1), A2(1), ∙∙∙, An-2(2) are rational integers. Writing 
An-1(1) = qn-1 Cn-1(n-1)∖ it is seen that

The integers ωi, ω2, ∙ ∙ ∙, ωn are the basal elements 
required in the theorem. For, if ω is any integer of the 
realm, it may be written in the form indicated above. 
Observe that An is divisible by Cn(n), so that, say An = qnCnn.

It follows that

Ck-1(k) <Ck-1(k-1), Ck-2(k)<Ck-2(k-2) (k = l, 2, ∙∙∙, n).

where Ck(k)  is the greatest common divisor of all the 
integers Cki(k) (i = 1, 2, ∙ ∙ ∙), and where

where C2(3) < C2(2), use having been made of ω2, and where 
  Ck(k) is reduced, mod. d.

Continuing this process, we form the basal elements

Let C3(3) be the greatest common divisor of C3i(3) (i = 1, 2, 
∙∙∙). Since integers C3i(i)may be determined such that
∑ C3i(3) C3i(3) =C3(3) and since is an integer of the

realm, we may take as a third basal element
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Quadratic Realms

x1+x2√d = 0,
where x1 and x2 are rational numbers. But this relation 
can exist only when x1 = 0 = x2. It follows also that 1 and 
√d form a basis of Ω and that all numbers of this realm 
may be expressed throughx1+x2√d where x1 and x2 are 
rational numbers.

The quantity d is different from 0 or 1, otherwise the 
equation would be reducible. Note that the realms 
R(√d) and Ω = R(τJ) are equivalent. It may be observed 
also that every quantity of the realm has the form 
b0+b1ϑ (Art. 44). It is seen that 1 and √d are two 
numbers of the realm Ω and are linearly independent. 
For if they were linearly dependent it would follow that

or

In this expression write b2 - 4ac = k2d, where the integer d 
does not contain any square factor. We then have

a, b, c, being rational integers without a common divisor. 
It follows that

Art. 97. Before going farther into the general theory, 
it may be well to apply certain of the principles already 
developed to some of the simpler realms, in particular to 
the quadratic and cubic realms. If Ω is a quadratic 
realm, there exists in it a quantity ϑ which satisfies an 
irreducible quadratic equation of the form

aϑ2 + bϑ+c = 0,
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1. 1
√d, - √d -2√d,

We further have

134 THE THEORY OF ALGEBRAIC NUMBERS

or
∆(l, √d) = 4d.

It must be determined next whether 1 and √d form a 
basis of all the integers of Ω. Write

∆(l, √d)=4d = DK2,

algebraic integer.
t'+u'-√d  is integral, it follows that must be an

must be an algebraic integer, and asSince

x = 2t' + t and y = 2u'+u.
where t and u are either = 0 or = 1. It results that

rational integers without a common divisor. Since (Art. 
95) K is divisible by z, it follows here that z = 2. 
Further write

bers. Let such an integer be where x, y, z are

In the first case where K = l, D = 4d, the form x1+x2√d 
represents for integral rational values of xi and x2 all the 
algebraic integers of Ω, and 1, √d form a basis of all the 
algebraic integers of this realm.

In the second case where K = 2, there must be algebraic 
integers in Ω which are expressed through the form 
x1-+-x2√d where x1 and x2 are rational (fractional) num­

where D is the basal invariant of Ω and K the index of 
the basis 1, √d. Since d contains no square factor and 
K is a positive rational integer, it follows that K = 1 or 
= 2.
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consequently D≡8 or 12 (mod. 16). From this we see 
that not every arbitrary integer can be the basal invariant 
of a quadratic realm. An odd integer can have this 
property only when it is ≡ 1 (mod. 4) and an even integer 
only when it ≡ 8 or 12 (mod. 16). Further note, since 
D = 4d, that an odd integer can occur only to the first

D = 4d. Hence when K =1, or 3 (mod. 4), and

Summary. Since d does not contain a square factor, 
d≢0 (mod. 4). If d≡2 or ≡3 (mod. 4) then is K = 1, and

teger and consequently d = l (mod. 4). Inversely if 
d≡l (mod. 4), then K = 2 and η is an algebraic integer. 
Notice that

Hence if K is equal to 2, then must be a rational in­

(2η- l)2 = d or

is an algebraic integer, then inversely K must = 2; for if 
K = 1, there would be no algebraic integer with fractional 
coordinates. The irreducible equation which η satisfies is

say, is an algebraic integer: and if

Neither of these numbers being an algebraic integer, we 
have left only the third case. Hence when K = 2,

and in the second caseIn the first case

(1) t = 1, u = 0; (2) t = 0, u = 1; (3) t = 1, u = 1.

Art. 98. As the case t = 0 = u must be excluded, since 
then x, y, z would have the greatest common divisor 2, 
the three following cases arise:
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must be rational integers. Hence must be a
rational integer, or t2≡Du2 (mod. 4).

Art. 99. The Units of a Quadratic Realm.  It is clear

(Art. 90) that an integer as defined above can

necessary and sufficient that the coefficients of the 
irreducible equation which it satisfies, be rational integers, 
with unity as the coefficient of the first term; that is, the 
coefficients of

(mod. 4), For if is an algebraic integer, it is

integers which must however satisfy the condition t2≡Du2

where t and u are rationalexpressed in the form

It is evident that in general all the integers of Ω may be
where x and y are rational integers.

power as a factor of D since by hypothesis d is divisible by 
no integer squared; while 2 can occur only to the second 
or third power as a factor of D. Similarly in the case of 
realms of higher degree, every integer can not be a basal 
invariant.

It is thus seen that when K = l, then 1, √d form a 
basis of all the algebraic integers of Ω and when K = 2,

then 1, form such a basis. In the first case the

algebraic integers of Ω may be expressed in the form

x1+x2√d, that is in the form where x1 and x2

are rational integers. While in the second case all

integers of Ω are expressible in the form
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1 See Dirichlet’s Zahlentheorie, § 141. For an excellent history of Pell’s 
equation, see Chapt. XII, Vol. II of the History of the Theory of Numbers by 
Prof. L. E. Dickson.

See also “Report” of H. J. S. Smith, Collected Works, Vol. I, p. 191, where the 
theorem is attributed to Lord Brouncker. In the latter connection see Wallis’s 
Algebra, Chapts. 98 and 99. The Canon Pellianus of Degen Havniae, 1817, 
contains a table for values of D less than 1000. See also Cayley, Crelle, Vol. 53,' 
p. 369.

u = 0, t = ±2,
t = +1, u= ±1:
t =-l, u= ±1;

which are had by taking the powers of the one unit, + i. 
If D = -8 the six solutions of Pell’s equation are

±1; ±i
and correspondingly we have the four units

t = 0, u= ±1,
t = ±2, u = 0;

As is evident, the equation (i) for a negative D which 
≠ - 3 or ≠ - 4, has only the two solutions i= ±2, u = 0. 
We consequently have in this case the two units ÷1.

If D= - 4, Pell’s equation has the four solutions

t2-Du2 = +4.
integers that satisfy the equation of Pell1

must have the form where t and u are rational

We note that all the units of Ω whose norm = - 1, are had 
through the multiplication of one of these units by all 
possible units of Ω whose norm is +1. If we limit the 
discussion to those units of Ω whose norm =+1, they

t2-Du2= ÷4. (1)
or

only be an algebraic unit when its norm =±1. It
follows that
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±1

and the units are

138 THE THEORY OF ALGEBRAIC NUMBERS

which are all had by taking the positive powers of 

(a primitive sixth root of unity).

If D is positive, Pell’s equation 1 has an infinite number 
of solutions, and then there exist in the quadratic realm Ω 
an infinite number of units (see Art. 91). These, 
however, may be expressed in the form

where n takes all positive and negative integral values 
and where T, U are the least solution of Pell’s equation in

which U≠0. The quantity is called the fun­
damental unit.

EXAMPLES
1. Show that - 4 is the basal invariant of R(i), where i= √—1.
2. Show that 1+i and 3+2i constitute a basis of all integers in 

R(t), as do also 1, i.

3. Show that 1, are the elements of a minimal basis of

R(√-3), the basal invariant being -3.
4. Show that 1 and t v3 do not form a basis of all integers in 

R(√-3).
5. Show that 1 and i√5 form a basis of all integers in R(√-5) 

and that the basal invariant is -20.
6. Determine algebraic realms whose basal invariants are 8, 12, 

-8, 28, 13, -5.
7. Show that the fundamental unit of R(√11) is 10+3√11, and 

that of R(√22) is 197+42√22.
1 See ChrystaΓs Algebra, Part II, p. 450; H. J. S. Smith, Collected Papers, 

Vol. I, p. 192.
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a, b
x, y

The lemma is thus proved for the case n = 2. On the 
assumption that the theorem to be demonstrated is 
true for the case n - 1, it may be proved as follows for the 
case n.

Let d be the greatest common divisor of a11, ai2, ∙ ∙ ∙, 
a1,n and let d' be the greatest common divisor of a11, a12, 
∙ ∙ ∙ a1,n-1 so that d is the greatest common divisor of d' 
and a1,n-1.

By hypothesis we may so determine the elements 
a21, α22, ∙ ∙ ∙, a2,n-1; a31 ∙ ∙ ∙ a3,n-1; ∙ ∙ ∙ an-1 ∙ ∙ ∙, an-1,n-1

Art. 100. Lemma I. In a determinant of the nth order, 
if the first row consists of the n integers a11, a12, ∙ ∙ ∙, a1n 
whose greatest common divisor is d, integral elements of the 
other rows may be determined so that the determinant =d.

If a and b are two integers whose greatest common 
divisor is d, it is possible to determine two other integers x 
and y such that ay-bx = d, or

Cubic Realms

10. Show that 4 + √17 is the fundamental unit in the realm 
R(√17).

the fundamental unit is

9. Show that a minimal basis of R(√73) is and that

the fundamental unit is

8. Show that a minimal basis of R(√21) is 1, and that
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= d.
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a11 a12 a1,n-1
a2,n-1a22a21,

an-1,1 an-1,2, an-1,n-1,

= d'.

that
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If x and y are two integers to be determined later, we have
a11 a12, a1,n-1 a1n

a2,n-1
a3,n-1 0

0a22a21,
a31, a32

an-1,1, an-1,2 an-1,n-1,, 0

y

Hence the determinant is equal to yd'-xa1n, where the 
x and y are integers which may be so determined that 
yd'-xa1n= d.

Lemma II. In every finite realm Ω it is always possible 
to determine a basis of all integers of Ω such that 1 is an 
element of this basis.

From a basis of all integers of Ω other bases of all 
integers of Ω may be derived as follows:

Let ω1, ω2, ∙∙∙, ωn be a basis of all integers of Ω, and 
further write

αv = av1ω1 + av2ω2+ ∙ ∙ ∙ + avnωn (v=1, 2, ∙∙∙,n),
where av,t are rational integers. The integers α1, α2, ∙ ∙ ∙, 
αn form a basis of all integers of Ω (Art. 94) if ∣αvk∣ = ÷1. 
Further the integer 1 may be expressed in the form

1 = b11ω11 + b12ω12+ ∙ ∙ ∙ +b1,nω1,n
where the greatest common divisor of the b’s is unity. 
Hence by the preceding lemma we may so determine
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n - 1 other integers β2,∙∙∙ , βn, say
βμ=bμ1ω1 + bμ1ω1 + ∙ ∙ ∙ + bμnωn (μ = 2, ∙ ∙ ∙ , n),

an algebraic integer in Ω. Further the integers cr+1,

where c1, c2, ∙ ∙ ∙, cn, c are rational integers which have no 
common divisor. If c = p∙q, where p is a prime integer, 
then is also

such that ∖|bμk|∖ =1. It follows that 1, β2, β3, ∙∙∙, βn 
form a basis of all integers of Ω.

Lemma III. If in a finite realm Ω there are r algebraic 
integers α1, α2, ∙ ∙ ∙,, αr through which no algebraic integer 
(including zero) may be expressed with fractional coordi­
nates, then a basis of all the algebraic integers of Ω may be 
determined, which includes these r integers (r≦ri) as 
elements.

Since the number zero cannot be expressed through 
α1, α2, ∙ ∙ ∙,, αr with fractional coefficients, these r numbers 
α1, α2, ∙ ∙ ∙,, αr must be linearly independent. If r = n, 
the theory is proved of itself in accord with the definition 
of the basis of all the algebraic integers of Ω. If, however, 
r<n, then there is a number a'r+1 which is independent of 
α1, α2, ∙ ∙ ∙,, αr; if further r+1 <n, then there is a number 
a'r+2 in Ω, which is independent of α1, α2, ∙ ∙ ∙,, αr, a'r+1, etc. 
In this manner n numbers α1, α2, ∙ ∙ ∙,, αr, a'r+1 a'r+2, ∙ ∙ ∙, 
a'n are derived, which form a basis of Ω, and we may 
further assume (Art. 93) that a'r+1, ∙ ∙ ∙, a'n are algebraic 
integers. If these n integers form a basis of all integers 
of Ω, the theorem is proved. If, however, they do not 
form such a basis, there is an algebraic integer in Ω which 
has, say, the form
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cr+2, ∙ ∙ ∙, cn cannot all be divisible by p; for in this case 
there would result

which contrary to the hypothesis, is an algebraic integer.
Suppose that cn, say, is not divisible by p; we may then 

determine two rational integers s and t such that
scn- tp = 1.

Make use of this relation and form a new basis of Ω 
consisting of the integers which are had if we retain a1, 
α2, ∙ ∙ ∙, αn-1 and replace α'n through another integer as 
was done in Art. 93. The absolute value of the dis­
criminant of the new basis is smaller than that of the 
original basis. By repetition of this process, the integers 
αι, a2, ∙∙∙, ar being retained while α'r+1, ∙∙∙ ∙α'n are 
replaced by other integers, we must finally come to a 
basis of all the integer of Ω.

Art. 101. Basis of All Integers.1 Let the cubic realm 
be defined through the algebraic integer ϑ where ϑ is a 
root of the irreducible equation of the third degree

G(t) ≡t3+αt2+α2t+α3 = 0,
in which the a,s are rational integers, and let Ω = R(t>) be 
this realm. It is seen (Art. 44) that every algebraic 
number of Ω is of the form a = a+bϑ-+cϑ2 where a, b, c 
are rational numbers in R. Denote the conjugate roots 
of $ by t>' and ϑ". If then we write

a = a+bϑ+cϑ2, 
af = a+bϑ' +cϑ'∖ 

a" = a+bϑ',+cϑ''2,
1 See Sommer, Einfuhrung in die Theorie der algebraischen Zahlkorper, p. 257; 

and also Woronoj, Fortschr. der math. Wi'ssens., Vol. 25, 1894.
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where the discriminant Δ(ϑ) is a rational integer. There

are similar values for the rational numbers

If a = a+bϑ+cϑ2 is an algebraic integer in Ω,

then is A a rational integer, as are also B and C. It is 
thus seen that the algebraic integers of Ω are expressed in 
the form (see also Art. 96)

where A, B, C and ∆ = ∆(ϑ) are rational integers. 
Writing

c2C2 + c'2C'2 + c''2C''2- 
where d2 is the greatest common divisor of C2, C'2, C''2, ∙ ∙ ∙, Δ. 
If further the corresponding algebraic integers α are

If, mod. Δ, the system of residues corresponding to 
C2 are C2, C'2, C''2, ∙ ∙ ∙, Δ, we are able to find a system of 
integers c2, c'2, c''2, ∙ ∙, c, such that

where A2, B2, C2 are the residues (mod. Δ), it is seen that 
there are only a finite number (< Δ) of different integers 
C2. As ϑ2 is also an integer in Ω, it may be written in the 
form
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Since 1 is an integer in every algebraic realm Ω (see 
Art. 100), it is evident that the algebraic integers

ω1 = l,

Ω and consequently is a rational integer.

Since the left hand side of this expression is an algebraic 
integer in Ω, the right hand side must also be an integer in

where d1 is a divisor of Δ, and also of the coefficient of ϑ 
of every algebraic integer of Ω which has been reduced to
the form β.

Thus corresponding to every integer of the form a there 
is an integer of the form β. By proceeding with the β,s 
in the same way as was done above with the α's, it is 
possible to derive an algebraic integer

where d2 is a divisor of Δ, besides being a divisor of the 
coefficient of ϑ2 of every algebraic integer in Ω, when this 
integer is expressed in the form of a above.

If it is evident that gives rise to an
algebraic integer β of the form

multiplied by c2, c'2, ∙ ∙ ∙, it is seen through the addition of 
the resulting quantities that there exists an algebraic 
integer, say ω3, in Ω, such that
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Art. 102. Numerical Computation of the Basis of All
Integers. We may write ∆(ϑ) in the form

where Δ (see above) is ∆(1, ϑ, ϑ2)=∆(ϑ). Again note

that d1 and d2 are divisors of Δ and that is a rational

integer =∆(ω1, ω2, ω3)=D. The prime numbers that 
enter to an odd degree as factors of ∆(ϑ) are evidently 
factors of D.

a11  a12 a13
a21 a22 a23
a31 a32 a33

= ±1,

where On, ai2, ∙∙∙, «33 arc rational integers, 
discriminant

If the

form a basis of all integers in Ω; in fact (see Art. 100), 
every algebraic integer of Ω may be expressed linearlv 
through ω1, ω2, ω3 with rational integral coefficients.

The rational integers dl and d2 are divisors of Δ, while 
the rational integers α1 a2, b2 are reduced, mod. Δ. It 
will be seen below that ω2 and ω3 admit of further simpli­
fication.

In Art. 94, we denoted by D the discriminant ∆(l, ωb 
ω2) which is the basal invariant of Ω.

If σ is any algebraic integer in Ω, we may always 
write

1 = a11ω1 + a12ω2+a13ω3,
σ = a21ω1 + a22ω2+a23ω3,

σ2  = a31ω1 + a32ω2+a33ω3,
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then (Art. 94), 1, σ, σ2 form a basis of all integers in Ω. 
If this condition holds true for ϑ, the quantity that 
defines Ω, then 1, ϑ, ϑ2 is a basis of all integers of Ω. 
Further note that
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where b1  as well as is divisible by k. We may
further write

Note that b1 is an integer, since the left hand side of the 
expression is integral. Further note that the left hand 
side of the expression is divisible by the rational integer k, 
and consequently also b1 is divisible by k.

It follows that we may write ω2 in the form

or

so that

It is seen that ω2 may be written

if
d1 = kk1,

where the λ,s have the values either 0 or 1; or

which is a rational integer. Further di is a divisor of 
∆(ϑ). Hence d1 must be of the form
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where the q s are prime numbers, the e s rational integers, 
the p’s prime numbers not necessarily different from the 
q,s and the f’s are any of the integers 1, 2, 3, 4, 5.

Note that
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w=δ1

where u, v, w are rational integers. Expressing both 
sides of this formula as an identity in ϑ, we note, by 
equating the coefficients of like powers of ϑ, that

(i)

in its place; for xω3+yω22 is clearly one of the algebraic 
integers of Ω. Noting that ω22 is an integer in Ω, it may 
be written in the form

If we refer to the manner in which ω3 was derived as an
element of the basis, it is clear that may be substituted

Note that d2 is a divisor of d2δ and that d occurs to the 
sixth power in ∆(ϑ). It is evident that any factor 
common to d2 and d is also common to δ. Hence if d2 is 
not already a divisor of δ, it is always possible to determine 
rational integers x, y such that

where δ2 is the greatest common divisor of δ and d2.
xd2+yδ = δ2,

Writing δ = δ1δ2. it is seen that

and

where the rational integer b is as yet undetermined and
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where
r1 ≦e1, r2 ≦e2 r ≦e

It follows that d must occur at least to the sixth power in 
∆(ϑ). If then ∆(ϑ) does not contain any prime factors to 
at least the sixth power, then is d = 1.

Write ∆(ϑ) in the form d2δ where δ contains d to at 
least the fourth power. We then have
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Note that is an integer and write formula (i) in

where c1 = 2b-vd.

Due to the first of the congruences (ii) we may write 
ω2 in any of the following forms:

From the third congruence in (ii) it follows that
b3-a3≡≡0 (mod. d).

a1b-a2≡0 (mod. d).

a1b-a2 = d(g1d-bg),

3b2 - 2a1b+a2 = g1d2.
We have

and therefore

(g an integer) and the second

Write the first of these congruences in the form
3b-a1 = gd

(ii)
3b -a1 ≡0 (mod. d)

3b2- 2a1b + a2≡0 (mod. d2)
b3-a1b2+α2b-a3≡0 (mod. d3)

As each of the coefficients must be integral, it is seen 
that b must satisfy the three congruences

or, observing the equation which defines ϑ,
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while a3 and b3 are both divisible by δ2. We may 
therefore write as the third basal element

where c and c1( = 2b-vd) are rational integers. Since ω2 
is an algebraic integer in Ω, it satisfies the equation
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where k is an arbitrary integer; and that is,

the form
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(iii)

By equating the coefficients of ϑ in this expression, it is 
seen that

or

Hence b must satisfy integrally the equation

ω1 = 1,

If then A is written for c1, the three basal elements may 
be written

c = c21- -a1c1+a2∙

The integer k may be so determined that the coefficient 
of d2 vanishes leaving

c21- a1c1 + a2 = d2(v2+g1+ω1+k) +c.
it is clear that

3b-a1 = vd, a1-c1 = b,
and if we note that

c1 = 2b-vd
where g1 is an integer, and if to c1 is given its value

a2+3b2 - 2a1b = d2g1,

c21- a1c1 + a21- a1c1 — (3b — c1)dv = d2(ω1+k) +c.
If the second of the congruences (ii) is written in the 
form

2a1- 3c1 = vd

2a1-6b + 3vd = vd.

3b-a1 = vd.
By equating the constant terms in (iii), it is seen that
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αβ = aβ + bα + c1,

(α-a)(β-b) =ab +c1 = c,

α-a = α1, β-b = β1.
It may be proved that 1, α1, β1 also form a basis of all

say. Write

where a, b and c, are rational integers. It follows that

constitute a basis of all the integers of Ω, so that conse­
quently all such integers may be expressed in the form 
x+yα+zβ, where x, y, z are rational integers. Further 
since aβ is an algebraic integer of Ω, it may be expressed in 
the form

where s = A - a1. And finally observe that d6 and δx are 
divisors of Δ(θ).

Art. 103. If Ω is a cubic realm, the basis of the system 
of all algebraic integers of Ω consists of 3 algebraic 
integers of Ω, of which one may be taken =1. Suppose 
that

1, α, β

where s = A-a1 and that

Note that δ1 is further restricted in that the right 
hand side of the following expressions must be integral, 
namely:

3(A-a1)+a1≡0 (mod. d)
3(A-a1)2+2a1(A - a1)+a2≡0 (mod.  d2)

(A-a1)3 + a1(A - a1)2 + a2(A - a1)+a3≡0 (mod.  d3).

of which is a root; while the integers A, d, must further 
satisfy the congruences (ii), namely

G(t) ≡t3+a1t2+a2t+α3 = 0,
where a1, a2, a3 are the integral coefficients of the equation
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It follows that every integer in Ω of the form x+αy+βz 
may be expressed through the form x'+α1y+β1z' and 
inversely, where x, y, z; x', y', z' are rational integers.

It has thus been shown that in every cubic realm there 
is a basis of all integers of Ω, of which the one = 1 and the 
product of the other two is a rational integer ( = ab+c1).

Let 1, α, β be such a basis of all integers of Ω where

algebraic integers of Ω; for 1, a, β may be linearly ex­
pressed through 1, a1, β1 with rational integral coefficients, 
and inversely 1, a1, β1 may be linearly expressed through 
1, a, β with rational integral exponents in the form:
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Since 1, α, β are a basis of Ω, there can be no linear 
relation among them. Hence the relation just written 
must be an identity. We therefore have:

ab = c, ab' -a'' = 0, a'c - ab'' = 0.

abα +  (ab' — a'')β + a'c - ab'' = αc.
It follows that

α2β = (a'a+aβ-a'')β = a'αβ + aβ2-a''β 
= a'c+a(bα+b'β-b'')-a''β 
= abα+(ab'-a''}β+a'c-ab''.

and on the other

where a', a, a'', b, b', b'', c are rational integers. That 
these seven integers are not independent may be seen by 
computing a2β in two different ways: on the one hand

α2β = α(αβ) = αc,

α2 = a'α + aβ-a'',
β2 = ba+b'β-b'',

c being a rational integer; and further let

1 = 1, 1 = 1,
α1 = -1∙a+α,
β1=-l∙b+β.

α = 1∙a+α1
β = l∙b+β1

αβ = c,
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Since c = ab = aβ, it follows that α≠0 We therefore
have from the three relations just written the following:

c = ab a" = ab', b" = a'b.

and
α''2 = a'α"+aβ"-ab',

α'2, = a, α,+aβ, — ab,

α2 = a'α+aβ-ab'
that

If a, a" are the conjugate quantities with a, it follows 
from the equation

S(1)=3, S(α)=a', S(β)=b',
N (β) = b2a.N(α)=a2b,N(1) = ι,

These are the cubic equations which 1, α, β satisfy. 
If we use the symbol S(x) to denote the spur of x, it 
follows from the three equations just written that

α3 = a'α2+aαβ — ab'α,

α3 - a'α2  + ab'α- a2b = 0;

β3 - b,β2-∖-ba'β - b2a = 0.
and similarly

or

and further
(x-1)3 = 0

α(α-a') = a(β-b'),
β(β-b') =b(α-a').

The cubic equations which 1, α, β satisfy are (Art. 67) 
either irreducible or the third power of a linear equation 
with rational integral coefficients. It is clear that 1 
satisfies the cubic equation

αβ = ab, α2 = a'α+ aβ-ab', β2 = bα + b'β-ba',
from which follow at once the formulas

Besides these three relations among the seven rational 
constants there are no others; for however we may start, 
we always derive the three equations written above. 
From these relations there result
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Hence also here (see Art. 98), for the case of the cubic 
realms we cannot take any arbitrary rational integer as 
the discriminant, since as already noted the integers 
a, b, a', b' cannot be arbitrarily chosen.

S(l), s(α), S(β)
s(α), S(α2), S(αβ)

S(β2)S(βα),

3; a' b'
a',= a -2ab', 3ab

b'2-2ba'3ab,b'
a'2b'2 - 27a2b2 - 4ab'3 - 4ba,3+ 18aa'bb'.

D3 =

We therefore have for the cubic realm for which 1, a, β is 
a basis of all integers

S(ω12), S(ω1, ω2), S(ω1, ωn)
S(ω2, ω1), S(ω22), S(ω2, ωn)

S(ωn, ω1), S(ωn, ω2),

D =

If we square the determinant on the right hand side, we 
have

D = ∆ω1, ω2, ∙ ∙ ∙, ωn ) = |ωμ(n)|2 (v, μ=l, 2, ∙∙∙, n).

Art. 104. We may next determine the discriminant of 
the cubic realm Ω. We have seen (Arts. 63 and 94) that 
if ω1, ω2, ∙ ∙ ∙, ωn is a basis of all the integers of a realm of 
the nth degree and if ω'v, ω''v, ∙ ∙ ∙, ωv(n) are the quantities 
that are conjugate with ωv, (including ωv), then the dis­
criminant of ω1, ω2, ∙ ∙ ∙, ωn  is

S(α2)=a'S(α)+αS(β)-abS(l)
= a'a'+ab' -3ab'
= a'2-2ab'.

β2 = ba + b'β-a'b, αβ = ab,
S(β2') = b'2-2ba' and S(αβ') =3ab.

We also have at once from the two equations

where β' and β" are the quantities that are conjugate 
with β.

Adding the three equations just written, we have
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where
A=a'2-3ab',
B= ab -9ab,
C= b - 3ba .

(ω +ρω' +ρ2ω'') (ω +ρ2ω' +ρω'') = Ax2+Bxy + Cy2=ψ(x, y),
is

2. If p is a primitive cube root of unity, viz. then

φ(x, y)= ax3+a'x2y+b'xy2+by3.

(ω' -ω'')(ω,' -ω)(ω -ω')= √Dφ(x, y),
where

1. If ω is an arbitrary integer of the cubic realm Ω, which may 
therefore be written in the form αx + βy+z, where x, y, z are rational 
integers, and if ω', ω'' are the two integers that are conjugate to ω, 
derive the following relation:

EXAMPLES

Accordingly the discriminant of the basal elements ω1, ω2, ∙∙ ∙, ωn 
cannot be zero. (See Art. 63.)

ever, writing it would follow that S(1) = 0, which is not true.
and therefore S(pτ)=0 for every number p of the realm. How-

ρτ=x1ω1ρ+x2ω2ρ+ ∙ ∙ ∙ +xnωnρ.
is an arbitrary number of the realm, then is

ρ=ρ1ω1+ρ2ω2+ ∙ ∙ ∙ +ρnωn

τ= x1ω1+x2ω2+ ∙ ∙ ∙ +xnωn.
If

where
S(ωiτ)= 0 (i = l, 2, .∙., n),

S[ωi(x1ω1+x2ω2+ ∙ ∙ ∙ +xnωn)=0,
or

And that is
x1S(ωiω1) + x2S(ωiω2) + ∙ ∙ ∙ +xnS(ωiωn)=0 (i = l, 2, .∙., n),

Note. It may be observed that were the determinant D= 0, it 
would be possible to determine n rational numbers x1, x2, ∙∙ ∙, xn 
such that
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The discussion will be limited here to the case where m 
is a prime integer ≠2. It is evident that ϑ satisfies the

Art. 105. The so-called cyclotomic (division-of-the- 
circle) realms offer a further example of the general theory 
of algebraic realms. Such realms are defined through a 
root (≠ 1) of the equation

ιFl = l.

Cyclotomic (Division-of-the-Circle) Realms

upon which relation the solution of a cubic depends. The functions 
χ, φ, ψ are covariants, while D (the discriminant) is the only 
invariant of the cubic realm.

χ2 + 27 Dφ2= 4ψ3,

5. Show that among the functions φ(x, y), ψ(x, y) and χ(x, y) the 
following relation exists

4. Show that

3. Show that
(ω +ρω' ÷ρ2ω")3 ÷ (ω +ρ2ω' +ρω")3= χ(x, y),

where χ(x, y) is the functional determinant (Jacobian) of φ(x, y) 
and ψ(x, y), viz.,
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≠(τ, τ∕) is the Hessian (covariant) of φ(x, y), viz.,
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f(1) = m = (1 - ϑ)  (1 - ϑ2)∙∙∙ (1 - ϑm-1).

m — 1).

(r,s = l, 2, ..∙,m-l)

are algebraic units. And,

since the quotient of two units is a unit, it follows that

that

which is an algebraic integer. It is thus seen (Art. 90)

ϑ = ϑrr'+mm' =ϑrr' ∙ ϑmm'  = ϑrr',

rr'+mm' = 1.
It follows that

so that

is an algebraic integer; for, since r and m are relatively 
prime to each other, two other integers, r, and m, may be 
determined such that

algebraic integer, Further it may be shown that

is anWe note that

For consider first the quotient

The quotient of any two of the factors on the right-hand 
side is an alaebraic unit.

If we write t = l, it is seen that

The quantity ϑ is an algebraic integer, in fact an algebraic 
unit since N(ϑ) = ±l. It follows that

equation
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are algebraic units. It is also evident from above that

Since the quotients on the right are units and the 
product of several units is a unit, we have, if we put 
1 - ϑ = μ,

m = μm-1ϵ,

N(m)=N(μm-1)N(ϵ)=N(μ)m-1N(ϵ).

N(μ) = (1 -ϑ) (1 -ϑ2) ∙ ∙ ∙ (1 - ϑm-1) =f(1) =m

Art. 106. The Discriminant. The m - 1 quantities 
that are conjugate with ϑ are: ϑ, ϑ2, ∙ ∙ ∙, ϑm-1, and the 
m — 1 quantities that are conjugate with μ are: 1 — 
1 - ϑ2, ∙ ∙ ∙, 1 - ϑm-1. It follows that

It is thus proved again (cf. Art. 12) that the equation 
f(t)=0 is irreducible and that the realm R(ϑ) is of the 
m - 1 degree.

n = m-1.
it follows thatSince

so that
mn = ±mlm-1

n = l(m-1).

N(μ)  = m1,
where I is an integer. We then have

As m is a prime integer, N(μ) must be some power of m, 
say

mn = ±N(μ)m-1.

N(ϵ) = ±l.

N(m) =mn

It follows that

and

If ϑ satisfies an irreducible equation of the nth degree, 
where n≦m-l, then the realm R(ϑ) is of the nth degree, 
so that

e being an algebraic unit. From this it is seen that

www.rcin.org.pl



158 THE THEORY OF ALGEBRAIC NUMBERS

or
N(μ) = m,

where μ = 1 — It is also seen that
μ2 = l-2ϑ + ϑ2,
μ3 = l-3ϑ+3ϑ2→3,

etc. And it may be further noted that every linear form 
of μ0, μ1, μ2, ∙ ∙ ∙, μm~2, that IS,

x0 +x1μ+x2μ2 + ∙∙∙+xm-2μm-2,
where the x,s are rational integers, may, owing to the 
above relations be expressed through a linear form of 
ϑ0, ϑ1, ϑ2, ∙ ∙ ∙, ϑm-2 with rational integral coefficients; and 
inversely the quantities 1, ϑ2, ∙ ∙ ∙, ϑm^2 may be ex­
pressed with rational integral coefficients through 1, μ, 
μ2, ∙ ∙ ∙, μm-2. Owing to the fact that the two systems of 
numbers ϑ0, ϑ1, ϑ2, ∙ ∙ ∙, ϑm-2 and μ0, μ1, μ2, ∙ ∙ ∙, μm-2 may 
be expressed linearly and with integral rational coeffi­
cients the one through the other, it follows that (Arts. 22 
and 63)
∆(1, μ, μ2, ∙ ∙ ∙, μm-2) =

From the identical equation
tm-1≡(t-1)f(t),

mtm-1 =f(t) + (t-1)f'(t)
we have through differentiation

so that for t = ϑ
mϑm-1 =f(ϑ) + (ϑ-1)f'(ϑ) = (ϑ-1)f'(ϑ).

We therefore have
mϑm-1=N(ϑ-1)N{f'(ϑ)}.

Since
N(ϑ) = l, N (m) = mm-1,
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α =x0 +x1μ+x2μ2 + ∙∙∙+xm-2μm-2

m = eμm,

x1μ+x2μ2 + ∙∙∙+xm-2μm-2
must be divisible by m. The expression is further 
divisible by μ2 and consequently the rational integer x1

it follows, if a is divisible by m, that a must also be 
divisible by μ; and hence also that x0 must be divisible 
by μ. But if the rational integer x0 is divisible by μ, from 
the last lemma it follows that it must also be divisible by 
m. If then the integer a is divisible by m, then also

where x0, x1, x2, ∙ ∙ ∙, xm-2 are rational integers, is divisible 
by m, each of the integers x0, x1, ∙ ∙ ∙, xm-2 is divisible by m.

Since

(2) If the algebraic integer

For if r is divisible by μ, then N(r) is divisible byN(μ), 
that is, rm-1 is divisible by m,, but as m is a prime integer, 
it follows that r is divisible by m.

(1) If the rational integer r is divisible by μ, it is also 
divisible by m.

To show this let us first prove two lemmas.

Art. 107. Theorem. The quantities 1, μ, μ2, ∙ ∙ ∙, 
μm-2 form a basis of all the integers of the cyclotomic realm 
of the (m-1)st degree.

N{f'(ϑ)} = mϑm-2,
and consequently

it follows that

N(ϑ-1) = (ϑ-1)(ϑ2-1)∙∙∙(ϑm-1-l)
= (-1)m-1(1-ϑ)(1-ϑ2)∙ ∙ ∙(1-ϑm-1)
=N(1-ϑ)=N(μ)=m,

and
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Note. For examples see a paper by the author, “ Trigono­
metric Realms of Rationality,” Rendiconti del circolo matematico 
di Palermo (1925), Vol. 49, pp. 147-183.
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is divisible by μ, and therefore also by m. Repeating 
this process it is seen that all the integers 0, x1, ∙ ∙ ∙, xm-2 
are divisible by m.

To show that the integers 1, μ, μ2, ∙ ∙ ∙μm-2 form a basis 
of all integers of their realm of rationality, suppose that 
this were not the case and that there was an integer of 
the cyclotomic realm that could be expressed through the 
quantities just written linearly with rational (but not 
integral) coefficients, in the form

where c0, c1 ∙ ∙ ∙, cm-2, c≠1 are rational integers without a 
greatest common divisor. From the theorem (Art. 95)

it follows that ∆(l, μ, ∙ ∙ ∙,μm-2}, that is is
divisible by c. It follows that c is a power of m.

If then c0+c1μ+c2μ2+ ∙ ∙ ∙ +cm-2μm-2 is divisible by c, 
it must also be divisible by m, and consequently from 
lemma (2), c0, c1 ∙ ∙ ∙, cm-2 must be each divisible by m, 
which contradicts the hypothesis that the integers c0, c1 
∙ ∙ ∙, cm-2, c had no common divisor. It is thus shown 
that 1, μ, ∙ ∙ ∙, μm-2 form a basis of the cyclotomic realm, 
and that the basal invariant is
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THE MODULS OF DEDEKIND. DIVISIBILITY. 
GENERALIZED NOTIONS OF DIVISION
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where

in general as we shall also see.
Consider first the realm of rationality R(i) where 

i2 = -1, and let ξ = x+iy be a fractional number of this 
realm, at least one of the rational numbers x or y being 
fractional. Next note that it is always possible to find an 
algebraic integer μ = m+ni, where m and n are rational 
integers, such that the norm of ξ-μ, that is {x-τn)2 
+ (y-n)2 is not greater than ½, for we need only choose m 
and n such that the absolute values of x - m and y - n are 
not greater than ∣.

As usual we shall denote algebraic integers by Greek 
letters.

If then a and α1 are two integers in R(i), α1 being 
different from zero, it is possible to determine the integer 
μ such that

and but it is not applicable to realms

Art. 108. The problem of resolving uniquely an 
integral function or a rational integer into prime factors 
was made dependent upon Euclid’s Algorithm (Art. 14 
and Art. 24). This Algorithm, as we shall show below, is 
applicable to the realms R(i) and R(ω), where i = √- 1
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It follows that
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α = μα1+α2, N(α2)<N(α1)

κα+λβ = δ,

Observing the last of these equations, note that all the 
integers αh-1, αh-2, ∙ ∙ ∙, α3, α2, α1, α, and in particular α1 
and a are divisible by αh', and reciprocally starting with 
the first of these equations it is seen that every common 
divisor of a and α1 is a divisor of all the following α's, and 
in particular of αh. Every other integer that has this 
property must be an associate (Art. 91) of αh. In the 
realm 91t(⅛) we may say that ah (and each of its associate 
numbers) is the greatest common divisor of a and α1. In 
this realm an integer is factorable when it is the product of 
several integers in R(i) of which none is a unit. When 
an integer is not decomposable into such factors, it may be 
called a prime integer in R(i).

From the system of equations above it is seen that if δ 
is the greatest common divisor of two integers a and β in 
R(i), two other integers κ and λ in R(i) may always be 
found such that

α = μα1+α2
α1= μ1α2+α3

αh-2= μh-2αh-1  + αh
αh-1 — μh-1 αh

α1= μ1α2+α3, NM<NM.
(See Smith’s Report, p. 72.) Since the norms are rational 
integers, each being less than the preceding, it is evi­
dent that after a finite number of steps the norm must 
be zero. The following system of equations is thus 
presented.

If α2 is not zero, we may in the same way determine the 
algebraic integer uι such that
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and the process may be continued with the same cor 
clusion as above.

It may be shown (see for example Weber’s Algebrc 
2nd Edition, Vol. I, p. 634 and p. 635) first, that every 
prime integer p (rational in R(l) of the form 4n+l may 
be expressed as the sum of the squares of two integers 
For example 13 = 32÷22, 29 = 52 + 22. It may be shown 
secondly, that no prime integer q of the form 4n + 3 can be 
expressed as the sum of two such squares.

7

β =  ρ0γ1+ρ1 where N(ρ1)≦½N(ρ0),
Similarly it is seen that

|r|≦½N(β), |s|≦½N(β),
It follows that a = βy+ρ0 where ρ0 is integral, since 
a-βγ is integral in R(i). Further it is seen that

where y is an integer in R(i) and r and s are rational 
integers such that

κa + λβ = 1

and in particular if a and β are relatively prime (having no 
divisors in common except units), the equation
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can be satisfied through integers κ and λ in 9?(i). In 
general it is seen, as in the case of rational integers (Art. 
24), that an integer in R(i) may always and in only one way 
be decomposed into its prime factors.

A somewhat different exposition of the above method 
is the following:

Let a and β be two integers of R(i), say a = a1 + b1i, 
β = a2+b2i, and such that N(a) ≧N(β) Through simple 
division it is seen that
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Since α2+62= (α+tδ)(α-z6), it is clear that the prime 
integers p of the first category are not prime numbers 
in the realm 9l(i). To this category belongs also 
2 = (l+i)(l-i).

The four units of 9ι(t) are ±1, ±i; and the four 
numbers a + ib, -a - ib, -b+ai, b - ai are associates and 
play a role in R(i) analogous to that played by two 
numbers with opposite sign in R(l). On the other hand 
primes q of the second category remain primes in 9fJ(⅛). 
Thus the primes in R(i) consist of the real primes q and 
the factors of the primes p.1 Reid in his Elements of 
the Theory of Algebraic Numbers has given a very com­
plete and instructive discussion of the numbers of the 
realm 9ι(i).

EXAMPLES

For tables of Complex Primes see Kummer in Liou- 
ville,s Journal, Vol. 12, p. 206; Reuschle, Berlin 
Monatsber., 1859, pp. 488, 694, and 1860, pp. 150 and 714; 
also Cayley, Crelle, Vol. 55, p. 192 and 56, p. 186.

Art. 109. The Realm R(ω) = R(√-3). The numbers 
of this realm are of the form γ = x+ωy, integral or 
fractional when x and y are rational integers or fractions, 
respectively. They have norms

N(γ) = (x+ωy)(x+ω2y) = x2-xy+y2

1 See Gauss, ,,Theoria residuorum biquadraticorum, commentatio secunda,” 
Werke, Vol. II, p. 95. Dedekind, “Sur la th6orie des nombres alg6briques,,' 
Bulletin de Sc. Math., Ist Series, Vol. XI and 2nd Series, Vol. I.

1. Show that the following are complex prime integers in 9ι(ι): 
l+i, l+2i, 3+2i, l+4i, 5+2i, l+6i, 11+4i, 7+10i, l+14i, 
11+6i, 9+4i, 13+2i.

2. Determine for the realm R(i) all the complex prime integers 
whose norms lie between 350 and 400.
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constitute such a basis.

If m≡≡2 (mod. 4) or m≡3 (mod. 4), it was seen in 
Art. 97 that 1, √m constitute a basis of all integers of 
the realm R(√m); if however m≡l (mod. 4) then 1,

Art. 110. That the unique factorization theorem 
which is true for the realm 9i(t) and 9ι(ω) is not true in 
general even in the quadratic realms, may be surmised if 
an examination is made of the more general quadratic 
realm R(√m), where √m is a root of the equation 
x2 - m = 0.

3. Show that in —3) the following are prime integers:
1 ω, l⅛3ω, 4+3ω, 54^6ω, 14T3ω, ll-∣-9ω, 13-∣-15ω, 16^]-9ω.

2. If p has the form of the preceding example, show that

1. If p is a prime integer of the form 3k + l, show that it may be 
expressed in the form a2 - ab+pb2 and that 4p is of the form A2+27B2, 
where a, b, A, B, are integers. (See Weber’s Algebra, Vol. I, 
§ 180).

EXAMPLES

and as in the preceding article, it is seen that the Euclid 
Algorithm is applicable and that factorization is a unique 
process.

± (x+ωy), ±(ωx + ω2y) = ±[-y+(x-y)ω]
±(xω2+y) = ±(y -x-xω)

Units in this realm are (Art. 99) ±1, ±ω, ±ω2 and 
therefore, since l+ω+ω2 = 0,

are associated integers. If τ is any fractional number of 
R(ω), an integer μ may be derived as in the preceding 
article such that
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Art. 111. If a and β are integers in R(√m) it is 
evident that we may write,

|r|≦½|N(β)| |s|≦½|N(β)|,

1 So great a mathematician as Cauchy attempted to prove the false theorem 
that the norm of the remainder derived by dividing one complex number by 
another can always be made less than the norm of the divisor.

and the condition |r|≦½|N(β)|, |s|≦½|N(β)|, is 
sufficient to make |N(ρ0) | ≦ N(β)|, only when m= -3, 
5, 13.1

When the Euclid Algorithm ceases to be applicable, it 
is clearly not permissible to assume a priori the results of 
theorems that depend on this algorithm.

To show that the methods hitherto employed do not 
lead to a unique decomposition into prime factors of all 
algebraic integers, take the integers of the realm R(√-5). 
Since — 5≡3 (mod. 4), such integers are of the form 
x+y√-5, where x and y are rational integers. If 
a+b√-5 is a unit in this realm, its norm must be ±1,

from which it is seen that for m≠ 1 (mod. 4), N(ρ0) <N(β) 
only when m = 2, 3, -1, -2.

In the second case when m≡l (mod. 4), it is seen that

It follows that

and
And we may again take

a = βγ+ ρ0∙
when m≠l (mod. 4) or
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N(a+b√-5) = ±1

α2+5b2 = ±l.

and that is

THE MODULS OF DEDEKIND

This relation can be satisfied only when a=±l. It 
follows that +1 and — 1 are the only units in this realm.

It is observed that 21 = 3∙7; 21 = (4+√-5)(4-√-5),
and also 21 = (l+2√-5)(l-2√-5), where 3, 7,
4+√-5, 4 -√-5, l+2√-5, l-2√-5 are irreducible
integers in R(√-5) and are all different from one
another. If, for example, 3 were factorable in this 
realm, then is

3 = (x+y√-5)(x1+y1√-5),

3 = xx1-5yy1,
0 = xy1+x1y,

4+√-5 = (l+2√-5)(x+y√-5),

4 = x- 10y, 1= 2x+y,

3, 7, 4 + √-5, 4-√-5, 1+2√-5, l-2√-521, namely

equations which can not be satisfied integrally.
Similarly it may be proved that all of the six factors of

Equating the real and imaginary parts, it is seen that
where x and y must be rational integers.

It follows that 3, neglecting the unit factors ±1, is 
irreducible in R(√-5).

It is further seen that the above factors of 21 are 
essentially different. For put

or
x= ±1,

x = ±3,

x1 = ±3,

x1 = ±1,

y = 0 = y1

y= 0 = y1

which equations can be satisfied integrally only when

where x, y, x1, y1, are rational integers.
By equating the real and the imaginary members of 

this expression, it is seen that
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are different and irreducible in the realm R(√-5).
Further examples in this realm are

9 = 3∙3 = (2 + √-5)(2-√-5),
6 = 2∙3 = (l + √-5)(l-√-5),

etc.
In the real realm R(√10) it is seen that the algebraic 

integers are of the form x+y√10 where x and y are 
rational integers, since 10 ≡ 2 (mod. 4), and the basis of 
this realm consists of the integers 1, √10.

If we put
ϵ = x+y√10,

N(ϵ) = x2-10y2 = —1,
and

it is seen (Art. 99) that
x = ±3, y=±l,

so that
-l = (-3+√10)(-3-√10),

(-1)2 = (19- 6√10)(19 + 6√10),
etc., the units being ϵe = ( —3 +V10)e, e any rational 
integer.

In this realm it is again seen that the integer 6 may be 
factored in the two essentially different ways

6 = 2∙3 = (4+√10)(4-√10).
However the two factors of 6, namely (16+5√10)(16 
-5√10)) are not essentially different from (4 + √10))(4 
- √10); for it is seen that (4 + √10)ϵ2, that is

(4+√10)(19-6√10) = 16-5√10,
while

(4-√10)(19÷6√10) = 16+5√10.
Thus it is seen that the fundamental theorem in the 

theory of rational integers, namely that such integers 
are uniquely factorable into products of prime factors, is 
no longer true of the algebraic integers of quadratic
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and Vω (Art. 88, end) is an algebraic integer which is 
different from a unit. For if √ω is a unit, then also ω is a 
unit which case is naturally excluded. This troublesome 
condition that every algebraic integer is factorable may 
be obviated if in the definition of the resolution into 
factors the discussion is limited to a definite realm. 
Accordingly the following definition may be offered:

An algebraic integer ω of Ω is resolvable into factors if 
there exist in Ω two integers a and β that are different from 
units and are such that ω = aβ.

This definition corresponds to that of the resolution of 
a rational integer into its factors; for if ω = aβ, then is

ω =√ω ∙ √ω,

Then clearly every algebraic integer is factorable, since 
we always have

ω = aβ.

realms; nor is this theorem true of the integers of the 
cubic, biquadratic, and the higher realms.

This leads us necessarily to something that must take 
the place of prime factors in their respective realms when 
it comes to the consideration of the unique factorization 
of algebraic integers into such factors. Thus we are 
brought to the study of ideals which are special kinds of 
moduls, the general treatment of which is now given. 
With Dedekind we make these moduls fundamental in 
this generalized theory of numbers.

Art. 112. An algebraic integer of a realm Ω might be 
defined as factorable, if there exist two algebraic integers 
a and β which are not units and which are such that

N(ω) = N(α)N(β).
Thus it is shown that the resolution of ω into the product 
of two algebraic integers a and β corresponds to that of 
the rational integer N(ω) into the product of the two
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Art. 113. The troublesome condition just mentioned 
was in part overcome by Kummer (“Zur Theorie der 
komplexen Zahlen,” Crelle, 35), who recognized the fact 
that prime numbers are not the extreme elements. To 
introduce this theory of Kummer, the conception of

170 THE THEORY OF ALGEBRAIC NUMBERS

rational integers N(α) and N(β), of which neither =1. 
In the case of this definition an algebraic integer cannot 
be resolved into an infinite number of factors; and 
further there are integers which are irreducible, this 
being clearly the case of such an algebraic integer whose 
norm is a rational prime integer. An example is found 
in Art. 108. Although we have thus obviated one 
troublesome condition in the definition of divisibility, we 
still meet with another:

The factorization of a composite algebraic integer is not 
unique, but may be performed in different ways.

For example (as is discussed in Art. 205), it is seen that 
in the realm R(√-5),
21 = 3 ∙ 7 = (4 ÷ √-5) (4 - √-5) = (1 + 2 √-5) (1-2 √-5), 
where the factors are all different algebraic integers. It 
is thus seen that an algebraic integer in Ω = R(√-5) may 
be resolved in several different ways with irresolvable 
factors. In accord, then, with the last definition of 
divisibility, an algebraic integer may be resolved into a 
finite number of irreducible factors, but in several 
different ways. This is owing to the fact that in the 
theory of algebraic integers the theorem is not true that 
if a product is divisible by an irreducible integer, one of the 
factors of this product is divisible by that integer.

Example. Observe that in the realm 9ι(√-7),
23 = 2∙4 = 2∙2∙2 = (l + √-7)(l-√-7);

and show that 2n(n>2) is factorable in products of complex 
factors.
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ax + by, 

υ = ax + by.

[a, b] = [d]

ax+by = dz,
where x, y, z are rational integers. For evidently 
corresponding to any two integral values of x, y, there is 
an integral value of z, and reciprocally corresponding to 
every integral value of z, there are two integral values of 
x and y. Hence the conception of divisibility by the 
complex[a, b] is, so long as a and b are rational numbers, 
identical with the conception of divisibility by d. It is 
otherwise if we pass to the realm of algebraic numbers. 
Accordingly the following definition is introduced: The

or

This is an extension of the usual conception of divisibility 
in that v is divisible by a, if v = ax where x is an integer. 
This extension is clearly superfluous, so long as we 
remain in the usual realm of rational numbers; for 
evidently every number that is divisible by the complex 
[a, b] is, so long as a and b are rational numbers, divisible 
by the greatest common divisor d, say, of a and b, and 
every number that is divisible by d is divisible by [a, b]. 
We may therefore write

divisibility must be extended. Let us return for a 
moment to the realm of rational numbers. Suppose that 
a and b are two rational fractional or integral numbers. 
Note that the linear form

for integral values of x and y, represents all those rational 
numbers that are divisible by the greatest common 
divisor of a and b. We may therefore define any number v 
as divisible by the complex of numbers a and b, say [a, 6], if 
it is possible to determine two rational integers x and y such 
that
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where ξ1 and η1 are algebraic integers. Hence δ would be 
divisible by every common divisor of a and β, so that δ 
would be the greatest common divisor of these numbers in 
the sense that is usual in the theory of the rational 
numbers. But such a greatest common divisor of two 
algebraic numbers exists only so long as we remain in the 
infinite realm of all algebraic numbers. We have on the 
other hand just seen in the discussion of the resolvability 
of an algebraic integer into its irreducible factors, that 
this investigation must be restricted to a definite realm. 
Hence with such a restriction the conception of the

δ = aξ1+βη1

which is an algebraic integer. However, every number 
that is divisible by δ is not divisible by [α, β] ; for if this 
were true then δ itself must be divisible by [α, β]  and 
hence expressible in the form

so that
τ = δγ1 + δγ2η0,

τ =aξ0+βη0,
where ξ0 and η0 are algebraic integers, then also

algebraic integers. It is evident that every number that 
is divisible by [α, β] is divisible by δ, for if

172 THE THEORY OF ALGEBRAIC NUMBERS

integral or fractional algebraic number λ is said to be 
divisible by the complex [α, β] consisting of the two algebraic 
numbers a and β, if there exist two algebraic integers ξ and 
η such that

λ = aξ+βη.
This conception is no longer superfluous: for suppose that 
δ is a third algebraic number through which a and β are

both divisible, sav and where γ1 and γ2 are
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1 See Dedekind, § 165 of the 2ud edition of Dirichlet’s Zahlentheorie. In 
the derivation of this word, following the Germans, I use the stem of the 
Latin word Modulus. See further Encyklopaedie der math. Wissenschaften, 
Vol. I, p. 307.

Through these definitions the theory of linear forms 
αξ+βη+γζ+ ∙ ∙ ∙ is introduced, the variables ξ, η, ζ, ■ - ■ 
being algebraic integers, while the coefficients a, β, y, ∙ ∙ ∙, 
are integral or fractional algebraic numbers. All the 
quantities introduced belong to a definite realm of 
rationality, say Ω. We shall next limit the investigation 
by restricting the variables of the linear form,
in that they are allowed to take only rational integral 
values, while the coefficients are any arbitrary algebraic 
numbers of the fixed realm Ω.

The collectivity of all algebraic numbers which are 
expressed through the linear form ax+βy+yz+ ∙ ∙ ∙, 
where x, y, z, ∙ ∙ ∙, are rational integers is called 1 a 
modul. It is denoted by the symbol [α, β, γ, ∙ ∙ ∙ ]. The 
quantities a, β, y, ∙ ∙ ∙ are the elements of the modul. A

λ = αξ+βη +γζ+ ∙ ∙ ∙.

Art. 114. The Moduls Defined. The above consider­
ations and definitions are also true of such complexes as 
[α, β, y, ∙ ∙ ∙ ] which consist of more than two algebraic 
numbers. The algebraic number λ is said to be divisible 
by the complex of algebraic numbers of the realm Ω, say 
[α, β, y, ∙ ∙ ∙ ] if it is possible to determine algebraic 
integers ξ, η, ζ, ∙ ∙ ∙ in Ω such that

greatest common divisor of two algebraic numbers does 
not in general exist (Art. 111). On this account the 
conception of the divisibility through the complex 
[α, β] consisting of two algebraic integers a, β is no 
longer superfluous. It becomes necessary when the 
restriction is made that all quantities belong to a definite 
finite realm.

THE MODULS OF DEDEKIND 173

www.rcin.org.pl



174 THE THEORY OF ALGEBRAIC NUMBERS

number λ is said to be divisible by a modul [α, β, y, ∙ ∙ ∙ J, 
if λ is a number of this modul, that is, if λ is contained in 
this modul, and that is, if rational integers x, y, z, ∙ ∙ ∙ 
may be determined such that

λ = ax + βy+yz + ∙∙∙.
Here we have encountered something which at first may 
appear as a “ confusion of language ” in that the con­
ception of “ divisibility ” and of “ being contained 
in,” which heretofore have been opposed are now identical.

Art. 115. The conception of modul may be made 
more general, if we are freed from the conception of the 
linear form. Having this in view, note that if λ and λ' 
are two numbers that are divisible by the modul [α β, 
γ, ∙ ∙ ∙] then also λ±λ' is divisible by this modul; for, if

λ = αx + βy + yz + ∙∙∙,

λ' = αx' + βy' + yz' + ∙∙∙,
and

then is
λ±λ' = α(α±α) + β(β±β) + ∙∙∙

= αx''+βy''+ ∙∙∙,
where x'', y'', ∙ ∙ ∙ are rational integers.

Accordingly the following definition of a modul may be 
offered: A modul is a system of numbers, such that the 
difference of any two numbers of the system is again a 
number of the system. (Report on Algebraic Numbers, p. 
91.) .

It is seen from this definition of a modul that every 
realm of rationality is a modul,1 but reciprocally every 
modul is not a realm of rationality. For a realm of 
rationality Ω = R(ϑ), say, consists of all rational functions

1 Excepting the modul that consists of the one element 0, which is once for 
all excluded, the simplest modul is the realm of rational integers. This modul 
may be denoted by
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of t7, and the difference of two rational functions is a 
rational function.

The moduls are represented by small German letters. 
A number a is said to be divisible by the modul α, if a 
belongs to the modul a. The number 0 forms for itself a 
modul, and is the only modul that consists of a finite 
number of numbers. This modul we exclude from 
further consideration. All other moduls consist of an 
infinite number of numbers and are reproduced not only 
through the operation of subtraction but also through the 
operation of addition. For if there appears in a modul 
any number α(≠0), then by the definition of a modul 
there appears also in this modul the number a — a = 0; 
from which it is seen that the number 0 belongs to every 
modul. If then a is divisible by the modul α, then also 
a — a — a= — a is also divisible by α. If further a is 
divisible by a and also β is divisible by α, using the 
definition just given of a modul, then also -β is divisible 
by α and consequently a- ( - β) is divisible by a; that is, 
a + β is divisible by α.

It follows that if a is divisible by the modul α then ax is 
divisible by α, where x takes all rational integral values. 
There are two possibilities: either the quantities repre­
sented by ax constitute all the quantities of the modul α, 
or there are also other numbers that are divisible by α. 
In the latter case, if β is a number divisible by α, and not 
found among the numbers ax, then also the numbers 
ax+βy, where x and y take all possible rational integral 
values, are divisible by α. It may happen that these are 
all the numbers divisible by a; if not, suppose that y is 
divisible by α and is not found among the numbers 
ax-↑-βy, then also the numbers ax+βy + yz, where x, y, z 
take all possible rational integral values, are divisible by 
the modul a, etc.
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where x, y, ∙∙∙, w, are rational integers. In the latter 
case the modul α agrees with the definition given above 
of the modul [α, β, ∙∙∙,η]. Such a modul is said to be 
finite and is called a modul of finite order. The system 
of numbers α, β, ∙∙∙,η is called the basis of the finite 
modul, and the number of these elements is called the 
order (or rank) of the modul.

The representation of all numbers of a modul α 
through a basis is clearly not unique, since the basis of 
a modul may be chosen in an infinite number of different 
ways (Art. 93).

Art. 116. It was seen above that a realm of rationality 
(excepting the one which consists only of the number 0) 
is a modul, and from what was just given it is evident 
that the order of such a modul is in general not finite. 
For it is evident that the numbers ½, ¼, ⅛, ⅟16, ∙ ∙ ∙ cannot 
be represented by a finite modul although they belong 
to the realm R(l). We shall have little to do in the 
sequel with moduls whose orders are not finite.

Definition. A modul b is said to be divisible by the 
modul α if every number that is divisible by b is divisible 
also by a.

If we apply this definition of divisibility to that of one 
modul by another modul, both of order unity, we have 
the theorem:

ax + βy +∙∙∙+-ηw,

This process may continue indefinitely, or it may 
cease. In the latter case we come to a linear form 
ax+βy+ ∙∙∙ + ηw> such that ax+βy+ ∙∙∙ + ηw for inte­
gral rational values of the variables x,y, ∙ ∙ ∙, w represents 
all the numbers that are divisible by the modul α, and 
reciprocally every number that is divisible by the modul 
α may be expressed through the form
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If the rational number b is divisible by the rational 
number a, then also [b] is divisible by [a].

For anv number bx where x is a rational integer may be

written where y is a rational integer; for ex­

fl) Every modul is equal to itself;
(2) if a = b, then b = a;
(3) if a = b, and b = c, then also a = c.

If b is divisible by a, we say the modul a is a divisor of the 
modul b and that the modul b is a multiple of the modul 
a; if b is divisible by a, but a is not divisible by b, we say 
that a is a pure divisor of b and that b is a pure multiple of 
a. The sign b>a, which has hitherto not been defined 
for moduls, denotes that the modul b is divisible by the 
modul a (including equality). From this definition 
follows the important theorem:

If c > b and b > a, then is also c >a.
Art. 117. The Least Common Multiple of Moduls. If 

k is a modul which is divisible by both the moduls a and b, 
we say that k is a common multiple of a and b; in this case 
all numbers of k appear also in both a and b. It may be

ample: [6] is divisible by [3]; [⅓] is divisible by
If a is divisible by the modul α, then every number ax 

where x is a rational integer is divisible by a; if a and 8 
are both divisible by α, then also every number of the 
form αx+βy, where x and y are rational integers, is 
divisible by α, that is, [α, β] is divisible by α, etc. Pro­
ceeding in this manner we reach the same conclusion that 
was given in the preceding article.

The following definition at once presents itself:
Two moduls a and b are said to be equal (a = b), if a is 

divisible by b and at the same time b is divisible by a.
From this definition are had at once the theorems:

www.rcin.org.pl



178 THE THEORY OF ALGEBRAIC NUMBERS 

possible that the moduls a and b have still other numbers 
in common. All numbers that belong to both a and b 
form a modul; for if μ and μ' are two numbers which are 
divisible by both a and b, then since a and b are moduls, 
μ-μ' is divisible by both a and b. The modul m which 
consists of all the numbers that are divisible by both a 
and b, is called the least common multiple of the moduls a 
and b and is denoted1 by a -b or b -a. Since this 
relation has nothing to do with the difference of the two 
moduls, we say a dash b and not a minus b. Since the 
modul m = a - b = b - a consists of all numbers which are 
divisible by both a and b, we have m > a and m > b. Note 
that the aggregate of numbers in m is less than that in 
either a or b unless one of these moduls is m. If further f 
is a common multiple of a and b, that is, a modul which is 
divisible both by a and b, then is k > m; hence we say m is 
the least common multiple of α and b.

The modul m = a-b = b-a is therefore characterized 
by the two properties, (1) m is a common multiple of a and 
b, viz., m>a and m>b; (2) every common multiple k of a 
and b is divisible by nt.

We have at once a - a = a; if further a>b, then is 
a -b = a.

The above definition of the least common multiple of 
two moduls may be at once extended to three or more 
moduls; if a, b, c are three moduls, then all numbers 
which are divisible by a as well as by b and c form a 
modul in which we call the least common multiple of the 
three moduls a, b and c. We then have m>a, m>b, 
m > c. If f is any modul such that k > a, k > b, k > c, then is 
k>m.

1 See Dedekind’s Festschrift: Ueber die Anzahl, etc. (Braunschweig, 1877). 
See also Dedekind, Supplement XI of Dirichlet, Vorlesungen Uber Zahlentheorie, 
Fourth Edition. Reference to this supplement will be made by the word 
Dedekind.
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and consequently the sign a - b - c may be used for m. If 
a>b, then the least common multiple of a, b, c is a - b - c 
= a -c.

If a and b are two moduls whose least common multiple 
is m, and if further a1 and b1 are two moduls whose least 
common multiple is m1 and if a>a1 and b>b1 then is 
m>m1. For if μ is an arbitrary number divisible by m, 
then since m is divisible by a and a by a1 it follows that μ 
is divisible by a1; and since m > b and b>b1 it follows also 
that μ is divisible by b1. Hence every number that is 
divisible by m is also divisible by both a1 and b1, and such 
a number is consequently also divisible by m1, so that 
m>m1.

If a and b are two rational numbers and m their least 
common multiple, then is

We have further
m = (a - b) - c = a - (b - c) = (a - c) - b,

[m] = [a] - [b]
for since the rational number m is divisible by a and by b, 
then every number that is divisible by [m]  is divisible by 
both [a] and [b] that is, [m]  is a common multiple of 
[a] and [b]. On the other hand [m] is the least common 
multiple of and [b] for if [k] is an arbitrary common 
multiple of [a] and [b], so that [k] > [a] and k] > [b]
then k: is a common multiple of a and b and consequently 
divisible by m. But if k is divisible by m, then is 

[k] > [m] so that[m] is the least common multiple of 
[a] and [b]

Art. 118. The Greatest Common Divisor of Moduls. 
If a, b, k are three different moduls and if a>k and also 
b>k, then the modul k is called a common divisor of a 
and b. Of the three moduls f consists of the greatest 
number of numbers; for k is constituted not only of all
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the numbers which constitute a, but of those also that 
constitute b and there may be in addition other numbers 
that are divisible by k and which are not divisible by 
either a or b; that is, all numbers of the form α + β where 
α is divisible by a and where β is divisible by b, are 
divisible by k and in addition there may be other numbers 
that are divisible by k which are not of the form α+β. 
All numbers of the form α+β, where α is any number 
divisible by a, and β is any number divisible by b, form 
a modul; for if δ and δ' belong to the complex of numbers 
a+β so that, say, δ = α+β and δ' = α'+β', then δ-δ' 
= (α - α')÷(β-β') belongs to the same complex, since 
clearly α - α' is divisible by α and β- β' is divisible by b. 
This modul which is constituted of all numbers of the 
form α + β we call the greatest common divisor of the two 
moduls α and b. We denote it by a + b. If k is a modul 
through which both a and b are divisible, that is, a 
common divisor of a and b, then a + b> k; for if α is 
divisible by a and β by b, then α and β are both divisible 
by k consequently since k is a modul, it follows (Art. 116) 
that the sum a+β is divisible by k. Hence any arbitrary 
number which has the form α+β, and which in conse­
quence is divisible by a+b, is divisible by k, so that 
a+b > k.

The greatest common divisor of α and b, say d = a+b is 
characterized by the two properties:

(1) b is a common divisor of α and b, so that a > d and b > d.
(2) Every other common divisor, say k, of a and b is a 

divisor of  a+b, that is a+b>k.
This denotation of the greatest common divisor of a 

and b through the symbol α + b has more justification 
than that of the least common multiple through a-b, 
since the modul a+b consists of all numbers of the form 
a+β, while the analog for the modul a-b is not true.
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Art. 119. If we have to do with finite moduls, the 
greatest common divisor of two such moduls, say 
[α, β, y, ∙ ∙ ∙, η] and [α', β', y', ∙ ∙ ∙, η'], is determined 
through the addition of the two linear forms which 
represent these moduls; for the modul α, β, y, ∙ ∙ ∙, η] 
consists of the collectivity of numbers which are ex­
pressed through the form ax+βy + yz+ ∙ ∙ ∙ +ηw, where 
for the variables x, y, z, ∙ ∙ ∙, w rational integers are 
written, and the modul [α', β', ∙ ∙ ∙, η'] consists of those 
numbers which may be expressed through the linear 
form a'x+β'y + y'z+ ∙ ∙ ∙ +η'w, where rational integers 
are written for x', y', ∙ ∙ ∙, w'. Hence the modul [α, β, y, 
∙ ∙ ∙, η] + [α', β', y', ∙ ∙ ∙, η'] consists of the collectivity of 
numbers that may be expressed in the form ax+βy 
+ yz+ ∙ ∙ ∙ +ηw+a'x+β'y + y'z+ ∙ ∙ ∙ +η'w', where the 
variables are rational integers.

It follows that
[α, β, y, ∙ ∙ ∙, η] + [α', β', y', ∙ ∙ ∙, η']

= [α, β,∙ ∙ ∙,η, α', β',∙ ∙ ∙,η'].
If a and b are two rational numbers and d their 

greatest common divisor, then is
[d] = [a] + [b]

For the modul [d] consists of all numbers of the form dx, 
the modul [a] of all numbers of the form ay and [b] of 
all numbers of the form bz, x, y, z being rational integers, 
and the collectivity of all numbers of the form by + cz is 
identical with the collectivity of all numbers of the 
form dx, so that

[d] = [a] + [b]= [a , b]
If a and b are two arbitrary moduls and if d is their 

greatest common divisor and if further a1 and b1 are two 
other moduls and d1 is their greatest common divisor; if 
further a>a1 and b>b1, then is d>d1, or in other words,
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a + b> a1 + b1. For if δ is an arbitrary number that is 
divisible by b, we must have δ = α+β, where a iα divisible 
by a and β is divisible by b. It follows then that a is 
divisible by a1 and β by b1 and consequently δ = α+β is 
divisible by b1 so that b>b1.

The conception of the greatest common divisor may be 
extended to more than two moduls: If a, b, c, ∙ ∙ ∙ are 
moduls, then all numbers of the form α+β+γ+∙∙∙,
where α is any number that is divisible by α, β any 
number that is divisible by b, γ any number that is 
divisible by c, etc., constitute a modul which is called the 
greatest common divisor of the moduls a, b, c, ∙ ∙ ∙. 
This modul is represented by a+b+c+ ∙ ∙ ∙. This modul 
a+b+c+ ∙ ∙ ∙ is divisible by every other common divisor 
of a, b, c, ∙ ∙ ∙. We further have for a, b, c, ∙ ∙ ∙ the 
same rules as we have for the addition of numbers, viz.:

For finite moduls, the modul a+b+c+ ∙ ∙ ∙ represents in 
reality a sum, viz., the sum of the corresponding linear 
forms.

Art. 120. If a and c are two moduls, we have at once

Lemma. If a>a1 and also a>b1; if further b>a1 and 
b>b1, then is a + b>a1- b1.

For a+b>a1 and a+b>b1and consequently a+b 
>a1-b1.

If a, d, m are three moduls of which m>d, then is
(a -d)+ m = (a+ m) - d.

From this may be derived the following important 
theorem:

a -b >a, a -b>b,
b>a+b.a>a + b,

a+b+c = (a+b) +c  — c+(a+b)
= a+(b+c) =etc.
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In order to prove the equality of two module, we must 
prove that either modul is divisible by the other.

We note that
a -d>a>a+ m
a -d>d

m>a+ m 
m>d.

From the above lemma
(a -d)+ m> (a+ m) -d.

On the other hand let η be a number divisible by the 
modul (a+ m) -d, then is η divisible by a+ m and fur­
ther η is divisible by b. Hence η-α+μ where α is 
divisible by a and μ by m; further since η is divisible by b, 
it is seen that η = δ where δ is a number divisible by the 
modul b. It follows that

η = α+μ = δ or α = δ - μ.
Since δ is divisible by b and μ by m, and as by hypothesis 
m is divisible by b, we note that μ is divisible by d. 
Hence δ - μ is divisible by b, that is, α is divisible by d, 
and since a is divisible by a, it is seen that the modul to 
which a belongs is a common multiple of a and d and 
consequently is divisible by the least common multiple 
of α and b, that is by a -d. Hence the number η = α+μ 
is divisible by a -d)+ m; and since this is true of every 
number η of the modul(a+ m) -d., it follows that

(a+ m) -d> (a -d)+ m. (u)
We therefore have from (i) and (ii)

(a -d)+ m = (a+ m) -d,
where m>b (cf. Dedekind, § 169).

Art. 121. Multiplication of Moduls by Algebraic Inte­
gers. If α is a modul whose elements belong to Ω and 
η an arbitrary number of this same realm, then the 
complex of numbers αη, where for α is written every
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For if μ is a number that is divisible by m, then μ is 
divisible by both a and b; and ημ, an arbitrary number 
divisible by ηm, is divisible by ηa and ηb, and consequently 
by ηa-ηb. Reciprocally, every number that is divisible 
by ηa and also by ηb, is divisible by 77m; for every num­
ber that is divisible by a and also by b is divisible by m.

for the modul a = [α1, α2, ∙ ∙ ∙, αn], consists of all numbers 
of the form α1x+α2y + α3z+ ∙ ∙ ∙ +αnw, where x, y, z, ∙ ∙ ∙, 
w take all rational integral values, and the modul α17 
consists of all numbers of the form  α1ηx + α2ηy +α3ηz 
+ ∙ ∙ ∙ +anηw for rational integral values of x, y, z, ∙ ∙ ∙, w. 
(Dedekind, § 170.)

If the modul b is divisible by the modul α, then is the 
modul ηb divisible by the modul ηa. For if ηβ is any 
number divisible by the modul ηb, then is β divisible by 
b, and consequently since b > a it follows that β is divisible 
by α; hence also ηβ > ηa and therefore ηb > ηa. If recipro­
cally ηb is divisible by ηa, then from what we just had, 
η-1ηb is divisible by η-1ηa, and consequently b > a.

If ηb = ηa, then b = a and if b = α, then is ηb = ηa. If tn 
is the least common multiple of a and b, we have

aη = [α1η, α2η, ∙ ∙ ∙, αnη]
If α is a finite modul, say a = [α1, α2, ∙ ∙ ∙, αn], then is

(aη)η' = a(ηη')dM.

It is also evident, if η' is another number of the realm Ω, 
that

αη = ηα.

number that is divisible by α, forms a modul; for if aη and 
α'η are two numbers of this complex, then the difference 
αη — α'η = (α - α')η belongs to this complex. This modul, 
which is formed of the numbers aη, we call the product of 
the modul α and the number η. We denote it by
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ηm = η (a - b) =ηa-ηb.
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If d = a + b, then is
ηb = η( a + b) = ηa+ ηb;

for the modul b consists of all numbers of the form α+β, 
where for α is written all numbers divisible by a and for 
β all numbers that are divisible by b. The modul ηb 
consists therefore of all numbers of the form

η( α+β) = ηα + ηβ.
In an analogous manner we have

 η( a + b + c) = ηa + ηb + ηc)

η( a - b - c) = ηa - ηb - ηc)
and

etc.
Art. 122. The Product of Moduls. If the product of 

two moduls a and b were defined simply as the complex of 
numbers αβ where for a are written all numbers divisible 
by α and for β are written all numbers divisible by b, it is 
seen that this complex is not a modul; for αβ-α'β' is not 
of the form α"β". Accordingly a definition as follows 
must be offered:

The product ab is the complex of those numbers which are 
had if we sum in all possible manners the products of the 
form α∙β, where for α are written all numbers divisible 
by a and for β all numbers that are divisible by b; that is, the 
product a∙b is the complex of all possible numbers of the 
form

where α(1), α(2), ∙ ∙ ∙ individually run through all the 
numbers that are divisible by a, and for each of the quantities 
α(i) the quantity β(i) goes through all numbers that are 
divisible by b.

In other words, if a = (α1 α2, α3, ∙ ∙ ·) and if α(i) is any 
number that is divisible bv a, then αω mav be added as
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In other words, we have the product of the moduls a∙b, if 
we take all possible moduls αb, where for a are written 
only the n numbers α1, α2, ···,αn which form a basis of 
a, and not necessarily all the numbers that are divisible 
by a. The product a ∙ b (where a is a finite modul) is the 
greatest common divisor of the n moduls α1b, α2b, ∙ ∙ ∙,

1 The simplest case is when one of the moduls is J, the complex of all rational 
integers. In this case za =a, where a is any modul. If further ka =a, where k 
is a modul and a any modul, then is k = z.

Hence in the product αb, every number of the form 
α(i)β(j)  found.

Note that the difference of any two numbers of the 
complex is again a number of the complex. The product 
a∙b may be regarded as the greatest common divisor of 
all the moduls which are had if the modul b is multiplied 
by all possible numbers that are divisible by α, that is

a∙b = α(1)β + α(2)β + α(3)β+ ∙ ∙ ∙,
when for α(1), α(2), α(3), ∙∙∙, are written all possible 
numbers that are divisible by a; for if α(1)β(1) is any 
number divisible by α(1)b, and if α(2)β(2) is any number 
divisible by α(2)b, etc., then is α(1)β(1)+α(2)β(2)+∙∙∙ a 
number divisible by α(1)b+α(2)b + ∙ ∙ ∙, which modul is also 
divisible by a∙b; and reciprocally every number that is 
divisible by a∙b may be expressed in the form

α(1)β(1)+α(2)β(2)+∙∙∙.
Art. 123. As a special case, suppose that the modul 

α is finite,1 say

we then have
a∙b =α1b+α2b + ∙ ∙ ∙ + αnb.

a= [α1, α2,  ∙ ∙ ∙, αn];
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an element, so that
a = (α1, α2, α3, ∙ ∙ ∙, α(i), ∙ ∙ ·);

and similarlv
b = β1, β2, β3,∙ ∙ ∙,β(j), ∙∙∙)∙
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where the variables η1 η2, ∙∙∙,ηn are all the possible 
numbers that are divisible by b.

α1η1 + α2η2 + ∙ ∙ ∙, αnηn,

If then α1, α2, ∙ ∙ ∙, αn is a basis of the finite modul α, 
then the modul a∙b consists of the collectivity of numbers 
which are expressed through

where η1 η2, ∙∙∙,ηn are numbers that are divisible by b. 
It follows that each of the numbers α1η1, α2η2, ∙ ∙ ∙, αnηn is 
divisible by a ∙ b and consequently the sum of these num­
bers is divisible by a∙b.

Having shown that each of the two moduls α∙b and 
α1b + α2b+ ∙ ∙ ∙ +αnb is divisible by the other, it follows 
that

a∙b = α1b + α2b+ ∙ ∙ ∙ +αnb.

α1η1 + α2η2+ αnηn

where the η's are divisible by the modul b. The number 
α1η1 is divisible by the modul α1b, the number α2η2 is 
divisible by the modul α2b, etc. Hence λ is divisible by 
the greatest common divisor of α1b, α2b, ∙ ∙ ∙, that is by 
α1b + α2b+ ∙ ∙ ∙ +αnb. Reciprocally, every number that is 
divisible by α1b + aα2b+ ∙ ∙ ∙ +αnb has the form

λ =  α1(x1β(1) +x'1β(2) + ∙ ∙ ∙) +α2(x2β(1) +x,2β(2) + . . .) + . . .
= α1η1 - {α2η2}- ∙ ∙ ∙,

etc. It follows that

α(1) =α1x1 + α2x2+ ∙ ∙ ∙ + αnxn,
α(2) = α1x1 + α2x2+ ∙ ∙ ∙ + αnxn,

where all the numbers α(1), α(2), ∙ ∙ ∙, are divisible by a. 
They may therefore be written in the form

λ = α(1)β(1) + α(2)β(2)+∙∙∙,
αnb; for if λ is a number that is divisible by ab, then is
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∑α(i) β(i)γ(i) . . . =α(1) β(1)γ(1) +  . . .
+α(2) β(2)γ(2) +  . . .+α(3) β(3)γ(3)+  . . .+,

where the x’s are rational integers, then α1β1 could be 
dropped as an element of the basis on the right hand side.

Art. 125. The conception of the product may be 
extended to more than two moduls. If a, b, c, ∙ ∙ ∙ are 
several moduls, then by uniting always a number of the 
modul α with a number of the modul b with a number of 
the modul c into a product and making a summation of 
all possible products of this kind, we have the complex 
of numbers

α1β1 =  x2α2β2 +   x3α3β3 + ∙ ∙ ∙

The quantities α1β1, α1β2, ∙ ∙ ∙α1βs do not necessarily 
form a basis of αb, as this basis may consist of fewer 
than r∙s elements; that is, the order ofa∙b may be less 
than r∙s. It is evident that if α1β1 could be expressed 
linearly in the form

α1η1 + α2η2 + ∙ ∙ ∙, αrηr = α1β11x11 + α1β12x12 + ∙ ∙ ∙ +αrβsxrs∙
It follows that

ηv= β1xv1 + β1xv1 + ∙ ∙ ∙ +βsxvs (v=l,2, ∙∙∙,r).

where η1 η2, ∙∙∙,ηr are all numbers that are divisible by b. 
Since b is also finite, we have

α1η1 + α2η2 + ∙ ∙ ∙, αrηr,

for if α is a finite modul, then all numbers divisible by 
a∙b may be expressed through

a= [α1 , α2 , ∙ ∙ ∙, αr],
b = [β1, β2, ∙ ∙ ∙, βs]

then is
ab = [α1β1, α1β2, ∙ ∙ ∙α1βs, α2β1, α2β2, ∙ ∙ ∙α2βs, ■ ∙ αrβs];

Art. 124. As a still more special case, suppose that 
both the moduls a and b are finite, say

188 THE THEORY OF ALGEBRAIC NUMBERS
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where α(1), α(2), α(3), ∙ ∙ ∙ are all possible numbers divisible 
by a, and also the quantity β(i) goes through all possible 
numbers divisible by b, while γ(i) goes through all 
possible numbers divisible by c, ∙ ∙ ∙. This complex of 
numbers forms a modul, since the difference of two 
numbers of the form '∑αβγ∙ ∙ ∙ has again this form; it is 
called the product of the moduls a, b, c, ∙ ∙ ∙ and denoted 
by abc∙ ∙ ∙, or by bac∙ ∙ ∙, or by cab· ∙ ∙, etc.

For the multiplication of moduls as thus defined the 
two fundamental principles of multiplication as seen for 
example in rational numbers are also true, namely the 
commutative and associative principles. For it is evi­
dent that

ab = ba
abc= (ab)c = a(bc).

From these fundamental principles of multiplication 
arise at once the other principles of multiplication, in 
particular uniqueness in raising to a power, which is due 
to the associative and not to the commutative principle; 
for in raising to a power the factors are all equal and 
consequently eo ipso interchangeable. We define an 
where n is a positive integer ≠0 as the product of n 
moduls of which each one is equal to α, that is

an = a∙a∙a· ∙ ∙∙a.
ar ∙ as = ar+s (r, s > 0);

arbr = (ab)r (r>0).

Remark. A product of several moduls cannot =0 unless at 
least one of the factors is 0; for if abc=O and if a≠0, b≠0, c≠0, 
then in a there is a number α≠0, in b there is a number β≠ 0, and 
in c there is a number γ≠O and consequently there is in αbc a 
number aβy≠0 which contradicts the hypothesis that abc=0

From the associative principle follows the important 
theorem

and from the commutative principle we have
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Art. 126. If α is a number divisible by α and β is a 
number divisible by b, then it follows from the definition 
of ab that the number αβ is divisible by ab. This may be 
generalized into the following:

Theorem. If a>a1 and b>b1 then is ab>a1b1.
For since a>a1, every arbitrary number a that is 

divisible by a is also divisible by a1 and since b>b1 every 
arbitrary number β that is divisible by b is also divisible 
by b1. It follows that aβ is divisible by a1b1. If further 
α' is another number divisible by a and β' is another 
number divisible b, then also a'β' is divisible by a1b1, etc. 
We thus see that all numbers of the form

∑aβ = aβ+a'β' + a"β" +∙∙∙
are divisible by a1b1. but all these numbers constitute the 
modul αb. We therefore have

b>a1b1.
The following special case mav be noted:1

If b>a, then is bc>ac.
The inverse of this theorem is not true in general, viz., 

if bc>ac, then it does not follow that b>a. If a = [1] 
and a1 = [i] where i2=-1, and b = [1, i], then is 
ab = b = a1b and consequently ab > a1b ; but a is not divisible 
by a1

The conclusion that if bc>ac, then is b>a can only be 
drawn if c is a one-term modul equal to, say, [η]. If 
b [η]>a [η], then is b>a; for b [η] = bη and a [η]= aη and 
if bη > aη, then is bηη-1 > aηη-1 or b > a.

We observe in general that a product of moduls is not 
divisible by one of the factors; that is the modul αb is in 
general divisible by neither a nor b. The analogous 
theorem is true for rational integers but it is not true for

1 Observe that a>ab, if z>b, since za>ab, and za=a, where the modul z 
consists of the collectivity of rational integers.
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(b + c)(c+a)(a+b) = (a+b+ c) (ab + bc+ca),

We further have the following important relations for 
three moduls, a, b, c:

ab+ab = ab.

(a+b)2 = a2+ab+b2,
since

We have at once

(a+b)(a1+b1) =(a+b)d1
= ad1 + bd1
= a(a1+b1) +b(a1+b1) 
= aa1+ab1+a1b+bb1.

This may easily be extended to the following (Dedekind, 
§170):

dc = ac+bc.

Since both ac and bc are divisible by dc, it follows that
(1) ac+bc>dc.

On the other hand let γ be a number divisible by c and δ 
a number divisible by b so that also δ = α + β where α is 
divisible by a and β by b. We note also that αγ is 
divisible by ac and βy by be and consequently αγ+βγ 
= δγ is divisible by ac+bc. Similarly δ'γ' is divisible 
by ac+bc if δ' is divisible by b and y' by c, etc. It follows 
that γδ + γ'δ'+ ∙ ∙ ∙ = ∑γδ, which is any arbitrary number 
divisible by be, is divisible by ac+bc. Hence also
(2) dc>ac+bc, and from (1) and (2),

a> b b>b
c> c

bc>bc.ac>bc
c> c

dc = (a+b)c = ac+bc.
Proof:

rational fractional numbers, for although 6 is
divisible by neither of these factors.

Art. 127. If a, b, c are three moduls and if b = α+b, 
then is
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a — b > a a — b > b
c> c c> c,

For we have
c(a-b) >ac-be.

c(a+b) = ac+bc.
The analogous theorem for the least common multiple of 
moduls is not true; in this case it can only be proved that

Art. 128. We saw above that

i= 1, 2, — , n
j=2, 3, ∙∙∙, n-1

j>i

2. The same theorem for positive rational integers was proved in 
Art. 25, namely, let a1 a2, ∙ ∙ ∙, an be n positive integers and let be 
the greatest common divisor of αt∙ and aj∙ and further let dv be the 
greatest common divisor of all products of every v of these numbers 
(v=l, 2, ∙∙∙, n -1). We then have

then is
a12a13∙∙∙ an-1,n= d1d2∙∙∙  dn-1,

dn-1= a1a2∙∙∙  an-2-an-1 + a1a2 ∙∙∙ an-2an + '∙∙∙

d1= a1+a2+ ∙∙∙ + an
d2= a1a2 +  a1a3 + ∙∙∙ + a1an + a2a3+ ∙∙∙ +an-1- an

j>i
i,j,=1,2, ∙ ∙ ∙, n

aij=-ai +aj

1. Prove that if
EXAMPLES

(a+b + c)(bc + ca+ab) = abc + a2b+b2a+a2c+c2a+b2c+c2b.

= abc+a2b+b2a+a2c+c2a + b2c+c2b,
= abc+abc + a2b + b2a+a2c+c2a+b2c+c2b,

(b + c)(c+a)(a+b)

for
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and

and
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κα is divisible by b. In an analogous manner we define

the aggregate of all those numbers κ which are such that

or better expressed, α-1b isκ which are divisible by

the modul α-1b is the aggregate of all those numbers

where α is an arbitrary number. It is evident that

quotient of two moduls, consider first the quotient
Art. 129. The Quotient of Moduls. To define the

is in general not true as in the analogous case of rational 
integers.

mb = ab
is divisible by αb. The equality

μ(l) δ(l) + μ(2) δ (2) + μ(3) δ (3) +∙∙∙= ∑μ(i)δ(i)

where αβ1 and βα1 are both divisible by ab and conse­
quently every number of the form

μδ = (α+β)μ= aμ+βμ = αβ1+βα1,

md >ab,

(a -b)(a+b) >ab.
For if δ is a number divisible by b, then is δ = α + β, where 
α is a number divisible by a and β is a number divisible 
by b; and if μ is a number divisible by m, then is μ = a↑ 
= β1, where α1 is divisible by α and β1 by b.

It follows that

or

If α and b are two moduls and if b = α÷b and m = α-b, 
then is

(a -b)c> ac-bc.

(a -b)c>ac (a -b)c> be.
It follows that (a — b)c is divisible by the least common 

multiple of ac and be, or

and consequently
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For if κ is a number that is divisible by f, then is 
κa>ka if further ka>b then is κa>b and consequently 
every number κ that is divisible by k. in view of the

definition given above of the quotient is divisible by

This definition of the quotient of moduls is also 
expressed through the following two important theorems:

Theorem I. If α, b, f are three arbitrary moduls and if

ka>b, then is also

(2) if κa> b, then is

(1) If κ is a quantity divisible by then is κa> b;

The characteristic properties of the modul are the

following:

This modul is called the quotient of the two moduls b

and a.

divisible by a, then are κa and κ'a both divisible by b and 
consequently also (κ- κ')a is divisible by b; and this is 
true of all numbers a that are divisible by a. It follows

that κ- κ' belongs to the aggregate
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as the aggregate of all numbers κ which have the property 
that κa is divisible by b.

The aggregate of numbers thus defined is a modul; 
for if κ and κ are two arbitrary numbers that are divisible

so that κa> b and κa>b, and if a is a numberby

and consequently k is divisible by
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Theorem II. If then is also ka>b.
For if and if κ is an arbitrary number divisible by

so that
8

For if κ is a number that is divisible by then κα and

consequently κax is divisible by b, where x is a rational 
integer; or κ[α] is divisible by b, or finally κ is divisible by

We may consider first this theorem for the case where 
the denominator a is a one-term modul [α].

We assert that

moduls k which have the property that ka>b.The quotient is the least common multiple of all those

Art. 130. Theorems I and II of the preceding article 
may be expressed as follows:

 ka>b.
Remark. Since every modul is divisible by itself, we have

so that The equality of these two moduls in general

does not follow.

and that is, due to the definition of multiplication,
κa+κ'a+∙∙∙>b

larly also κ'a>b where κ' is a number divisible by k, and 
consequently also the sum

it follows that κa>b and simi-nition given above of

k, then is κ divisible by or in accordance with the defi-
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Reciprocally, let κ be an arbitrary number divisible by

so that κa>b. It follows that the quantities κai, κa2,

∙ ∙ ∙, καn are all divisible by b. Hence the quantity κ is

follows that μa is divisible by b, or (1)

We denote by x1, x2, ∙ ∙ ∙, xn, n rational integers. It is 
evident that μα1x1, μα2x2, ∙ ∙ ∙, μαnxn and consequently 
also μ[α1X1+α2x2+- ∙ ∙+αnxn]∖ is divisible by b. It

If μ is a number divisible by m, then is μ divisible by

and consequently μav is divisible by b (f≡1, 2, ∙ ∙ ∙,

ri).

is such that

say. Note that the least common multiple τπ of the

moduls

We assert that
a = [α1]+[α2]+ ∙∙∙ + [αn]∙

If next α is a finite modul, equal, say, to [α1, α2, ∙ ∙ ∙, αn], 
then is
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Reciprocally, if κ is divisible b then is κ[α]>b

and consequently κax, where x is a rational integer, is 
divisible bv b. It follows also when x = 1, that κa is

divisible by b so that κ is divisible by or (2)

From (1) and (2) we have

(v=l,2, ∙∙∙l,n)
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c> c;
therefore

For

Formula II. If a, b, c are three moduls, then is

however ka1 > ka, it follows that ka1 > b1, or

so that ka>b; then is ka>b1. SinceFor write

Formula I. If  b>b1 and a1>a, then is

and

Art. 131. It is well to consider next certain formulas 
relative to the quotients of moduls.

the form α~1b, when for a are written all numbers that are 
divisible by α.

From (1) and

(2) we have

In the same way the following may be proved for 
moduls which are not finite:

divisible by as well as by ∙ ∙ ∙, as well as by

and consequently also by the least common multiple tn of 
these moduls. Since this is true for every number κ that

is divisible by it follows that
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The modul is the least common multiple of all moduls of
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or

It follows

or or (1)

(2)

so thatFor

Further, if in Formula III, we put b1= [λ] and ai = [κ],
we have

From (1) and (2) it follows that

On the other hand, from Formula II we have
For

In the case of Formula II, if c is a one-term modul 
= [η], say, we have the equality

or

that

and , so thatFor

Formula III.
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and consequently
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(1)

But from Formula III, we have (2) and

from (1) and (2) it follows that the two expressions are 
equal.

Formula IV.

(1)ornrorFor

On the other hand

so that

and

(2)

and from (1) and (2) we have the equality desired. 
Formula V. If m is the least common multiple of the

two moduls a and b, then is the least common multiple of

and and that is

m>a
c> c

m>b
c> c.

and

and

Hence from Formula I

For
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m1a> c m1b> c.

m1a+m1b = m1(a + b) =m1d,
It follows that m1a + m1b >c and since

so that

On the other hand

(1)

and similarly It followsfrom Formula I that
that

then since c>c and a>b, it followsFor let

where d = a + b, or

Formula VI. The least common multiple of and is

From (1) and (2) follows the equality of the two 
expressions

(2)
or

Hence
and

and

so that

On the other hand
(1)

and therefore
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and

and
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b>a+b
a1 - b1 > b1.

a>a+b
a1 - b1 >a1

aa0>a.

For since we have also and consequently

(1)

aa0 = a.Formula VIII.

The modul a0 we call the order-modul of a. See also 
Art. 133.

and

From Formula I it follows that

and consequently

is divisible by that is

Formula VII. The greatest common divisor oj ιnd
From (1) and (2) follows the equality desired.

Art. 132. The following formulas have to do with the
special modul This modul is denoted by a0 and con­

sists of all numbers κ such that κa> a. To these numbers 
belongs clearly κ = 1, so that the modul [1] which consists 
of all rational integers is divisible by the modul α0, or 
[1]>a0. The modul [1] is sometimes denoted by 
z (see Art. 115, footnote). If k is a modul such that

ka>a. then is that is k>a0, and if k>a0 then is ka>a.

and
For

we have m1d > c, or

(2)
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a>a
[1]>a0.

a[1]>aa0

a>aa0.

Hence

On the other hand

202 THE THEORY OF ALGEBRAIC NUMBERS

or
(2)

From (1) and (2) follows the equality required. 
Formula IX.

aa0 = a,

aa0>a,

a>a
[1]>a0

From this it follows that
aa0a0 = aa0 = aa.

and consequently
aa0 = a,

For from Formula VIII
a0a0 = a0.

From (1) and (2) we have the required identity. 
Formula X.

(2;

so that from Formula I

On the other hand

(1)

so that

and hence also

For from VIII
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From X and XII it follows that the formula (Art. 125) 
aras = ar+s, which was true when both r, s were positive

and similarly
ara0 = ar

aa0 = a.
If we multiply by ar-1, we have

Formula XII. ara0 = ar (r a positive integer).
For from VIII,

a0a0>a0,

a0a0 = a0,

[1]>a0,a0>a0

or
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a0a0>a0.(1)
On the other hand

a0>a0
[1]>a0.

a0>a0a0.
Hence
(2)

From (1) and (2) follows the identity required.
Formula XI.

For since
and

it follows from Formula I that

(1)
Further since

it follows that

and consequently also

(2)

from which with (1) the required identity is proved.

is sometimes written (a0)0.

a0ar = ar.
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Further, since oo > o, it is seen that and from For-

Dirichlet and Kronecker, Grundzuge, etc., §5, used the word “Art” or 
“Species” to designate such module, while Dedekind, XI Supp. to Dirichlet’s 
Zahlentheorie employed the term “Ordnung.”

Since o>o and [1]>o, it follows that o[1] or  o> oo; 
and since by definition oo>o, it follows that  oo =  o.

may be called an order-modul.1
Note that if λ and μ are two numbers that are divisible 

by o then also λμ is divisible by o. It follows that the 
numbers of an order-modul are reproduced by the 
operation of multiplication. Thus an order-modul con­
sists of a system of numbers which includes 1. These 
numbers are reproduced not only through the operations 
of addition and subtraction, as in the case of the usual 
moduls, but also through the operation of multiplication. 
Such order-moduls, since they contain 1 as an element, 
contain all rational integers, and that is [1] or the modul 
z∙

[1]>o(2)
(1)

Art. 133. A modul o which has the two properties
bers, is not true for moduls.

Chapt. II. The theorem which is true for num-

a-1a = a0
in general does not exist. Such a modul is had when α is a 
very special modul which is considered later in Vol. II,

integers, is also true if one or both of the exponents = 0. 
For negative values of r and s the formula is not true. A 
modul with negative exponents has not been defined. 
Such a definition would be hard to give, since a modul 
a-1 which satisfies the equation
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oo = o,
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mula I applied to o>o and [1]>o, it follows that
We thus have

The order-modul a0 has for the modul a the same 
signification as unity has for ordinary numbers.

Congruence with Regard to a Modul

Art. 134. All numbers μ of the modul m are said to be 
divisible by m; they are ≡0 (mod. m). In general it 
may be said that a is congruent to β mod. m, and written 
α≡=β (mod. m), if α - β is divisible by m, and that is, if 
α — β is a number of the modul m. From this definition 
are had the three following fundamental principles of 
congruence (which exist also for the rational numbers):

(1) If α≡β (mod. m), then is β≡α (mod. m);
(2) α≡α (mod. m);
(3) if α≡β3 (mod. τπ) and if β≡γ (mod. m), then is also 

α≡y (mod. m).
If α≡β (mod. m), we say that α is a residue of β (mod. 

m), and also that β is a residue of α (mod. m).
If a is not congruent to β (mod. m), then α is said to be 

incongruent to β (mod. m).
If α≡α' (mod. m) and β≡β' (mod. m), then is also 

α±β≡α'±β' (mod. m).
For since α - α and β-β' are both divisible by m, it 
follows that the sum and the difference of these quantities 
are divisible by m.

Congruences added to or subtracted from congruences give 
congruences. For multiplication, it is clear that if a≡β 
(mod. m) and if g is a rational integer, then also

ag≡βg (mod. m).
In general if v is a number divisible by m0, where m0 

is the order-modul of m, then is
vα≡vβ (mod. m) α≡β (mod. m).if
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Art. 135. Let M be an arbitrary complex or aggregate 
of numbers. The complex which is formed of all 
numbers α + μ, where μ takes all values that belong to 
M, α being an arbitrary number, is denoted by α+M or 
M + α∙

Let 50? be a modul, then in general α+M is not a 
modul, but another system of numbers. For example, if 
M is a finite modul, then M consists of all numbers 
which may be expressed in the homogeneous form 
α1x1+α2x2+ ∙ ∙ ∙ +αnxn, where α1, α2, ∙ ∙ ∙, an form a basis 
of M and where x1, x2, ∙ ∙ ∙, xn are rational integers; on the 
other hand, α+M represents all numbers that can be 
expressed through the non-homogeneous linear form 
α+α1x1+α2x2+ ∙ ∙ ∙ +αnxn,. All numbers that are ≡α 
(mod. 50?) form the complex α + M. If γ is a number 
divisible by M, where M is a modul, then is γ+ M = M; 
for every arbitrary number of the complex γ+ M has the 
form γ+μ, where μ belongs to the modul M, and conse­

If α≡β (mod. m) and if m>b, then also a≡β (mod. b); 
for if α - β is divisible by m and if τn is divisible by b, then 
also α - β is divisible by b.

If α≡β (mod. a) and if α≡β (mod. b), then also a≡β 
(mod. m) where m = a-b; for if a - β is divisible by both 
the moduls a and b, then a - β is divisible by the least 
common multiple of these moduls.

8/2 ≢ 3/2 (mod. 5).
but

8≡3 (mod. 5),

For if α - β is divisible by m, then v(α-β) is divisible by 
mm0 (Art. 122) and consequently by m.

For numbers v that are not divisible by m0, the above 
congruence cannot be proved; in fact, it is not true even 
for rational numbers; for

206 ΓHE THEORY OF ALGEBRAIC NUMBERS

www.rcin.org.pl



α+M = β+M.

α -β+M = M,

α-β + M + β = M + β,

α + M = β + M.

α≡β (mod. M).

α + M = β + M

α + 0 = β + μ,

α≡β (mod. M).

α≡β (mod. M).

α-β= μ'' - μ'

κ = α + μ' = β + μ'',

a≡β (mod. M),
a number divisible by m. We should then have

where both μ' and μ'' are divisible by 90?; it would follow 
that

If on the other hand two such aggregates of numbers 
α + M and α+M are not completely identical, then they 
haven’t a single number in common. For suppose they 
had the number κ common, so that

If therefore two such aggregates of numbers « + 90? and 
/3+90? are completely identical, then is

where μ is divisible by 90?. Hence a — β = μ is divisible by 
90?, or

then also

For if

Reciprocally, if a + M =β + M, then is

or

and consequently also

For if a — β is divisible by 90?, then from what we have 
iust seen
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quently, since γ is also divisible by M, it follows that 
γ + M is divisible by M.

If α≡β (mod.M), then is
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and consequently from above
α + M = β + M

Art. 136. Let a and b be two moduls and consider 
first the special case where b>a. Let α(1) be any arbi­
trary number that is divisible by a and let β be any 
number that is divisible by b. Then since b>a, it 
follows that α(1)+β is divisible by a, and consequently all 
numbers of the complex α(1) + b are divisible by a. Two 
cases may happen, either the numbers of the complex 
α(1)+b comprise all the numbers of the modul a, or they 
do not. In the latter case let α(2) be a number of the 
modul a, which does not belong to the complex <√υ + b. 
We again have, since b>a, α(2) + b>a, that is, every 
number of the complex α(2) + b is found in a. Further as 
seen above, -the complexes α(1) + b and α(2) + b have no 
number in common. Two cases may again appear, 
either the numbers of the two complexes α(1) + b and 
aα(2) + b constitute all the numbers of the modul a, or they 
do not. In the latter case let α(3) be a number that does 
not appear in either of the complexes α(1) + b and α(2) + b, 
and form the complex α(3)+ b. This complex has no 
number in common with the two former complexes. 
Continuing this process it is seen that after a finite 
number of times we either obtain all the numbers of the 
given complex or we do not. In the former case we have 
a finite number of aggregates or classes of numbers

α(1) + b, α(2) + b, α(3)+ b, ∙ ∙ ∙, α(k)+ b,

It is thus shown that the two complexes of numbers 
α + M and β + M have either all numbers or no numbers 
in common. This fact is evident from the theorem that 
if two numbers are congruent to a third (mod. M), they 
are also congruent to each other (mod. M. For if 
α≡γ (mod. M) and β≡y (mod. M), then is a≡β (mod. 
W2), or α + M =β + M.
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where the numbers of these complexes constitute all the 
numbers of the modul α. In this case we shall use the 
symbol (a, b) to denote the number k of these classes. 
In the other event, where the number of classes is 
infinite, we shall put (a, b)=0.
When the number of classes is finite, we shall take a 
number from each of the classes, thus having k numbers

α(1), α(2),∙∙∙, α(k),

(of which one is zero, say α(1) = 0), which form a complete 
system of representatives of the modul α with respect to the 
modul α(1). These k numbers have the following charac­
teristics :

(1) They are all divisible by a;
(2) the difference of no two is divisible by b;
(3) every number that is divisible by a is congruent to 

one of these numbers (mod. b) and from (2), to only one of 
these numbers.

Art. 137. For the general case we may proceed as 
follows: Let a and b be two arbitrary module and dis­
tribute 1 the numbers that are divisible by a into classes 
with respect to the modul b. The number of these 
classes may be finite or infinite. A system of k numbers, 
α(1), α(2),∙∙∙, α(k) is called complete system of repre­
sentatives of the modul a with respect to the modul b, if it 
has the properties just enumerated. Each of the k 
numbers α(1), α(2),∙∙∙, α(k) represents a definite class of 
numbers of the modul α. (Dedekind, § 171 of Dirichlet’s 
Zahlentheorie, 4th Edition.)

Let m = a-b and suppose that the system α(1), α(2), 
∙∙∙, α(k) forms a complete system of representatives of

1 That is, let α(1) be a number divisible by α, and take all numbers belonging 
to a which are congruent to α(1) (mod. b) and put them in a class or group, and 
similarly with α(1), α(2),∙∙∙, α(k).
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the modul a with respect to the modul b; then this 
system of numbers also forms a complete system of 
representatives of the modul α with respect to the modul 
τπ. For the k numbers α(1), α(2),∙∙∙, α(k) have the follow­
ing three properties:

(1) They are all divisible by a;
(2) the difference of no two is divisible by m; for if such 

a difference were divisible by m, it would also be divisible 
by b since m>b, and this is not true since α(1), α(2),∙∙∙, 
α(k) by hypothesis form a complete system of repre­
sentatives of the modul a with respect to the modul b;

(3) every number divisible by a is congruent to one of the 
numbers  α(1), α(2),∙∙∙, α(k) (mod. m); for if a is congruent 
to a definite one of the numbers α(1), α(2),∙∙∙, α(k)  (mod. 
b), say to α(v), then is α - α(v) divisible by b; and since 
α - α(v) is also divisible by a; it follows that α - α(v) is 
divisible by m, so that 

a≡α(v) (mod. m).
It is thus seen that

(a, b) = (a, m);
or more definitely expressed: If the k numbers α(1), α(2), 
∙∙∙, α(k) form a complete systems of representatives of a 
with respect to b, then also they form a complete system of 
representatives of a with respect to the modul m.

Further let d = a+b then if k numbers α(1), α(2),∙∙∙, 
α(k) form a complete system of representatives of the 
modul a with respect to the modul b, they also form a 
complete system of representatives of the modul b with 
respect to b. For the k numbers α(1), α(2),∙∙∙, α(k)  have 
the properties:

(1) they are all divisible by b since a > d;
(2) the difference of no two is divisible by b, since they 

form a complete system of residues of the modul a with 
respect to the modul b;
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(3) every number δ that is divisible by d  is congruent to a 
definite one of the k numbers α(1), α(2),∙∙∙, α(k) (mod. b); 
for observe that δ = α+β where a is divisible by α and β 
by b; and since α(1), α(2),∙∙∙, α(k) form a complete system 
of residues of the modul a with respect to the modul b, 
it follows that

α≡α(v) (mod. b),
where α(v) is one of the numbers α(1), α(2),∙∙∙, α(k), and 
consequently a = α(v) + β', where β' is a number divisible 
by b.

It is thus seen that
δ = α(v)+β+β' = α(v)+β''

where β'' is divisible by b; and therefore
δ≡α(v) (mod. b).

Through the two formulas just derived, viz.,
(a, b) = (a, a-b), 
(a, b) = (a+b, b),

it is seen that the general case has been reduced to the 
special case already considered, where b > a.

Art. 138. If a>b, then is (a, b) = l, and vice versa.
For if a>b, then every number a that is divisible by 

a is also divisible by b, and we have α≡0 (mod. b). We 
thus have only one class and therefore (a, b)≡l.

On the other hand, if (a, b) = 1 there can be only one 
class. Since 0 is divisible by a, this one class may be 
represented through the number 0, and all the numbers α 
that are divisible by a must be ≡0 (mod. b) and conse­
quently divisible by b. It follows that a>b.

A special case of this theorem is
(a, a) = l.

If η is an arbitrary quantity different from 0, then is
(aη, bη) = (a, b);
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and further, α(1), α(2),∙∙∙, α(k), form a complete system of 
residues of the modul α with respect to the modul b, then also 
ηα(1), ηα(2),∙∙∙, ηα(k), form a complete system of residues of 
the modul ηa with respect to the modul ηb.

For ηα(1), ηα(2),∙∙∙, ηα(k), have the three required 
properties:

(1) they are all divisible by ηa since α(1), α(2),∙∙∙, α(k), 
are divisible by a;

(2) the difference of any two ηα(μ), ηα(v) is not divisible 
by 77b; for otherwise α(μ)- α(v) would be divisible by b;(3) every number divisible by ηa is congruent to one of
the definite numbers ηα(1), ηα(2),∙∙∙, ηα(k), with respect to the 
modul b; for every number that is divisible by ηa has the 
form ηa, where a is divisible by a; hence a must be 
congruent to one of the numbers α(1), α(2),∙∙∙, α(k), with 
respect to the modul b and therefore ηα is congruent to a 
definite one of the numbers ηα(1), ηα(2),∙∙∙, ηα(k) (mod.
ηb).
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Art. 139. Suppose that b > a and c > b, then is
(a, c) = (a, b)(b, c);

and in fact if α(1), α(2),∙∙∙, α(k) is a complete system of 
residues of the modul a with respect to the modul b, and if 
β(1), β(2), ∙ ∙ ∙, β(m) is a complete system of residues of the 
modul b with respect to the modul c, the quantities a α(v) 
+β(μ)(v = 1, 2, ∙∙∙, k; μ = l, 2, ∙ ∙ ∙, m) form a complete 
system of residues of the modul a with respect to the modul c.

If this is proved, the correctness of the formula
(a, c) = (a, b)(b, c)

is established, since the number of the quantities α(v) +β(μ) 
is k∙m. The quantities α(v) +β(μ) have the three required 
properties:

(1) the quantities α(v) +β(μ) are divisible by a, since b is 
divisible by a;
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(2) the difference of any two of these quantities is not 
divisible by c; for if α+ β≡α'+ β' (mod. c), where a and a 
are of the numbers α(1), α(2),∙∙∙, α(k) and β, β' are of the 
numbers β(1), β(2), ∙ ∙ ∙, β(m), then since c > b and β≡β' 
(mod. b) it would follow that

α≡α' (mod.b),
which contradicts the assumption that α(1), α(2),∙∙∙, α(k) 
form a complete system of residues of the modul a with 
respect to the modul b, unless α = α'. But in this case 

which contradicts the hypothesis that β(1), β(2), ∙ ∙ ∙, β(m), 
form a complete system of residues of the modul b with 
respect to the modul c, unless β = β'. It follows that two 
different quantities α(v) +β(μ) is not divisible by c;

(3) every number that is divisible by α is congruent to one

β≡β' (mod. c),

of the k∙m numbers α(v) +β(μ) (mod. c);
for if a is any of the numbers of α, then a must be 
congruent to one of the numbers α(1), α(2),∙∙∙, α(k) (mod. 
b), since α(1), α(2),∙∙∙, α(k) form a complete system of 
residues of the modul α with respect to b. It follows that

v = l, 2, ∙ ∙ ∙, k
μ=l, 2, ∙ ∙ ∙, m

α≡a(λ) (mod. b)

α≡a(λ)+β,
or

where β is divisible by b. Since the quantities β(1), β(2),, 
∙ ∙ ∙, β(m), form a complete system of residues of the 
modul b with respect to c, it follows that β must be 
congruent to one of these m numbers, say

β = β(r) (mod. c),

β = β(r) +γor

where γ is divisible by c. Hence we have
α≡a(λ)+β(r) +γ or α≡a(λ)+β(r) (mod. c).
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With this is established the formula
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(a, c) = (a, b)(b, c),
a formula which is also true if either  (a, b) or (b, c) or both 
are zero.

Art. 140. Theorem. If a, b, c are three arbitrary 
moduls, the following relation is true, namely

(a, b)(b, c)(c, d) = (a, c)(c, b)(b, a).

Lemma.

For put

If a1 > a, a1> b, b1 > a, b1 > b, then is (a, a1)( b, b1) = (a, b)(b, a1).
m = a- b.

Since
a1>a b1>a
a1>b b1>b,

it follows that
a1>m and b1>m.

From the formula we have just proved, it follows, since
m>α and m>b,
(a, a1) = (a, m)(m, a1) 
(a, b1) = (a, m)(m, b1) 
(b, a1) = (b, m)(m, a1) 
(b, b1) = (b, m)(m, b1).

Through multiplication we have(a, a1)(b, b1) = (a, τn)(m, a1)(b, m)(m, b1)
= (d, b1)(b, a1).

In Art. 137 we saw that
(a, b) = (a+b, b)

and
(b, c) = (b, b-c),

so that
(a, b)(b, c) = (a+b, b)(b, b-c).

The following lemma is useful in the proof of this 
remarkable theorem.
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But since
b>a+b and b - c>b,

it follows that
(a+b, b)(b, b-c) = (a+b, b-c),

and consequently
(a, b)(b, c) = (a+b, b-c).

On the other hand
(c, a) = (c, a - c),

so that
(a, b)(b, c)(c, a) = (a+b, b — c)(c, a-c).

But
b -c> c b - c>b+a a -c>c a -c>a+b.

Hence from the above lemma,
(a+b, b -c)(c, a - c) = (a+b, a -c)(c, b - c),

and consequently
(a, b)(b, c)(c, a) = (a+b, a-c)(c, b-c).

The expression on the right remains unchanged when a 
and b are interchanged, and consequently(a, b)(b, c)(c, a) = (b, a)(a, c)(c, b)

= (a, c)(c, b)(b, a).

(b, a) = 1, (c, b) = 1, (c, a) = 1

The formula of the preceding Article may be derived at 
once from this formula; for in the special cases c>b and 
b > a, we have

(Art. 138), so that the formula iust written is
(a, b)(b, c) = (a, c).

Art. 141. A Generalization1 of Fermat’s Theorem.
Theorem. If a and b are two arbitrary moduls, then

(a, b)a>b.
In the first place it is evident that the theorem is true, if 

the number of representatives of a complete system of
1 See Dickson’s History, etc., Vol. I, Chapt. III.
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From the theorem just proved it is seen that if (a, b) ≠0, 
there exists always a positive integer k, say, that is

ka>d.ka>b + a,

kα>b
and consequently also

or

Since this congruence is true of every number a that is 
divisible by α, it follows that

0≡kα (mod. b).
or

α(1) + α(2)  + ∙∙∙ + α(k)= α+α(r) + α+α(s) + ∙∙∙ (mod. b)
≡ kα + α(1) + α(2)  + ∙∙∙ + α(k) (mod. b),

where the integers r, s, ∙ ∙ ∙, are (neglecting the sequence) 
to be found among the numbers 1,2, ∙ ∙ ∙, k.

Through addition of the n congruences just written 
we have

α(1) ≡α+α(r) (mod. b),
α(2)=α+α(s) (mod. b),

all divisible by a; and further the difference of no two of 
them is divisible by b, and consequently no two of the 
series of numbers (1) belong to the same class. It 
follows that
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residues of the modul a with respect to the modul b is 
infinite. For if (a, b) =0, we have 0∙a which is divisible 
by b.

We may consequently assume that (a, b) = k, where k 
is a positive integer different from zero.

Let the quantities α(1), α(2),∙∙∙, α(k) form a complete 
system of residues of the modul a with respect to the 
modul b. If then a is an arbitrary number divisible by a, 
then are the k numbers
(1) α+α(1), α+α(2),∙∙∙, α+α(k)
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different from zero and is such that
ka>b.

Inversely it also follows that if there is a positive integer k 
different from zero and such that ka>b, then also 
(a, b)≠0 so that the above condition that (a, b) be different 
from zero is also sufficient.

Art. 142. Theorem. There are only a finite number of 
moduls which are at the same time multiples of α and 
divisors of b, if b>a and (a, b)≠0

For let f be a modul such that k > α and b > k. Further 
let a be a number that is divisible by k, and consequently 
all numbers of the complex α +b are divisible by the 
modul k and therefore also by α. If then 0, α(1), ∙∙∙, 
α(k-1) are a complete system of residues of the modul α 
with respect to the modul b, then since a is also divisible 
by α, the complex α+b is identical with one of the 
complexes
(1) 0+b, α(1) + b, α(2) + b, ∙ ∙ ∙, α(k-1) + b.
Hence there may arise in all only the following possible 
cases: The modul f comprises only the numbers of the 
modul b, or besides, an additional one of the complexes 
(1), or an additional two of the complexes (1), ∙ ∙ ∙, or all 
of the complexes (1) in addition. Hence for the modul k 
there are in all

+ ∙∙∙ + k-l
k-1

= (1+ l)k-1 = 2k-1
cases conceivable.

We have thus proved the theorem and at the same 
time given a method of finding all moduls which are at 
the same time multiples of a and divisors of b, when 
(a, b) ≠0 and b>a.

Example. Prove that the inverse of this theorem is true.
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Art. 143. Theorem. If a and b are two moduls and if 
ρ and σ are two given quantities, then the necessary and 
sufficient condition that the following two congruences

ω≡ρ (mod. a), 
ω≡σ (mod. b),

be satisfied by one and the same quantity ω, is expressed 
through the congruence

ρ≡σ (mod. a+b).
We shall first show that this condition is necessary. 

Assume that there is a number τ such that
τ≡ρ (mod. a) and τ≡σ (mod. b);

then is also
τ≡ρ (mod.  a+b) and τ≡σ (mod. a+b),

and consequently
ρ≡σ (mod. a+b).

Let τ be a special and ω any arbitrary solution of the two
p≡σ (mod. α÷b).

may now be derived. This of course depends on the 
possibility of the solution, and that is, if

ω≡p (mod. a) ω≡σ (mod. b)

or τ satisfies both congruences.
The most general solution of the two congruences

τ≡p (mod. a) and τ≡σ (mod. b),
it is seen that

τ =ρ - a = σ+β,
If then we put

ρ - σ = α+β, or ρ - a = σ+β.
where δ is a number divisible by b = α+b. It follows that

ρ - σ= δ,

ρ≡σ (mod. a+b),
it is seen that

This condition is also sufficient. For assuming that
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ω≡ ρ (mod. a) ω≡σ (mod. b)
τ≡ρ (mod. a) τ = σ (mod. b),

and consequently
ω≡τ (mod. a) ω≡τ (mod. b).

It follows that
ω≡τ (mod. m),

where m = a - b. We thus see that
ω=τ + μ,

where μ goes through all numbers that are divisible by m. 
It is seen that this theorem is the analogue of the corre­
sponding theorem for rational integers.

then the most general solution of these two congruences is
r≡ρ (mod. a), τ≡σ (mod. b),

Hence if τ is a sρecial solution of the two congruences
μ + τ≡ρ (mod. a), μ + τ≡σ (mod. b).

it follows that
τ≡ρ (mod. a), τ = σ (mod. b),

μ≡0 (mod. a), μ≡≡0 (mod. b),
and since

it is seen that
μ≡ 0 (mod. m),

where μ is some number divisible by the modul m.
Reciprocally, if μ is some number divisible by τn, then 

always τ + μ is a solution of the two congruences.
For if
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CHAPTER VI

FINITE MODULS

β1, c12, c1n
c2nc22β2,

βn, cn2 cnn
220

, α2 — etc.α1 =

so that
βn = cn1α1+cn2α2+∙ ∙ ∙+cnnαn,

β2 = c21α1+c22α2+∙ ∙ ∙+c2nαn
β1 = c11α1+c12α2+∙ ∙ ∙+c1nαn 

where x1 + x2+∙ ∙ ∙+ xn are rational integers. In general 
among the basal elements we may make a linear substi­
tution with determinant equal toil; for write (Art. 94)

a =[ α1, α2, ∙ ∙ ∙, αn].
The quantities 1, α2, ∙ ∙ ∙, αn  form a basis of the modul a 
(Art. 64). It is evident that the modul a may be 
expressed through an infinite number of bases, since the 
basal elements are susceptible of innumerable changes 
without thereby altering the collectivity of numbers that 
constitute the modul a. For example, one or more of 
the basal elements may be replaced by its opposite value; 
and further

Art. 144. If α1, α2, ∙ ∙ ∙, αn are n arbitrary algebraic or 
not algebraic numbers, the collectivity of numbers that 
may be expressed through the linear form α1x1 + α2x2, 
∙ ∙ ∙+ αnxn for positive or negative integral ^rational in 
R(l)] values of the variables x1, x2, ∙ ∙, xn, constitute a
finite modul, which is represented through (Art. 114)
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without all the x’s being zero. If this is not possible, the 
quantities α1, α2, ∙ ∙ ∙, αn are said to be independent 
(linear independent), and form an irreducible system. 
An irreducible system is formed, for example, of the m 
elements of the basis of a finite algebraic realm of the 
mth degree (Art. 64). In the following investigation we 
shall at first confine ourselves not wholly to algebraic

α1x1  + α2x2  + ∙ ∙ ∙  + αn xn=0

Art. 145. The following definitions are offered: If a 
finite modul has a basis which consists of n elements, 
and if it has no basis that consists of fewer than n 
elements, then n is called the rank or order of the finite 
modul.

If α1, α2, ∙ ∙ ∙, αn are n arbitrary numbers, we say that 
they are dependent or that they form a reducible system 
(Art. 57), if it is possible to determine n rational integers 
x1, x2, ∙ ∙ ∙, xn, such that

if a, b, c are rational integers (Art. 113).
[a b, c] = [d],

It is evident that any linear expression,1 that can be 
formed of the α,s may also be formed of the β,s and vice 
versa. The changes that may be made among the basal 
elements may be illustrated by the following example:

FINITE MODULS 221

[87, 36] = [87 - 2 ∙ 36, 36] = [15, 36] = [15, 36 - 2 ∙ 15] 
= [15, 6] = [15-2∙6, 6] = [3, 6] = [3,6-2∙3] 
= [3, 0] = [3] = 3x,

where x is a rational integer. This process is nothing 
other than a method of finding the greatest common 
divisor of two rational integers. It is evident that it 
may be applied to any number of rational integers. If 
d is the greatest common divisor of a, b, c, then is

1 In this connection a paper by Frobenius on “Linear Forms” (Crelle's Jour­
nal, Vol. 86, p. 146) is of great importance.

See also Stieltges, Toulouse Ann., Vol. 4, p. 1.
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αr = br1(a11α1 + a12α2+ ∙ ∙ ∙ + a1nαn)
br2(a21α1 + a22α2+ ∙ ∙ ∙ + a2nαn)

brn(an1α1 + an2α2+ ∙ ∙ ∙ + annαn)

where the quantities ara and bτa(r, s = l, 2, ∙ ∙ ∙, n) are 
rational integers.

It is seen that

βr = ar1α1 + ar2α2+ ∙ ∙ ∙ + ar2nαn
αr= br1β1+ br2β2, +∙ ∙ ∙+ br2nβn (r = l, 2, ∙∙∙,n).

It is evident that the two systems of numbers α1, α2, ∙ ∙ ∙ 
αn and β1, β2, ∙ ∙ ∙, βn may be mutually expressed through 
each other in the form

a  = [β1, β2, ∙ ∙ ∙, βn]

and further suppose that α has a basis consisting of n 
arbitrary elementsβ1, β2, ∙ ∙ ∙, βn, so that also

a =[α1, α2, ∙ ∙ ∙, αn]

Art. 146. Let α be a finite modul and suppose that a 
has a basis consisting of n linear independent elements 
α1, α2, ∙ ∙ ∙, αn  so that

(1) If C≠0, then β1, β2, ∙ ∙ ∙, βn are independent;
(2) if C= 0, then  β1, β2, ∙ ∙ ∙, βn are dependent;
(3) if  β1, β2, ∙ ∙ ∙, βn are independent, then is C≠0
(4) if β1, β2, ∙ ∙ ∙, βn  are dependent, then is C= 0,.

where here the quantities cr1, cr2, ∙ ∙ ∙, crn are integral or 
fractional rational numbers. If we put the determinant 
of the nth degree |crs| = C, the following four theorems are 
true (Art. 63):

quantities, but shall take into consideration any arbitrary 
quantities.

Let α1, α2, ∙ ∙ ∙, αn be any n independent quantities, and 
form from them n new quantities by means of the 
equation

βr = cr1α1,  cr2α2, ∙ ∙ ∙, crnαn (r = l,2, ∙∙∙, n),
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bβ = b1α1 +  b2α2+ ∙ ∙ ∙+bnαn

whereα1, α1, α2, ∙ ∙ ∙, αn are independent, while the elements 
β, γ, ∙ ∙ ∙, which are of course finite in number, are 
dependent. It will follow in the process of the proof that 
the number n is a perfectly definite number. The 
numbers α1, α2, ∙ ∙ ∙, αn, β are not independent, and
consequently there is an equation of the form

α = [α1, α2, ∙ ∙ ∙, αn , β, γ, ∙ ∙ ∙],

Art. 147. Theorem. If of the elements of a finite 
modul a there are n independent, then (I) the modul a has a 
basis which consists of n independent elements; and (2} n is 
the order of the modul.

The first part of the theorem may be proved as follows: 
Suppose that the elements of the modul have been so 
arranged that the n independent elements come first so 
that

It follows since A≠0, that the quantities β1, β2, ∙ ∙ ∙, βn 
are independent. We shall also make use in the sequel 
of the other result, namelv that B = ±1.

A = ± 1, B = ±1.
But since A and B are rational integers, it is evident that

AB = 1.
or if we put then|brs| = B |ars| = A,and

|brs|∙|ars| = |ers| = 1

Due to the theorem for the multiplication of determinants 
it results that

br1a1s+br2a2s+∙ ∙ ∙+ brnans= ers (r, s = l, 2, ∙∙∙, n).
Then from the above equation it is seen that

ers = 1 if r = s.ers = 0 if r≠s,

Since α1, α2, ∙ ∙ ∙, αn  are linearly independent, it follows 
that in the above equation each coefficient of the α,s 
must of itself be zero. Define er,s as a symbol to be 
interpreted as follows:
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where b, b1, b2, ∙ ∙ ∙, bn are rational integers with no 
greatest common divisor other than unity. We must 
also assume that b≠0, otherwise there would be a linear 
relation among the a,s. We may further assume that 
b> 1; for if b = 1, it is seen that β is linearly expressed in 
terms of the as and may therefore be dropped from the 
elements that are to constitute the basis of a. In a 
similar manner y is dependent on the α’s so that there is 
an equation of the form

cγ = c1α2 + c2α2+ ∙ ∙ ∙ +cnαn,
where c> 1 and c1 c2, ∙ ∙ ∙, cn are rational integers without 
a greatest common divisor other than unity, etc.

Let p be a prime number that is a factor of b, so that
b = b'p.

It follows that
(1) b'pβ = b1α2 + b2α2+ ∙ ∙ ∙ +bnαn∙
Further since the numbers b1, b2, ∙ ∙ ∙ ,bn have no common 
divisor, it is seen that all the numbers b1, b2, ∙∙∙, bn 
cannot be divisible by p. If say, b1 is not divisible by p, 
then two integers r and s may be determined such that

ps- b1r = 1.

b'pβr = b1rα1 + (b2α2+ ∙ ∙ ∙ +bnαn)r
= (ps -1)α1 + (b2α2+ ∙ ∙ ∙ +bnαn)r,

and consequently
α1 = p(sα1-b'βr) + (b2α2+ ∙ ∙ ∙ +bnαn)r.

a'l = sα1-b'βr,
If we nut

it follows that
α1=pα'1+-b2rα2 +  ∙ ∙ ∙ +  bnran.(2)

Next multiply the equation (1) by s. It is seen that
b'pβs = bsα1 + (b2α2+ ∙ ∙ ∙ +bnαn)s,

If we multiply the equation (1) by r, we have
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or
b'β(1 +b1r) = b1sα1 +  (b2α2+ ∙ ∙ ∙ +bnαn)s,

so that
(3) b'β = b1rα1 + b2sα2+ ∙ ∙ ∙ +bnsαn.

a=[α1, α2, α3, ∙∙∙ ,αn, β, γ,  ∙∙∙ ],

a =[α'1, α2, α3, ∙∙∙ ,αn, β, γ,  ∙∙∙ ]∙

α'1 = sα1-b'rβ

a = [α1, α2, α3, ∙∙∙ ,αn, β, γ,  ∙∙∙, α'1 ].

(5)

(4)

The new system of the numbers α'1, α2, α3, ∙∙∙ ,αn has the 
same characteristic properties as have the n numbers 
α1, α2, α3, ∙∙∙ ,αn, in other words, if

then is also

This follows from the fact that the element

may be added to (4), giving

When this has been done, it follows from (2) that αx may 
be omitted from the elements, thus producing (5).

Further the elements  α1, α2,  ∙∙∙ ,αn are linearly 
independent. For if they were dependent, there must be 
an equation of the form

xlα'1 +x2α2+ ∙∙∙ +xnαn= 0,(6)

xl( sα1 - b'rβ) +x2α2 + ∙ ∙ ∙ +xnαn = 0,

+∙∙∙+ (xnp-x1rbn)αn = 0.
(x1ps - x1rb1) α1 + (x2p -x1rb2)α2
It follows that

or from (1),

or

where the x s are rational integers. This equation may 
be written
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cγ = c1α1+ c2α2 + ∙ ∙ ∙ +  cnαn [which from (2)]
= c1(pα'1 + b2rα2 +∙ ∙ ∙+ bnrαn) + c2α2 + ∙ ∙ ∙ +  cnαn
= c'1α'1+ c'2α2 + ∙ ∙ ∙ +  c'nαn

where c'1, c'2, ∙ ∙ ∙ c'n are rational integers. It follows that

In this expression of β through α'1, α2, ∙ ∙ ∙, αn, the 
denominator b' is smaller than b which is the denominator 
in the expression of β through α1, α2, ∙ ∙ ∙, αn.

On the other hand in the expression of y, 8, ∙ ∙ ∙ 
through α1, α2, ∙ ∙ ∙, αn., the denominators are the same 
as in the expressions of these quantities through α1, α2, 
∙ ∙ ∙, αn. For we had above

x1(ps-rb1')=0,

s-rb1 = 1,

x2α2 + x3α3+ ∙∙∙ + xnαn =0

x2 = 0 = x3 = ∙ ∙ ∙ = xn.

b'β= bα'1 + b'2α2, ∙∙∙ ,  b'nαn.
where b'2, ∙ ∙ ∙,b'n are rational integers; or,

Finally it is seen that β, y, ∙ ∙ ■ are expressible linearly 
with integral or fractional coefficients through α'1, 
α2, ∙∙∙ ,αn. The form (3) may be written

Since α2, α3, ∙ ∙ ∙, αn are linearly independent, it follows 
also that

it follows that x1 = 0 and then from (6)

and since

Hence

Since α1, α2, ∙∙∙ ,αn are linearly independent, the 
coefficients in this expression just written must be all 
zero.
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where the prime integer p' is different from 1. Proceed­
ing as above we may form a new system of elements in 
which the first n elements are linearly independent and 
are such that when β is expressed linearly through them, 
the denominator that appears is b", which is less than b', 
while the denominators which occur in the expressions 
for γ, δ, ∙ ∙ ∙ have not been changed. Continuing this 
process we must finally come to a system of elements in 
which the denominator for the expression for β is unity. 
When this has been done, β may be dropped from the 
system. The same process may be then applied to γ, δ, ∙ ∙ ∙. We thus come finally to a system of n inde­
pendent elements which form a basis of the modul a.

The second part of the theorem may be expressed as 
follows:

If the modul a has a basis consisting of n independent 
elements, it can not have a basis consisting of fewer elements. 
It then follows that n is the rank or order of the modul a,

9
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Comparing the elements α1, α2, ∙ ∙ ∙, αn, β, γ, ∙ ∙ ∙ with 
α1, α2, ∙ ∙ ∙, αn, β, γ, ∙ ∙ ∙, it is seen that lo, the number of 
elements is the same in both systems; 2o, the first n 
numbers of both systems are independent; 3o, the ele­
ments β, γ, ∙ ∙ ∙, may be expressed through the first n 
elements of either system with the same denominator.

We note, however, in the expression of β through the 
two systems, that the denominator b' occurring in the 
first system is smaller than the denominator b which 
occurs in the second system, since b = pb' and p ≠ 1. If b, 
were equal to unity, we could omit β from the system 
1, α2, ∙ ∙ ∙, αn, β, γ, ∙ ∙ ∙, due to the fact that β could be 
then expressed linearly with integral coefficients in terms 
of the remaining elements. If b'≠l, then is

b' = p'b",
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a = [α1, α2, ∙ ∙ ∙, αn]

αr=  cr1β1 +  cr2β2 +  ∙ ∙ ∙ +  crmβm. (r≡l, 2, ∙∙∙, n),

where the x’s are not all zero, and consequently also that 
α1, α2, ∙ ∙ ∙, αn are linearly dependent. This is contrary 
to the hypothesis. Hence the rank or order of the 
modul a must be n, where n is equal to the number of 
independent elements of a basis of a.

Reciprocally, if the order of the modul a is equal to n, 
then a has a basis of n linear independent elements; and

are satisfied, there being m equations and n(>m) 
unknown quantities which may be satisfied always by 
values of x different from zero. It follows then that

where x1, x2, ∙ ∙ ∙, xn are arbitrary rational numbers. 
These quantities x1, x2, ∙ ∙ ∙, xn may, however, be so 
determined that the equations

where cr1,  cr2, ∙ ∙ ∙, crm are rational integers. It follows
also that

Denote the rank or order of a by m; it is then asserted 
that m = n. Suppose that m<n, and that α has a basis 
which consists of less than n elements, and let these 
elements be β1, β2, ∙ ∙ ∙, βm. Then the α,s may be 
expressed through the 0’s in the form

and that the number of independent elements of the modul α 
is its rank or order.

Let α have a basis consisting of the n linearly inde­
pendent elements α1, α2, ∙ ∙ ∙, αn, so that
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βr = ar1α1 +ar2α2+ ∙ ∙ ∙ + arαr;

If there are numbers of this form, choose that one for 
which ar has the smallest positive value and denote it by

α1x2 + α2x2+ ∙ ∙ ∙ + arxr (r = l, 2, ∙∙∙, n).

If there is no such number, write a21 = 0 = a22. Con­
tinuing this process, consider those numbers that are 
divisible by b and which have the form

β2 = a21α1 +a22α2

If there is no number of the form α1x1 that is divisible by 
b, put a11 = 0. Consider next those numbers of the 
modul b which may be expressed in the form α1x1+α2x2, 
where x2≠0. If such numbers exist, choose that one for 
which a2 has the smallest positive value and denote it by

β1 = a11α1.

Since b is divisible by α, every number that is divisible 
by b may be expressed in the form α1x2 + α2x2+ ∙ ∙ ∙ + anxn, 
where x1, x2,  ∙ ∙ ∙, xn are rational integers including zero. 
However, to have all the numbers of the modul b it is not 
necessary that all rational integral values be ascribed to 
the variables x1, x2,  ∙ ∙ ∙, xn

If there are numbers of the form α1x1 which are divisible 
by b, we seek that one which for a positive x1 has the 
smallest value, and denote it by

a = [α1, α2, ∙ ∙ ∙, αn]∙

Art. 148. If a is a finite modul and if the modul 
b is divisible by a, then b is a finite modul; and the order of b 
is not greater than the order of a. In other words every 
multiple of a finite modul is a finite modul.

Let a be a finite modul of the nth order, say,
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in every arbitrary basis of a there are precisely n linearly 
independent elements.
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a'r = 0,
and consequently xr is divisible by arr Suppose next 
that β is any arbitrary number that is divisible by b 
and consequently also by a, since b is divisible by a.

It appears that the number β — brβr which is also divisible 
by b is expressible through α1, α2, ∙∙∙, αn and that the 
coefficient of ar is smaller than arr, which by hypothesis 
was the smallest coefficient of ar among all the numbers 
of the form x1α1+ x2α2 +  ∙∙∙ +  xrαr that were divisible by 
b. It follows therefore that

β - brβr = (x1 - brar1) α1 + (x2 - brar2) α2+∙∙∙+ (xr - brarr)αr
= (x1 - brar1) α1 + (x2 - brar2) α2+∙∙∙+arαr

It results that
0≦ar<arr.

xr  = arrbr + ar,

| xr | ≧arr.

β = Xι<Xl~[-X2(X2-∖- ∙ ∙ ∙ -∖~Xr(Xr,

b = [β1 β2, ∙ ∙ ∙, βn]

ar1 = 0 = ar2= ∙∙∙ =arr
but if there is no such number of this form, write
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It is asserted that the quantities  β1 β2, ∙ ∙ ∙, βn which are 
thus derived constitute a basis of the modul b, so that

When this is established, the first part of the theorem is 
proved, viz., that b is a modul of finite order.

Take any number β which may be expressed through 
the first r elements of the basis α1, α2, ∙∙∙, αn in the form

where x1, x2,  ∙ ∙ ∙, xr are rational integers. If arr=0, 
then owing to the method by which arr was determined, it 
follows that xr =0; but if arr≠0, then xr must be divisible 
by arr, due to the hypothesis that

For dividing xr by arr we have, say,

where
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β = a1α1+ a2α2 +  ∙∙∙ +  anαn.

β-brβr = (a1brar1)α1, + (a2brar2)α2+  ∙∙∙ + (arbrarr)αr

ar = brarr = 0,
we must have

β-brβr =a'1α1+ a'2α2 +  ∙∙∙ +  a'sαs. (s<r).

Thus it has been shown that every number β that is 
divisible by b may be linearly expressed through the 
numbers β1, β2, ∙ ∙ ∙, βn with rational integral coefficients. 
It follows that β1, β2, ∙ ∙ ∙, βn form a basis of b and that b 
is a finite modul. At the same time it is also seen that 
the order of α is not smaller than the order of b; for of the 
n elements β1, β2, ∙ ∙ ∙, βn it has been seen that some may 
be zero, and further there may be linear relations among 
them. This latter question is again considered.

Art. 149. If α is a finite modul taken with respect to 
an arbitrary (not necessarily independent) basis α1, α2 ,  ∙∙∙ , 
αn, and if b > a, then as shown above we may determine a 
basis of b, sayβ1, β2, ∙ ∙ ∙, βn such that

βr = ar1α1+ ar2α2 +  ∙∙∙ +  arαr (r =1, 2, ∙ ∙ ∙, n),

β = brβr+bsβs + btβt +  ∙∙∙.

β-brβr-bsβs = a''1α1+ a''α2 +  ∙∙∙ +  a''tαt (where t<s).

Finally we come to a number divisible by b which =0, 
and we then have

It is thus shown that a new number β-brβr has been 
derived which is divisible by b and which may be ex­
pressed through fewer than r of the basal elements of a, 
viz., through α1, α2 ,  ∙∙∙ ,  αs (where s<r).

By means of the number β-brβr and using the same 
method, we derive another number also divisible by b, 
viz.,
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We may therefore write β in the form

If r is the greatest number for which ar≠0, then
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a11
a12 a22,

a13 a23, a33,

a1n a2n, a3n, a4n ann
Theorem. The number of incongruent residues of the

modul a with respect to the modul b is equal to the product 
a11∙a22∙∙∙ann; or

(a,b) = a11a22∙∙∙ann
In the proof of this formula two cases are to be 

distinguished: namely (1) where the quantities a11a2, 
∙∙∙ann are all different from zero; and (2) where some of 
the quantities 11a22∙∙∙ann are zero.

In the second case it is asserted that (a,b) =0, an 
assertion which may be stated as follows: If (a,b)≠0, 
then none of the quantities a∩, α22, ∙ ∙ ∙, ann is zero. 
This is of course identical with the statement that 
(a,b) =0 unless all the quantities «n, α22, ∙ ∙ ∙, ann are 
different from zero.

Suppose that (a,b) =m ≠0. It follows (Art. 141) that
ma>b

and consequently mαr is divisible by b for r = 1, 2, ∙ ∙ ∙, n. 
Accordingly there is a number divisible by b which must 
have the form

x1α1+x2α2+∙∙∙+xrαr
and for which xr≠0, and consequently arr≠0 (r = l, 2, 
∙∙∙, n). With this the second case is proved.

Returning to the first case, suppose that each of the

where  ar1+ ar2 +  ∙∙∙ +  arn are integers or zero. These 
quantities art are zero if t>r, while a11+ a22 +  ∙∙∙ +  arr≧0. 
The quantities art form therefore a triangular system 
which may be made rectangular by the addition of zeros 
as illustrated in the following scheme:
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(a, b) = a11a22∙ ∙ ∙ann 

ζ =z1a1 + z2a2+ ∙ ∙ ∙ znan

gr- hr ≠0.

|gr- hr|<arr
which contradicts the definition of aτr (Art. 148). Hence

and it would follow since gr and hr are both less than arr 
that

It results that
(g1 - h1) + (g2 - h2)+ ∙ ∙ ∙+ (gn - hn) ≡ 0 (mod. b)

where some of the differences gr- hr (r = 1, 2, ∙ ∙ ∙, n) are 
not zero. Let r be the greatest of these integers such that

(g1 - h1)α1 + (g2 - h2)α2+ ∙ ∙ ∙+ (gn - hn)αn ≡ 0 (mod. b),

g1α1 + g2α2+ ∙ ∙ ∙+ gnαn ≡ h1α1 + h2α2+ ∙ ∙ ∙+ hnαn (mod. b),
then it would follow that

(1) They are all divisible by a.
(2) The difference of no two of these Quantities is divisible

by b. If for example we had

The  a11∙a22∙ ∙ ∙ann values of ζ thus derived form a
complete system of residues of the modul α with respect 
to the modul b. For they have the following three 
characteristic properties:

and in this formula give
to z1 the values 0, 1, ∙ ∙ ∙, a11-1, 
to z2 the values 0, 1,  ∙ ∙, a22-1,

to zn the values 0, 1, ∙ ∙ ∙, ann-1.

We shall derive a complete system of residues and it will 
be seen that the system consists of exactly a11a22∙ ∙ ∙ann 
numbers.

Form the expression

quantities a11, a22, ∙ ∙ ∙, ann is different from zero. It is 
then asserted that
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a≡z1α1+∖z2α2 ∙ ∙ ∙ + znαn (mod. b),

znαn+ zn-1αn-1+ ∙ ∙ ∙ +z1α1
α = ynβn + yn-1βn-1+ ∙ ∙ ∙ + y1β1

α'=  yn-1βn-1 + zn-1αn-1 + α''

x'n-1= yn-1βn-1 + zn-1αn-1 + α',

α= ynβn + znαn + α' 
It follows that

Applying the same process to α'  as we have just done to α, 
we divide x'n-1 by an-1,n-1, which gives

where zn-1 is of the quantities 0, 1, 2, ∙ ∙ ∙, an-1,n-1; 
then as above we have

where α'' is linearly expressed through α1, α2, ∙ ∙ ∙,αn-2 
Continuing this process we have finally
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the difference of no two of the above numbers is divisible 
by b.

(3) Every arbitrary number that is divisible by a is 
congruent to one of the above numbers (mod. b). For let α 
be a number divisible by α of the form

α =x1α1 + x2α2+ ∙ ∙ ∙ + xnαn
where the x s are rational integers. Let xn be divided by 
αnn giving

xn= αnn yn + zn
where yn is an integer or zero and zn is one of the numbers 
0, 1, 2, ∙ ∙ ∙ , ann-1. The β,s being defined as in the 
preceding article, form the number
α-  ynβn = (x1ynan1)α1 +  (x2ynan2)α2 

+ ∙ ∙ ∙ + (xnynann)αn
= (x1ynan1)α1 +  (x2ynan2)α2+ ∙ ∙ ∙ + αnzn
= α' + znαn

where a, is a quantity of the form
α' =x'1α1 + x'2α2 + ∙ ∙ ∙ +x'n-1αn-1

and consequently
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β =β1=a11α.

a11 = (a, b),

β = (a, b)α,

b = (a, b)a,
or in other words, every multiple of a one-termed modul 
is a one-termed modul and has the form just written.

it is evident that

and consequently

Since

As a corollary of this theorem, consider a one-termed 
modul a = [α] ; then if b > a, it follows also that b is a one- 
termed modul.

Let b = [β] and consequently
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where zv are of the numbers 0, 1, ∙∙∙, αvv-1 (v = l, 2, 
∙ ∙ ∙, n). Thus it is seen that every number a of the 
modul a is congruent to one of the above a11∙a22∙∙∙ann
numbers (mod. b), so that these numbers form a complete 
system of residues of the modul α with respect to the 
modul b.

With this is demonstrated the correctness of the 
formula

(a, b) = a11∙a22a33∙∙∙ann'

The following results have been derived:
(1) If (a, b) ≠0, none of the quantities a11, a22, a33,∙∙∙, ann is 

zero and (a, b) =a11∙a22a33∙∙∙ann∙
(2) If (a, b) =0, at least one of the quantities a11, a22, 

a33,∙∙∙, ann is zero.
(3) If a11, a22, a33,∙∙∙, ann are all different from zero, then is 

(a, b) ≠0.
(4) If one of the quantities a11, a22, a33,∙∙∙, ann is zero, then 

also (a, b) =0.
These theorems are true only under the condition that
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Art. 151. Theorem. If (a, b) ≠0, and if b is a finite 
modul, then a is also a finite modul and the order of a is not 
greater than the order of b.

For let (a, b) = m ≠ 0, then (see Art. 141) ma>b and 
consequently (Art. 148) ma is a finite modul, whose order 
is not greater than the order of b. Further the rank of 
ma is equal to the rank of α, so that the order of a is not 
greater than the order of b.

From the two theorems given above it follows that if 
b>a and ((a, b) ≠0 and if one of the moduls α or b is 
finite, then both a and b are finite and of the same order. 
In this case note that ma>b>a.

Art. 150. Assuming that b>a suppose next that the 
basis consists of the independent elements α1 α2, ∙∙∙, αn. 
The system of the n quantities β1 β2, ∙ ∙ ∙, βn is defined as 
above, the coefficients art forming a rectangle as given in 
(Art. 149). It is seen that the determinant ∣ art ∣ is equal 
a11, a22, a33,∙∙∙, ann, so that
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|art| = (a, b)
The quantities β1 β2, ∙ ∙ ∙, βn as shown in the preceding 
article form a basis of b and are linearly independent 
(Art. 145) if |art| ≠0. In this case the order of b is the 
same as the order of α. On the other hand β1 β2, ∙ ∙ ∙, βn 
are linearly dependent if |art|  =0 and in this case the 
order of b is less than the order of α.

Since |art| = (a, b) the following theorems are thus 
proved:

(1) If b>a and (a, b) ≠0, then the basis β1 β2, ∙ ∙ ∙, βn of 
b consists of n independent elements and the order of b is 
equal to the order of a.

(2) If b>a and (a, b)  =0, then the basis β1 β2, ∙ ∙ ∙, βn of 
b consists of elements that are not linearly independent, and 
the order of b is less than the order of a.
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Art. 152. Starting with the formula
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 (a, b) =  a11 a22, ∙∙∙ ,ann,
where b>a, theorems will be introduced which become 
more and more general until finally a means of de­
termining (a, b) for every arbitrary case is offered.

Again let a be a finite modul of order n, and write
a = [α1 α2, ∙∙∙, αn]

Further let b>a, and suppose that b has a basis consisting 
of the n elements [γ1 γ2, ∙∙∙, γn], which are not necessarily 
independent, since we have not assumed that (a, b) ≠0. 
Since b>a it follows that γ1 γ2, ∙∙∙, γn may be expressed 
through α1 α2, ∙∙∙, αn in the form

γr =cr1α1 + cr2α2+ ∙∙∙+ crnαn (r =1, 2, ∙∙∙, n),
where cr1= , cr2=, ∙∙∙, crn= are rational integers. It is asserted 
under the conditions just made, viz., if b>a, that the 
absolute value of the determinant ∣ |crs|, that is of C, say, 
is equal to  (a, b). This theorem differs from the pre­
ceding one in that it is true for any arbitrary basis 
γ1 γ2, ∙∙∙, γn of b, while the preceding theorem was true 
only for the special basis β1 β2, ∙ ∙ ∙, βn.

In the proof two cases are to be distinguished:
(1) when C =0 and (2) when C≠0.

In the first case where C=0, the basal elements γ1, γ2, 
∙∙∙, γn are dependent (see preceding article) and 
consequently the order of b is less than the order of a. 
When this is the case it was shown (Art. 149) that 
(a, b) =0.

In the second case where C≠0, the rank of b is equal n. 
Since b>a, we may introduce the system of n basal 
elements of b, β1 β2, ∙ ∙ ∙, βn which was given in Art. 149, 
viz.,

βr = ar1α1 + ar2α2+ ∙∙∙+ arnαn (r=l, 2, ∙∙∙, n),
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C = |crt| = |art| |brt|,

C = ± I |art| = ± (a, b)
and consequently (a, b) is equal to the absolute value of 
C = |crs|.

or, since bri = ±1, it follows that

It follows from the theorem for the multiplication of 
determinants that

As the α's are linearly independent, it is seen that

(r, s=l,2, ∙∙ ∙, n).

it follows that

On the other hand, since

(r =1, 2, ∙ ∙ ∙,n),

(t =1, 2, ∙ ∙ ∙,n),
it is seen that

where brt are rational integers and ∖brt∖ = ±1. 
since

Further

(r =1, 2, ∙ ∙ ∙,n),

Since the quantities β1 β2, ∙ ∙ ∙, βn as well as the quantities 
γ1 γ2, ∙∙∙, γn form bases of b, they may be linearly 
expressed through one another with integral coefficients 
and the determinant of the coefficients is equal ±1 (Art. 
94).

Write

(a, b) =  a11 a22, ∙∙∙ ,ann=|art|
where art =0 for t>r and where
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a = [α1, α2, ∙ ∙ ∙, αn]

b =ka = [kα1, kα2, ∙ ∙ ∙, kαn],

γn = kαv (v=l, 2, ∙∙∙,n)

crr = k, crt = 0, (r≠t) (r, t =0, 1, · · ·, n).

k, 0, 0, 0

(a, ka) = 0, k, 0, 0

0, 0, 0, k

= kn;

(a, ka) =kn.

a = [α1, α2, ∙ ∙ ∙, αn]
b = [β1 β2, ∙ ∙ ∙, βn]

The η basal elements α1, α2, ∙ ∙ ∙, αn are supposed to be 
linearly independent but this assumption is not made for 
the basal elementsβ1 β2, ∙ ∙ ∙, βn of b. However, it is 
assumed that there exist integral or fractional rational

it was assumed that b>a and consequently that the 
quantities crs were rational integers. We now do away 
with the restriction that crs are rational integers in that 
they are allowed to be any rational numbers, and it is no 
longer assumed that b>a. From now on it is assumed 
that a and b are finite module and that

(a, b) = ± |crs| =| C|

Art. 153. In the proof of the theorem indicated in the 
formula

or, if a is a finite modul of order n and k is any rational 
inteqer, then is

Substituting in the determinant ∣ crs ∣, it is seen that

As an example of this theorem, take the modul of the 
nth order

and for the modul b write

where k is a rational integer. We then have

and consequently in the above discussion
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βr =cr1α1+cr2α2 + ∙∙∙ +  crnαn (r =1, 2, ∙ ∙ ∙, n).
numbers cra such that
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With these more general assumptions we cannot at first 
compute the value of (a, b), but the value of the quotient

may be derived.

It is asserted that, under the assumptions just stated,

= |C|,

where  |C| denotes the absolute value of the determinant 
C = |crs|. Observe that this formula is true for the case 
that C=0 (see again Art. 154) since then (a, b) =0 as 
already seen in Art. 150, and further it is true for the case 
b > a, for in this case (b, a) = 1 (Art. 138) and consequently 
(a, b) = |C|, the quantities crs being integers.

To prove the more general case let k be the least 
common multiple of the denominators of the fractions 
crs so that the product kcra is a rational integer. It 
results that

kβr = kcr1α1+kcr2α2 + ∙∙∙ +  kcrnαn (r=l, 2, ∙∙∙, n).
It follows that kβ1, kβ2, ∙ ∙ ∙, kβn, which quantities also 
form a basis of kb, may be linearly expressed with integral 
coefficients through α1, α2, ∙ ∙ ∙, an. It is thus also shown 
that

kb>a

(a, kb) = ± | kcrs| = ±kn |crs| = ±kn C
and consequently from the preceding theorem,

Next write
a+b = b.

(b, kb) = (b, a)(a, kb);

(b, kb) = (d, b)(b, kb).
and since b > b and kb > b, it is also seen that

Since a>d and kb>a, it follows from Art. 139 that
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Further since
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(a, kb) = ±knC,
(b, kb) = kn,(d, b)=(a, b),

(d, a) = (b, a) (Art. 137),

it follows that
±(b, a)knC = (a, b)kn,

or

as is a positive number.

Art. 154. It may be shown that if C = 0, then also 
(a, b) =0. For if C =0, then β1, β2, ∙ ∙ ∙, βn are linearly 
dependent, and consequently the order of b is less than 
the order of a, that is, less than n. It follows also that 
the order of the modul kb is less than n. But since kb > a, 
it follows from Art. 150 that

(a, kb) =0.
Hence in the formula given in the preceding article, viz.,

(d, a)(a, kb)=(b, b)(b,kb),
it is seen that

(b, b)(b, kb) =0.
But since

(b, kb) = kr,
where r is the order of b, it follows that (d, b) =0, or since 
(b, b) =(a, b),

(a, b) =0.
Art. 155. Lemma. Let α1, α2, ∙∙∙, αn and β1, β2, ∙∙∙, 

βp be two bases of one and the same finite modul α so 
that

a = [α1, α2, ∙∙∙, αn] = [β1, β2, ∙∙∙βp]∙,
and further assume that α1, α2, ∙∙∙, αn] are linearly
independent, so that n is the rank of a while p≧n.
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(r =1, 2, ∙ ∙ ∙, n),

(t =1, 2, ∙∙∙, p),

(r, s = 1, 2, ∙ ∙ ∙, n),

ar1bs1 + ar2bs2 + ar3bs3 + ∙∙∙ + arpbsp = ers
(r, s = 1, 2, ∙ ∙ ∙, n),

It is then clear that
a11, a12 a1p

a2pa22a21

an1, an2 anp bn1, bn2, bnp

=

e11 e12 e1p
e21 e22 e2p

en1 en2 enp

= 1.

b11, b12, b1p
b21, b22, b2p

Denoting any determinant formed by taking n columns 
of the system atr by A and any determinant formed by 
taking n columns of the system bst by B, the expression 
just written is

∑(A∙B)=1.
It follows that all determinants formed by taking n columns

from the system art, in number have no common di-

We then have

THE THEORY OF ALGEBRAIC NUMBERS

where atr and bts are rational integers. It follows that

Since α1, α2, ∙ ∙ ∙, αn are linearly independent, it is evident 
that

where ers = 0 for r≠s and ers = 1 for r = s. This expression 
may be written
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(t=l,2, ···, n),(1)

It follows that β1, β2, ∙∙∙β may be linearly expressed 
through the γ,s λvith integral coefficients in the form

b =[γ1, γ2, ∙∙∙, γn].

In the proof of the more general theorem, two cases are 
to be distinguished; (1) where the determinants of the 
nth order formed by taking n rows of the system ct8 are 
not all zero. In this case there are among the p quantities 
βι, β2, ∙ ∙ ∙, βpn independent, and the order of the modul b 
is n (Art. 148). Accordingly the modul b has a basis 
consisting of n independent elements, say

The special case v=n was proved in Art. 153.

columns is in absolute value eoual to

and that is, the elements β1, β2, ∙∙∙βp by hypothesis 
may be expressed linearly with rational coefficients in 
terms of the α,s. It is asserted:

The greatest common divisor of all the determinants of the 
nth order which are had from the system cls by taking n

βt = ct1α1 +  ct2α2 + ∙∙∙ +ctnαn (t=l,2, ∙∙∙,p)

and let αi, α1, α2, ∙∙∙, αn linearly independent, the order 
of α being n, while p≧n. Further assume that there are 
pn rational numbers ct. such that

a = [α1, α2, ∙∙∙, αn] 
b = [β1, β2, ∙∙∙βp]∙

Art. 156. Let α and b be two moduls of finite order,

visor save unity, the same being also true of the determinants 
formed by taking n columns from the system bst.

A special case of this theorem was treated in Art. 94 
where p =n. In this case there was only one determinant 
formed from the system atr and only one from the 
system bst and both these determinants had the value 
÷1.
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(s =1, 2, ∙∙∙, p),

(t =1, 2, ∙∙∙, p).

since the determinants on the right hand side formed

equations show,Theselike the one just written.

numbers 1,2, ∙ ∙ ∙, p in ways, we have equations

Since the numbers t1, t2, ∙ ∙ ∙, tn may be chosen from the

B.

Of the p numbers 1, 2, ∙ ∙ ∙, p choose n and denote them 
by t1, t2, ∙ ∙ ∙, tn. It follows at once from (3) that

(3)
it results that

On the other hand, since

(t =1, 2, ∙∙∙, p).
It is further seen from (1) and (2) that

where bsr are rational numbers.
If we put the absolute value of the determinant

|bsr | = B, it follows from Art. 153, that
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where the quantities ats are rational integers and the 
greatest common divisor of the determinants of the nth 
order formed from the system als is, from the lemma in 
the preceding article, equal to 1.

The quantities γ1 γ2, ∙ ∙ ∙, γn may be expressed through 
the β,s and consequently through the α's in the form, say

(2)
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where crg are rational numbers and C = |crs| ≠0.
It was proved above that

(r=l, 2, ∙∙∙, n),

where α1, α2, ∙∙∙, αn and  β1, β2, ∙∙∙βn are linearly 
independent systems; further suppose that each system 
of these n quantities may be linearly expressed in terms 
of the other with rational coefficients, so that, say

a = [α1, α2, ∙∙∙, αn],
b = [β1, β2, ∙∙∙βn]∙

Art. 157. Let α, b be two moduls of the rank n, say

These quantities are linearly dependent since by hypothe­
sis the determinant formed from the system cls is zero. 
It follows that the order of b is less than the order of α. 
It was proved in Art. 151 that if (a, b)≠0 and if b is of 
finite order, then the order of b is not less than the order 
of α. It follows that (a, b) must equal zero.

select any n, say
β1, β2, ∙∙∙βp

(2) In the second case the determinants of the nth 
order formed from the system cts are all supposed to be 
zero. In this case it is asserted that (a, b) =0. For of 
the p quantities

from the system ats have unity as their greatest common 
divisor, that the determinants of the nth order formed 
by taking n columns of the system cts have B for their 
greatest common divisor, where

FINITE MODULS 245

www.rcin.org.pl



c11 c12 c13 c1n
c21 c22 c23 c2n

cn1 cn2 cn3 cnn
1 0 0
0 1 0 0

0

0 0 0 1,

By the use of this formula the number (a, b) may be 
determined. The fact that in each of the n last lines of 
the above system of coefficients appear only zeros with 
the exception of a single unit, permits the theorem as 
expressed in the last formula to be stated as follows:

(Art. 137).

since a>b, so that (a, b) = 1 (Art. 138). Hence

all possible determinants of the nth order are formed, and 
if their greatest common divisor d is determined, then as 
seen in Art. 156,
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where ers=Q for r≠s and ers = l for r=s. If then of the 
system of coefficients

(r =1, 2, ∙∙∙,n),βr = cr1α1 +  cr2α2 + ∙∙∙ +crnαn 
αr = er1α1 +  er2α2 + ∙∙∙ +ernαn

The 2n elements of b may be expressed linearly with 
rational coefficients through α1, α2, ∙∙∙, αn in the form

d=a + b = [α1, α2, ∙∙∙, αn, β1, β2, ∙∙∙βn]∙

and consequently the quotient is known. This

formula presents (a, b) after (b, α) has been found, 
determine (b, a), let

To
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(4)(Art. 130). As a special case of is a finite

is a finite modul, for

a∙b = [α1β1,α1β2,∙∙∙,  α1βm,α2β1 ∙∙∙, αnβm]

a∙b = α1b + α2b+ ∙∙∙+ αnb
or

Through repetitions of (1) and (2) it is seen that if 
a1, a2, ∙ ∙ ∙, ar are finite moduls, then also a1 + a2, + a3 
+ ∙ ∙ ∙+ ar and a1 - a2 - a3 - ∙ ∙ ∙- ar  are finite moduls.

(3) α ∙ b is a finite modul, for

is finite.
a+b =[α1, α2, ∙∙∙, αn, β1, β2, ∙∙∙βm]

then
a = [α1, α2, ∙∙∙, αn] b = [β1, β2, ∙∙∙βm]∙

(1) a - b is a finite modul, since a —b>a (Art. 117).
(2) a+b is a finite modul, since, if

a - b, a+b, a∙b,

a

and b are finite moduls, then also
are Unite moduls.

Art. 158. It is evident from what follows that if

The number (b, α) is the common denominator of all 
the fractions which are had through the formation of 
all the sub-determinants of every order of the system 
cts (t= 1,2, ∙∙∙,n∙. s = l,2, ∙ ∙ ∙,n).
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(Art. 122)

modul; that is, the order-modul ot a finite modul is finite 
(Art. 132).
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CHAPTER VII

Art. 159. Definitions. (1) A finite modul a is called 
an algebraic modul if all the numbers that are divisible by 
a are algebraic. (2) An algebraic modul a is an integral 
algebraic modul if all the quantities that are divisible by 
a are algebraic integers. (3) An integral algebraic 
modul a is a unit-modul if 1 is divisible by a, and that is if 
the modul [1] is divisible by the modul a.

These definitions are limited to finite moduls. To 
show that a finite modul is algebraic, it is necessary only 
to show that it has a basis which consists wholly of 
algebraic numbers; and to show that a finite modul is an 
integral algebraic modul, it must be proved that the 
modul has a basis whose elements are all algebraic 
integers.

In virtue of the above definitions, the following 
theorems are at once presented:

ALGEBRAIC MODULS

(1) If a and b are algebraic moduls, then a - b, a+b, a∙b

and are algebraic moduls.

(2) If a and b are two integral algebraic moduls then 
a - b, a+b, and  ab are integral algebraic moduls.

(3) If a and b are unit-moduls, then also  a - b, a+b, and  ab 
are unit-moduls.

The quotient of two integral algebraic moduls is in 
general not an integral algebraic modul. On the other 
hand the quotient of two algebraic moduls is always an 
algebraic modul; and a special case is the theorem:

248
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c11 -  η c12 c1n

cnn -  ηcn2 cn1

c21 c22 -  η = 0.

ALGEBRAIC MODULS 249

The order-modul of an algebraic modul is an algebraic 
modul.

Art. 160. Theorem. Let η be an algebraic number 
and suppose that there is a finite modul such that ηa>a, 
then η is an algebraic integer; reciprocally, if η is an 
algebraic integer, there exists a finite modul a such that 
ηa > a.

ηa= [ηα1, ηα2, ∙∙∙, ηαn]

ηαr= cr1α1 +  cr2α2 + ∙∙∙ +crnαn (r =1, 2, ∙∙∙,n)
and since ηa > a., it is evident that

For let a = [α1, α2, ∙∙∙, αn] be a finite modul and let ηa 
be divisible by α. Note that

This is an equation of the nth degree in which the 
coefficient of the highest power is unity and the other 
coefficients are rational integers. The quantity η is 
therefore an algebraic integer.

The inverse of the theorem is:
If η is an algebraic integer, there exists a finite modul α, in 

fact an infinite number of such moduls and among them 
algebraic moduls, such that ηa > a.

Note that if η satisfies an algebraic equation
ηn= c1ηn-1 +  c2ηn-2 + ∙∙∙ +cn

where c1, c2, ∙ ∙ ∙, cn are rational integers, then a modul α 
having the required property that ηa > a is evidently

a = [1, η1,η2, ∙∙∙,ηn-1]

where the c’s are rational integers.
From these relations we have at once
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for
ηa  = [η, η2, ηs, ∙∙∙, ηn]

=, η, η2, ηs, ∙∙∙, ηn-1, c1ηn-1+c1ηn-2H+∙∙∙+cn];
and it is seen that all the basal elements of this modul 
are divisible by a. It therefore follows that

ηa > a.

Further if ηa > a then η is divisible by and vice versa.

It is thus shown that η is an algebraic integer when and 
only when, it is divisible by the order-modul of a finite 
modul. This offers a third and the best definition of an 
algebraic integer.

Art. 161. Theorem. If a is a finite modul and b a

modul which is divisible by α, then is an integral algebraic
modul.

For if η is a number that is divisible by then in

Art. 162. Use may be made of the definitions and 
theorems given in the preceding articles, to prove the 
theorems already derived (Art. 88) regarding algebraic 
integers:

Theorem I. If α and β are two algebraic integers, then 
also a+b and a - b are algebraic integers.

This may also be proved by means of a determinant as at 
the beginning of Art. 160.

is an integral algebraic modul.braic integer, so that

Hence every number η that is divisible by is an alge-

and consequently since b>a, it follows also that ηa > a.

virtue of the definition (Art. 129) of we have  ηa >b,
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ωn=α1ωn-1 + α2ωn-2 + ∙ ∙ ∙+αn

avav > av (v='-Ι, 2, ∙∙∙, n).

Since α1, α2,  ∙ ∙ ∙, αn are supposedly algebraic integers, 
there must be n moduls a1 a2, ∙ ∙ ∙, an such that

Theorem III. If ω satisfies an algebraic equation in 
which the highest coefficient = 1 and the other coefficients are 
algebraic integers, then is ω an algebraic integer.

For suppose that ω satisfies the equation

and consequently αβab>ab, so that αβ is an algebraic 
integer.

βb>βb a > a.

αβab>βab βab>aband

and

and βb>b,αa > a
and further

It follows that

and consequently a±β is an algebraic integer.
Theorem II. If a and β are algebraic integers, then 

also aβ is an algebraic integer.
For if α and β are algebraic integers, there are two 

moduls a and b such that

(a±β)ab>ab,

If then 7 is a number divisible by the modul ab which 
stands on the left of the expressions just written, then 
αy and βy and consequently αγ +βγ = (α±β)γ is divisible 
by ab. Since this is true for every number y that is 
divisible by ab, it follows that

βab>ab.αab>ab and

and

and

a > a,b>b

αa > a β>b;

it follows that

and since

For if a and β are two algebraic integers, there are two 
moduls, say a and b, such that
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a2a3a4 ∙ ∙ ∙an >a2a3∙ ∙ ∙an

α1a1 >a1

α1a1a2 ∙ ∙ ∙an >a1a2 ∙ ∙ ∙an

a =a1a2 ∙ ∙ ∙an ,

α1a > a.

(v=1,2, ∙∙∙,n).αva > a

b=[l, ω, ω2, ∙ ∙ ∙, ωn-1].

ωna>ab.

ωb = [ω, ω2, ∙ ∙ ∙, ωn];

ωab =ωα+ ω2α+ ω3α+ ∙ ∙ ∙+ ωnα

ωa>ab, ω2a > ab, ωn-1,a>ab.
Further as we have just seen, ωna > ab. It results that

ωa+ω2a + ∙ ∙ ∙ +ωna or ωab,>ab,.
On the other hand, ab being the product of two finite 
moduls, is a finite modul. Hence ω is an algebraic 
integer.

On the other hand since ω, ω2, ∙ ∙ ∙, ωn-1 are all divisible by 
b, it follows that

and consequently ωbα is the greatest common divisor 
(Art. 119) of ωα, ω2α, ω3α, ∙ ∙ ∙, ωnα, or

It is evident also that

It is evident that the numbers ωn-v(v=1,2, ∙∙∙,n) are 
divisible by b and consequently the numbers αvωn-vα are 
divisible by ab. It is further seen that (α1ωn-1 + α2ωn-2 
+ ∙ ∙ ∙ +αn)α or ωna is divisible by αb. Since this is true of 
every number α that is divisible by α it follows that

If α is a number divisible by the modul α on the left of 
this expression, then also the numbers αvαv=1,2, ∙∙∙,n) 
are divisible by a. Next let b be a finite modul such that

In a similar manner it is seen that

then is

or if we put

It follows that

and also that

Note that
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1 Dedekind, “ Ueber einem arithmetischen Satz von Gauss.” Deutsch, math. 
Gesellschaft in Prag., 1892.

ηn-2 =a0ϑ + a1
ηn-1= a0

ηn-r-1 =a0ϑr + aιϑr-1+∙∙∙+ar,

η0=a0ϑn-1 + a1ϑn-1 +a2ϑn-1+∙∙∙+ an-1,
η1=a0ϑn-2 + a1ϑn-3+a2ϑn-4+∙∙∙+ an-2,

where

Further write

= a0(tn-1 +tn-2ϑ+tn-3ϑ2 +∙∙∙+ϑn-1)
+a1 (tn-2+tn-3ϑ+ tn-4ϑ2 +∙∙∙+ϑ n-2)
+a2 (tn-3 + + tn-4ϑ+tn-5ϑ2 +∙∙∙+ϑn-3 )

+an-2(t+ϑ) + an-1∙

Art. 163. The following theorem due to Dedekind,1 
which simplifies the whole theory of moduls, may be 
proved:

Theorem. If a, is a finite modul which belongs to a 
given realm of rationality Ω, then there is another finite 
modul b in Ω, such that the product ab is a unit-modul 
u, and that is, the modul ab = u consists of only algebraic 
integers, and 1 is divisible by ab.
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The proof of the theorem depends upon the lemma 
which is stated and proved as follows:

Let ϑ be a root of the algebraic equation
(1) f(t) = a0tn+a1tn-1 +∙∙∙+  an-1t + an=0,
where the a,s are rational numbers. Note that f(t) is 
divisible by t — ϑ and write the result in the form
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f(t) = (t - ϑ)(η0 + η1t + η2t2 + ∙∙∙ +ηn-1tn-1)

an-r= ηn-r-1 -ϑn-r

Since

254 THE THEORY OF ALGEBRAIC NUMBERS

η0,η1, ∙∙∙, ηn-1,η0ϑ, η1ϑ, ∙∙∙,ηn-1ϑ

c=[1, ϑ,ϑ2, ∙∙∙, ϑn-1

r =0, 1, ∙ ∙ ∙, n- 1
s =0, 1, ∙ ∙ ∙, nηn-r-1 -ϑs

ηn-r-1 -ϑs =a0ϑr+s+a1ϑr+s-1+ ∙∙∙ +arϑs.

ηn-r-1, ηn-r-1ϑ, ηn-r-1ϑ2 , ∙∙∙ , ηn-r-1ϑn-1, ηn-r-1ϑn

[ηn-r-1, ηn-r-1ϑ, ηn-r-1ϑ2 , ∙∙∙ ,ηn-r-1ϑn-1] > c,

ηn-r-1ϑc > c,

[ηn-r-1, ηn-r-1ϑ, ηn-r-1ϑ2 , ∙∙∙ ,ηn-r-1ϑn] > c,

7ηn-r-1ϑc > c,
and consequently ηn-r-1ϑ is an algebraic integer.

or
(2)

and consequently ηn-r-ι is an algebraic integer. Simi­
larly it is seen that

(1)
or

are all divisible by the modul c. From this it follows 
that

When r+s≦n-1, the quantity ηn-r-ιϑs is linearly ex­
pressed through the basal elements of c. If, however, 
r+s>n-1, the different powers of ΰ which appear on 
the right must be decreased by means of the equation 
f(ϑ)  =0, and thus ηn-r-1-ϑs is reduced to the form b0+b1ϑ 
+ ∙ ∙ ∙ +bn-1ϑn-1, where the b’s are rational integers. 
Hence in all cases ηn-r-1ϑs is divisible by the modul c. 
We have thus shown that

are divisible by c is seen by observing that

That the quantities

Write
are algebraic integers.

If the quantities a0, a1, a2, ∙∙∙, an-1, an are rational 
integers, the lemma consists in proving that

(2>
it is seen that
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it is seen that a0, a1, ∙ ∙ ∙, an-1 are all divisible by ιι as is 
also an which, see equation (1), is η0ϑ. Since these integers 
have by hypothesis no common divisor, we may always

(r =1, ∙∙∙, n),ηr-1 - ϑηr  = r

where ιι is a unit modul. For the elements of u, that is 
η0, η1, ∙ ∙ ∙,ηn-1ϑ, are all algebraic integers in virtue of the 
lemma just proved, and consequently this modul contains 
only algebraic integers. Further 1 is divisible by u, 
for owing to the formula (2), namely

ab = [η0, η1, η2, ∙ ∙ ∙,ηn-1, ηn-1, η0ϑ, η1ϑ, ∙ ∙ ∙, ηn-1ϑ ] = u,
and it is asserted that

ab = [1, ϑ][η0, η1,  ∙ ∙ ∙,ηn-1]

in which the a’s are rational integers without a greatest 
common divisor other than unity. If the system of 
quantities η0, η1, ∙∙∙, ηn-1 are defined as at the begin­
ning of this article, and if the modul [η0, η1, η2, ∙ ∙ ∙, 
ηn-1] = b, say, is formed, it is seen that

a0ϑn + a1ϑn-1+ ∙ ∙ ∙+an-1ϑ + an =0,

where ϑ is any arbitrary algebraic quantity which 
satisfies, say, the algebraic equation

a = [l, ϑ],

so that the product ab is a unit-modul. 
Consider next the special two-termed modul,

same realm and it is seen that

The Dedekind Theorem may now be proved by the 
inductive method. Consider first the modul consisting of 
one basal element.
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If a = [α] is a modul belonging to the realm of ration­

ality Ω, then is also a modul belonging to the
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a1 = [α, α' ,α'', ∙ ∙ ∙,], a2 =[β, β', β'']
a3 = [γ, γ', γ'', ∙ ∙ ∙ ]

a = a1 +a2 + a3
Each of the three moduls a1 +a2, a1  + a3,a2 + a3 has a basis 
consisting of at most n - 1 elements; hence, in accord

so that

a = [α, α' ,α'', ∙ ∙ ∙, β, β', β'', ∙ ∙ ∙, γ, γ', γ'', ∙ ∙ ∙ ].
Write

where u is, as just shown, a unit modul.
It remains to prove the theorem when n≧3. Assume 

that the theorem has been proved for moduls of orders 
1, 2, 3, 4, ∙ ∙ ∙, n - 1, and then show that it is true for 
moduls of the nth order; or better expressed, show that 
the theorem is also true for moduls whose bases consist of 
n elements.

Suppose that the modul a which belongs to a fixed 
realm Ω has a basis consisting of n elements. Distribute 
these n elements into three groups where in each group 
there is at least one element and consequently in no two 
groups combined are there more than n — 1 elements. 
This distribution may be seen in the following modul

ab = [1,ϑ][η0, η1,  ∙ ∙ ∙,ηn-1]
then

a0x0+a1x1+∙ ∙ ∙+anxn = 1.

Consider next the general two-termed modul a = [α, β]. 
In this modul write ϑ=β∕α so that a =[α, αθ] = α [1,ϑ] 
If again the quantities η0, η1,  ∙ ∙ ∙,ηn-1 are defined 
through the system of equations (Art. 163), and if we 
write

It follows that 1 is divisible by u and that ab =u is a unit 
modul.

determine rational integers x0, x1, ∙ ∙ ∙, xn such that
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Art. 164. An algebraic realm Ω of the nth degree 
consists of all rational functions of a root of an irreducible 
algebraic equation of the nth degree (Art. 44). Let m be 
the order of a finite modul whose elements belong to the 
realm Ω. It is evident that m cannot be greater than n;

Moduls of the nτH Order in Realms of the
nτH Degree

and the quantities αrβs (r, s = 1, 2, ∙ ∙ ∙, n) are all integers 
although in general β1, β2, ∙ ∙ ∙, βn are not integers.

and as b is a finite modul belonging to the given realm Ω, 
the Dedekind Theorem is proved.

Dedekind gives a somewhat different proof of this 
theorem in Dirichlet’s Zahlentheorie, 4th edition, p. 528.

If the nomenclature employed in the modul theory is 
disregarded, the above theorem may be stated as follows: 
If α1, α2, ∙ ∙ ∙, αn are n numbers of the realm Ω, there are in 
the same realm n other numbers β1, β2, ∙ ∙ ∙, βn such that

 (a1+a2 +a3)b = ab =u
it follows that

(a1a2+ a2 a3+a3a1)b1b2b3 = b,
If we put

(a2 + a3)(a3+a1)(a1+a2) = (a1+a2 +a3) (a1a2+ a2 a3+a3a1). ∙

and since u is the product of three unit moduls, it is 
itself a unit modul.

Further note the formula of Art. 127, namely

(a2 + a3)(a3+a1)((a1+a2)b1b2b3 - u1u2u3 = u;
It follows that

b1(a2 + a3) = u1, b2(a3+a1) =u2, b3(a1+a2) =  u3,
where Uι, ιι2, u3 are unit moduls.

with the above assumption, there are in the realm Ω 
three moduls bi. b∙>. b3 such that
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α1β1 + α2β2 + ∙ ∙ ∙ +αnβn = 1
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for if this were the case, there would be m(>n) linearly 
independent quantities in Ω. This is not possible, since 
the number of linearly independent quantities in Ω is at 
most n (Art. 54). Hence the order of a modul whose 
elements belong to a realm of the nth degree is ≦ n.

We shall next consider moduls of a realm Ω of the nth 
degree, whose order is n. Let [α1, α2, ∙ ∙ ∙, αn] be a 
modul of order n which belongs to Ω. These quantities 
must therefore be linearly independent and consequently 
form a basis not only of the modul but also of the realm 
Ω to which the modul belongs. All numbers which are 
divisible by the modul [α1, α2, ∙ ∙ ∙, αn] may be expressed 
in the form α1x1 + α2x2-+ ∙ ∙ ∙ + αnxn, where x1, x2, ∙ ∙ ∙, xn 
are rational integers; while all the quantities belonging to 
the realm Ω may be expressed in the form α1r1 + α2r2+ 
∙ ∙ ∙ + αnrn, where r1, r2, ∙ ∙ ∙, rn are rational numbers. 
If then β is an arbitrary number of the realm Ω, it may be 
expressed in the form

β = α1r1 + α2r2+∙ ∙ ∙ + αnrn
Let r be the least common multiple of the denominators 
of r1, r2, ∙ ∙ ∙, rn. We then have

βr = α1rr1 + α2rr2+∙ ∙ ∙ + αnrrn,
where rr1, rr2, ∙ ∙ ∙, rrn are rational integers. It follows 
that βr is divisible by the modul  [α1, α2, ∙ ∙ ∙, αn], which 
modul may be represented by a. It is thus proved that 
every number of the realm Ω may through multiplication by a 
rational integer be transformed into a number that is 
divisible by α.

Let b = β1, β2, ∙ ∙ ∙, βn be a second modul of the nth 
order in the same realm Ω of the nth degree. Since the 
quantities β1, β2, ∙ ∙ ∙, βn belong to the realm Ω, there are n 
rational integers s1, s2, ∙ ∙ ∙, sn such that

s1β1, s2β2, ∙ ∙ ∙, snβn
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sβ1, sβ2, ∙ ∙ ∙, sβn

are divisible by the modul a. Let s be the least common

multiple of the n integers s1, s2, ∙ ∙ ∙, sn, so that

are integers. It results that

or

and consequently also sb is divisible by a. The following 
theorem is thus presented:

If a and b are two moduls of the nth order in a realm of the 
nth degree, there is always an integer r such that rb>a, 
where r≠O.

From this theorem follows an important consequence, 
namely, the integer represented by the symbol (a, b), for 
the case that a and b are two moduls of the nth order in a 
realm of the nth degree, is different from zero. For on 
the one hand, in virtue of the theorem just proved, 
rb>a and on the other hand, since r is a rational integer, 
ra>a. If we put m = a - b, then is ra> m. Further since 
m>a and ra>m, it follows that (Art. 139)

(a, m)(m, ra) = (a, ra).
On the other hand, since (a, m) = (a, b) (Art. 137) and 
a, ra) =rn (Art. 152), it results that

(a, b)(m, ra) = rn∖

and, since r≠0, we must also have
(a, b) ≠0.

Art. 165. Theorem. If a and b are two moduls of the 
nth order in a realm Ω of the nth degree, then also (1) a - b;

(2) a + b; (3)ab; (4) (5)a0, are moduls of the nth order in
Ω.

10
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For the proof of (1), let a - b = m and let m be the order 
of in. Then from the theorem of the preceding article 
there is an integer r≠0 such that ra>b and since r is a 
rational integer, we also have ra>a and consequently 
ra >m. It follows (Art. 150) that the order of ra which 
is the same as the order of α cannot be greater than m, so 
that n≦m. On the other hand since m > α, it is also true 
that m≦n and consequently m=n.

To prove (2) let a =[α1, α2, ∙ ∙ ∙, αn] and b = [β1, 
β2, ∙ ∙ ∙, βn] so that d=[α1, α2, ∙ ∙ ∙, αn, β1, β2, ∙ ∙ ∙, βn]. All 
numbers that are divisible by b belong to the realm Ω. 
Consequently the order of b is at most = n. On the other 
hand there are at least n independent basal elements of 
b, viz.,α1, α2, ∙ ∙ ∙, αn, or β1, β2, ∙ ∙ ∙, βn]. It is thus proved 
that the greatest common divisor of two module of the 
nth order in a realm of the nth degree is a modul of the 
nth order.

Again for the proof of (3) let a =[α1, α2, ∙ ∙ ∙, αn] . We 
then have

ab = α1b+ α2b+ ∙ ∙ ∙+ αnb.
Since these moduls are all of the nth order, by repetition 
of (2) it is evident that αb is of the nth order.

Γo prove (4) observe that if a =[α1, α2, ∙ ∙ ∙, αn] then

Further since are all moduls of the

nth order, through repetition of (1) it is seen that also
is of the nth order. As a special case of the last state­
ment we have: The order-modul a0, where a is of the nth 
order in a realm of the nth degree, is of the nth order.

Art. 166. A realm of the nth degree consists of all
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rational functions of a root of an irreducible equation of 
the nth degree. Let ϑ be the root of such an equation 
f(t)=0, which defines Ω = R(ϑ)j and let ϑ', ϑ'', ∙∙∙,
ϑ(n) be the n roots of this equation, one being ϑ. Further 
let α1, α2, ∙ ∙ ∙, αn be n quantities of Ω and express αr(r = 1, 
2, ∙ ∙ ∙, n) as rational functions of Then replace ϑ by 
the n conjugate roots. We thus have the n quantities 
α'r, α''r, ∙ ∙ ∙, α(n)(r = 1, 2, ∙ ∙ ∙, n) that are conjugate with 
ar.
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The discriminant of the n quantities α1, α2, ∙ ∙ ∙, αn was 
defined (Art. 63) through

∆(α1, α2, ∙ ∙ ∙, αn) =

α'1 α'2 α'n
α''1 α''2 α'''n

α(n)nα(n)2α(n)1,

2

It was also seen that this discriminant was zero if α1, α2,
∙ ∙ ∙, αn are linearly dependent. On the other hand this 
discriminant is not zero, if the α's are linearly independent.
Suppose that α1, α2, ∙ ∙ ∙, αn are linearly independent and 
consequently form a basis of Ω.

where the c’s are rational numbers.
In this equation write for α1, α2, ∙ ∙ ∙, αn their values in 

terms of ϑ and then for ϑ write its conjugate values. We 
thus have the quantities β(s)1, β(s)2, ∙ ∙ ∙, β(s)n(s = l, 2, ∙ ∙ ∙, 
n) which are conjugate with and include βb β2, ∙ ∙ ∙, βn.

Since the quantities 

βr= cr1α1+ cr2α2+ ∙ ∙ ∙+crnαn  (r = 1, 2, ∙ ∙ ∙, n)

Further let β1, β2, ∙ ∙ ∙, βn be n arbitrary numbers of 
this realm, so that

cr1+ cr2+ ∙ ∙ ∙+crn (r = 1, 2, ∙ ∙ ∙, n)

have remained unchanged, it is evident that
βr(s) = cr1α1(s)+ cr2α2(s)+ ∙ ∙ ∙+crnαn(s)

(r,s = 1, 2, ∙ ∙ ∙, n)
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|βr(s)| = |crs| |αr(s|;

|βr(s)| =C |αr(s|.
∆(β1, β2, ∙ ∙ ∙, βn) = C2Δ(α1, α2, ∙ ∙ ∙, αn).

∆(β1, β2, ∙ ∙ ∙, βn) = Δ(α1, α2, ∙ ∙ ∙, αn).

(a, b)2∆(a) =(b, a)2∆(b).

∆(β1, β2, ∙ ∙ ∙, βn) = C2Δ(α1, α2, ∙ ∙ ∙, αn),
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It follows from the theorem for the multiplication of 
determinants that

or, if we represent the determinant |crs| by C, we have

Through squaring, it is seen that

If it is assumed that α1, α2, ∙ ∙ ∙, αn and β1, β2, ∙ ∙ ∙, βn form 
bases of one and the same modul a, then α1, α2, ∙ ∙ ∙, αn are 
linearly expressed through the β,s with integral coeffi­
cients and vice versa. It follows that C = ±1 and (see 
also Art. 94)

It has thus been shown that the discriminant of the basal 
elements of a modul α is independent of the choice of the 
elements. It may therefore be denoted by ∆(α).

Art. 167. As a second application of the formula

suppose that both β1, β2, ∙ ∙ ∙, βn and α1, α2, ∙ ∙ ∙, αn are 
linearly independent so that each of these systems of 
quantities determines a modul. Denote these moduls 
respectively by b and a. We saw (Art. 153) that

If this value of C is written in the above formula, it 
results that

If the symbol of the preceding article is adopted, this 
formula becomes

www.rcin.org.pl



Next apply this formula to the special case b=77α, 
where η is a number of the realm Ω. It is seen that
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(a, ηa)2∆(a) =(ηa, a)2∆(ηa)
If the quantities that are conjugate with η are denoted by 
η', η'', η''', ∙ ∙ ∙, η(n) (including η), it is clear that
∆(ηa) = ∆(ηα1, ηα2, ∙ ∙ ∙, ηαn)

2η'α'1 η'α'2 η'α'n

η(n)α(n)1 η''α''n η(n)αn(n)

η''α''nη''α''2η''α''1

∆(a) ≠0,
(a, ηa)2 = ((ηa, a)2N(η)2

x1ω1 +x2ω2, +∙ ∙ ∙+ xnωn,

Art. 168. It has been proved (Art. 94) that in every 
algebraic realm of rationality of the nth degree there are 
n algebraic integers ω1 ω2, ∙ ∙ ∙, ωn such that all algebraic 
integers of the realm may be expressed through the linear 
form

pendent of α.
and from this it is seen that the quotient is inde-

is positive, since the numerator and denominator are by 
definition positive integers. It follows that

In extracting the root, so choose the sign that

and consequently

or, since
(a, ηa)2∆(a) =(ηa, a)2N(η)2∆(a);

It is thus shown that
= {η', η'', ∙ ∙ ∙, η(n)}2∆(a)=N(η)2∆(a)
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where k, k1, k2, ∙ ∙ ∙, kn are rational integers without a 
common divisor other than unity. It is assumed also 
that k>1; for if k = l, then β would be divisible by α. 
Let b = [β], m = a - b, d=a + b. If μ is a number divisible 
by in, then μ is divisible by both a and b. Consequently 
it is seen on the one hand that μ=x∙β, where x is a 
rational integer, and if we substitute for β its value from

consists only of algebraic integers of the realm Ω. The 
two following cases are possible: either all the algebraic 
integers of the realm Ω are divisible by a, or they are not 
all divisible by this modul. For the first case the 
theorem is of itself proved. For the second case there 
must exist in Ω an algebraic integer β which is not divisible 
by α. Since α1, α2, ∙ ∙ ∙, αn  constitute also a basis of Ω, it 
is seen that β may be expressed in the form

α = [α1, α2, ∙ ∙ ∙, αn]

where the x’s are rational integers. This theorem may 
be expressed as follows:

All the algebraic integers of the realm of the nth degree 
form a finite modul of the nth order. This modul may be 
denoted by o. It is clearly an order-modul.

This theorem may be derived directly from the modul- 
theory. Let β1, β2, ∙ ∙ ∙, βn be n elements of a basis of a 
realm Ω of the nth degree. That is, suppose that β1, β2, 
∙ ∙ ∙, βn are n arbitrary, linearly independent quantities of 
the realm Ω. Since every algebraic number may through 
multiplication by a rational integer be transformed (Art. 
93) into an algebraic integer, it is possible to determine n 
rational integers s1 s2, ∙ ∙∙, sn such that s1β1, s2β2, ∙ ∙ ∙, 
snβn are algebraic integers. Denote them by α1, 
α2, ∙ ∙ ∙, αn. It is evident that the modul
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μ = x1α1 + x2α2+ ∙ ∙ ∙+ xnαn,

(r =1, 2, ∙ ∙ ·, n).

gers, and consequently that x must be divisible by k. 
For if x were not divisible by k, there must be a number p 
which divides k and is not a factor of x. This number 
must also divide k1, k2, ∙ ∙ ∙, kn, which is contrary to the 
hypothesis that these integers had no common factor 
other than unity.

It follows that every number μ that is divisible by in 
is an integral multiple of βk∙, for μ=xβ and x is divisible 
by k. Reciprocally, note first that every integral multiple 
of βk is divisible by a, for βk = k1α1 + k2α2+ ∙ ∙ ∙+ knαn, and 
secondly since b = [β] and k is a rational integer, it follows 
that βk and all integral multiples of βk are divisible by b. 
Consequently as all integral multiples of βk are divisible 
by both a and b, they are also divisible by m. We thus 
see that [kβ]>m.

As just seen every number divisible by m is an integral 
multiple of kβ, and consequently m>[kβ]. It follows 
that

m = k[β] or m =k[β].
Observing that b is a one-termed modul, it is seen

must be rational inte-It follows that

where the z’s are rational integers, 
arly independent, it results that

As the α,s are line-

On the other hand since μ is divisible by α, it follows also 
that
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above
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In other words, if there is an algebraic integer in Ω which 
is not divisible by the modul a (this modul consisting of 
only algebraic integers), then a modul b of the nth order 
in Ω may be determined, which also consists only of 
algebraic integers and is such that ∆(d) <∆(a).

If there are still algebraic integers in Ω which are also 
not divisible by b, by proceeding in the same way another 
modul of the nth order in Ω may be derived which consists 
of only algebraic integers and whose discriminant is also 
<∆(d). Continuing we must finally come to a modul of 
the nth order in Ω consisting of only algebraic integers, 
whose discriminant is a minimum. All the algebraic 
integers of Ω must be divisible by this modul which is 
denoted by o; otherwise the discriminant of o would not 
be the smallest discriminant and consequently, pro­
ceeding as above, a modul could be derived with still 
smaller discriminant which consists only of algebraic 
integers in Ω.

Art. 169. It has thus been shown that the algebraic 
integers of a realm Ω of the nth degree form a finite 
modul o of the nth order. The elements of this modul 
may be denoted by ω1 ω2, ∙ ∙ ∙, ωn, so that

m = (b, m)b = (b, m) [β];

k = (b, m) = (b, a) = (b, a)

(a, d)2∆(a) = (d, a)2∆(d),

∆(a) =k2∆(d).

∆(d) <∆(a).
Since k2>l, it results that

it follows that

(Art. 137). Finally from the formula (Art. 167)

and consequently

(Art. 149, end) that
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o = [ω1 ω2, ∙ ∙ ∙, ωn]
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rΓhe discriminant of this modul, ∆(o) is denoted by D 
(Art. 94), and is called the basal invariant (Grundzahl) of 
the realm Ω. Accordingly an integral modul in Ω may be 
defined as follows: A modul is integral, if it is divisible by 
o. Since every realm, excepting the trivial case of the 
realm which consists only of zero, contains the unit 
1, the modul o has the property that 1 is divisible 
by o and consequently also [1]>o. Since further the 
product of two integral algebraic moduls is an integral 
algebraic modul, it follows that (1) oo>o (Art. 132, 
Formula X), or o2>o. Further since [TJ>o and o>o, 
we have [T]o>o2 or (2) o>o2. From (1) and (2) it 
results that

o2 = o,
and similarly it may be proved that

oo = o
o

=o

(Art. 132, Formula XI). The modul o is an order-modul 
of o and indeed it is its own order-modul. It is called 
the fundamental or principal order-modul. This modul 
plays the same role in Ω = R(ϑ) as 1 does in R(1).

Art. 170. Theorem. If α is an arbitrary modul of the 
nth order in a realm Ω of the nth degree, then every number β 
which belongs to Ω may through multiplication by a rational 
integer be transformed into a number that is divisible by a.

For let the n numbers α1, α2, ∙ ∙ ∙, αn form a basis of α. 
They consequently also form a basis of Ω; and since β is a 
number belonging to Ω, it follows that β may be expressed 
in the form

where s, s1, s2, ∙ ∙ ∙, sn are rational integers which have 
no common factor other than unity. We therefore
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sβ =s1α1 +s2α2 +∙ ∙ ∙+ snαn
so that sβ is divisible by α. Applying this theorem to the 
case β = 1, it is seen that there is always a rational integer 
s ∙ 1 or s which is divisible by α. It is thus shown that 
every finite modul of the nth order in Ω contains rational 
integers.

All rational integers which are divisible by a finite 
modul a form a finite modul and the order of this last 
modul is clearly unity since the modul consists entirely of 
rational integers. The basis of this modul consists 
therefore of one element, say a. It follows then that all 
the rational integers that are divisible by a are divisible 
by the modul [a] and consequently may be expressed 
through the form ax where x is a rational integer. This 
number is the smallest rational integer that is divisible by 
α and all other rational integers that are divisible by a are 
integral multiples of a. For the modul o the number 
a = 1, because all rational integers are divisible by o, and 
[1] is the modul formed of all rational integers.

have
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Complementary Bases and Complementary Mod- 
uls in a Realm of the nth Degree

Art. 171. We come next to the complementary bases 
and complementary moduls which play an important 
role in the Theory of Abelian Integrals.

Let Ω be a realm of rationality of the nth degree and 
let α1, α2, ∙ ∙ ∙, αn form a basis of Ω constituting therefore a 
system of linearly independent elements; and further let 
αr(1), αr(2), ∙ ∙ ∙, αr(2) be the n quantities conjugate with 
αr(r = l, 2, ∙ ∙ ∙, n). The following formula was derived 
in Art. 104,

∆(α1, α2, ∙ ∙ ∙, αn) = |N(αrαs) | r =1. 2. ∙ ∙ ∙. n
s =1, 2, ∙∙∙,n
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S(αrαs) =αr(1)αs(1) +αr(2)αs(2)+ ∙ ∙ ∙+ αr(2)αs(2)
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where

Under the assumption that α1, α2, ∙ ∙ ∙, αn are linearly 
independent, it follows that ∆(α1, α2, ∙ ∙ ∙, αn) and conse­
quently also the determinant of the nth degree |S(αrαs)|  
is different from zero (Art. 63).

Next introduce n new quantities α'1, α'2, ∙ ∙ ∙, α'n defined 
as roots of the n linear equations
αr = S(αrα1)α'1+S(αrα2)α'2+ ∙ ∙ ∙+S(αrαn)α'r,      (r =1, 2, ∙ ∙ ∙, n).
To be distinguished are the α'`s from the preceding 
alphas whose indices are in brackets. Since their 
determinant is different from zero, these n equations with 
rational coefficients may be solved with respect to the 
unknown quantities α'1, α'2, ∙ ∙ ∙, α'n. It is therefore 
evident that α'1, α'2, ∙ ∙ ∙, α'n are quantities of the realm Ω. 
It is asserted:

The n quantities α'1, α'2, ∙ ∙ ∙, α'n form a basis of the 
realm Ω.

For write
(r =1, 2, ∙ ∙ ∙, n).(1)

(r =1, 2, ∙ ∙ ∙, n; t =1, 2, ∙∙∙, n).

|αr(t)|=|S(αrα1)|∙|α's|

∆(α1, α2, ∙ ∙ ∙, αn) =∆2(α1, α2, ∙ ∙ ∙, αn)∆(α'1, α'2, ∙ ∙ ∙, α'n).
or squaring,

It follows that

Suppose in (1) that all the quantities are expressed 
through ϑ where ϑ is the algebraic quantity defining the 
realm of the nth degree Ω= R(ϑ). Further in the 
resulting expression write for ϑ all the conjugate values of 
ϑ and note that S(aras) being a rational quantity remains 
unchanged. It is seen that
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S(ωα1), S(ωα2),, S(ωαn).

It is clear that the equation (1) is a special case of 
equation (3). From this it is seen that the coordinates 
(Art. 62) of any arbitrary number ω of the realm Ω with 
respect to the basis α'1, α'2, ∙ ∙ ∙, α'n which is complementary 
of the basis α1, α2, ∙ ∙ ∙, αn are

(3)

or

where yb y2, ∙ ∙ ∙, yn are integral (or fractional) rational 
numbers. From (1) it follows that

Any arbitrary number ω of the realm Ω may be written

S(α±β)=S(α)±S(β),
S(yα) = yS(α)

Art. 172. A generalization of equations (1) may be 
made which will serve as a further definition of the 
complementary basis.

If a and β are two arbitrary algebraic numbers and if 
y is a rational number, then we have (Arts. 59 and 89)

From this relation it is evident that∆(α'1, α'2, ∙ ∙ ∙, α'n) ≠0, 
and consequently α'1, α'2, ∙ ∙ ∙, α'n form a basis of Ω. This 
basis of numbers α'1, α'2, ∙ ∙ ∙, α'n defined through the n 
equations (1) is called the complementary basis of α1, α2,∙ ∙ ∙, αn 

(2) ∆(α1, α2, ∙ ∙ ∙, αn) ∆(α'1, α'2, ∙ ∙ ∙, α'n) =1.

Further since α1, α2, ∙ ∙ ∙, αn are linearly independent, it is 
seen that ∆(α1, α2, ∙ ∙ ∙, αn) ≠0 and consequently
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(τ =1, 2, ···, η).

S(αrαs) =ers (r, s =1, 2, · · ·, n).

S(αrβs) =ers (r, s =1, 2, · · ·, n).

= 0; and this is true for s =1, 2, · · ·, n

This expression is equal to

Form the expression

or
x1α1+ x2α2+ ∙ ∙ ∙, xn αn=0

exist, then (1) α1, α2, ∙ ∙ ∙, αn are linearly independent, 
(2)β1, β2, ∙ ∙ ∙, βn form the complementary basis of the basis 
α1, α2, ∙ ∙ ∙, αn in the realm Ω.

The proof of (1) is as follows: If α1, α2, ∙ ∙ ∙, αn were 
linearly dependent, it would be possible to determine n 
rational integers x1, x2, ∙ ∙ ∙, xn such that

The n2 equations just written are characteristic of the 
basis α'1, α'2, ∙ ∙ ∙, α'n that is complementary of α1, 
α2, ∙ ∙ ∙, αn and this may be expressed as follows:

Theorem. If α1, α2, ∙ ∙ ∙, αn and β1, β2, ∙ ∙ ∙, βn are two 
systems of n numbers in the realm Ω, among which the n2 
equations

(4)

It was proved above that α'1, α'2, ∙ ∙ ∙, α'n are linearly 
independent. Consequently the n relations just written 
must be identities. Using the symbol ers=0 when r≠s 
and ers = 1 when r=s, it is seen that

there result the n equations
ω =ar,

Art. 173. If in equation (3) as a special case we write
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On the other hand by hypothesis

(s =1, 2, ∙ ∙ ∙, n).

It results that
xs =0 (s=l, 2, ∙ ∙ ∙, n),

and consequently the relation can only exist,
if x1=0 =x2 = ∙∙∙ =xn. It is thus seen that the quantities 
α1, α2, ∙ ∙ ∙, αn are linearly independent, and form a basis of 
the realm Ω.

For the second part of the theorem it remains to show 
that β1, β2, ∙ ∙ ∙, βn  form the complementary basis to α1, α2, ∙ 

∙ ∙, αn
Suppose that the quantities α'1, α'2, ∙ ∙ ∙, α'n form the 

complementary basis in Ω of α1, α2, ∙ ∙ ∙, αn
We then have by writing ω =βr in (3),

= αr (r =1, 2, ∙ ∙ ∙, n).

It follows that β1, β2, ∙ ∙ ∙, βn form the complementary 
basis in Ω of α1, α2, ∙ ∙ ∙, αn.

From equation (4) it also follows in virtue of the 
theorem just proved that if the quantities α'1, α'2, ∙ ∙ ∙, α'n 
form the complementary basis in Ω of the basis α1, α2, ∙ ∙ ∙, αn, 
then the quantities αb a2, ∙ ∙ ∙, an form the complementary 
basis in Ω of α'1, α'2, ∙ ∙ ∙, α'n.

Due to this theorem, the theorem that is expressed 
through (3) and (4) is also expressed through the two 
relations

(3')

(3)
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S(α'rαs)=ers

S(α'rαs)=esr (r, s =1, 2, ∙ ∙ ∙, n).

In other words, the coordinates of an arbitrary number ω 
with regard to an arbitrary basis α1, α2, ∙ ∙ ∙, αn are 
S(ωα'1), S(ωα'2), ∙ ∙ ∙, S(ωα'n), where α'1, α'2, ∙ ∙ ∙, α'n form the 
complementary basis of α1, α2, ∙ ∙ ∙, αn.
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To the relations
(4)
may be added
(4')

Art. 174. If α1, α2, ∙ ∙ ∙, αn and β1, β2, ∙ ∙ ∙, βn are two 
bases of Ω complementary of each other and if the 
quantities conjugate with αr are αr(1), αr(2), ∙∙∙, αr(n) in­
cluding αr, while the quantities conjugate with βs are 
βs(1), βs(2), ∙∙∙, βs(n) including βs (r, s = l, 2, ∙∙∙, n), then 
from above

S(αrβs) = αr(1)βs(1)+ αr(2)βs(2)+ ∙∙∙, αr(n)βs(n) =ers
(r =1, 2, ∙ ∙ ∙, n; s =1, 2, ∙ ∙ ∙, n).

Denote by A and B the two determinants

It is evident from the n2 relations written above that if 
the elements of the rth row of the first determinant be 
multiplied by the elements of the s row of the second 
determinant, and if the n products thus had are added, 
this sum = ers, and this is = 1 when r = s, and = 0 when 
r≠s.

Further it also follows from these n2 equations due to a 
well-known theorem in determinants, which fact is also 
proved below, that the first minor Ar(s) associated with 
αr(s) of the determinant A, divided by the determinant A 
is equal to βr(s), and consequently the reciprocal system of 
the system of quantities αr(s) (r, s = 1, 2, ∙ ∙ ∙, n) is formed

α1(1) α1(2)∙∙∙ α1(n)
α2(1) α2(2) ∙∙∙ α2(n)
∙∙∙ ∙∙∙ ∙∙∙ ∙∙∙
αn(1) αn(2) ∙∙∙ αn(n)

β1(1) β1(2) ∙∙∙ β1(n)
β2(1) β2(2) ∙∙∙ β2(n)
∙∙∙ ∙∙∙ ∙∙∙ ∙∙∙
βn(1) βn(2) ∙∙∙ βn(n)
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αr(1)Ar(1)+ αr(2)Ar(2)+ ∙∙∙, αr(n)Ar(n) =A.
αr(1)βs(1)+ αr(2)βs(2)+ ∙∙∙, αr(n)βs(n)=ers.

α1(r)β1(s)+ α2(r)β2(s)+ ∙∙∙, α3(r)β3(s) (r, s =1, 2, ∙ ∙ ∙, n)

αt(1) =αt, βt(1)=a't (t=1, 2, ∙ ∙ ∙, n),

α1α'1 + α2α'2 + ∙ ∙ ∙ + αrαr = 1, and (r =2, 3, ∙ ∙ ∙, n).
α1(r)α'1 + αr(2)α'2+ ∙∙∙ +αr(n)α'r =0.(6)

If α1, α2, ∙ ∙ ∙, αn; α'1, α'2, ∙ ∙ ∙, α'n  are two complementary

By means of these n linear equations in the n unknown 
quantities α'1, α'2, ∙ ∙ ∙, α'n we may define the basis α'1, α'2, 
∙ ∙ ∙, α'n complementary to the basis α1, α2, ∙ ∙ ∙, αn 
However this definition is not as good as the definition of 
the complementary basis as presented through the 
equations (1). For in the case of the definition as given 
through the equations (6) it must be shown that the 
quantities α'1, α'2, ∙ ∙ ∙, α'n belongs to the same realm of 
rationality as the quantities α1, α2, ∙ ∙ ∙, αn, a fact which is 
evident in the case of the definition through equations 
(1).

Art. 176. A further consequence may be drawn from 
formulas (4):

Art. 175. It follows from Γ5') above, if we nut

that

(5)

through the quantities βr(s) (r, s = 1, 2, ∙ ∙ ∙, n). This is 
evident from the following; two relations:

It is seen that
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etc. It is also known from the theory of determinants 
that if the above n2 relations exist among the elements 
of the lines of the two determinants A and B, the same n2 
relations exist among the elements of the columns of 
these two determinants. We therefore have the ad­
ditional relations
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bases of the realm Ω. it follows in virtue of (4) that
S(αrα's) =ers (r =1, 2, ∙∙∙, n; s =1, 2, ∙ ∙ ∙, n).
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It is evident that
S(ηαr∙η-1α') =ers (r=1,2, ∙ ∙ ∙, n; s =1, 2, ∙ ∙ ∙, n),

where η is an arbitrary quantity of the realm Ω. From 
the existence of the n2 relations just written it follows 
from the theorems of Art. 173 that

ηα1, ηα2, ∙ ∙, ηαn
 η-1α'1, η-1α'2, ∙ ∙, η-1α'n

are also two complementary bases in the realm Ω to 
which belong the quantities α1, α2, ∙ ∙ ∙, αn.

(r =1, 2, ∙∙∙, n;)

If further we denote the complementary basis of β1, β2, 
∙ ∙ ∙, βn by β'1, β2, ∙ ∙ ∙, β'n, it follows from (3), if we write in 
those equations ω =α'r, that

crs =S(βrα's) (r, s =1, 2, ∙∙∙, n).

(r =1, 2, ∙∙∙, n;).

(r =1, 2, ∙∙∙, n;).

Since the α,s are linearlv independent, it follows also that

Through subtraction it results that

where the c s are rational numbers.
On the other hand it follows from (3'), if we denote the 

basis complementary to α1, α2, ∙ ∙ ∙, αn by α'1, α'2, ∙ ∙ ∙, α'n 
and write in (3') ω =βr (r = 1, 2, ∙ ∙ ∙, n), that

Art. 177. Suppose that α1, α2, ∙ ∙ ∙, αn and β1, β2, ∙ ∙ 
∙, βn are two arbitrary bases of the realm Ω of the nth 
degree. It follows that  β1, β2, ∙ ∙ ∙, βn may be expressed in 
the form

(r =1, 2, ∙∙∙, n;), (i)
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The modul αz is the complementary modul of a. The 
following definition is presented:

A modul a' is said to be the Complement of a modul a, if 
the bases are complements of each other.

It is thus seen that corresponding to every modul there 
is a complementary modul uniquely defined. For from

the c’s being rational integers with determinant = ±1. 
It follows that the modul which has the basis α'1, 
α'2, ∙ ∙ ∙, α'n is identical with the modul which has the basis β'1, 
β2, ∙ ∙ ∙, β'n. Denote this modul by a', where

a' = [α'1, α'2, ∙ ∙ ∙, α'n] = [β'1, β2, ∙ ∙ ∙, β'n].

|csr|=|crs|=±1
From (7) it is seen that

where the c’s are rational integers. Further since the α,s 
are linearly expressible through the β,s with rational 
integral coefficients, it was proved (Art. 94) that the 
determinant of the nth order |crs| = ±1. As the deter­
minant remains unchanged when the rows and columns 
are interchanged, it follows also that

(r =1, 2, ∙∙∙, n;).,

It follows then that
a =[ α1, α2, ∙ ∙ ∙, αn] = [ β1, β2,∙ ∙ ∙, βn]∙

Compare these equations with those given under (i) and 
observe in particular the coefficients.

Art. 178. From the formula just derived follow some 
very important consequences. Suppose that αb a2, ∙ ∙ ∙, 
an are the elements of a modul of the nth order and write

(7)
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(r =1, 2, ∙∙∙, n;).

or
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The following theorem has thus been established:

Further since |csr| = |crs| , it results that
(a, b)=(b', a').

|csr| = (b', a').
In virtue of (7) it is seen that

|crs| = (a, b).
In Art. 150 it was proved that

If then we put a' = [α'1, α'2, ∙ ∙ ∙, α'n] and b' = [β'1, β'2, 
∙ ∙ ∙, β'n], we also have

r =1, 2, ∙∙∙, n)

where the c’s are rational integers.
If the basis complementary to α1, α2, ∙ ∙ ∙, αn is denoted 

by α'1, α'2, ∙ ∙ ∙, α'n and the basis complementary to β1, 
β2,∙ ∙ ∙, βn by β'1, β2, ∙ ∙ ∙, β'n, it results from (7) that

r =1, 2, ∙∙∙, n),

whatever basis of a we start, we always have the same 
complementary modul a', since the modul a' is inde­
pendent of the choice of the basis α1, α2, ∙ ∙ ∙, αn. In 
virtue of its definition the modul a' is like the modul a a 
modul of the nth order in a realm of the nth degree.

Art. 179. Next do away with the restriction that the 
determinant |crs|=±1, although it is assumed that the 
c’s are rational integers with determinant different from 
zero. Since the α’s are supposed to be linearly inde­
pendent, it follows also that the β,s are linearly inde­
pendent. The two systems α1, α2, ∙ ∙ ∙, αn and β1, 
β2,∙ ∙ ∙, βn form the two moduls of the nth order in the realm of 
the nth degree, say a = [α1, α2, ∙ ∙ ∙, αn ], b = [β1, β2,∙ ∙ ∙, 
βn]. Further suppose that b>α, so that
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a>b
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a'>b'

(a, b)=(b', a')·

(a+ b)'=a'- b';

(a- b)=a'+ b'.

d'=a'-b'.

(a -b)'= {(a'+b')'}' = a'+b'.

(a'+b')'= (a')'-(b')'=a - b,

(a+b)'= a'-b'.
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Theorem. If a and b are two moduls of the nth order in 
a realm of the nth degree and if b>a; and if the moduls 
complementary of a and b be denoted by a' and b', then is
(1)
and also
(2)

Art. 180. In the sequel the modul complementary of 
any modul k is denoted by k'. The following conse­
quences arising from the theorem of the preceding 
article are presented:

If a and b are two arbitrary moduls of the nth order in the 
realm Ω of the nth degree, then is

and

To prove these statements, let b=a + b and m = a-b. 
Since a>b and b>d, it is evident from the theorem just 
proved that d'>a' and d'>b' and consequently

On the other hand every common multiple of a' and b' 
is divisible by b'. For if k is a common multiple of α' and 
b', so that k>a' and k>b', then it follows from above, 
since (a')' = a and (b')=b, that a>k' and b>k'. Hence 
k' is a common divisor of a and b. But since b is the 
greatest common divisor of a and b, it follows (Art. 118) 
that d > k' and consequently k > d'. It is thus proved that 
d' is the least common multiple of a' and b' and that is

From the same formula, it is evident that

and consequently
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2. Prove that (ηa) = η-1a'.
3. Prove that (aa'), = a0 = (a')0.

[ab]= (α1b)'-(α2b)'-∙ ∙ ∙- (αnb)'

ab = α1b+α2b + ∙ ∙ ∙+αnb.
αn]. so that

Hence we have

1. It may be proved that for let a= [α1, α2, ∙ ∙ ∙, αn

EXAMPLES

(d, b)= (b', a'-b')=(b',a')

(a, b)=(b', a')
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Finally the formula
(8)
may be proved for the general case. The proof of this 
theorem for the special case b>a was given in Art. 179.

Write b=a+b. Since (a, b)=(d, b) (Art. 137) and 
since b > d, it follows that (d, d) = (b', d'). Since d' =a' - b' 
it follows that
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CHAPTER VIII

THE MODULAR SYSTEMS OF KRONECKER

Art. 181. We have seen that the aggregate or complex 
of rational integers of the form ∙ ∙ ∙, a-3m, a-2m, a - m, 
a, a + m, a + 2m, a + 3m, ∙ ∙ ∙, may be defined by saying 
that they are congruent to a, modulo m. And the series 
of integers a+km, where a and m are rational integers, 
while k takes all positive and negative integral values, is 
completely determined through two quantities, viz., the 
fixed modulus m and any other term of the series.

Kronecker (Werke III1, p. 148, and Crelle,s Journal, 
Vol. 99, pp. 330 et seq.) defined two linear forms of the 
variables x and x',

a + bx, a' + b'x'
as equivalent to each other, if the one could be trans­
formed into the other by the integral substitutions

x =ax'+β, x' =a'x'+β',

b=±b', a≡a', (mod. 6).
The conception of the congruence of the integers a≡a, 
(mod. m) is quite the same as the conception of the 
equivalence of the linear forms a + mx~a,' +∖mx'. Clearly 
any rational integer g that may be expressed through 
either of two equivalent forms may be expressed through 
the other. The natural extension of the conception of

where a, b, a', b', a, β, x and x' have rational integral 
values.

The necessary and sufficient conditions for this equiva­
lence are therefore
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a + m1x1 + m2x2+ ∙ ∙ ∙ +mμxμ,

(h =1, 2, ∙ ∙ ·, μ; k =1, 2, ∙ ∙ ∙, v),

(h =1, 2, · · ·, μ; k =1, 2, · · ·, ν').

is defined by saying that they are congruent to one 
another with respect to the modular system [m1, m2, ∙∙∙, 
mμ]∖. For brevity this system may be denoted by M. 
Any integer g which may be expressed through the form

1 Encyklopaedie der math. Wissenschaften, Vol. I, pp. 255, 258 et seq.

By giving to the coefficients c and c' above all possible 
integral values, it is clear that the aggregate or totality 
of all the rational integers that may be expressed through 
the form

(2)

(B)
(A)

in which the c s are rational integers. Hence the 
necessary and sufficient conditions for the equivalence of 
the forms (1) are expressed through the equations

are defined as being equivalent, when the one can be 
transformed into the other by the integral substitutions

(1)

Two linear forms

where all the quantities occurring have rational integral 
values.
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the congruence with regard to one modulus to the more 
general conception of the congruence with regard to a 
system of moduli is at once suggested, when instead of 
the linear forms 1 with one variable, we consider linear 
forms in any number of variables
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(2) may be written as the congruence
g≡a (modd. m1, m2, ∙∙∙,mμ),

a-a' = G1m1+G2m2 + ∙ ∙ ∙ + Gμmμ,,

where the g’s are integers. Writing for m,x, m2, ∙ ∙ ∙, their 
values from (3), it follows that

a-a' = g1m'1+g2m'2 + ∙ ∙ ∙ + gvm'v,

then if a≡≡a' (mod. Λf'), it follows that a≡a' (mod. M'). 
For, due to the first congruence

m'r = ar1m1+ar2m2 + ∙ ∙ ∙ +arμmμ (r=l,2, ···,v);(3)

Let M' demote the modular system (m'1, m'2, ∙∙∙,m'v) 
and suppose that each of its elements is congruent to 
zero (mod. M), and that is

(m1, m2, ∙∙∙,mμ) ~(m'1, m'2, ∙∙∙,m'v)
together with the equivalence

a≡a' (modd. m1, m2, ∙∙∙,mμ),
are expressed by the congruence

(m1, m2, ∙∙∙,mμ) ~(m'1, m'2, ∙∙∙,m'v) .
In other words, the necessary and sufficient conditions 
for the equivalence of the linear forms

If a =0 in the form (2), then is g a linear homogeneous 
function of the m’s with integral coefficients and may be 
written g ≡ 0 (mod.M).

Due to the formulas (A) and (B) the complex of 
integers that may be expressed through either of the 
forms (1) is the same, so that the conception of the 
equivalence of two modular systems (m1, m2, ∙∙∙,mμ), 
(m'1, m'2, ∙∙∙,m'v) is a natural consequence.

The equations (B) are characteristic of the equivalence

or briefly,
q≡a (mod. M).
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(m1, m2, ∙∙∙,mμ) ~(r1, m2, ∙∙∙,mμ),
where r1<m1.

Continuing this process it is seen that
(m1, m2, ∙∙∙,mμ)~(d),

where Gi (i = l, 2, ∙∙∙, μ) are integers; and that is, 
a≡a1(mod. M).

If the equations (3) exist, it is seen that every integer 
that may be linearly expressed through m'1, ∙ ∙ ∙, m'v, may 
be also linearly expressed through m1 ∙ ∙ ∙, mμ. In this 
case the modular system M' is said to be divisible by M.

And following the analogy of the preceding chapter, 
we shall write
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m1= qm2 + r1 and r1 = m1— qm2. Due to the latter relation, 
r1 may be added as an element to M and the former 
element may be omitted, thus rendering

where q and r1 are integers. It follows that

Any element m may be added to the modular system M = (m1,, 
m2, ∙∙∙,mμ) or omitted from it when m is a linear function of 
the remaining elements with rational integral coefficients. 
This offers the suggestions and also a means for the 
reduction of a system M to its simplest form. For,
suppose that and through division let

g≡0 (mod. M).

and say M' is divisible by M, and therefore M' is a 
multiple of M, while M is a divisor of M'. If further, 
M >M', then is M ~M,.

Observe that if g≡0 (modd. m1, ∙ ∙ ∙, mμ, m'1, ∙ ∙ ∙, m'v), 
and that is, if g≡0 (modd. M, M'y), and if also the 
equations (3) exist, then evidently M' may be omitted 
from the system, leaving simply

M'>M,
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Φ+Ψ, Φ-Ψ, Φ∙Ψ,

where the b’s are also rational integers. As 1 is an 
element of the realm, it follows by definition that all 
rational numbers are elements of the realm, so that in the 
above expressions it is not necessary to impose the 
conditions that the a,s and b’s are integers. Kronecker 
denoted the realm in question by (R) while the realm of 
integrity consisting of all integral functions of R, he

1 It would be better if the Il’s used here were replaced by u’s, as was done in 
Art. 28. However, the notation of Kronecker is followed.

where the a,s are rational integers; and likewise also all 
rational functions

f(R) = a0+ a1R +∙∙∙+amRm,

it being assumed always that in the operation of division, 
Ψ is not zero.

Since 1 =R∣R, it is seen that all powers 1, R, R2, ∙ ∙ ∙, 
belong to this realm, as do accordingly also all integral 
functions

Art. 182. In his Vorlesungen uber Zahlentheorie, p. 
154, Kronecker defines a realm of rationality as follows: 
Let R be any prescribed quantity 1 indeterminate in that 
at any time a definite value may be assigned to it. This 
quantity connected with itself through the operations of 
addition, multiplication, subtraction and division pro­
duces a realm of quantities which is completely closed in 
so far that its individual elements reproduce themselves 
through the operations just mentioned.

For, if Φ(R) and Ψ(R) are any elements of this realm, 
then to it belong also
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where d is the greatest common divisor of the elements
m1, ∙ ∙ ∙, mμ,. (See Art. 14.)
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(k1 = 1,2, ∙ ∙ ∙; k2 = 1, 2, ∙ ∙ ∙; ∙ ∙ ∙; kn = 1, 2, ∙ ∙ ∙),

enter as elements of this realm.
If the operations are restricted to those of addition, 

subtraction and multiplication, omitting division, the 
resulting realm is one of integrity and is denoted by 
[R(1), ∙ ∙ ∙, R(n)]· As above it constitutes a portion of the 
realm (R(1), ∙ ∙ ∙, R(n)). (See Report on Algebraic Num­
bers, p. 81; and for the literature see the Report, pp. 
86 et seq.)

Art. 183. In the present discussion rational integers 
and integral functions of the variable with rational 
integral coefficients shall constitute the realm2 of 
integrity [1, x]
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denoted by[R] (see Art. 28). Thus as seen in Art. 28 
[R] constitutes a part of the realm (7?) while [1, R] 
constitutes a part of [R], in that rational numbers may 
enter as coefficients in (R). Thus Kronecker denoted a 
realm of rationality by parentheses ( ) and the realm of 
integrity by brackets [ ].

No confusion can arise since the word “ realm ” 
usually precedes the parentheses or brackets.

In general, denote by R', R", ∙ ∙ ∙, R(n), n arbitrary 
indeterminates.1 The complex of all those quantities 
that can be produced by addition, subtraction, multi­
plication and division upon the R’s constitute the realm 
(R(1), ∙∙∙, R(n)) while every integral function

1 These R,s may be replaced by u1, u2,, ∙ ∙ ∙, un.
2 See Kronecker, Grundzuge, etc., pp. 3 et seq.; Molk, Acta math., Vol. 6, p. 20; 

Hancock, Quart. Journ., Vol. 27 (1894), pp. 152 et seq.; and see in particular the 
Paris thesis of Hancock printed in the Ann. de l'Ecole Normale Supérieure, Vol. 
XVIII (1901), where algebraic integers are introduced.
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A, M1 ∙ ∙ ∙, Μμ; A', M'1, ∙∙-,M'v

(M1, M2,∙∙∙, Mμ), (M'1, M'2, - ∙ ∙, M,'v),

A≡A' (modd. M1, M2,∙∙∙, Mμ).

(M1, M2,∙∙∙, Mμ) ~(M'1, M'2, - ∙ ∙, M,'v).

M'k≡0 (modd. M1, M2,∙∙∙, Mμ) (k-=1,2,∙∙∙,v)

exist, the system (M'1, M'2, - ∙ ∙, M,'v) is said to be divisible 
by (M1, M2,∙∙∙, Mμ); and of the two systems, if each is 
divisible by the other, we have the equivalence

(M1, M2,∙∙∙, Mμ) ~(M'1, M'2, - ∙ ∙, M,'v)

Again, if the v congruences

together with the equivalence

and the equivalence of these forms is in turn characterized 
by the congruence

in which the C’s and C'`,s are also integral quantities of 
the realm of integrity [1,x] These same equations 
serve also to define the equivalence of the linear forms

(B)

(A)

and the congruence of the two quantities A and A, with 
regard to one of these systems may be defined by the 
equations:

be integral quantities that belong to the prescribed realm 
of integrity. The equivalence (see two papers by the 
author in Crelle,s Journal, Vols. 119 and 122) of two 
modular systems
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Γhe results of Art. 181, practically word for word, may 
be repeated here.

Let
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(M)(N)=(M1N1, M1N2, ∙∙∙, M1Nv, M2N1, ∙∙∙, MμlNv). 
If (M) ~(M') then is (M)(N) ~(M')(N). If (N') is any 
system such that (N) ~ (N)') and if (M) ~ (M'), then also is 
(M) (N) ~ (M') (N,). For (M) (N) ~ (M') (N) ~ (M') (N').

By the composition or multiplication of any modular 
system (M) with any other system (N) =(N1 N2, ∙ ∙ ∙, 
Nv), we understand the system which has as its elements
the μ∙v elements MhNk, h = l. 2, ∙∙∙. μ

k = 1. 2, ∙∙∙, v and that is

Art. 184. It is evident that any system may be trans­
formed into an equivalent system by adding to or subtracting 
from any element of the system one or more of the other 
elements, and any element may be added to a modular 
system or taken away from it, when this element is a linear 
homogeneous function of the remaining elements of the 
modular system.

As an example, it may be proved, u being any inde­
terminate, that
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(21u3 + 14u2+4u, 7u2 + 3u) ~(3u2 + 5u, 2u2-u).
For.
2 u3 + 14u2 +4u = (3u2 + 5u) (3u+ 1) + (2u2 - u) (6u + 1),

7u2+3u = 1(3u2+5u) + 2(2u2 - u) ;
while

3u2 + 5u =2(21u3 + 14u2+4u) - (7u2 + 3u)(6u + l),
2u2 - u = -1 ∙ (2u3 + 14u2 + 4u) + (7u2 + 3u) (3u +1).

Similarly,
(3u2 + 5u, 2u2- u) ~(2u2- u, u2 + 6u) ~(u2 + 6u, 13u).

If for brevity we put
(M)=(M1, ∙∙∙,Mμ), (M')=(M'1, ..∙, M'v)

and

and if
(M'')=(M''1, ∙∙∙, M''λ),

M'>M'' and if M''>M, then is M'>M.
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Art. 186. Let us consider the modular system 
(f1(x), f2(x)) where
f1(x)=a0+a1x+∙∙∙+amxm,        f2(x) =b0+b1x+∙∙∙+bnxn,
are functions in which the a,s and b,s are rational integers,

(M1, M2,∙∙∙, Mμ,, N1, N2, ∙ ∙ ∙, Nv)((L1 L2, ∙ ∙ ∙, Lλ) = 0
(mod. (M)(A)).

The analogue for modular systems is as follows:
If (L) = (L1 L2, ∙ ∙ ∙, Lλ) is a system that is divisible by 

both (M) and (N), then is

(m, n)l≡0 (mod. m∙n).

multiple of m and n. And if I is an integer that is 
divisible by both m and n, then is

denoted by (m, n), then is the least common

If the greatest common divisor of two rational integers is
(M1, ∙∙∙, Mμ, N1,  ∙ ∙ ∙, Nv)>K.

(N)>(M1, ∙∙∙, Mμ, N1,  ∙ ∙ ∙, Nv)

(M)>(M1, ∙∙∙, Mμ, N1,  ∙ ∙ ∙, Nv)

(D)=(M1, M2,∙∙∙, Mμ, N1, N2, ∙ ∙ ∙, Nv),
since

and

Further if (M) > (K) and (N) > (K), then also is

Art. 185. The greatest common divisor d of two 
rational integers m and n is such that both m and n are 
divisible by d and any other common divisor k of both m 
and n is a divisor of d. A similar definition is applicable 
to modular systems: If the greatest common divisor of 
two modular systems (M) and (N) is denoted by D 
= (D1, D2, ∙∙∙, Dδ), it is required that (M)>(D)) and 
(N) > (D) with the further characteristic that any divisor 
(N)) of both (M) and (N) be a divisor of (D). For it is 
clear that
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n1f1-g2f2+f3=0,
n2f2-g3f3+f4=0,

nv-2fv-2-gv-1fv-1+fv=0,
nv-1fv-1-gvfv = 0.

(f1, f2) ~ (f1, f2,f3) ~ (f1, f2,f3, f4) ~ ∙∙∙ ~ (f1, f2, ∙ ∙ ∙ ,fv ) .

f3≡0 (modd. 1, f2),
f4≡0 (modd. f2, f3),

fv≡0 (modd. fv-2,fv-1)
(2)

The equations (1) may be written in the form of con­
gruences :

From these relations it is seen that

(1)

Continuing, we may divide ∕2(z) by∕3(τ) and thus derive 
the following system of equations (see Art. 14):

(f1(x), f2(x)) ~(f1(x), f2(x), f3(x)).

and consequently, since ∕3(rr) is linearly expressed in 
terms f1(x) and f2(x) , it follows that

n1f1(x)-g2(x)f2(x) + f3(x) =0;
We thus have

and

The coefficients that occur in g(x) and r(x) are rational 
numbers. Let n1 denote the least common multiple of 
their denominators and put

f1(x) = g(x)f2(x)+r(x').

while m and n are positive integers such that
Divide f1(x) by f2(x) and denote the quotient by g(x) and 
the remainder by r(x), so that
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and also from equations (1), it is seen that
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n1f1≡0 (modd. f2, f3),
n2f2≡0 (modd. f3, f∕4),

nv-2,fv-2≡ 0 (modd. fv-1, fv),
nv-1,fv-1≡0 (mod.  fv).

From the equations (1) it is further seen that

If we put s1 equal to the product of the integers n1 n2, 
∙∙∙, nv-1, while s2 denotes the product n2∙n3∙∙∙ nv-1,
it is seen that
(6) s1f1≡θ (mod./,) and s2f2≡0 (mod./,).
Observe that the relations (6) and (4) do not connote the 
equivalence

(f1,f2)~fv

(5)

n1n2n3∙ ■ ∙nv-1nv-2,f1≡0 (mod.fv),
n2n3∙ ∙ ∙ nv-1nv-2,f2 ≡ 0 (mod. fv),

n3∙ ∙ ∙nv-1nv-2,3≡0 (mod.fv),

nv-2nv-1fv-2≡0 (mod.fv),
nv-1fv-2≡0 (mod.fv).

fv=  gv-1yfv-1 nv-2,fv-2 = gv-1 (gv-2fv-2 - nv-3fv-3) - nv-2fv-2
= c2fv-2 + c3fv-3

( fv, fv-1) > (fv-1,fv-2) > (fv-2,∕fv-3) > ∙ ∙ ∙ > (f1, f2).

fv≡0 (modd. f1, f2).(4)
And in particular, fv> (f1, f2); or

If we multiply the next to the last of the congruences (3) 
by nv-1 and observe that nv-1,fv-1≡0 (mod.fv), it is seen 
that nv-1nv-2,fv-2 ≡ 0 (mod.fv). And proceeding in the 
same manner it is seen that

where c2, c3 are quantities of [1,x]. Hence,

(3)
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3x - 3≡0 (mod. (x —1)),
x2-1≡0 (mod. (x —1)),

x2 + x-2≡0 (mod. (x — 1)):
11

for observe that
(3x -3, x2 — 1, x2 + x-2) ~ (x-1);

An example of a system of the first kind is
fi(x)≡0 (mod.f(x)) (i=ι,2, ..∙,fc).

f(x) ≡0 (modd. f1(x), ∙ ∙ ∙fk(x)),
together with

are
 (f1(x), ∙ ∙ ∙fk(x)~(f(x))

and that s1 does not divide the coefficients of either φ1 or 
φ2, since both s1 and s2 were taken as the smallest integers 
which satisfied the congruences in question. Were the 
realm of rationality [1,x], extended to (1,x) and that is, 
if rational numbers were admitted in the discussion, then 
fv would be the greatest common divisor of f1 and f2 and 
we would have the equivalence fv ~ (f1,f2).

A modular system (f1(x),f2(x), ∙∙∙,fn(x)) with an arbi­
trary number of elements f1(x), ∙ ∙ ∙,fk(x), which system is 
equivalent to a system with only one element, say 
(f(x)), was called by Kronecker a modular system of the 
first kind, while all other systems were named modular 
systems of the second kind. Thus the conditions for a 
modular system of the first kind
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The conditions for this equivalence require that s1 = 1 =s2. 
When these conditions exist and only then is fv the 
greatest common divisor of f1 and f2 in the realm [1,x], 
For, from (6) it follows that
(7) s1f1 = fvφ1, s2f2 = fvφ2,
where φl and φ2 are quantities of this realm. It is seen 
that
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(x -1)≡0 (modd. 3x —3, x2-1, x2 + x-2'),
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and

since
x - 1 = (x2+x — 2) - (x2 — 1).

A system of the second kind is for example
(m, x-n).

(m. x -n) ~ 1,

1 = mφ(x) + (x- n)ψ(x'),

(f1,f2, ∙∙∙,fk)

(f1(x), f2(x), ∙ ∙ ∙, fk(x)) =f(x)(F1(x), F2(x), ∙ ∙ ∙, Fk(x)},

fi(x) =f(x)Fi(x) (ι=l, 2, ∙∙∙, k).

1 In this connection see Smith’s Report, p. 149, where references are made to 
Galois, Liouville’s Journ., Vol. XI, p. 381; Serret, Algèbre, Leçon 25; Dedekind, 
Crelle, Vol. 54, p. 1, etc. Also see Dickson’s History, Vol. I, pp. 233 et seq.

However, f(x) cannot at the same time be ≡0 (modd. 
f1(x), ∙ ∙ ∙, fk(x)). For in this case the given system would 
be equivalent to (f(x)) and would not be a system of the 
second kind.

where

is one whose elements f1, ∙∙∙,fk are not all divisible by 
the same integral function f(x). Were these elements all 
divisible by f(x), the system would be a mixed system of 
the second kind which could be written

A pure modular system of the second kind

Example. Show that 37 may be added as an element of the 
modular system

(x5+5x3 + 5x + l, 2x3+2x+l).

where φ(x) and ψ(x) are quantities of [1,x]. Writing 
x =n, it would follow that 1 = mφ(n), which is impossible 
since φ(n) is an integral function.1

it would follow that identically

For there is no integer or integral function which divides 
both elements save unitv, and were
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m = g1(x) f1(x)+ ∙∙∙+ gk(x)fk(x)

(f1(x), f2(x), ∙∙∙, fk(x))~(m,f1(x), ∙∙∙,fk(x)).

φ2(x)≡0 (modd.f1,  f2),
s1f1≡0≡s2f2 (mod. φ2).

(f1, f2,∙∙∙, fk) ~ (f1, f2,φ2∙∙∙, fk) ',

φ3≡≡0 (modd. φ3,f3),

s2φ2≡m3f3≡0 (mod. φ3)∙

φ3≡0 (modd.f1, f2,f3).
If the last two congruences of (1) are multiplied by s'2, 
and if we observe that s'2φ2 is divisible by φ3, it follows

In virtue of formula (1), it follows that

and
(2)

and proceeding with f3 and φ2 as was done with f1 and f2 
in the preceding article, it is seen that there exists a 
function φ3(x) such that

Introducing φ2 as an element in the system, we have

(1)

Kronecker (Vorlesungen, loc. cit., p. 186) proves the 
above theorem as follows. Writing for fv(x) the function 
φ2(x) in formulas (3) and (6) of the preceding article, we 
have

and accordingly,

This is at once evident, for the elements f1(x), f2(x), 
∙∙∙, fk(x) have no common divisor save unity. It is 
therefore always possible (Art. 17) to determine other 
integral functions g1(x), g2(x),,∙∙∙, gk(x) with integral coeffi­
cients such that

Art. 187. Fundamental Theorem: A rational integer 
may always ^be added as an element of a pure modular 
system of the second kind.

Thus (5, 2x + 1) is a pure system, while (5x, 2x2+x) is a 
mixed system.
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where k1, k2, k3 are definite integers. Next add φ3 as an 
element to the system and treat  φ3 and f4 in like manner 
as before and continue the process until the last element 
fk is reached. We have finally an element φk for which 
there exist the following congruences

φk≡0 (modd.f1,f2 , ∙∙∙,fk)(3)

l1f1≡l2f2≡ ∙ ∙ -≡lkfk≡0 (mod. φk),
and

a function which evidently may be added as an element 
to the system. It is also seen that the coefficients of this

Then form the integral function
n1≧n2 ≧∙∙ ∙ ≧nk.

Art. 188. Another important theorem due to Kro- 
necker is the following:

Theorem. It is always possible to add as an element 
of a pure modular system of the second kind a function 
f(x) in which the coefficient of the highest power of x is unity.

Proof. Suppose that the elements f1(x), ∙ ∙ ∙,fk(x) are 
of degrees ni, ∙ ∙ ∙, nk, respectively, where

(f1(x), ∙∙∙fk(x))~ (m,f1(x), ∙∙∙,fk(x))∙

where l1, l2, ∙ ∙ ∙, lk are definite integers. It is clear that 
φk must be an integer, m, say; for were P(z) an irreducible 
factor of φk(x), it would follow from the second congru­
ence in (3) that each of the elements f1, ∙ ∙ ∙, fk was 
divisible by P(x), contrary to the assumption that these 
elements had no common divisor. And from the first of 
the congruences (3) it is seen that m may be added as an 
element to the system, so that
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from (l) and (2) that
k1f1 = k2f2 - kzfz = 0 (mod. φ3),
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F(x) = Φi(x)-pi∙Ψi(x),

Φi(x)≡-pi∙Ψi(x), (modd. f1(x), ∙ ∙ ∙,fk(x))

(modd. f1, ∙ ∙ ∙,fk)

modd. f1, ∙ ∙ ∙,fk).

that the coefficient, say Ci, of the highest power of x in 
Xi(x) is relatively prime to pι however, Ci contains as

it is seennot all zero. Since pi is relatively prime to

in which the coefficients of Φi(x) are less than pi and are

and observe that since F(x) ≡0 (modd. f1(x), ∙ ∙ ∙,fk(x)), 
it follows that

function are the same as those that occur in f1(x), ∙ ∙ ∙, 
fk(x), since the coefficients of the latter are in no case 
mixed in the formation of the coefficients of the function 
F(x). These coefficients accordingly have no common 
factor, since by hypothesis the functions f1(x), ∙ ∙ ∙, fk(x) 
had no common divisor save unity.

Further, as in the preceding article, let m be an integer 
that may be added as an element to the modular system 
and suppose that

where the p s are prime integers. Reduce all the 
coefficients in F(x). modulo n.∙. so that

Since m is an element of the modular system, it is seen 
that

(1) (modd. f1, ∙ ∙ ∙,fk)
(i =1, 2, ∙ ∙ ∙, k),

This expression multiplied by

and therefore also
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C=B1C1+B2C2+∙∙∙+BrCr.

it is seen that the coefficient of the highest power of f(x) 
is unity.

Since X1, ∙ ∙ ∙, Xr, m, may all be added as elements to 
the modular system, it is clear that f(x) is also an element 
of this system. And with this the theorem in question is 
proved.

Writing (M) = (m, f,f1, ∙ ∙ ∙,  fk), it may be noted that 
there are only a finite number of incongruent (mod. (M)) 
quantities of the realm [1,x]. For, it may be shown 
that every quantity φ(x) of this realm may be reduced, 
modulo (M), to another whose degree is less than n, the 
degree of f(x). For, if φ(x) = cxn+v+ ∙ ∙ ∙, it is seen that 
the degree of φ1(x) = φ(x)-cxvff(x) is less than that of

If finally we put

and therefore also writing the congruence in the form of 
an equation, we have

(i= l, 2, ∙∙∙, r),

Further, observe that

where the integers λ are so chosen that the highest power 
of x in each term is, say n. The coefficient of xn is 
therefore

factors all the other prime factors of m as often as they 
are found in m.

We may accordingly determine an integer Bi such that

while at the same time for every other divisor of m, say
(i= l, 2, ∙∙∙, n),

pj,

Form the sum



(M)=(f1, ∙ ∙ ∙,  fk)= (m, m1, f1, ∙ ∙ ∙,  fk) ~1

(R,f1, ∙ ∙ ∙,  fk) ~1 (R',f1, ∙ ∙ ∙,  fk) ~1and
it follows that

(R,f1, ∙ ∙ ∙,  fk) (R',f1, ∙ ∙ ∙,  fk)~1

m1g1+mg = 1,

Theorem. If R and R' are two quantities of [1,x], 
which are relatively prime to (M), then also is R∙Rι 
relatively prime to (M).

Proof. Since

then is

For example, if besides m there is another integer m1, 
which may also be added as an element to the modular 
system of the preceding article, and if m1 is relatively 
prime to m, so that two other integers g and g1 exist such 
that

(M)=(f1, ∙ ∙ ∙,  fk),
if

(R,f1,f2, ∙∙∙,fv) ~1.

As each of the c’s may have any of the values 0, 1, ∙ ∙ ∙, 
m - 1, it follows that there are at most mn incongruent 
functions (mod.  (M)); and that is, every quantity of the 
realm [1,x] is congruent (mod.  (M)) to one of these mn 
quantities. These residues are in general not all incon­
gruent (mod.  (M)).

The determination of the number of such incongruent 
residues for a pure modular system of the second kind, is 
a problem which, I believe, has not been done.

Art. 189. Any quantity R of the realm [1,x]  is said 
to be relatively prime to the modular system

φ(x), while φ1(x) is congruent to φ(x) (mod. (M)).

which is congruent to φ(x) and whose degree is at most 
n - 1, say

repeating this process we may derive a function
By
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RR1, RR2, ∙∙∙, RRμ

while Ri and Rj were assumed to be incongruent (modulo 
(M)). Accordingly, the μ products

(RR', Rf1, ∙ ∙ ∙,  fk, R'f1, ∙ ∙ ∙, R' fk, ∙ ∙-, fifj, ∙ ∙ ∙) ~1∙

1~(RR', R' fk, ∙ ∙-, fifj, ∙ ∙ ∙) > (RR', Rf1, ∙ ∙ ∙,  fk,),
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and that is,

Observe further that

and therefore 1 may be added as an element to the 
system on the right-hand side, thus proving the theorem.

In the preceding article it was seen that the number of 
incongruent, modulo (M), residues was finite. Select 
those which have no common divisor with the system 
(M). Such residues are called units, modulo (M); and 
the system having as an element one of these residues is a 
unit system.

Let μ be the number of these incongruent units (modulo 
(M)), which denote by

R1, R2, ’ ‘ , Rμ∙
If R is any unit (modulo (M)), then as just proved, 
RR1, ∙ ∙ ∙, RRμ are units, modulo (M) and they form a 
complete system of incongruent units, modulo (M) For, 
were any two of these products, say, RRi and RRj 
congruent, modulo (M), it would follow that
(1) R(Ri-Rj)≡0 (modd. f1, ∙ ∙ ∙,fk)

Observe however that if the equivalence (R,  f1, ∙ ∙ ∙
,fk)~1 be multiplied by Ri-Ri, there would result
(2) (R(Ri-Rj), (Ri-Rj)f1, ∙ ∙ ∙, (Ri-Rj)fk ~ Ri~R;
and were (1) true, every element of the left-hand side of 
(2) would be divisible by (M) and the same would be 
true of Ri-Rj. It would follow that

Ri≡Ri (mod. (M)),



(modd. f1, ∙ ∙ ∙,fk)∙

ΠRh≡RμΠRh (modd. f1, ∙ ∙ ∙,fk)

(Q, f1, ∙ ∙ ∙,fk) ~1,

1 The reader should not neglect to read Smith’s “Report on the Theory of 
Numbers,” Collected Works, Vol. I, Art. 10, for Fermat’s Theorem. And for 
the Extension of Fermat’s Theorem see p. 152 of this report. For the Galois 
generalization see Dickson, Vol. I, p. 235.

R,≡Rμ-1 (mod.(M)).
For this congruence is evidently satisfied by writing

RR,≡Λ  (mod.(M)).

If (M) is any pure modular system of the second kind 
and R an arbitrary unit (modulo (M)), it is always 
possible to determine a second unit R, such that

This is a direct generalization of the Fermat Theorem,1 
which may be formulated as follows:

The μth power of every quantity in [1,x] which is 
relatively prime to (M) is always congruent, modulo (M), to 
1, where μ is the number of incongruent units (mod.(M))).

An immediate consequence of this theorem is the
followine:

form a system of incongruent (modulo (M)) units. 
Hence, if S(R1,∙∙∙ Rμ) is any integral symmetric
function of these units, there exists the congruence

S(R1, ∙ ∙ ∙, Rμ)≡S(RR1, ∙ ∙∙, RRμ) (modd.∕ι, ∙ ··,/*),
and in particular, for any variable X

By equating the terms that are free of X, it is seen that

Writing ΠRh= Q, it follows from above that

and therefore
(Q[Rμ-1](Rμ-1) f1, ∙∙∙, (Rμ-1)fk)~Rμ-1

and since
Q[Rμ-1]≡O (modd. f1, ∙ ∙ ∙,fk)

every term on the left-hand side and therefore also 
Rμ-1≡0 (modd. f1, ∙ ∙ ∙,fk)∙
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(2) (f,f1, ∙ ∙ ∙,fk) = (f0,f1, ∙ ∙ ∙,fk)(f'0,f1, ∙ ∙ ∙,fk).
It will be proved that

( f0,f'0,f1, ∙ ∙ ∙,fk)~1∙(1)

In general, let , f(x) be any element of a modular system 
and suppose that f(x) is equal to the product of f0f'0, 
where the factors f0 and f'0 are relatively prime, modulo
(M). It follows that

(m, f1, ∙ ∙ ∙,fk) ~(m1, f1, ∙ ∙ ∙,fk)(m2, f1, ∙ ∙ ∙,fk)

and suppose that m = m1 ∙ m2, wherem1 and m2 are 
relatively prime to each other. It is seen from what 
follows that

(M) =(m, f1(x), ∙ ∙ ∙,fk(x));

Art. 190. We come next to the decomposition of 
modular systems of the second kind into their simplest 
forms.1

Let

R0R0'≡0 (mod. (M)), where R0'≠0 (mod. (M)).
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Two such functions R and R' are called complementary 
units.

EXAMPLES
1. If (M) = (2, x2), show that μ = 2 and determine the two 

incongruent (mod. (M)) units.
Observe that if  f(x) is any quantity of [1,x] , so that

 f(x) = α0 + a1x + a2x2 +∙∙∙
where a0 is not congruent to zero modulo (M), then is

f(x)2≡≡ (α0÷αιz)2 (mod. xi) and ≡1 (modd. 2, x2).
2. Determine μ for the system (3, x3) and find the incongruent 

units.
3. If R0 is not a unit, modulo (M), where (M) is any pure modular 

system of the second kind, determine another quantity Rq of 
[1,x] such that

1 Macaulay, Math. Annalen, Vol. 74, pp. 66-121, has discussed the resolution 
of a system into “primary systems.”



system, and that then∕(z) may be dropped.
(2) A system m, f1, ∙ ∙ ∙,fk) remains unaltered in the 

sense of equivalence, if any of the elements f1, ∙ ∙ ∙,fk is 
multiplied by a unit, mod. m.

For, if e is a unit (mod. m) and e' its complementary 
unit, such that ee,≡1 (mod. m), or ee' = 1+mg, then on 
the one hand

it is clear that may be added as an element to the

f(x) = a0x1+a1x1+ ∙ ∙ ∙ +aixl-1+∙ ∙ ∙+a1
is an element of the system, and if

For, if

For the further reduction of modular system two 
additional observations may be made:

(1) A system (m, f1, ∙ ∙ ∙,fk) in the sense of equivalence 
remains unchanged if any coefficient of any of the elements 
is increased or diminished by arbitrary multiples of m.

(Mh) =(ph,f1(x),∙∙∙, fk(x)).

And this verifies the relation (2).
The above includes a proof of the theorem:
Every pure modular system of the second kind is equiva­

lent to a product of systems
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For, multiplying together the two systems on the right­
hand side, it is seen that
(3) (f0,f1, ∙ ∙ ∙)(f'0,f1, ∙ ∙ ∙,)

(f0f'0,f0,f1,∙ ∙ ∙,f'0,f1, ∙ ∙ ∙, f1f1∙ ∙ ∙,)
Next multiply (1) by the system (f1, ∙ ∙ ∙,fk), thus pro­
ducing the equivalence
(4) (f0,f1,∙ ∙ ∙,f'0,f1, ∙ ∙ ∙, f1f1∙ ∙ ∙,) ~(f1, ∙ ∙ ∙,fk);
and substituting the elements on the right-hand side of 
(4) for the equivalent elements on the right-hand side of 
(3) it is seen that (3) becomes

(f0,f1,∙ ∙ ∙, fk)(f'0,f1, ∙ ∙ ∙,  fk)~(f0f'0, ∙ ∙ ∙,  fk).



Continuing this process (see also Art. 186), and drop­
ping out those elements that are divisible, mod. p, by 
any other element, we finally reduce the system to one 
in which besides p, there is only one element left. Were 
this element a constant, the system would be equivalent

If the coefficient of the highest power of x in f1(x), is e, it 
follows from the preceding article that f1(x), may be 
multiplied by e', where ee'≡1 (mod. p), and that thereby 
the equivalence of the system is unaltered. Accordingly, 
using also the first observation made at the end of the 
last article, we may assume that the coefficients of the 
highest powers of x in each of the elements f1, ∙ ∙ ∙,fk are 
unity, while all other coefficients have been reduced, 
mod. p. If the degree of f1(x) is greater than or equal 
to that of f2(x), the coefficients of the highest power of 
f2(x) being unity, it is seen through division of f1(x) by 
f2(x) that there results the equation

(M1)=(p,f1(x), ∙∙∙,,fk(x)).

Art. 191. We may consider next the simplest case 
where in the preceding article h = l, and that is, we shall 
further reduce the system

(m, f1, ∙∙∙fi, ∙∙∙,fk) ~ (m, f1, ∙∙∙,efi, ∙∙∙,fk)∙.
And this proves the equivalence

(m, f1, ∙∙∙,efi, ∙∙∙,fk) > (m, f1, ∙∙∙,fi, ∙∙∙,fk)∙
and on the other hand

(m, f1, ∙∙∙,ee'fi, ∙∙∙,fk)>(m, f1, ∙∙∙,efi, ∙∙∙,fk)
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where all coefficients are integers. And due to this
may be added as an element of the systemeαuatιoι

and then f1(x) dropped. Due to the presence of the 
element p in the system, the coefficient of the highest
power of x in mav be made umtv. and the others
reduced, mod. p.



(p2, pψ1  pψ2, ∙ ∙ ∙, pψk,f).
The right-hand side of (4) may accordingly be written

fi = pψi +fφi (i = 1, 2, ∙ ∙ ∙, k) or fi≡pφi (mod.f),
where all the quantities introduced belong to the realm
[1,x]∙

(5)
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to unity. Accordingly there results the following im­
portant theorem:

Every pure modular system of the second kind, in which a 
prime integer enters to the first power as an element, is 
equivalent to a reduced system (p, f(x)) of two elements. 
The element f(x) = xn+α1xn-1 + ∙ ∙ ∙ +an-1x+an has coeffi­
cients reduced, mod. p, the coefficient of the highest power of x 
being unity.

Art. 192. Consider next the reduction of the system
(M2) =(p2, f1(x), ∙ ∙ ∙f2(x),);

and to this end form the auxiliary system=(p, f1(x), ∙ ∙ ∙,
fk(x)). From the preceding article it is seen that

and from this we have
(1)

where F and gi (i = 1, 2, ···,k) are quantities of [1,x]. 
Determine a new function∙f(x) by the relation

(2)

and observe that (p, f(x)) ~(p, f(x)), so that from (1) it 
follows that
(3) (p, f1(x), ∙∙∙fk(x))~(p, f(x)).
Due to (2) it is evident that
(4) (p2, f1, ∙∙∙fk) ~(p2, f1, ∙∙∙fk,f)
Due to (3) we have



(p2,f1 ∙ ∙ ∙, fk) ~(p2> pg(x), ∕(x)).

(M3)=(P3,f1(x), ∙∙∙,fk(x)),

(M2) =(p2, pg(x),  f(x)).

(p2, pψ1 , ∙ ∙ ∙, pψk,f) ~(p2, pg(x),  f(x));

(p2, pψ1 , ∙ ∙ ∙, pψk,) =p(p2, ψ1 , ∙ ∙ ∙, ψk) ~p(p, g(x)),
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Since

it follows from (5) that

and that is

In other words: Every modular system in which a prime 
integer enters to the second power as an element, may be 
transformed into an equivalent system in which besides p2, 
there are only two other elements, and one of these has p as a 
factor.

Proceeding in a similar manner for the reduction of the 
system

form the auxiliary system
(1)
From the latter it is evident that

and

where all the introduced quantities belong to [1, x].
We are thus able to determine two new functions g(x) 

and f(x) through the relations

(2)

Due to these relations, it follows at once that
(3)
and therefore also
(4)



(p, θ(x)),

(p, θ1(x)),

(ph, ph-1F1(x'), ph-2F2(x), ∙ ∙ ∙, pFh-1(x), Fh(xf)),

(M3)=(p3,, f1, ∙ ∙ ∙,fk) ~(p3, p2h(x), pg(x),f(x)).

(p3, f1, ∙ ∙ ∙,fk , pg, f) ~(p3, p2X1, ∙ ∙ ∙, p2Xk, pg, f)∙

fi{(x) =p2Xi+pg∙ψi+f∙φi,

(p3, f1, ∙ ∙ ∙,fk)~(p3,f1, ∙ ∙-,fk, pg(x), f(x))∙

Further, and due to (2), the quantities pg(x),f(x) may be 
added as elements of (Λf), thus producing the equivalence

From (4) it is seen that

the quantities introduced belonging to [1, x]; and 
accordingly

Putting: p2(p.X1,. ∙ ∙ ∙. Xk,)~ p2(p. h(x)), we have finally

Continuing in the same manner, it is evident that 
every systemh (Mh) = (ph∖  f1, ∙ ∙ ∙,fk) may be brought to the 
form

where the coefficients of the highest power in each function 
Fi(x) [ i= l, 2, ∙∙∙, h] is unity, the others being reduced, 
mod. p.

Canonical Forms for These Systems

Art. 193. Let us return to the system in which a 
prime integer p enters to the first power. Such a system 
(see Art. 191) is of the form

where the coefficient of the highest power of x in θ(x) is 
unity, and the other coefficients have been reduced, 
mod. p.

Suppose that the original system (p, f1(x), ∙ ∙ ∙, fk(x)) 
has been reduced by a different method to the form

where the coefficient of the highest power of x in θ1(x) is 
unity and the others have been reduced, mod. p.
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(p, θ(x))~(p, θ1(x)).

θ(x)≡φ(x)θ1(x) (mod. p),

θ1(x)≡ψ(x)0(x) (mod. p),

(i)

(ii)

θ(x)θ1(x) ≡θ(x)θ1(x)φ(x)ψ(x) (mod. p).

where all quantities or functions introduced are of the 
realm [l, x].

Multiplying both sides of these two congruences 
together, we have
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The question naturally arises: Is θ1(x) the same func­
tion of x as is θ(χ); and that is: Is (p, θ(x')') the unique 
reduction, or a canonical form of the original system?

(I) To investigate this question, consider the equiva­
lence

l≡φ(x)ψ(x)(mod. p).

φ(x) =axk + ∙∙∙ and ψ(x) = bxh+ ∙∙∙,
their product begins with the term abxhk+ ∙ ∙ ∙; and as 
both a and b are reduced, mod. p, this term is not 
divisible by p. Hence, in both φ(x) and ψ(x) there can 
appear only the terms independent of x. Writing 
φ(x)=c and ψ(x) =d, in (i) and (ii), it is seen that 
c = l=d, and therefore also

θ(x)≡ θ1(x) (mod. p).
The coefficients of like powers of x in these two functions 
must be equal, since they have been reduced, mod. p.

We therefore have θ(x) = θ1(x) and (p, θ(x)) may be 
regarded as a canonical form for the unique reduction of 
the modular system (p, f1(x),f2(x), ∙ ∙ ∙, fk(x)).

(1)
It is seen on the one hand that

and on the other,

Since neither 0(z) nor 01(x) is divisible by p, we may 
divide this congruence by 0(rr)0ι(x), which thereupon 
becomes

If
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(M2) =(p2, pg(x),f(x)).

(p, g(x),f(x))~(p, θ(x)),

θ(x)≡0 (modd. p, g(x),f(x)),

pθ(x)≡0 (modd. p, g(x),f(x)),

f(x) = θ(x)θ (x)+pφ(x),

(M2) =(p2, pg, pθ, pφ+θθ').

g≡0 (modd. p, θ),

pg≡≡Q (modd. p2, pθ).

(II) Take next the system in which p occurs to the 
second power, namely,

Owing to the presence of p2 and pθ within this system, 
the coefficient of the highest power of x in θ, can be made 
unity, and then the others may be reduced, mod. p. 
For, suppose that

The element pg may therefore be omitted from (M2), 
which becomes

or

From (1) we have

where all quantities introduced belong to [1, x].
The system (M2) accordingly may be written without 

changing the equivalence

and also

or

where the initial coefficient of θ(x) is unity and the others 
are reduced, mod. p.

From the latter system it is seen that

Form the auxiliary system
(1)

(M2) =(p2, pθ, pφ + θθ')

θ'(x) = bxm+b1xm 1+ ∙ ∙ ∙,
and choose such that

Then clearly,



If these congruences are multiplied together and the 
factor θθ'θ1θ1' omitted from the resulting congruence, we 
have

1≡g1g (mod. p).

θθ'≡θ1θ1'g1 (mod. p).

θ1θ'1≡θθ'g (mod. p),

pφ1+θ1θ1'≡p0√+( pφ+θθ')0 (mod. p2)

(p2, pθ, pφ + θθ') ~(p2, pθ1, pφι + θ1θ'1),

(p2, pθ1, pφ1+θ1θ),

bθ(x) = (1+p2g')(pφ+θθ') — bp2g∙θ∙xm,
may be added as an element to the system. Since

it is seen that pφ+θθ' may be expressed linearly through 
θ(x) and p2, and therefore θ((x) may replace pφ+θθ' in 
the system. Evident substitutions with (x) offer the 
required result.

The degree of φ(x) may be made less than that of 
θ(x), and its coefficients reduced, mod. v.

(A)

(a) initial coefficients of θ and Θ' are unity;
(b) φ is of less degree than θ;
(c) all the coefficients of the respective functions 

are reduced, mod. p.
If by any other method of procedure the system (M2) 

in its original form has been reduced to

We may therefore assume in the system (M2) that
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and if the conditions (A) are true of the corresponding 
elements of this system, then due to the equivalence
(1)
it may be shown that θ =θ1, φ = φ1, θ' = θi.

Proof. It follows from the equivalence that

and therefore

the coefficient of the highest power of x in the function g 
being unity.

In a similar manner



g = cxk+c1xk 1+∙∙∙+ck

g1=dxh+d1xh-1+∙∙∙+dh,

θθ'≡θ1θ'1 (mod.p).

pθi≡pθ∙F+(θθ'+pφ)G (mod. p2).

(iii)

θ1≡≡θF+(θθ'+pφ')Gι (mod. p),

θι≡θ(F+θ'Gι') (mod. p).

θ≡θ1(F+jrθ1G'1) (mod. p).

θθ1≡θθ1(F+θ'G1')(F1-∖-θ'1G1') (mod. p).

θ≡θ1 (mod. p).

(p2, pθ, pφ+θθ') ~(p2, pθ, pφ1 + θθ',, pφ+θθ')
(p2, pθ, pφ + θθ', p(φ~φ1)

p(φ-φ1)≡pθ ∙B +(pφ-∖-θθ')A (mod. p2).
And due to this equivalence, it follows that

Since the coefficients of both θ and θ1 have been reduced, 
mod. p, it follows that θ=θ1, and therefore from (iii) it 
also follows that θ, =θ,1. Writing these equalities in 
(1), we have

Hence, as above, F+θ,Gγ = 1 =F1 + θ+G1', and therefore

These two congruences, when multiplied together, offer

In the same manner it may be proved that

or

From this congruence it is seen that θθ,G and therefore 
also G is divisible by p. Writing G =G1p, it follows that

From (1) we have

the first term in the product of these functions is cdxh+k 
+ ∙ ∙ ∙ and the coefficient cd is not divisible by p, since 
neither c nor d is divisible by p. It follows that g = Ck and 
gx=dh', and these values substituted in (i) and (ii) show 
that g = 1 = g1.

It results that

and

If
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B+A1θ'≡O (mod. p),

φ≡φ1 (mod. p);

(M3) =(p3, p2f(x), pg(x), h(x)).

(1) (p2, pf(x), g((x) h(x))~(p2, pθ(x), pφ(x)+θ(x)θ'(x)),

φ-φ1 = θ(B + A1θ') (mod. p).

pθ(x) ≡pf (x) ∙F(x)+g(x)G(x)+h(x)H(x) (mod. p2),

p2θ(x) ≡p2f(x) ∙F(x)+pg(x)G(x) (modd. p3, h((x);

p[pφ(x)+θ(x)θ'(x)]
≡p2f(x)∙Φ (x) + pg (x) Ψ (x) (modd. p3, h(x)).

(M3) = (p3, p2+(x), p2θ(x), pg(x), p2φ(x)+pθ(x)θ,(x)'B h(x))

Accordingly we may add as elements p2θ(x} and 
p2φ(x)+pθ(x)θ'(x) to (M3) without altering its equiva­
lence, thus having

and similarly,

so that

where the conditions (A) above are fulfilled. It is seen
that

Form the auxiliary system

and the coefficients having been reduced, mod. p, it 
follows that φ = φ1.

We may therefore regard (p2, pθ, pφA-θθ') as a canonical 
form for the unique representation of modular systems 
which have as an element a prime integer p raised to the 
second power.

(III) The reduced modular system in which p3 enters 
as an element was seen to be (Art. 192)

and therefore also

Since the degree of 0 is greater than that of either φ or φ1, 
it is seen that
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It is evident that θθ'A and therefore A must be divisible 
by p. Writing A =pA1, the congruence becomes



Prove that the corresponding elements are identically 
equal. See Crelle’s Journal, Vol. 119, pp. 161 et seq.; see 
paper also by the author, Crelle, Vol. 122, pp. 265 et seq., 
where Canonical Forms of higher powers of p are given 
and the realms extended from [l, x] to [1, x, y]> etc.; also 
see the papers in Vol. 18 (1901), of the Ecole Normal 
Supérieure and of the Congrès des Mathémaliciens, C. R. 
(1900).

(p3, p2θ, p2φ + pθθ', p2ψ + pθθ(2), +pφφ'  + θθ'φ')
~(p3, p2θ1, p2φ1 + pθ1θ'1, p2ψ1 + pθ1θ1(2) + pφ1φ'1 + θ1θ'1φ'1).

Suppose that the original system was reduced by 
another method to a form corresponding to the one just 
written, where the corresponding elements conform to the 
conditions (B), so that

(B)

(a) the initial coefficients of θ, θ' and φ, are each 
unity;

(b) φ and ψ are of lower degree than θ;
(c) 0(2) is of lower degree than θ';
(d) the coefficients of all the elements are reduced, 

mod. p.

If pf(x) and g(x) are expressed in terms of the elements on 
the right-hand side of (1), it is seen that p2f(x) and pg(x) 
may be omitted from the system (M3) just written, which 
becomes

(M3) =(p3, P2θ, p2φ+pθθ', h(x)).
Further from (1) we have

h(x) =p2ψ(x)+pθθw + (pφ + θθ')φ'∙,
and this value substituted for h(x) in (Λf3) offers

(M3) =(p3, P2θ, p2φ + pθθ', P2ψ + pθθw +pφφ'+θθ'φ').
Owing to the presence of pz, p2θ, p2φ+pθθ' in this 

system, we may assume, including conditions (A) already 
made, that
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To determine whether two modular systems in which 
appears a prime p to the same power are equivalent, it is 
only necessary to show that they have the same canonical 
form.

Art. 194. Definition. A function f(x) is called a 
divisor, modulo p, of another function F(x) if there exists 
a congruence

F(x) ≡f(x)g(x) (mod. p),

F(x) =f(x)g(x)+ph(x'),

(p, F(x))~(p, f(x)g(x)).

f(x) =a0+a1x+∙∙∙+avxv,

F(x')≡a0a,0F(x)≡a0F0(x)(mod. p),
where F0(x)=a'0F(x'). Such divisors are excluded in the 
further discussion.

where the coefficients of aj are integers of the series 0, 1,

A function F(x) has only a finite number of divisors, 
modulo p.

Among these divisors there are the units, modulo p; and 
that is, all integers that are not divisible by p. For, if α0 
is such a unit and if a0a'0≡l (mod. p), then is

pn+1 such functions, we have the theorem:
∙ ∙ ∙, p — 1, and where As there can be in all only

In the further discussion we may regard the coefficients 
of both F(x) and  f(x) as reduced, modulo p. The 
degree of a divisor of F(x) is at most equal to the degree 
n of F(x). Such a divisor must accordingly be of the 
form

it is clear thatf(x) is then and only then a divisor of 
F(x), if there exists the equivalence

in which g(x) is also an integral function with integral 
coefficients.

As this congruence may be written in the form of an 
equation



In this case there are k functions g1(x), ∙ ∙ ∙,gk(x) such
(p,f1(x), ∙ ∙ ∙,fk(x))~l.

(mod. p),

f(x) ≡f1(x) g1(x)+∙ ∙ ∙+ fk(x) gk(x) (mod. p).

fi(x) =f(x)φi(x) (mod. p) (i =1, 2, ∙ ∙ ∙, k),

fi(x) =f(x)φi(x)+pψi(x),

(p,f1(x), ∙ ∙ ∙,fk(x))~(p,f(x))

(p,f1(x), ∙ ∙ ∙,fk(x))~(p,f(x))∙

And with this the theorem is completely proved.
The k functionsf1(x), ∙ ∙ ∙,fk(x) are said to be relatively 

prime, modulo p, if the associated system

(2) it follows that
must necessarily be a divisor off(x). For fromthen

k functions, so that therefore
were another common divisor, modulo p, of theIf

(2;

it is clear that∕(z) is a divisor, modulo p, of the k func­
tions fi(x); and vice versa, it follows from (1) that

or

then from the equations

It is further seen that f(x) is the second element of the 
reduced system that is equivalent to (p,f1(x), ∙ ∙ ∙,, 
∙,fk(x)). In fact, if f(x) satisfies the equivalence
(1)
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several other functions f1(x), ∙ ∙ ∙,fk(x), if, modulo p, it is a 
divisor of each of them. And the following statement 
is true:

A function is called a common divisor, modulo p, of

All the common divisors collectivelv multiolied
together form a divisor which accordingly is the greatest 
common divisor, modulo p, of f1(x), ∙ ∙ ∙,fk(x), and if f(x) 
is this greatest common divisor, then is



φh≡gφ(x)(mod. p),

(p, F(x), φh(x))~(p, φ(x))∖

(p, F(x), φh(x))~(p, φh(x)'),

(p, F(x), φ0(x)), (p, F(x), <px(x)), ∙ ∙ ∙.

φ(x) = xv+a1xv+∙ ∙ ∙+av
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f1g1+f2g2+∙ ∙ ∙+fkgk≡l (mod. p),
that

where the functions gi(x) are determined as in Arts. 191 
and 186.

The function F(x) of the nth degree has, modulo p, a 
finite number of divisors, which are of the form

whose degree v≦n, and whose coefficients are reduced, 
modulo p. These divisors may be determined through a 
finite number of operations as follows: Write down all 
integral functions of the form φ(x) as above indicated 
and arrange according to their degree. Denote them in 
this sequence through φ0, φ1, ∙ ∙ ∙, of degrees v0, v1 ∙ ∙ ∙, 
where v0 ≦ v1 ≦ ∙ ∙ ∙ ≦ vk ≦ ∙ ∙ ∙ ∙ Form the modular systems

Let (p, F(x), φκ(xY) be the first of these systems which is 
not equivalent to unity. It follows necessarily that

where g is a rational integer, since the coemcιents ot tne 
highest powers of x in the congruence (2) are unity, it 
follows that g = 1. This divisor of the lowest degree of

(2)

where φ(x) ≠φh(x), then <φ(x) would be a common divisor 
of φh(x) and F(x) and the degree of φ(x) must accordingly 
be less or at most equal to vh. This degree cannot be 
less than vh', otherwise φ(x)  would have appeared among 
the previous functions. And were φ(x)  and φh(x), of the 
same degree, it would follow necessarily from the 
equivalence (1) that

(1)

where φh(x} is the divisor of lowest degree of F(x). For
were
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Art. 195. The irreducible, modulo p, functions P(x) 
play the same role in [1., x;] as do the prime integers in 
[1]. A modular system (∏)=(p, P(x)), whose second 
element is not factorable, modulo p, is called a prime 
modular system. There exists the important theorem:

in like or different irreducible factors, modulo p. It will 
be seen in the next article that this factorization is 
unique.

F(x)≡P(x)P1(x)∙∙.Pμ(x) (mod. p)

and it is clear that Pι(x) is also a factor, modulo p, of 
F(x) and is of like or higher degree than P(z).

Continuing, we derive a factorization

F(x) ≡P(x)P1(x)F2(x) (mod. p);

(mod. p),F1(x)≡P1(x)F2(x)
where P1(x) is irreducible, modulo p. 

It follows from (3) that

F(x)≡P(x)F1(x) (mod. p),

P(x)≡Q(x)R(x) (mod. p),

F(x) ≡ Q (x) R (x) Fι (z) (mod. p),
and that would mean that F(x) had a factor of lower 
degree, modulo p, than the degree of P(x), contrary to 
the assumption.

In the same manner as was done with F(x) we may 
proceed with F1(x) in the congruence (3) and determine a 
factor P1(x) of lowest degree, so that

where the degrees of both factors are less than that of 
P(xY it would follow from (3) that

where Fx(x) is of lower degree than F(x).
The divisor P(x) cannot be further factored, modulo p.

For were

F(x) may be denoted by P(x). We may accordingly 
write
(3)
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And the fact that P(x) is divisible by (p, P(x)) is nothing 
other than that F(x) has P(x) as a factor, modulo p.

 (p, P(x)) (p, Q(x))~(p, PQ).

For if P(x) and Q(x) are relatively prime, modulo p, 
then is

This system is clearly divisible by (p, P, FG) and there­
fore (p, P, FG)~1. And this means that FG is not 
divisible by P, modulo p. The same theorem is evidently 
true for a product of an arbitrary number of factors.

Finally we have the theorem:
If a quantity F(x) of [1, x] is divisible by two prime 

modular systems (p, P(x)) and (p, Q(x)) which are not 
equivalent, then is F(x) divisible by the product (p, P(x)) ∙ (p, 
Q(x)).

(p2, pP, P2, pF, pG, PF, PG, FG) ~1.
It would then follow through multiplication that

(p, P(x), G(x))~l.and(p, P(x), F(x))~l

and were we to assume that neither , P(x) nor G(x) were 
divisible by (Π), it would follow necessarily that

(p, F(x),F(x)G(x))~(p, P(x));

From this follows immediately a second theorem: A 
product F(x)G(x) is then and only then divisible by a prime 
modular system (p, P(x)), if at least one of the factors is 
divisible by this system.

For if the product F(x)G(x) is divisible by (Π), there 
exists the equivalence

A function F(x) of [1, x] is either divisible by a prime 
modular system (Π) or it is a unit, modulo (Π).

For the system (p, P(x), F(x)) can be only equivalent
to (p, P(x)) or to 1; otherwise if it reduced to
then would P(x) be divisible, modulo p, by which is
in contradiction with the assumption made regarding 
P(x).



Art. 196. We may next consider the more general 
reduced systems (p, f(x)) and impose the condition that 
they be further decomposed. A pure modular system of 
the second kind (p, f(x)) can clearly be decomposed only 
into factors which are pure systems of the second kind;

where P(x), ∙ ∙ ∙Pv(x) are all irreducible, modulo p.
(mod. p),

where no factor appears at the same time on either side 
of the congruence.

Since the product Q(x) ∙ ∙ ∙Qv1(x)≡0 (modd. p, P(x)), it 
follows that one of the factors, say Q(x) is divisible by 
P(x), modulo p. The function Q(x) being irreducible, 
modulo p, this is only true if P(x)≡Q(x) (mod. p).

It may happen that the function F(x) has several equal 
irreducible factors, so that the decomposition will take 
the form

(mod. p),

and since S(x) is not divisible by p, this congruence is 
only satisfied if

Let S(x) denote the product of all factors that are 
identical in both factorizations. The congruence (1) 
may accordingly be written in the form

(mod. p);

If the function F(x), considered modulo p, has as 
divisors both P(x) and Q(x), then, modulo p, it is divisible 
by P(x)Q(x) and therefore also by the system (p, PQ).

The above theorems may be used to prove the unique­
ness of the decomposition of a function F(x) into its 
irreducible factors, modulo p. For were there two such 
factorizations, they would be congruent and that is,
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(1) F(x)≡P1(x)P2(x) ∙∙∙ Pμ(x)
≡Q1(x)Q2(x) ∙ ∙ ∙Qv(x) (mod. p).



(mod. p)

With this is given at once the complete factorization of a 
modular system (p,  f(x)) into its irreducible factors. 
For if

(1) ((p, f(x)) ~(p, f1(x))(p,  f2(x)) ~(p2, p f1, p f2, f1 f2)

p= p2F(x) + p f1(x) G1 (x) + pf2(x) G2(x) + f1(x)f2(x) H(x).

1 = pF(x) +f1(x) [G1(x) +f2(x)H1(x) ] +f2(x) G2(x),

l~(p,f1(x),f2(x)).

(p,f1(x) f2(x)) ~ 1 

f(x) ≡f1(x) f2(x) (mod. p)
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and if this is the case the numerical element must be the 
same in each of the component modular systems, this 
element being a prime integer, say p. Every such 
system may be supposed brought to its reduced form.

We have accordingly to solve the question: Under 
what condition is the factorization

possible?
Sιnce p is divisible by the system on the right hand 

side, it follows that

And as all terms contain p as a factor save the last, it is 
clear that H(x) must be divisible by p, say H(x) =pH1(x). 
It follows that

and from this it is seen that the necessary condition for 
the required factorization is

nd that is, the two factors f1(x) and f2(x) must be 
latively prime, modulo p.
Reciprocally, if (p, f1, ,f2)~1, and therefore (p2, pf1, 

pf2) ~p, then is the right hand side of (1) equivalent to 
(p, f1, ,f2).

This system is accordingly equivalent to the original 
system (p,  f(x)), if and only if there exists the congruence
(2^
together with the equivalence



Art. 197. The following theorem offers a resume of 
what has been proved in the preceding articles:

Theorem. A modular system of the second kind is then 
and only then a prime modular system, if it is equivalent 
to a system (p, P(x)), where p is a prime integer and where 
P(x) is irreducible (mod. p).

For if f0(x)(f1(x), ∙ ∙ ∙, fk(x)) is a mixed system of the 
second kind, it cannot be a prime system unless either 
f0(x) or (f1(x), ∙ ∙ ∙, fk(x)) is equivalent to unity. Other­
wise there would be more than one divisor of the system. 
Were the system equivalent to  f0(x), it would not be of 
the second kind. Consequently the original system must

Remark. Observe that a fundamental difference exists be­
tween the factorizations of integers in [1] and the decomposition 
of modular systems in [1, x]. While the divisibility of an 
integer m through another integer d carries with it the de­
composition into a product dd', in the case of a modular system 
of the second kind this in general is not the case. For, clearly 
the modular system (p, P(x)h) has as a divisor the system 
(p, P(x)), while it is not possible to express (p, P((x)h) through the 
product of two systems of which one in (p, P(x)h). A distinction 
must accordingly be made between the decomposition of a 
system and of its property of having a divisor. The property of 
being irreducible in no wise precludes a system from having a 
divisor, while on the other hand a system which has no further 
divisor, clearly cannot be further reduced.

The property that a modular system of the second kind has 
no further divisor characterizes it as a prime modular system, 
while those systems which can be decomposed no further may be 
called irreducible.

the complete factorization of the modular system (p, 
f(x)) into irreducible systems.
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is the decomposition of f(x) into its irreducible factors, 
modulo p, then is



(I) Xpn 1≡1 (modd. p, P(x)),∙

where the coefficients c are to be found among the 
integers 0,1, ∙ ∙ ∙, p - 1.

These functions are incongruent, modulo (∏). Ac­
cordingly, there exists the theorem:

The number φ(Π) of all incongruent units for a prime 
modular system (Π)=(p, P(z)) is pn-^∖-, where n is the 
degree of the function P(x).

Due to the theorem stated at the end of Art. 189 for 
arbitrary systems, it follows here for every arbitrary 
quantity X of [1, x] which is not divisible by (∏), that 
the congruence

c0+c1x+∙ ∙ ∙+cn-1xn-1,

is an irreducible function, modulo p, in which the 
coefficients may take any of the integral values 0, 1, ∙ ∙ ∙, 
p-l∙

It is evident that every quantity of [1, x] is congruent, 
modulo (Π), to a function

P(x) =xn+an-1xn-1 + an-2zn-2+∙ ∙ ∙+a0

be (M)~(f1(x), ∙ ∙ ∙, fk(x)), which is a pure modular 
system. If, however, (M) is a pure modular system of 
the second kind, and if m is a numerical element in it, and 
if ph is an integer that divides m, then is (ph, f1(x), ∙ ∙ ∙, 
fk(x)) a divisor of (M). If, further, (M) ~ (p, f1(x), ∙ ∙ ∙, 
fk(x)), where p is a prime integer, (p, f(x)) being its 
reduced form, and if P(x) is a divisor of f(x), modulo p, 
then (p, f(x) has as a divisor (p, P(x)). If, however, 
P(x) is irreducible, modulo p, then is (p, P(x)) a prime 
modular system.

A prime modular system is never equivalent to unity 
unless P(x) is of the zero degree, and therefore a constant.

Suppose that (Π)=(p, P(x)) is an arbitrary prime 
modular system, where
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or, if a quantity X0≡O (modd. p, P(x)) is included, there 
exists the theorem:

Every quantity X of the realm [1, x] satisfies the con­
gruence

Xpn-X≡0 (modd. p, P(x)),

G(Z) =gkZk+gk-1Zk-1+∙∙∙+g0≡0 (modd. p, P(x)),

G(Z) ≡G(Z) -G(X1) ≡ (Zk-Xk1) + ∙ ∙ ∙ +g1(Z-X1)
≡ (Z-X1)G1(Z) (modd. p, P(x)),

where G1(Z) is a function of the same kind asG(Z) but of

and if Λι is one of its roots, it is seen that
G(Z)≡Zk++gk-1Zk-1+∙∙∙+g0≡0 (modd. p, P(x)),

whose coefficients belong to [1, x], cannot have more roots 
within this realm, than the degree of G(Zfi

Without changing the number of the roots oi the 
congruence, all the coefficients of G(Z) may be reduced, 
modulo (Π), while the coefficient of the highest power 
may be taken equal to 1. For the function G(Z) may be 
multiplied by g,t, the complementary unit to gk, and the 
roots of g'kG(Z)≡0 are the same as those of G(Z)≡0.

If such a congruence is

A congruence for a prime modular system

Corollary. Corresponding to every unit e there 
exists a complementary unit e,, such that ee' ≡ 1 (modd. p, 
P(x)). For in the expression (1) above it is only neces­
sary to put e, = epn-2∖

We have proved for a prime modular system (Π) there 
exists the theorem that a product is only divisible by this 
system when this is true for one of its factors. It follows 
that to every theorem regarding a prime integer p in [1] 
there corresponds a completely analogous theorem re­
garding (Π) in the realm [1, x]. In particular there 
exists here the theorem:

where n is the degree of P(x).
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(modd. p, P(x)).

By equating the coefficient of Z on either side of the

of the realm [1, x]; and therefore for a variable Z there 
exists the congruence

and since X2-X1 is relatively prime to (Π), it is seen that 
X2 must be a root of G1(Z) ≡0. If then the congruence 
G(Z)≡0 of the kth degree had more than k roots, it 
would follow that the congruence G1(Z) ≡0 of degree k — 1 
had more than k - 1 roots, in fact, all those of G(Z)≡0 
with the exception of X1. If we assume that the theorem 
is proved for congruences of the k - 1st degree, it is 
therefore also true of those of the kth degree. Since the 
theorem is evidently true of congruences of the first 
degree Z + g0≡O (modd. p, P(x)), its validity is proved in 
general and there exist precisely the same theorems as are 
the case for the prime integer p in [1].

In particular if X1, X2, ∙ ∙ ∙, Xm are m incongruent roots 
of our congruence, then is for the variable Z:

(modd. p, P(x)),

degree k - 1 in Z. Accordingly if X1 is any root of the 
congruence G(Z)≡0 (modd. p, P(x)), then its left hand 
side is divisible (modd. p, P(x)) by the linear factor 
Z-X1. If further X2 is a second root that is different 
from X1, it follows from the above congruence that for 
Z2=X2,

G(X2)≡(X2-X1)G1(X2)≡0 (modd. p, P(x));
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where denotes an integral function of the (k-m)th
degree.

The congruence  (modd. p,P(x)) has exactly
the same number of roots as is its degree, namely, all of 
the pn incongruent, modulo (Π), residues:
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congruence we have the following generalization of the 
Wilson Theorem

The theorem may be proved without difficulty that the 
above function is also divisible by every prime modular 
system (p, Pv(x)) for which the degree v of Pv(x) is a 
divisor of n and including n. For if Pv(x) is of degree v, 
then due to the theorem just proved,

(modd. p, Pv(x)).
Raised to the power pv, this congruence offers

and in general

If then n = hv, and that is, if v is any arbitrary divisor of n,
it is seen that has the divisor (p, Pv(x)).

It may be further proved that is only divisible
by such prime modular systems (p, Pv(x)) for which v is a 
divisor of n. For suppose that anv svstem (p, Pv(x)) is a

(modd.p, Pv(x)).

(modd. p, Pv(x)),

(modd. p, P(x));

12

Art. 198. Write for Z any quantity a0+a1x+ ∙ ∙ ∙ 
+an-1zn-1 of the realm [1,x] with coefficients reduced, 
modulo p; then as proved in the preceding article, is the

where the coefficients ai independently of one another go 
over all integral values from 0 to p — 1 and are not all 
zero at the same time.

system (p, Pn(x)) in which the irreducible functionPn(x) 
is of the nth degree. In particular write Z = x and let us 
consider the problem of finding every modular system 
( p, P(x)) which are divisors of the function

difference divisible by every prime modular



(modd.

(modd. p, Pi,(z)).
It has been proved (Art. 197) that with respect to the 

modular system (p, Pv(x)) there are exactly pv incon­
gruent roots. Accordingly, there exist for the congruence 
(2) exactly pv incongruent roots. Since a congruence 
with respect to a prime modular system cannot have 
more roots than its degree, it is necessary that pv≦pd or

(2)
and therefore, a fortiori,

It follows that and therefore also the modular
system is divisible by (p, Pv(x).

Further as will be proved in the next article, every 
quantity F(x) of [1, x] satisfies the congruence
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divisor of Then there exist the two congruences
(modd. p, Pv(x))

and from these we have as before the congruences
(modd. p, Pv(x))

If the first of these congruences is raised to the pγv 
power, we have with the use of the second,

(modd. p, Pv(x))(1)
From this it is seen, if g and 7 are arbitrary positive

integers, that is divisible by ( p, Pv).
Let d be the greatest common divisor of n and v and 

let g' and γ' be two integers such that
g'n + γ'v =d.

It follows for every integer r that
(g'+rv)n+( γ' -rn)v =d + 2rnv.

Let r be so chosen that g'+rv and y' + rn are positive 
integers and writing these values for g and 7 in (1), it
follows that or since we have

(modd. p, Pv(x)).



(mod. p),

(P, ΠPd(x))

(p, Pd(x)), (p, P'd(x)) = (p, Pd(x),P'd(x)),

v ≦d.
d=v = (n, v); and that is, v must be a divisor

of n.

On the other hand, since d is a divisor of v, it is
seen that

We therefore have the theorem: The function
has as divisors all and only those prime modular systems 
(p, Pd(x)) for which the degree d of the function Pd(x) is a 
divisor of n.

We shall next denote by d any divisors of n and by 
Pd(x), P'd(x), ∙ ∙ ∙, all, modulo p, irreducible functions of
x of degree d. Since the function is divisible by
all prime modular systems (p, Pd(x)), (p, P'd(x)), ∙ ∙ ∙, it is 
also divisible by this product, and since

it follows from previous considerations that is
divisible by the modular system

and by no other system (p, Pδ(x)), where δ is not a 
divisor of n. The symbol d/n under a product sign is 
read “d a divisor of n.”

There exists accordingly a congruence
(3)
where the first product means that d goes over all the 
divisors of n, whereas k in the second product dis­
tinguishes the different factors of the same degree, the 
exponent hd(k) denoting a positive integer which is to be 
determined.

We shall show that the function on the left of (3) has 
as a divisor each modular system (p, Pd(x)) only once and 
therefore that the exponent hd(k) is equal to unity.

For were this function to have a prime factor, say 
P(x), to the second power, say
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(x1+ x2+ ∙ ∙ ∙+ xk)p≡x1p+x2p+ ∙ ∙ ∙+xkp (mod. p).

(mod. p),

—1≡0 ((modd. p, P(x)).

where Q(x) embodies all the remaining factors, modulo p, 
it would follow through differentiation that
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or, if both sides are considered, modulis  p, P(x), and all 
multinles of p and P(x) dronned. it would follow that

And that is, - 1 is an element of (p, P(x)), which modular 
system would accordingly be a unit system. And this 
requires that P(x) be a constant relatively prime to p.

It follows that the factorization (3) may be written

where the multiplication extends over all and only those 
irreducible functions, modulo p, whose degree is a divisor 
of n; and from this congruence results the following 
decomposition of the modular system

This result Kronecker (V orlesungen, p. 225) considered 
one of the most beautiful and important of the whole 
theory. See also Dedekind, Dirichlet-Dedekind, Zahlen~ 
theorie, 4th Edition, § 180.

Art. 199. In the present article we shall consideι 
integral functions of any number of variables with 
integral coefficients and that is, quantities of the realm 
[1, x1, x2, ∙ ∙ ∙, xk].

Observe that for any prime integer p there exists the 
congruence

If this process is repeated r times, the resulting con­
gruence is
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which may be written

For, observe that the difference is divisible always

The latter system is divisible by

(1)
and therefore also

For due to the Fermat Theorem
(mod. p);

It may be shown as follows that this system is divisible by 
the simpler svstem

(modd. p, ∙ ∙ ∙,

The modular system thereby becomes

be any integral function in z1, ∙ ∙ ∙, zp with integral coeffi­
cients, and that is, quantities of the realm [1, z1, ∙ ∙ ∙, zp].

Write in the above congruences for xh each of the 
individual terms of the function f(z1, ∙ ∙ ∙, zp), the sequence 
being arbitrary, so that

Writing this congruence in the form of a modular system, 
we have

(mod. p).

(modd.

Next let



As examples of the latter congruence, let p be of the form 
6n+l, say 7, 13, 19, 31, 37, 43, ∙ ∙ ∙, and let ω be a primi-

(modd.

Accordingly, it is proved that the system (1) is divisible 
by the latter system. And with this is derived a gener­
alized Fermat Theorem, which may be expressed as 
follows:

Every quantity f(z1. ∙∙∙, zρ) of an arbitrary realm 
[1, z1. ∙∙∙, zρ] satisfies the congruence

is divisible by

and it is further seen that
(modd. p, ∙ ∙ ∙,

when kt is a positive integer. It follows then
that
by
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υhere p is any prime integer, and t = 1, 2, ∙ ∙ ∙, ρ.
Art. 200. If the realm is limited to [1, z], the above 

congruence takes the form
(1)
which written as an equation, is

where φ(z) and ψ(z) are quantities of [1, z]. Observe 
that this is an identical eαuation true for every value of z.

We may so choose z that vanishes, and that is,
we may take for z one of the roots of Neg­
lecting the root z=0, we shall take for z any of the pr - 1 
roots of unity that satisfy
(2)
with the result that the equation (1) becomes for such 
roots
(3)



(mod. p).

(f(ω))p≡f(ω)
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tιve third root of unity, say

Since p — l(=6n) is divisible by 3, it is seen that (2) is 
satisfied for r = 1 and accordingly, from (3)

If, however, p =6n-1, say 5, 11, 17, 23, 29, ∙ ∙ ∙, so that 
p — 1 is not divisible by 3, although 3 does divide p2-1, 
then in (2) r = 2 and (3) becomes

If p is of the form 4n + l, say 5, 13, 17, 29, 37, ∙ ∙ ∙, and if z 
is a fourth root of unity, for example, z =i, then is

however, if p is of the form4n-1, say 3, 7, 11, 19, 23, ∙ ∙ ∙, 
then is

(mod. p).

Examples. Writing show that:
(f(ρ))p≡f(ρ) mod. p)

mod. p)
mod. p)

if p= 10n+1;
if p= 10n - 1;
if p= 5n + 2.

In general it is seen that if and if p is an arbitrary
prime integer which does not divide n, then from (2) if r 
is the smallest exponent for which pr≡l (mod. n), we 
have for every integral function f(ρ) with integral 
coefficients, the congruence

Art. 201. Returning to the formula of Art. 198

where the multiplication extended over all the different 
prime functions Pd(i)(x), modulo p, whose degree d is

(mod. p).

(mod. p).

(mod. p');



pd(1)pd(2)∙∙∙=Φd;

and that is

we have

so that

and if further we put

If the product of all the prime functions (mod. p) of the 
dth degree be denoted by Φd so that

where the first summation extends over all the prime 
factors a of n, the second summation extending over all 
combinations a, b, of any two such factors, etc.

Employ a notation 1 due to Mobius: for any factor d 
occurring more than once as a divisor of n, let ed = 0, 
otherwise, when the number of factors constituting d is 
odd, let ed = - 1, while ed =  + 1, when d consists of an even 
number of factors of n, and e1 = l. Accordingly, the 
above formula may be written
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equal to n or is a divisor of n, it is seen by equating the 
highest power of x on either side of the congruence, that

where Nd denotes the number of different prime functions 
of the dth degree. It is clear that

1 See Dickson, History, Vol. I, Chapter XIX.



F(x) = (xp - x)Ψ(x)+Φ(x),

 Φ(x) =a0+a1x+a2x2 +∙∙∙+ap-1xp-1

Φ(x)≡0 (mod. p)

Φ(x) = pΦ1(x)

and that is, that it be divisible by the modular system 
(p, xp-x).

This theorem admits the following generalization: The

F(x) =pφ(x) + (xp-x)Ψ(x);

1 See Hensel, Crelle's Journal, Vol. 113, p. 144.

In order that a function F(x) of the realm [1, x] be 
divisible by p for every integral value of x, it is necessary 
and sufficient that it be of the form

and with this the theorem: 1

must exist identically. 
It follows that

be divisible by p; and that is, the congruence

where Φ(x) is of the p — 1st degree. Due to the Fermat 
Theorem, every rational integer a satisfies the congruence 
ap-a≡0 (mod. p). If then it is required that F(x) be 
divisible by p for every value of x, it is necessary and 
sufficient that Φ(x), which is of the form

Art. 202. We shall consider next the modular system 
(p, xp-x'). Observe that any function whatever of 
[1, x] may be written in the form

or finally

Observing the formula at the beginning of this article, we 
may write
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Qi =pGi + (yp - y)Ψi + (zp - z)Ξi∙+ ∙ ∙ ∙,
where Gi, Ψi, Ξi∙, ∙ ∙ ∙ are functions of  [1, x,y,z, ∙ ∙ ∙]. And

be identically satisfied. The necessary and sufficient 
condition for this is that each of the functions Qi[i =0, 1, 
∙∙∙, p —1] be divisible by p for every system of integral 
values of y, z, ∙ ∙. Observe that each of these functions 
contains one variable less than the original function 
F(x, y, z, ∙ ∙ ∙)∙

Hence, assuming the theorem proved for any number 
of variables, it is seen that the coefficients Qi must be of 
the form

xQ0, xQ1, x2Q2+∙∙∙+xp-1Qp-1 (mod. p)

Q(x, y, z,∙ ∙ ∙) =Q0+xQ1+∙∙∙+hxp-1Qp-1,
where Q0, Q1, Q2, ∙ ∙ ∙, Qp-1, are functions of [1, x,y,z, ∙ ∙ ∙]∙ 
If next we give to y, z, ∙ ∙ ∙, any arbitrary integral values 
and require that the function F(x, y, z, ∙ ∙ ∙) be divisible 
by p for every value of x, it is necessary and sufficient that 
the congruence

(2)

where Ω and Q are functions of [A, x,y,z, ∙ ■ ∙ J, and Q is of 
degree at most p — 1 in rr.

We may accordingly write Q in the form

(1) F(x,y,z, ∙ ∙ ∙) =(zp-z)Ω(x,y,z, ∙ ∙ ∙)+Q(x, y,z, ∙ ∙ ∙),

where the functions G, Φ, Ψ, Ξ belong to [1, x,y,z, ∙ ∙ ∙] and 
that is, that F be divisible by the modular system (p, xp-x, 
yp-y, zp-z, ∙ ∙ ∙).

To prove this theorem, consider F(x, y, z, ∙ ∙ ∙) as a 
function of x and write it in the form

 F(x,y,z, ∙ ∙ ∙) =pG+(xp-x)Φ+(yp-y)Ψ + (zp-z)Ξ+∙∙∙,

necessary and sufficient condition that a function F(x, y, z, 
∙∙∙) of the realm [1, x, y, z, ∙ ∙ ∙] be divisible by p for all 
integral values 1, x, y, z, ■ ∙ ∙, is that F(x,y,z, ∙ ∙ ∙) be of the 
form
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Remark. The discriminant of a modular system may be de­
fined as an “elimination-resultant” of certain systems of equa­
tions. See Kronecker, Ber. Sitzungsber., 1888, p. 451: Werke, 
Vol. III2, pp. 1 ff.

This discriminant is not to be confused, although it sometimes 
is, with the discriminant of a curve or surface, which offers a cer­
tain multiplicity (Mannigfaltigkeit) of the first rank (Stufe), 
while the vanishing of the former indicates a multiplicity of a 
higher rank. See § 25 of the Grundzüge. Konig, Einleitung in 
die allgemeine Theorie der algebraischen Grössen, seeks to give a 
systematic development of the Kronecker theory in two direc­
tions: the one, an algebra of affine transformations, the other, the 
general arithmetic of Kronecker as such.

See also Lasker, “Zur Theorie der Moduln und Ideale,” Math. 
Ann., Vol. 60, p. 20. Other references are found in the Encyclo- 
pedie des sciences mathématiques, Tome 1, Vol. 2, pp. 233 ff.
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from (2) it follows that Q(x, y,z, ∙ ∙ ∙) must have the form
(3) Q(x,y,z, ∙ ∙ ∙) = pG+(yp-y)Ψ + (zp-z')Ξ+∙∙∙,
where G, Ψ, Ξ, ∙ ∙ ∙, are functions of [1, x,y,z, ∙ ∙ ∙], and 
with this, due to (1), it is seen finally that the function 
F(x, y, z, ∙ ∙ ∙) must have the form asserted in the theo­
rem. Since the theorem has been proved for functions 
F(x) of one variable, the inductive method proves its 
validity for any number of variables.



CHAPTER IX

NOTIONS INTRODUCTORY TO THE THEORY 
OF IDEALS

where n, m, and q are integers.
The numbers 5, 9, 13, 17, 21, 29, are irreducible in the 

realm of integers thus fixed; for example, 21 is not equal 
to the product of two other integers of the series. The 
number 10857, however, may be factored in the following 
two different ways 10857 = 141 ∙ 77 = 21 ∙ 517, where 21, 
77, 141, and 517 are irreducible in the fixed realm.

It is observed, however, that this factorization becomes 
unique if the fixed realm of integrity be extended so as to 
include all rational integers.

It is then seen that 10857 = 3∙7∙11∙47 is the unique 
factorization in the extended realm.

Art. 203. Before taking up the general theory of 
ideals, we shall consider their meaning and import in the 
simpler cases of the quadratic and cubic realms.

It may be well to introduce the conception of the ideal 
by means of certain well chosen examples. Sommer 1 
employed the following example: Consider as the fixed 
realm of rationality the realm composed only of integers 
of the form 4n + l, and permit in the discussion only the 
operations of multiplication and division in their usual 
sense.

In the series 1, 5, 9, 13, 17, 21, 25, 29, ∙ ∙ ∙, 45, ∙ ∙ ∙, 117, 
∙∙∙, 517, ∙∙∙ it is clear that the product of any two 
integers of the series is an integer of the series, since

(4n+l)(4m+l) =4q+l,

1 Sommer, Vorlesungen Uber Zahlentheorie, p. 38.
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(7) = (21, 77), (11) = (517, 77), (47) = (517, 141).
It is evident that

(141) = (141, 21)(141, 517); (77) = (77, 21)(77, 517),
and
(10857) = (141, 21) (141, 517) (77, 21) (77, 517) = 141 ∙ 77.
On the other hand

(21) = (21, 141) (21, 77); (517) = (517, 77) (517, 141)
and
(10857) = (21, 141) (21, 77) (517, 77) (517, 141) = 21 ∙ 517.

(693) = (21, 9) (21, 77) (33, 9) (33, 77).

(441) = (21, 9)(21, 49)(21, 9)(21, 49).
Again, 441 = (21)2 = 9∙49. We may write

Here the ideal (a, b) in the restricted realm is merely the 
greatest common divisor of a, b in the extended realm.

In the usual realm of integrity we said (Art. 113) that 
a number k is divisible by the ideal (a, b) when k can be

Similarly it is seen that 693 = 21 ∙33 = 9∙77, where the 
integers 21, 33, 9, 77, are irreducible in the fixed realm. 
Observe that

Kummer’s thought, when applied to the above special 
case, consists in replacing the factors 3, 7, 11, 47 by what 
may be called ideals in the restricted realm. In this 
realm observe that the integers 3, 7, 11, 47 as such, do 
not exist.
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Denote the greatest common divisor of two integers 
by (a, b), and observe that (a, b) = (b, a). The expression 
(a, b) is called an ideal. It is here nothing other than 
the greatest common divisor of the integers a and b 
(Art. 113). Note that 3= (21, 141).

In the extended realm, 3 may be replaced by the 
elements 21,141, which are entities in the restricted realm. 
Further we mav out
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210 = (6, 10)(6, 21)(35, 10)(35, 21) = 2∙3∙5∙7,
= (6, 14) (6, 15) (35, 14) (35, 15)=2∙3∙7∙5,
= (10, 14)(10, 15)(21, 14)(21, 15)=2∙5∙7∙3.

210 = 6∙35 = 10∙21 = 14∙15,

C0=[l, 4, 6, 9, 10, 14, 15, 16, 21, 22, 24, ∙ ∙ ∙],
C1 = [2, 3, 5, 7, 8, 11, 12, 13, 17, 18, 19, 20, 23, ∙ ∙ ∙].

Observe further that the ideals in each of the last three 
lines are equal; for example, (6, 10) = (6, 14) = (10, 14). 
If then we call the integers of Co the real integers and 
those of C1 the ideal integers, it is seen that 210 is equal

1 Hensel, Festschrift zur Feier des 100 Geburtstages Eduard Kummer.

which are three products of prime integers in Co. Ob­
serve, however, that we may write

Let the integers of one class only, say Co, form a fixed
realm. It is seen that

expressed in the form k = xa+yb, where x and y are 
likewise rational integers. But if (a, b) = d, then also 
k = zd, where z is a rational integer. Corresponding to 
every pair of integral values x, y there is an integral 
value z, and vice versa.

It is clear that (a, b) = (a, b, ma + nb) where m and n are 
integers.

Any integer g is said to be divisible by the ideal (α, 6) 
if g may be written in the form xa + yb = g, where x and 
y are integers. When g is divisible by (a, b), we may 
add g as an element to the ideal, so that (a, b) = (α, b, g).

Art. 204. Another illustration due to Hensel 1 is of 
interest. Let all the rational integers be distributed into 
two classes. Into the class Co let unity and those 
integers enter which when factored offer an even number 
of prime factors, while class C1 is to include all those 
integers which when factored present an odd number of 
prime factors. It is seen that



21 = 3∙7 = (l+2√-5)(l-2√-5) = (4 + √-5)(4-√-5)

l-22(-5)≡0 (mod. 7).

l-22∙32≡0 (mod. 7).

l-22(-5)≡0 (mod. 3),

- 5≡22 (mod. 3);

l-22∙22≡0 (mod. 3),

k3={3, 2} and k4={3, - 2}
are the Kummer factors of 3 and 1+2λ∕-5; 3 and 
1 -2√-5, respectively.

Similarly, that which is common to 7 and 4 + √-5 is 
the Kummer factor k1 = {7, 3} while k2= {7, -3} is the 
factor of 7 and 4 - √-5; and ks = {3, 2} is the Kummer 
factor of 3 and 4 + √-5, k4 = {3, -2} being that of 3 and 
4-√-5.

it is seen that

and writing the congruence (ii) in the form

it is seen that
(ii)

From this it is seen that l+2∙3≡≡0 (mod. 7). Compare 
this congruence with the factor l+2√-5. Kummer 
denoted that which is common to 7 and 1+2√-5 by the 
Kummer factor {7, 3}=k1, while the Kummer factor 
k2 = {7, —3} denotes what is common to 7 and 1 - 2√-5.

Observing in a similar manner the congruence

Note that — 5≡32 (mod. 7), so that (i) becomes
(i)

Clearly there is something common to 7 and at least to one 
of the factors (l+2√-5), (1-2√-5). Take the product 
of these factors and form the congruence

to the unique product of the four ideal (Kummer) 
integers 2, 3, 5, 7. Notice also that the elements of the 
ideals, say 6, 10 of (6, 10) are numbers of the fixed 
realm Co.

Art. 205. Consider next the factorization of 21 in the 
realm R(√-5), namely,
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(k1k2)(k3k4) = (k1k4)(k2k3)= (k1k3)(k2k4)

7∙3 = (4 + √-5)(4-√-5) = (1+2√-5)(1-2√-5).

x+wy ≡ 0 (mod. p).

x = pz- wy.

x2 - my2 = p (pz2 — 2wzy+ry2).

p = x2-my2= (x + √my') (x - √my).
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Hence, associated with the factors

are the integers

In the realm of natural numbers the Kummer factors 
have no objective reality. Hence, the name ideal. As 
such they have no quantitative existence. (Smith’s 
Report, p. 110.)

In the more general quadratic realm R(√-5), m≢l 
(mod. 4), we have to do with the factorization of integers 
x+√my (Art. 97). And as above we are led to the con­
sideration of the congruence x2-my2≡0 (mod. p).

If w2≡m (mod. p) or w2-pr = m, where r is an integer, 
we have a Kummer factor {p, w} defined through the 
congruence

This congruence put in the form of an equation is

From this it follows that

Hence, corresponding to the Kummer factor {p, w} of p 
and x + √my, there' is associated a quadratic form 
(p, w, r), and consequently a class of equivalent forms 
with determinant m through which p (connected with w 
as above defined) may be expressed. Then and only 
then when the class to which (p, w, r) belongs is a princi­
pal class (1, 0, m) can p be expressed through the form

In this case and only in this case are the Kummer ideal 
factors {p,w} and {p, - w} numbers (algebraic) and have 
a real existence.

This offers the condition under which the rules of



division that exist in the rational realm are also true in the 
quadratic realms without the necessity of introducing the 
Kummer factors. This is evidently the case when the 
number of non-equivalent classes of quadratic forms 
with determinant m is unity. When the quadratic form 
through which the prime ideal p may be expressed is 
not equivalent to the principal form it is necessary to 
introduce the ideal factors to effect factorization of the 
rational prime integers into irreducible factors uniquely. 
Thus it is shown that the theory of quadratic forms with 
determinant m is exactly correlated with the theory of 
algebraic numbers of the realm R(√m). (See Art. 272.)

The same is true for the theory of any higher realms. 
In such realms there occur forms of a higher degree and 
the distribution of these forms into their linear factors 
corresponds to the unique factorization of the integers 
of these realms into their irreducible elements. This will 
be considered further in the chapter on Kronecker,s 
Linear Forms and in the chapter on Factorable Forms. 
While this is the kernel of the matter, the method to be 
pursued in this direction is not so direct as that found in 
the Dedekind theory.

The Kummer theory may with some modification be 
so changed that the ideal factors of unreal existence may 
be replaced by “ ideals ” of a concrete form. For, 
if a Kummer ideal prime factor {p, w} of p is defined 
through the congruence
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x+wy≡0 (mod. p),
it is seen that the collectivity (complex) of all integers of 
the form x+ r√m which are divisible by {p, w} with a 
suitable choice of x, y, may also be expressed through 
x = pz-wy. And that is, the complex of all those 
algebraic numbers that are divisible by {p, w} is of the
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pz+(√m-w)y.

a==[p, √m-w].

p(zx' - ryy' + wzyr) + (√m — w) (τ∕z' +pzy, — wyy'),

pZ + (√m-w) Y,

The Ideals of the Quadratic 1 Realms

form

It is thus seen that these numbers are all expressed 
through the modul

And it is further seen that any number of this modul 
pz+(√m-w)y when multiplied by any integer of the 
realm, say x' + y'√m is equal to

if we write w2-m = pr.
Observe that this latter exnression is of the form

and that is, a number of the modul α when multiplied by 
an integer of the realm 9ι(√m) is a number of the modul α. 
The counterpart of this in the theory of rational integers 
is: if an integer is divisible by the rational integer a, then 
the product of the first integer by any other integer is 
divisible by a. This might in a measure be used to 
define a rational integer a. It is used by Dedekind to 
define an ideal i=[α, β], where the element p above is 
replaced by a and where β stands for √m - w. Ac­
cordingly, the ideal i is defined as the complex of integers 
aλ + βμ where λ and μ run through all the integers of the 
given realm, and where a and β are definite fixed integers 
of this realm (see Art. 272, end).

Art. 206. Definition. A system of integers a, β, 
7, ∙ ∙ ∙ of the realm R(√m), say i = (α, β, γ, ∙ ∙ ∙), such that 
every linear expression aλ+βμ+7p+ ∙ ∙ ∙, where λ, μ, ν, ∙ ∙ ∙ 
are any integers in R(√m), forms an integer that belongs to 
the system, is called an ideal of the realm.

1 Report on Algebraic Numbers, p. 5.
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Any integer τ that is divisible by the ideal t may be 
expressed in the form τ = αλ1+βμ1 + yν1+∙∙∙, where 
λ1 μ1, ν1, ∙ ∙ ∙ are definite integers of R(√m). Such an 
integer τ may be added as an element to t so that i = (α, β, 
y, ∙ ∙ ∙, τ). Thus any integer τ is divisible by i when it 
may be adjoined or added as an element of i.

In particular, an ideal is called a principal ideal, 
when the integers that belong to it are multiples of one 
integer, say α; for example, i = (α, αλ, αμ, ∙ ∙ ∙) or simply 
i=(α)∙

If the ideal contains 1 or any integer that is a divisor 
of 1, it is called a unit ideal, and written i= (1).

The ideals are denoted by German letters a, b, ∙ ∙ ∙, p.
Definition. Two ideals (α, β, γ, ∙ ∙ ∙) and (α1, 
β1,γ1, ∙ ∙ ∙) ∙ of the realm R(√m) are equal, and written

(α, β, y, ∙ ∙ ∙) = (α1, β1, y1∙ ∙ ∙)
if every integer a of the first ideal belongs to the second ideal, 
that is, if α = α1λ, β1μ, + ∙ ∙ ∙, and. if, reciprocally, every 
integer aγ of the second ideal belongs to the first, so that 
α = α1λ, β1μ, + ∙ ∙ ∙, where λ, μ, ∙ ∙ ∙, λ1, μ1, ∙ ∙ ∙ are integers 
of the realm, with similar conditions for β, β1, etc.

For the multiplication of ideals the following may 
serve as a definition: If a = (a, β, y, ∙ ∙ ∙) and b = (α1, β1, 
γ1, ∙ ∙ ∙) are two ideals of the realm  R(√m), then the product 
of these ideals is had, if every element of α is multiplied by 
every element of b, the terms thus had forming the elements 
of the ideal a ∙ b, that is

a∙b= (αα1, aβ1, ∙ ∙ ∙, βa1, ββ1, ∙ ∙ ∙, γa1, γβ1, ∙ ∙ ∙).
From this definition it is seen at once that the two 

factors may be interchanged and that αb = ba.
An ideal a is divisible by an ideal b, if there is an ideal 

c of the realm such that ab = c.
Thus while multiplication and division of integers may
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It will be proved first that if a1 + b1ω and a2+-b2ω are 
any two numbers of the ideal, there belongs also to the 
ideal a number a' + b'ω, in which b' is the greatest 
common divisor of b1 and b2. For there belongs to the 
ideal the integer x(a + b1ω) + y(a1+δ2ω), where x and y are 
rational integers whiσh may be so chosen that xb1+ yb2 
= b',. By repetition, it is evident that the integer g+f2ω 
belongs to the ideal, where g is a rational integer and i2 
the greatest common divisor of b, b1, b2, ∙ ∙ ∙.

Having adjoined g+-i2ω and g1 as elements of the ideal, 
it is seen that a1+b1ω may be expressed linearly in terms 
of these two elements and consequently dropped from 
the ideal.

Similarly writing

Since is a rational integer, it is clear that we may

adjoin as an element of the ideal

be extended to ideals, the conception of addition and 
subtraction cannot be extended to ideals.

Theorem. In every ideal of the realm R(√m) there may 
be derived in an infinite number of ways two integers 
ι1 and ι2 of the realm such that every number of the ideal may 
be expressed as a linear combination of these two integers 
with integral rational coefficients l1 and l2 in the form

l1ι1 + l2 ι2.
Write the ideal i so that every element is expressed 

through the basis of the realm in the form (Art. 97)
i= (a1+b1ω, a2 + b2ω, α3 + b3ω, ∙ ∙ ∙, G1, G2, ∙ ∙ ∙)

where a1, b1, a2, b2, ∙ ∙ ∙, G1, G2, ∙ ∙ ∙ are rational integers.



i= (g+i2g1, g2, g3, ∙∙∙, G1, G2, ∙ ∙ ∙)∙

a1g1 + a2g2 + ∙∙∙ +A1G1 + A2G2+ ∙∙∙ = ί·

ι*1 = a1ι1 + b1ι2,
ι*2 = a2ι1 + b2ι2

is had, if the determinant a1b2 - a2b1 = ±1. In this case 
i= (ι1, ι2)= (ι*1, ι*2)·

When an ideal has been reduced to the form (i, i1+i2ω), 
it is said to be in its canonical form. Further note that 
ωi+(i1+i2ω) is an integer that belongs to the given ideal 
and consequently the coefficient of ω is divisible by i2. 
It follows that i + i2 is divisible by i2 and therefore also i 
is divisible by i2. If ω' is the conjugate of ω, it is clear 
also that ω'(i1+i2ω) is an integer of the ideal, and it fol­
lows that i1 is divisible byi2.

The quantities ι1, ι2 form a basis of the ideal t. Any 
other basis (Art. 94) say

Hence i may be added as an element to the system; then, 
since the integers g1, g2,, ∙ ∙ ∙, G1, G2, ∙ ∙ ∙ are all divisible 
by i, they may be dropped from the ideal, which becomes 
(i, g+i2ω).

Suppose further that g is greater than i so that g 
= ig' + i1 where i1<i. We may then add as an element 
to the ideal g+i2ω-g'i = i1+i2ω. When this has been 
done, it is seen that g+i2ω may be dropped, since this 
element may be expressed linearly in terms of i and 
i1+i2ω. Thus the original ideal becomes finally
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it is clear that if g2 is adjoined as an element to the ideal, 
then a2+b2ω may be dropped from it. By continuing 
this process, the ideal t becomes

If i is the greatest common divisor of g1, g2,, ∙ ∙ ∙, G1, G2, 
∙ ∙ ∙, it is possible to determine rational integers a1, a2, ∙ ∙ ∙, 
A1, A2, ∙ ∙ ∙, such that

i= (i, i1+i2ω) = (ι1, ι2), where ι1 = i, ι2 = i1 +i2ω.
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Art. 207. Applications. We saw (Art. 205) that in 
the realm R(√-5)
21 = 3 ∙ 7 = (4 - √-5) (4 +  √-5) = (1 + 2  √-5) (1 - 2 √-5).

It may be proved that 
21 = (3, 4- √-5)(3, 4+√-5)(7, 4+ √-5)

× (7, 4 -  √-5) = p1p2p3p4
= (3, 1+2√-5)(3, l-2√-5)(7, l+2√-5)

×(7, l-2√-5) = p5p6p7p8
= (4-√-5, 1+2√-5)(4 + √-5, l-2√-5)

×(4 + √-5, l+2√-5)(4-√-5, l-2√-5)
= p9pl0pllpl2∙

F or, writing for brevity p1 = (3,4 - √-5), p2 = (3,4 + √-5), 
etc., in the order indicated, it may be proved first that

p1 =p5 = p9 p2 = p6 = pl0 p3 = p7 = pll p4 = p8 = pl2

l+2√-5 = (4-√-5) ∙ 1 -3(1 -√-5)

4-√-5=(l+2√-5)∙l + 3(l-√-5).

To nrove this observe that

and

Hence, 
p1 = (3, 4-√-5) = (3, 4-√-5, l+2√-5)

= (3, 1+2√-5)=p5.
This follows directly; for

(3, 4-√-5) = (3, 3+l + (2-3)√-5) = (3, 1+2√-5).
And similarly

p9=(4-√-5, l+2√-5. 9.21.3) = (3.4-√^5)=p11.
Secondly, it is seen that
(3, 4+√-5)(3, 4-√-5)

= (32, 3(4+√-5), 3(4-√-5), 21, 3) = (3)
while

(7, 4+√-5)(7, 4-√-5) = (7),
etc. Then by means of the ideals we have the unique
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factorization of (21) as the product p1p2p3p4. Further 
observe that
(3,4+√-5)(7, 4+√-5)

= (21, 3(4+√-5), 7(4+√-5), ll+8√-5);
and since the greatest common divisor of 3 and 7 is 1, 
it is seen that 4 + √-5 may be added as an element of the 
ideal on the right. Since both 21 and 11+8√-5 are 
divisible by 4 + √-5, it follows that

p2p3=(3, 4+√-5)(7, 4+√-5) = (4+√-5).
Similarly we have

p1p4 = (3, 4-√-5)(7, 4-√-5) = (4-√-5),
p1p3= (3, 4-√-5)(7, 4+√-5) = (l+2√-5),
p2p4 = (3, 4+√-5)(7, 4-√-5) = (l-2√-5).

In this realm it is seen that
(2) = (2, 1+√-5)(2, l-√-5),

or, since
(2, l-√-5) = (2, l + √-5) = q5

we have
(2) = (2, 1 + √-5)2.

6 = 2∙3 = (4 + √10)(4-√10)

(2, 4+√10) = (2, √10) = p1 = (2. 4-√√10),
(3,4+√10) = (3, l + √10)=p2,
(3, 4-V10) = (3, l-√10) = p3.

(6) = (2, √10)2(3, 1 + √10)(3, l-√10)=p12⅛p2p3;
It is evident that

Form the ideals

Thus in the realm R(√-5), the prime ideal factors of the 
integers 2, 3, 4, 5, 6, 7, 8, 9, 10 are found among p1, p2 
p3, p4, q1, q2 = (√-5).

As a second example, observe that in the realm 9t(VTθ) 
the fundamental units are 3±√10(ϵ, or ϵ',) and that



In this realm note that 3 is divisible by the second power 
of an ideal, as is also 5; further observe that both 3 and 5 
are divisors of the discriminant of this realm.

Art. 208. Realms in Which There Exist Only Principal
Ideals. Such realms are clearly those in which Euclid’s 
Algorithm for division is applicable. For if τ is the

(17) = (17, 5+ω)(17, 5+ω').

(5) = (5, √-15)2=(5, -l+2ω)2=(5, 2+ω)2
(canonical form).

(canonical form). It is also seen that

(2) = (2, ω)(2, ω')
(3) = (3, √-15)2 = (3, -l+2ω)2

= (3, -l+2ω, 3ω-(-l+2ω))2
= (3, l+ω)2

are a + bω. where a and b are rational integers. It is
seen that

realm is and the integers of the realm

As a third example consider the integers of the realm 
R(√-15). Since -15= +1 (mod. 4), the basis of this

(5) = (5, √10)(5, √10)
(13) = (13, 6+√10)(13, 6-√10).

In this realm show that
(2, √10)(3, l-√10) = (4-√10).

and

for
(2, √10)2 = (4, 2√10, 10) = (2)
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and
(3, l+√10)(3, 1-√W) = (9, 3+3√W, 3-3√10, 6) = (3).
Similarly it is seen that
(2, √10)(3, l + √10) = (6, 2+2√10, 3√10, 10 + √10)

= (6, 2+2√10, 3√10, 10+√10, 4+√10) = (4 + √10)



greatest common divisor of the algebraic numbers a, β, 
γ, ∙ ∙ ∙, then is (α, β, γ, ∙ ∙ ∙) = (α, β, γy, ∙∙∙ τ) = (τ).
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Art. 209. Congruences with Respect to Ideals. The 
Norm of an Ideal. We say that a is congruent to zero 
with respect to the ideal α, and write α≡≡0 (mod. a), when 
a is one of the numbers that belong to the ideal a; and 
that is α = λ1α1+λ2α2+ ∙ ∙ ∙, where λ1, λ2, ∙ ∙ ∙ are definite 
algebraic integers in the realm to which α = (α1, α2, ∙ ∙ ∙) 
belongs. Similarly a≡β (mod. a), when a - β can be 
written in the above linear form.

If an ideal α is given, all the integers of the realm in 
which α is defined may be distributed into classes, such 
that the integers of every class are congruent to one 
another with respect to the ideal; and no integer of one 
class is congruent to an integer of another class with 
respect to this ideal. Any integer of a class being 
congruent (mod. α) to any other integer of the same class 
may be chosen as a representative of this class. The 
number of representatives is equal to the number of 
classes and no representative is congruent (mod. α) to 
any other representative. Such a system of repre­
sentatives constitute a complete system of incongruent 
residues with respect to α. The number of representatives 
constituting such a system of incongruent residues with 
respect to the ideal a = (i, i1+i2ω) is |i∙i2|. This number 
is called the norm of a and is written N(a). It is the 
number of classes into which the integers of the realm 
may be distributed with respect to the modulus a. 
Consider any integer a+bω with respect to a.

It is seen that a can have any of the values

(I) a = 0, 1, 2, ∙ ∙ ∙i-1 and that b can take values
b = 0, 1, 2, ∙ ∙ ∙ i2 — 1 where i, i2 may be taken positive.

The system (I) forms a system of ii2 numbers which 
satisfy the two following conditions:



a1, bl
a2 b2N(a) = = i∙i2.

(Art. 94). It follows that

r, s
t, u = ÷1

a1 = ri + si1,
a2 = ti-+-ui1,

b1 = si2,
b2 = ui2,

A - a - l2i1 - l1i,

B - b = l2i2,

A+Bω - (a+bω) = l1i + l2(i1+ i2ω),

ak+bkω- (al + blω) ≡0 (mod. a),
then is ak-al+(bk-bl')ω a number of the ideal α and 
consequently (bk-bl) is divisible by i2. This can be true 
only if bk = bl since both of these numbers are less than i2, 
and then ak-al must be divisible by i. It follows that 
ak = al, for both ak and ai are less than i.

2nd. Any number A+Bω of the realm is congruent to 
one and only one of the number a+bω with respect to α, 
where a and b take values as indicated in (I). For 
writing
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1st. No two numbers are congruent with respect to a. 
For if

we may so determine b(<i2) that

where l2 is a definite integer, and then a(<i) may be so 
determined that

where l1 is a definite integer.
It may be next shown that if d and ι2 constitute an arbi­

trary basis of the ideal a = (i, i1+i2ω), and if ι*1 = a1+b1ω 
and  ι*2= a2 + b2ω, then is

ι*1 = ri+s(i1+i2ω),
ι*2 = ti + u((i1+i2ω),

where

For the basal elements d and d may be written



a1 b1
a2, b2 = ii2 r, t

s, u = ii2

and consequently:

INTRODUCTORY NOTIONS OF IDEALS 349

where the positive sign is to be taken, since the norm is 
always a positive integer.

It is thus seen that the norm of an ideal is independent 
of its basis.

The norm of an ideal is the product of conjugate ideals. 
If in the ideal a = (α, β, γ, ∙ ∙ ∙) we write the conjugates of 
α, β, ∙ ∙ ∙, we derive another ideal, say, a' = (α', β', γ', ∙ ∙ ∙) 
which is called the conjugate of α.

Theorem. The product of an ideal and its conjugate is a 
rational principal ideal, and in fact

|a∙a'| = i∙i2 = N(a).

a= (i, i1+ +i2ω), a' = (i, i1+i2ω').
For let

a=(i2)(a, a1 + ω), a' = (i2)(a, a1 + ω')

(a1+ω)(a1+ω')≡0 (mod. a);

a∙a' = (i2)2(a2, a(a1+ω), a(a1+ω'), (a1+ω)(a1+ω')).

It was seen in Art. 206 that i and Λ are multiples of i2. 
Write i = ai2 and ii = a1i2, where a and ai are integers. It 
follows that

and consequently aa' = (i2)2 (a, a1+ω) (a, a1+ω'). 
Further note that

for a is a divisor of every rational integer of the ideal 
(a, a1+ω). Through multiplication we have

Case I. When m≡3 (mod. 4), ω = √m, ω,= -√m. 
observe that



= (i2)2(a) = (ii2)∙

divisor q > 2. If a, 2m, bad 2 as a common factor,

As above it is seen that a, 2m, have no common

Case II. When m≡2 (mod. 4), ω = √m, ω'=-√m. 
We then have as in the first case
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Further it may be shown that the greatest common

divisor of a is 1. For suppose that these three

integers have as a divisor the prime number q>2. It is

clear that if we put a = qb, then must be an inte­

ger, and since a21 - m is divisible by q as is 2m by hypothe­
sis, it follows that a21 is divisible by q and consequently al 
is divisible by q. Further since a21-m is divisible by q2, 
then necessarily m is divisible by q2, which is contrary to 
the assumption that m must not contain an integer 
squared as a factor. (Art. 97.)

If 2 were a divisor of a, 2m. then a21-m must

be divisible by 4. Since however m≡3 (mod. 4) or 
m = 4k+3, a1 must be an odd integer =2g + l, say. We 
must then have (2g+l)2 - 4k — 3 divisible by 4, which is 
not true.

It follows that



(a1+ ½)2

(a, a1+ω)(a, a1+ω') = (a).

N(a ∙ b ∙ c ∙ ∙ ∙) = a ∙ b ∙ c ∙ ∙ ∙ a' ∙ b' ∙ c' ∙ ∙ ∙
= A(a)A(b )A(c)∙∙∙.

Art. 210. Theorem. If a is an arbitrary integer of 
the complete system of representatives (Art. 209)

Note that the norm A(a)=u2 belongs to the rational 
integers of α. Further note that the norm of a product 
of ideals is equal to the product of their norms, for

a factor, and consequently q2, we would necessarily have 
m divisible by q2 It follows as in the two preceding 
cases that

prime to q, for since contains q as

Now if a, m, 2α1 + l contain a prime factor q, then is

must be integral. But as m is divisible by 2, it follows 
also that a21 must be divisible by 2, and therefore also by 
4. We must then have m divisible by 4, which is not 
true. Hence, as above, it is seen that

then writing a = 2k (k an integer), it is seen that
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(a, a1+ω)(a, a1+ω') = (a).
Case III. When

m≡ 1 (mod. 4), we have

In this case
(a, a1+ω)(a, a1+ω')



i1* =α+bω,

i1*= a+bω,
i2* = bm+aω,

N(a) = | a2 — b2m | = | N(α) |.

EXAMPLES
1. Let a=x+iy be an integer of R(i) so that N(α) = x2+y2. 

Since in this realm Euclid’s Algorithm for finding the greatest 
common divisor is applicable, all ideals are principal ideals. If 
ῶ = x+iy is a prime integer of R(i) that is not rational, then is 
N(ῶ) = x2+y2 = ῶῶ' a rational prime integer in R, say p (Art. 240), 
and consequently the system of residues of R(i) with respect to ῶ 
consists of p integers. If, however, a rational prime integer in 
9ι(l), q say, is also prime in R(√m), then is N(q') = q∙q = q2.

As an illustration take 5=(2+ι)(2-i)=ῶ∙ῶ', where ῶ = 2+i. 
The five representatives of the complete system of residues, mod. ῶ, 
are 0, 1, 2, i, l+i. Every other integer of R(i) is congruent (mod. 
α) to one of these five integers, for example
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with respect to a, consists of |N(α)| integers. For this 
number is the same as the number of representatives 
which constitute a complete system of residues taken 
with respect to the principal ideal (α) = a, say. As basis 
of a, we may take i1* = α, and i2* = αω. Further writing 
α = a+bω, it is seen when m≡1(mod. 4), that

since

It follows (Art. 209) that

In the second case, when m≢1 (mod. 4),

and as above, we have

2≡ — V--l (mod. ῶ),
3≡ 1 (mod. ῶ), 
4≡ +l+i (mod. ῶ),



etc. Similarly, since 3 is irreducible in R(t), the nine integers 0, 1, 
2, i, 2i, l+ι, l+2i, 2+i, 2+2i constitute a complete system of 
incongruent residues (mod. 3). Show that this number is 13 in the 
case of 2+3f.

2. In the realm R(√-5), it is seen that (3) = (3, l + √-5)(3,
1 - √-5) and the integers 0, 1, 2, constitute a complete system of 
residues with respect to the ideal (3, l + √-5). On the other hand
II is irreducible in R(√-5 and the integers a+ib consisting of the 
121 combinations α=0, 1, 2, ∙ ∙ ∙, 10; 6 = 0, 1, 2, ∙ ∙ ∙, 10 constitute 
a complete system of residues taken with respect to p= (11, 11√-5), 
N(p) being 121.
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Art. 211. Theorem. An ideal may have as factors 
only a finite number of ideals. For let i = a∙b∙c∙∙∙ ∙, then 
is N(i) =N(a)N(b)N(c) ∙ ∙ ∙, and the rational integer N(i) 
is divisible only by a finite number of rational integers. 
Of course, unit ideals are not counted.

It follows also that there are only a finite number of 
ideals whose norms are less than a fixed rational integer.1 
And this is equivalent to saying that there are only a 
finite number of different ideals2 which contain as an 
element a given finite integer α.

If an ideal is a divisor of a rational prime integer p, 
then p is a number belonging to this ideal and can be 
expressed therefore through the canonic form

(i, i1+i2ω).
Consequently since p may be added as an element of 
this ideal, it is evident that i = p, otherwise (i, p) = 1 and 
the ideal reduces to a unit ideal.3 Since i2 is a divisor of i,

1 When this ideal is in its canonical form, its norm =ii2 and this product being 
ess than a given integer restricts i and is and therefore the number of ideals in 
which these integers occur.

2 For, observe that the norm of an element α of an ideal is a rational integer 
that may be added as an element and therefore is divisible by i.

3 If an element a. of an ideal divides 1, and is therefore a unit of the realm, 
then N(α) =1 is an element of the ideal, which may accordingly be called a 
unit ideal. Further observe that the unit ideal (1) consists of all the integers of 
the fixed realm.



The Unique Factorization of Ideals

Art. 212. If we define prime ideals as such that are 
different from unit ideals and which are divisible only

it is in this case either p or unity. In the latter case the 
ideal is of the form (p, i1+ω) where i1<p but otherwise 
undetermined; in the first case the ideal is of the form 
(p, pω), for fι is divisible by i2 and may be neglected.

To the two cases (p, i1 +ω), (p, pω) correspond the 
norms p and p2. In the first case the ideal is said to be 
one of the first degree, and in the second case it is said to 
be of the second degree. We thus have the theorem:

Theorem. The norm of an ideal, which is a divisor of a 
rational prime integer p is either p or p2.
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1. R(√-5). Let i=(2, l + √-5), i'=(2, l-√-5). Note that
i=2, i2=l, so that 2V(i) = 2. It is seen that

ii'=(4, 2+2√-5, 2-2√-5, 6)
= (4, 2÷2√-5, 2-2√-5, 6, 2)=(2).

If t=(3, l + √-5), i'=(3, l-√-5), then is N(i) = 3=ii'. If
i=(21, 10+√-5), i'=(21, 10-√-5). then N(i) = 21=ii'.

2. R(√-5), Let i= (2, ω), i' = (2, ω'). It follows

that 7Vit') = 2. Tt is further seen that

= (4. l+√-15, l-√-15, 4)
= (4, l + √-15, l-√-15, 4, 2)=(2),

since are integers in this realm. If i= (17, 5+ω), it is seen

that iV(i) = 17 = ii'.
3. Derive the complete system of incongruent residues of the 

preceding ideals.

EXAMPLES



by themselves and by unit ideals, then it may be proved 
that the decomposition of ideals into their prime ideals 
as factors is unique.
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Before attempting to prove this fundamental theorem, 
we must introduce a series of lemmas.

Theorem. If a, b, c are any three ideals that are 
different from zero, and if ac = ab, then is c = b. For 
multiply both sides of the expression by a', so that 
aa'c = aa'b, or N(a)c = N(a)b. Since division by the 
rational factor N(a) is admissible, it follows that c = b.

Important Theorem. If all the elements of an ideal 
a are congruent to 0 with respect to the ideal b, then is a 
divisible by b. Let the two ideals be a = (α1, α2, ∙∙∙), 
b = (β1, β2, ∙ ∙ ∙) and b' = (β1', β'2, ∙ ∙ ∙). Then by hypothesis

α1≡0 (mod. b), α2≡0 (mod. b),

α1β1'= N(b)γ11, aιβ2 = N(b)γ12,
α2β1' = N(b)γ12, a2β2 = N(b)γ22,

where γ11, γ12, ∙ ∙ ∙ are integers of the realm. It follows 
that ab'= N(b)(γ11, γ12, ∙ ∙ ∙) where (γ11, γ12, ∙ ∙ ∙) consti­
tute an ideal, say c. We thus have ab' = bb'c or a = bc .

It follows from this that the greatest common divisor 
b of two ideals a = (α1, α2, ∙∙∙) and b = (β1 β2, ∙∙∙) is 
d = (α1, α2, ∙ ∙ ∙, β1 β2, ∙ ∙ ∙). For an ideal that is a divisor 
of a contains the elements α1, α2,, ∙ ∙ ∙, and if such a divisor 
is also the divisor of b, it must contain the elements 
β1, β2, ∙ ∙ ∙. Further any other ideal k which is divisible 
by both a and b is such that b > k.

α1β1'≡0 (mod. bb'), α1β'2≡0 (mod. bb'),
α2β1'≡0 (mod. bb'), α2β'2≡0 (mod. bb ),

It follows that

and consequently



Art. 213. Theorem. If a product of two ideals 
a and b is divisible by a prime ideal p, and if b is not 
divisible by p, then is a divisible by p; or if the product ab is 
divisible by p, then at least one of the factors a or b is divisible 
by p. For write a and b as above, and put p = (ῶ1 ῶ2, ∙ ∙ ∙). 
Since by hypothesis b is not divisible by p, the ideal 
(1) = β1 β2, • ∙ ∙, ῶ1 ῶ2, ∙ ∙ ∙) is a unit ideal, and it is 
possible to find a number β in b and a number ώ in p such 
that l=β+ῶ. It is also seen since αb≡O (mod. p) that 
p = (ῶ1 ῶ2, ∙∙∙, ab) and therefore also α1β≡0 (mod. p), 
a2β≡0 (mod. p), ∙ ∙ ∙. Since ῶ is divisible by p, it follows 
that α1(β + ῶ) ≡0 (mod. p), a2(β + ῶ) ≡0 (mod. p), ∙ ∙ ∙; or 
since β+ῶ = 1, it is evident that α1≡0 (mod. p), α2≡0(p), 
• ∙ ∙, and consequently α is divisible by p.
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Art. 214. Theorem. The factorization of ideals into 
their prime factors is unique. Let i be a given ideal and 
suppose that i = p1 ∙ p2∙ ∙ ∙ pn, where p1, ∙ ∙ ∙ are prime ideals. 
If further i = q1∙q2∙ ∙ ∙qm, where q1 ∙ ∙ ∙ are prime ideals, it 
must follow that p1 ∙ p2∙ ∙ ∙ pn = q1∙q2∙ ∙ ∙qm· Of course, in 
this expression some of the p’s as well as of the q’s may be 
repeated. It is evident that p1 must divide the product 
on the right and is therefore either a divisor of q1 and is 
equal to q1 or it is prime to q1 and then  p1 must divide the 
product q2∙ ∙ ∙qm,. In this case p1 must equal q2 or it must 
be a divisor of q3∙ ∙ ∙qm,. Through repetition of this 
process it is seen that p1 must be equal to at least one of 
the quantities q. By dividing this common factor out, 
and by continuing the method of procedure, the theorem 
is proved. (bommer, loc. cιt., p. 56.)

Art. 215. The following theorem offers a practical 
application of determining whether ideals are prime or 
not.

Theorem. Every prime ideal of the realm R(√m) is
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always a factor of a rational prime integer p, or more 
exactly, of a rational principal ideal (p). For if p is a 
prime ideal, then N(p) = p∙p' = <7, where g is a rational 
integer. Denoting the prime factors of g by p1, p2, ∙ ∙ ∙, 
it is evident from the theorem above, since p ∙ p' = p1 ■ p2 ∙ ∙ ∙ 
that one of the factors pi, p2, ∙ ∙ ∙ is divisible by p. 
Further, no two of these factors are divisible by p, for see 
Art. 211. In that case the two prime integers would 
occur as elements in the prime ideal p, and as their 
greatest common divisor is 1, the ideal would reduce to a 
unit ideal. If p is divisible by p, it follows also that p is 
divisible by p' and that pp' = p. It may be observed 
further that only those algebraic integers are divisible by 
p whose norms are divisible by p. For if a is divisible by 
p, then α may be adjoined as an element of p, as also the 
norm of α. Since p is an element of this ideal, it is 
evident that unless N(α) is divisible by p, the greatest 
common divisor of N(α) and p would be unity, and the 
ideal p would become a unit ideal.

To determine the ideal prime factors of any ideal α, 
first form N(a)=g, say. Then distribute g into its 
rational integral prime factors, and finally those prime 
integers into their ideal prime factors. The fact that 
the norm of every element of an ideal is an element of the 
ideal and hence divisible by p must not be lost sight of. 
In the distribution of the rational prime integer p into its 
prime ideal factors, note that every principal ideal may 
be expressed through one number a, say, in the form (α). 
And every ideal which is not a principal ideal may be 
expressed through two integers in the form (α, β) where 
a and β do not necessarily form a basis of the ideal. 
This is proved below in the form of a theorem.

Lemma. If a and b are two ideals that are different,



The Ideal Factors of the Rational Prime 
Integers in the Realm R(√m)2

Art. 216. We saw (Art. 211) that a prime ideal which 
is a factor of a rational prime integer must have one or 
the other of the forms
(1) p = (p, a+ω),

1 See Reid, The Elements of the Theory of Algebraic Numbers, p. 318.
2 See Sommer, Vorlesunaen uber Zahlentheorie, p. 59.

the factorization of p into ideal factors, since p occurs 
itself as one element in each such ideal factor, it is only 
necessary to determine the second element.

it follows that i=(α, β). InWriting

are relatively prime to pi∙(i = l, 2, ∙∙∙, r). It follows 
that α = α1+α2+∙∙∙+αr is an integer as is required in
the lemma.

Theorem. Every ideal i may be expressed in the form 
(a, βf where i is the greatest common ideal divisor of the 
integers a and β. For choose any two integers a and β of

the ideal such that is relatively prime to

there exists an integer a of a such that the quotient
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is prime to b.1
If b = p is a prime ideal, the lemma is at once evident.

For were divisible by p for every integer α of a, it

would follow that a was divisible by αp, which is not true.
For the general case let p1, p2, ∙ ∙ ∙, pr be the different 

prime ideal factors of b, and form the ideals
a1 = ap2p3∙ ∙ ∙pr, a2 = ap1p3∙ ∙ ∙pr, ar = ap1p2∙ ∙ ∙pr-1

and let resoectivelv αi be integers of αl∙ such that



In the first case (p) = pp' and consequently (p) may be 
factored into a product of two prime ideals; in the second 
case p = (p) and here p is not reducible.

A simple criterion may be derived by means of which 
it may be determined whether a prime integer is reducible 
into a product of two prime ideals as follows:

Case I. m≡3 (mod. 4), discriminant d = 4m. Let 
p > 2 be an arbitrary prime number, which is not a divisor 
of the discriminant d = 4m.

If p is factorable = (pp') in the realm R(√m), then is

(p, a-+√m, a-√m) = (p, a-+√m,  a-√m, 2a);
and as p and 2α are relatively prime, this ideal reduces to 
a unit ideal.

The fact that x2-m≡0 (mod. p) has a solution x = a, 
which is not a solution of x2-m≡0 (mod. p2), is denoted 
in the theory of quadratic residues by the Legendre

p = (p, a + √m) = (p, a + √m, a2 - m).
It follows that

a2 -  m≡≡0 (mod. p),
otherwise the ideal would be a unit ideal.

Reciprocally, if the congruence

admits an integral rational solution x = a, then is p 
reducible, being the product of two prime ideals that are 
different from each other. For if x = a is a solution of 
this congruence but not of the congruence x2-m≡0 
(mod. p2), then are p = (p, a+√m) and p' = (p, a-√m) 
two prime ideals that are divisors of p. These two ideals 
are different, since their greatest common divisor is

x2-m≡0 (mod. p)

p = (p, pω) = (p)(l, ω) = (p).(2)
or
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p=(2, 1 + √m) = p' = (2, 1 -√m).

x2- m = 0 (mod. 79)

p=(p, √m) = p' = (p, - √m),
admits the solution x = 0 and p is divisible by

Finally let p be an odd prime factor of m, which can 
be only of the first power, since m by hypothesis does not 
contain squared factors.

In this case the congruence

We must next consider the prime integers that are 
factors of the discriminant d = 4m, namely 2, and the 
odd simple factors of m. The congruence x2-m≡0 
(mod. 2) is satisfied by x = 1 or x=-1, two solutions 
which are (mod. 2) equal. Hence as prime ideals we have

p be factorable. (See Sommer, Vorlesungen, p. 60.)
If x2 - m≡0 (mod. p), or, what is the same thing, if 

y2-d≡0 (mod. 79) does not admit of an integral solution, 
then p is irreducible in the realm R(√m) and (79) is itself a 
prime ideal. The fact that the congruence x2-d≡≡0 
(mod. 79) cannot be solved is represented through the 
symbol

If p>2, the congruence x2-m≡0 (mod. 79) admits a 
solution if y2-4m≡0 (mod. 79), that is, if y2-d≡0 (mod. 
79). For among the solutions of the latter congruence is 
evidently an even integer and consequently x = ½y is a 
solution of the former congruence. Hence instead of

writing we may put as the condition that

symbol



It is seen that every prime integer that is a divisor of 
the discriminant d, is factorable, being the square of a 
prime ideal.

If p is a rational prime integer that is a divisor of d; 
and that is, if the congruence y2- d≡≡0 (mod. p) has the 
solution y≡Q (mod. p) which is counted twice, then this 
fact is expressed through the symbol

(p) = p2.

which ideals are different from unity and from p. We 
thus have
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EXAMPLES

1. Realm R(√-5), 2m= - 5, d= - 20. It is seen that 2 and 5 are 
the only prime factors of 20, and consequently are factorable into 
the squares of prime ideals. In fact

(2) = (2, l + √-5)2, (5) = (√-5)2.
The congruence z2 + 5≡≡0 (mod. p) admits solution for p = 3, 7, 23, 
∙ ∙ ∙, but cannot be solved for p= 11, 13, 17, 19, ∙ ∙ ∙.

We thus have
(3) = (3, l + √-5)(3, l-√-5), 
(7) = (7, 3 + √-5)(7, 3-√-5),

(23) = (23, 8+√-5)(23, 8-√-5),

(2) = (2, 1+√35)2, (5) = (5, √35)2, (7) = (7, √35)2.

(13) = (13, 3+√35)(13, 3-√35),
(17) = (17, 1+√35)(17, l-√35),
(19) = (19, 4+V35)(19, 4-√35),

while (3), (11), ∙ ∙ ∙ are prime ideals.

while (11), (13), (17), ∙ ∙ ∙ are prime ideals.
2. Realm R(√35), m=35, d=140. The prime integers which 

divide 140 are 2, 5, 7, and therefore

The congruence x2-35≡0(mod. p) admits solution for p= 13, 17, 19, 
∙ ∙ ∙, but cannot be solved for p = 3, 11, ∙ ∙ ∙.

We therefore have



or

must be divisible by p, and therefore (2a+l)2-m≡0 
(mod. p) or x2-d≡0 (mod. p) must admit a solution.

Case III. m≡l (mod. 4); d = m. Suppose first that 
p is an odd prime integer, such that (m, p) = 1. If p is 
reducible, it must have as a prime factor p = (p, α+ω); 
and consequently

etc.

(2) =(2, √10)2, (5) = (5, √10)2,
(13) = (13,6 + √10)(13,6-√10),

(7) = (7), (11) = (11),

Example. 9t(V10), 4m —d=40. The prime divisors of 40 are 2 
and 5. It is seen that

has the root x = 0, which is to be counted twice and as 
above we must write

x2-d≡ 0(mod. p)
In both of these cases the congruence

(p) = (p, √m) 2 = p2.

and for an odd prime integer that divides d or m it is also 
seen that

(2) = (2, √m) 2 = p2;
If p = 2, then is

Case II. m≡2 (mod. 4), discriminant d = 4m. It is 
seen here as in the first case that if p is a prime rational 
integer which is not a divisor of d, then p is reducible or 
irreducible in R(√m) according as
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We thus have as above

It may be shown that p = (p, a+ω) and p = (p, a+ω') 
are different, for it is seen that their greatest common 
divisor (p, a+ω, a+ω') = l. It is further seen that p 
is not a unit ideal, nor is it equal to (p).

Suppose next that p = 2. If 2 is divisible by the prime

ideal p = (2, α+ω), then from above must be

an even integer and consequently (2a+l)2- m is divisible 
by 8. Hence if 2 is factorable, the congruence
(1) x2-d≡0(mod. 8)

if m ≡ 1 (mod. 8); andAnd that is if

m≡ 5 (mod. 8).

admits solution. This congruence may be solved it 
d≡ 1 (mod. 8), but cannot be solved if d≡ 5 (mod. 8).

When (1) admits a solution, it is seen that p = (2, α+ω) 
and p = (2, a+ω') are different, and that neither of them 
is a unit ideal or = (2).

Finally suppose that p is an odd prime integer which is

a factor of m. Then as above must be an

integer that is divisible by p and therefore 2α + l≡0 
(mod. p). Since x2≡d (mod. p) admits the double root

x≡0 (mod. p), we may again write It is clear

that p = (p, √m), and pz = (p, - √m) = p are two ideals 
such that p = p2. If we put 2a + l = p, it is seen that

Observe that

INTRODUCTORY NOTIONS OF IDEALS 363



Equivalence of Ideals. Classes of Ideals
Art. 217. Definition. Two ideals a and b of the

realm R(√m) are said to be equivalent and written a~b if
1 It is of interest to read in this connection the article Elementary Theorems 

Relating to Ideal Factors. See Smith’s Report, p. 108. See also Report on Alge­
braic Numbers, p. 17, by Dickson, etc.

1. Find the three prime factors of the norm of (10 + √-5) and 
therefrom the prime ideal factors of this number.

Find the product of  √-5, (3, l + -√-5), (7, 3 + √-5).
2. Prove that (3, l + ^√-5) has four prime ideal factors and 

determine the product of (2, 1+√-5), (3, l + √-5), (7, 3+√-5), 
(23, 8+√-5).

It is thus seen that the problem of the resolution of a 
prime integer into its prime ideal factors in the realm 
R(√m) reverts into the fundamental problem of quadratic 
residues, and that is, whether or not the congruence 
x2+m≡0 (mod. p), or more generally whether the con­
gruence x2+ax+b≡0 (mod. p) admits solution.1

or

The three different cases considered above when 
expressed in compact form give expression to the follow­
ing theorem:

Theorem. A rational prime integer p is reducible or 
irreducible in the realm R(√m), whose discriminant is d, 
being the product of two different prime ideals, the product 
of two equal prime ideals, or finally irreducible, according as
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Hence,

since p and are relatively prime. Since 2a + l≡0

(mod. p), it follows that (p, 2a+2ω) = (p, √m).

EXAMPLES



Accordingly every ideal determines an ideal-class, 
which class contains an indefinite number of ideals. 
All principal ideals are equivalent to the ideal (1) and 
taken collectively form the principal class K = 1

The classes of a realm may be denoted by K, K1, K2,

Definition. All ideals which are equivalent to one and 
the same ideal, form an ideal-class or class of ideals.

From this conception of equivalence follows the next 
definition.

Corollary. If a~b then is also a' ~b'; for aa' ~ (1) and 
bbz~(l) and therefore aa'~bb' and a'~b'.

Theorem 4. If ac~bc, and if a~b, then is c~b; for 
ac~bc~bb, and therefore c~b.

and therefore a~b.
aN(c)~bN(c)

ac~bc~~(l),
then is

Kummer used this as the definition of equivalence. It 
has the same meaning as the definition first given, for if

From this definition follow at once the following 
theorems for equivalences:

Theorem 1. If a~b and b~c, then is α~c.
Theorem 2. If a ~b and c~b, then is ac~bb.
Theorem 3. If a and b are equivalent ideals and if c is a 

third ideal such that ac is a principal ideal, and that is, 
ac~(l), then is also bc~(l).

If a is a principal ideal, then this fact may be denoted 
by writing a~(l).

or (β)a = (a)b.

their quotient is equal to a number of the realm; or if there 
are two integers α, β in R(√m) such that
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1 See Smith’s Report, p. 112.

Art. 218. Fundamental Theorem. The number of 
ideal-classes of a quadratic realm is always finite.1 There 
is in every ideal-class at least one ideal whose norm is less 
than  |√D| , D being the discriminant of the realm.

The proof of this theorem depends upon the following 
lemma:

Lemma. In every ideal a of the realm R(√m) whose
discriminant is D, there is always a number a whose norm 
in absolute value ≦  |N(a) √D| ∣.

For suppose the ideal written in its canonical form 
a = (i, i1+i2ω); and in the case of a real realm write

We may also introduce the notion of division into the 
process of computation of ideal-classes: An ideal-class Kn 
of the realm R(√m) is said to be divisible by an ideal­
class Kj of the same realm, if there is an ideal-class Ki in 
R(√m) such that Kn = KiKj.

The exposition of ideal-classes thus defined renders 
possible the following:

Two classes which stand in such a relation are called
reciprocal and may be written

KiKi = 1=K.
every class Ki always one and only one class such that

f1 = ix±(i1+i2ω)y,
f2 = ix±(i1+i2ω')y.

or

If the ideal αl∙ belongs to the class Ki and aj∙ to the class 
Kj, and if b = α1α7∙ belongs to the class Kn, then Kn is 
called the product of the classes Ki and Kj and is sym­
bolically written Kn = KiKj.

We may accordingly multiply the classes by one 
another, noting always the identity Ki= 1∙Ki. Since to
every ideal α1 there may be found a corresponding ideal
such that is a principal ideal, there is associated with
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Further in the case of a real realm let k1 and k2 be any 
two real quantities such that k1k2 = ∆ = |N(a)√D| and 
in the case of an imaginary realm impose the additional 
condition that k1 =k2 = k.

It follows from the Minkowski Theorem that two 
rational integers x and y that are different from zero 
may be found such that |f1|≦k1, |f2|≦k2∣ ≤fc2 (Art. 26).

In the case of the real realms, it is seen that a=f1 is an 
integer of α such that

Δ = ii2∣|√D| = |N(a)√D|.

|N(α)|  =½|f12+f22| ≦½(k12+k22) ≦k2≦ |N(a)√D|.

Nr(λα)≦ |N(a)√D|;

Important Remark. The theorem is also true for principal 
ideals a= (α). (See Art. 206.) As every number of this ideal is of 
the form λα, where λ is an integer in R(√m), it follows from the 
above theorem that there is an integer λα, say, such that

and

that

In the case of imaginary realms, it is seen, if
|αα'| = |N(α)| ≦k1k2 ≦ |N(a)√D|.

It follows that

|α| =|f1|= |ix + (i1 + i2ω)y ≦k1,
|α| =|f2|= |ix + (i1 + i2ω')y ≦k2,.

which is a real quantity. Regarding the sign ±, that 
sign is to be taken which gives the positive sign to

In the case of an imaginary realm nut

ω + ω' being real, and



Proof of the Fundamental Theorem. Let α be an ideal of 
the class A, and let a be a number of this ideal such that 
|N(α) ∣ ≦ |N(a)√D|. Further there is in B, the recipro­
cal class of A, an ideal b such that α∙b = (α),* and conse­
quently N(a)N(b) = N(α) = |N(a)√D|.. It follows that 
N(b) ≦ √D∖. Thus it is seen that the class B contains 
an ideal b whose norm ≦|√D|. By interchanging the 
class B with the class A, it is seen that in the class A 
there is an ideal whose norm ≦|√D|.

Since |√D| is a finite number, and as there are only a 
finite number of ideals whose norm is less than a fixed 
number, it follows that the number of ideal-classes is 
finite. Cayley, Works, V, p. 141. See H. J. S. Smith, 
Collected Works, Vol. I, pp. 191 et seq.

This number of classes, which will be denoted by h, 
is one of the most important constants that occurs in the 
discussion of the realm R(√m).
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and, since for principal ideals (Art. 210) N(α)=N(a), it is seen 
that there is always an integer of the realm, λ, say, such that

A(λ)≤∣√D∣.

Art. 219. The Theorem 3 of Art. 217 may be used to 
determine whether or not two ideals are equivalent.

EXAMPLES FOR THE EXAMINATION OF THE EQUIVA­
LENCE OF IDEALS

1. In the realm R( √-5) it is seen that
(2, 1+√-5)~(3, l + √-5)≁(l)

for multiplying by (3, l + √-5), we have
(3, l + √-5)(3, 1 -√-5) = (3)~(1)

and
(2, l+√-5)(3, 1 -√-5) = (l + √-5)~(1).

It is also seen that
(3, 1+√-5)~(3, l-√-5) for (3, 1+√-5)2~(2-√-5)~(1).
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Observe that
(1 - √-5)(3. 1 + √--5) = (1 +√-5)(3, l-√-5)

2. In the realm R(√-23), (2, ω) o* (2, ω') for

(2, ω),= = (4,2ω, -6+ω) = (4,2-ω)≁(l),

while (2, ω)(2, ω') = (2)~l. Observe that (3, ω)~(2, ω'). For
(3, ω)(2, ω) = (6, 2ω, 3ω, ω2, ω) = (6, ω) = (ω), since

3. Tn the realm R(√31) it is seen that
(3, 1+√31)*√3, 1 - √31)∙,

for

while
(3, l + √31)2=(9, 2-√3i)≁(l),

(3, 1 -√31)(3, 1 ÷√31)= <3)~(1).
On the other hand

(3, 1-√31)~(5, 1 - √31),

(3, 1 + √31)(5, l-√31) = (4+√3ι)~(1),

(3, l + √31)-(5, 1 + √31).

for

and also

EXAMPLES FOR THE EXAMINATION OF THE NUMBER 
OF IDEAL CLASSES

1. For the realms R(i), R(√-2), R(√ - 3), the Euclid method for 
finding the greatest common divisor is applicable and consequently 
in all these realms the ideals are principal ideals and in each case 
λ=l.

2. For the realm R(√ - 5), m= -5≡3(mod. 4), so that D= -20 
and ∣ ∖D∣ <5. In this realm 2 and 3 are reducible and in fact

(2)≡(2, 1 +√-5)(2, l-√-5)≡p∙p', p = p', N(p) = 2
(3)-(3, 1 + √-5)(3. l-√-5)∙pl∙p'1, N(pl) = 3.

Due to the fundamental theorem every ideal of R(√-5) must be 
equivalent to at least one of the ideals (1), p, p1 or p'1, for these are all 
the ideals whose norms are loss than |√D|. It was shown above 
(Ex. 1, above) that p~p1 ~ p'1 ≁ (1), and consequently the number of



5. In the realm R(√-5) show that h=2; in R(√7), h=1; in 
R(√-31), h = 3; in R(√-43), h= 1; in R(√13), h=l; in R(√82), 
h=4; in R(√- 61), h=6.

To obtain all prime ideals whose norms are less than  |√D|∖ we 
have to solve the positive rational prime integers into their prime 
ideal factors. By multiplying these ideals together, we are able to 
obtain all those ideals whose norms are less than |√D|. Evidently 
this number is finite.

It was seen above that α, a', b, b' are not principal ideals and that 
α~b, a'~b'. It may also be shown that a2=(9, - 2 + √31), a3 
= (2-√31), a2~a'.

The numbers 4, 6. 8, 9, 10 can therefore only lead to ideals that 
are equivalent to the ideals (1), α, a2, or 1, b, b2, or (1), a, a', so that 
Λ = 3.

(3) = (3, 1 +√31)(3, l-√31) = a∙a',
(5) = (5, 1+√31)(5, 1 - √31) = b∙b',

N(a) = 3,
N(b) = 5.

being the product of two principal ideals; while

4. For the realm R(√31), m≡3(mod. 4); d= 124 and |√D| <12. 
Of the prime rational integers that are less than 12, it is seen that 
2, 3, 5 are reducible, while 7 and 11 are irreducible. It is ob­
served that

(2) = (39 + 7√31) (39 - 7√31),

It is seen that a2=(4, 2-ω), a3=(8, 2-ω) = (2-ω)~(1); a' 
= (2, ω') = (2, l-ω), a2~a'; b=(3, ω), b2=(9, 6-ω), b2a' = (18, 
3+ω) = (3+ω)~(l), so that b2~a, a2~b~a' b3~ab~(l). The 
representatives of these ideal classes are accordingly, (1), a, a'; or 
(1), a, a2; or (1), b, a.

(2) = (2, ω)(2, ω') = a∙a'
(3) = (3, ω)(3, ω') = b∙b'

and
and

Y(a) = 2,
A(b) = 3.

ω+ω'= 1,

ω2 = ω - 6,

that are not principal ideals. We have

class-ideals is here h=2. The representatives of these two classes 
are (1) and (2, l+√-5).

3. For the realm R(√-23), we have m≡l(mod. 4) and D= —23, 
so that |√D| <5. The integers 2, 3, 4 are resolvable into factors
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1. The classes

a, a2, a3, ∙ ∙ ∙

Art. 220. For practical purposes this above method of 
determining the number of ideal-classes is sufficient. 
There is, however, an analytic method for determining 
this number, a method which belongs to the “ Analytic 
Theory of Numbers ” and which is explained later 
(Vol. II, Chapt. IX). This theory was introduced by 
Dirichlet1 and extended by Dedekind, Kronecker, and 
others.

The different powers of an ideal that is not a principal 
ideal, namely

l Collected Works, Vol. I, pp. 357 and 411. See also Bachmann, Zahlentheorie, 
Vol. III.
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are different ideals and determine correspondingly classes 
of ideals A, A2, A3, ∙ ∙ ∙. But since there is only a finite 
number of classes of ideals, the series A, A2, A3, ∙ ∙ ∙ 
cannot extend indefinitely and represent different ideal-

with a preceding class Aa, then is and conse-
the first class which is identicalclasses. If we call

quently The following two assertions may be
made:

are all different, while

from one another and different from the classes first 
written. If this constitutes all the classes of the realm, 
then is h = 2h1. If, however, there is another ideal-class 
C different from all the ideal-classes, just written, then

etc.
2. The smallest exponent h, for which (Art.

217) is a divisor of the number of class-ideals h.
Proof. If the collectivity of classes is represented

then h = h1, but if there isthrough
another class B that is different from any of these classes,

are all ideal-classes differentthen also



ideals that are different from one another and different 
from all the ideal-classes hitherto introduced. By con­
tinuing this process it is seen that h = nh1,.

A direct consequence of this fact is the following 
theorem due to Hermite {Oeuvres, Paris, 1905, Vol. I, p. 
274):

Theorem. If the quadratic form X2+mY2 is divisible 
by p, where p, X, and Y are rational integers and p a 
prime integer, then some power of p, say ph, may be ex­
pressed in the form ph = x2 + my2 where x and y are rational 
integers. For it is evident that (X+i√mY)(X-i√mY) is
divisible by p, and consequently p is factorable in the 
realm R(√-m) into ideal factors, say p, p', where 
p = (p, X+√-mY), p' = (p, X-√-mY), pp' = p. Further 
if A is the class to which p belongs, and A' the class to 
which p' belongs, Ah = 1; and since x+√my is a number 
of the principal ideal, it follows that ph = x + i√my, if 
m≢1 (mod. 4); p'h = x-vJmy, and therefore ph = x2 + my2. 
We further have ph = t+ωs if

m≡1 (mod. 4);

Art. 221. The Function1 Φ(a). In the theory of 
rational numbers it is asked to determine the number 
φ(n) of all integers that constitute a complete system 
of residues with respect to n and which are relatively 
prime to n.

In a corresponding manner, if a is an arbitrary ideal of 
the realm R(√m), it is required to determine the number 
of all the integers of R(√m) that constitute a complete 
system of residues with respect to a and which are

1 See Dickson’s History, Chapt. V; Euler’s φ-function, etc.

Hence s is an even integer.
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also form again h1 new classes of



Secondly let p be a prime ideal of the second degree 
p = (p, pω) = (p)∙ In this case the numbers of a complete 
system of residues are had through r+sω, where r, s take 
all values 0, 1, 2, ∙ ∙ ∙, p - 1. Among these numbers there

etc.

Similarly, since p3 = (p3, a3+ω), we have

Giving to r the values 1, 2, ∙ ∙ ∙, p, p+l, ∙ ∙ ∙, 2p, ∙ ∙ ∙ ,p∙p, 
it is seen that there are p2 — p classes of incongruent (mod. 
p2) integers that are relatively prime to p, so that

Consider next the powers of p = (p, αι÷ω) and observe 
that p2 must be equal to (p2, a2 +ω), when reduced to its 
cononical form, since N(p2) = p2. With respect to p2 as a 
modulus it is seen that any integer

A + Bω = B (a2 + ω) + gp2+r, where r<p2.

relatively prime to a. The prime factors of a are sup­
posed known. The number in question is denoted by 
Φ(a), where for the unit ideal a = (l), Φ(a) = l.

First let a = p be a prime ideal of the first degree so 
that p = (p, a+ ω). The number of integers of a complete 
system of residues with respect to p are represented 
through the N(p) integers 0, 1, 2, ··∙, p — 1. For let 
b + cω be any integer in R(√m). Note that

b+cω = c(a+ω) +pg+r,
where g is a rational integer and r one of the integers 0, 1,
2, ∙ ∙ ∙, p - 1. And that is b+cω≡r (mod. p). Of these 
integers only 0 is not prime to p. Hence for this case

INTRODUCTORY NOTIONS OF IDEALS 373



pk = (pk, pkωk) = (pk).

a = (a, a1+a2ω),
pk=(i, i1+ i2ω),

the latter system of integers are the ii2Φ(a) integers which

anc

The numbers r+sω form a complete system of residues 
with respect to pk, if for r, s the numbers 0, 1, 2, ∙ ∙ ∙, 
p, p + 1, ∙∙∙, pk are substituted. This gives p2k = N(pk) 
combinations, and among these numbers there are values 
of r, s found in the series lp, 2p, 3p, ∙ ∙ ∙, pk-1∙p making 
p2(k-1) numbers that are not prime to pk. Here again 
it is seen that

374 THE THEORY OF ALGEBRAIC NUMBERS

is only one, namely 0, which is not relatively prime to p, 
and we again have

We further have

the norm of the last expression being aia2i2 =N(a) N(pk).
The integers r+sω which form a complete system of 

residues with respect to a, are had by giving to r the 
values 1, 2, ∙ ∙ ∙, a, and to s the values 1, 2, ∙ ∙ ∙a2. The

with respect to ∏ι are had by giving to the values
integers which form a complete system of residues

1,2, ∙ ∙ ∙ ai, and to the values 1, 2, ∙∙∙, a2i2 . Among

To prove the theorem in general, assume that Φ(α) is

are n different prime factors of α, and seek to determine

prime factor other than α has, and which is prime to α. 
When brought to their normal forms, let

determined for the case that where there

Φ(a1) where there being an additional



Φ(a1) = 2N(pk)Φ(a) - N(pk-1)Φ(a)

For if

then is

Φ(c) =Φ(a)Φ(b).

Theorem. If the ideal c is the product of the two ideals 
a and b which are relatively prime to each other, then is

Applying this recursion formula in general to the ideal
it is seen that

relatively prime to a and this number we have just 
seen is Φ(a)N(pk-1).

It follows that

are relatively prime to a as is seen by writing the numbers
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that constitute in the form 1, 2, 3, ∙ ∙ ∙, la, a+l, a+2,

in the form 1, 2, 3, ∙∙∙, la2, a2+l, a2+2, ∙∙∙, 2a2, 
2α2+l, ∙ ∙ ∙, i2a2∙

Among these ai∙a2i2 = ii2Φ(a) = N(pk)Φ(a) numbers are 
some which contain p as a factor. The number of these 
integers may be computed if we observe the system of 
residues with respect to a1 «that are relatively prime to a 
and which are divisible by p. This number is the

∙ ∙ ∙, 2a, 2a + 1, ∙∙∙,ia and the numbers that constitute

number of the residues with respect to which are



αΦ(a)≡l (mod. a).

p1α≡σ1 (mod. a),
p2α≡σ2 (mod. a),

pvα≡σp (mod. a),
1 For complex primes, see Smith’s Report, p. 118.

Proof. Let ρ1 ρ2, ∙∙ ∙, ρμ be the p = Φ(a) numbers that 
form a complete system of residues with respect to a and 
which are relatively prime to a.

It follows that

(Gauss, Theor. Res. Biq., Art. 50).

Art. 222. Fermat’s Theorem for Ideals.1 Let a be 
an ideal of the realm R(√m) and let a be an arbitrary 
integer of R(√m) that is relatively prime to a, then always 
the following congruence is true

and consequently

For the general case put It is seen that
=(pk)∙

∑Φ(t) = 1 ÷Φ(p) ÷Φ(p2) + ∙ ∙ ∙ +Φ(pk)
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Theorem. If t runs through all the ideal divisors of the 
ideal α, then is

∑Φ(t) =N(a).
Proof. First let a = pk, so that the divisors of a are 

1, p, p2, ∙ ∙ ∙, pk. It follows that



ρ1ρ2 , ∙ ρvαΦ(a) ≡σ1∙σ2∙ ∙ σv (mod. a),

αΦ(a)≡≡l (mod. a).

αe≡1 (mod. p),
then e is a divisor of pf — 1.

Corollary II. If a is an integer that is not divisible 
by the prime ideal p of degree f, and if e is the smallest 
rational integer for which

is true for any arbitrary integer α.

In other words the congruence

Corollary I. If a is an algebraic integer in R(√m) 
that is not divisible by the prime ideal p of degree 
f( = 1, or 2), then is

or

where σ1, ∙ ∙ ∙, σv are again numbers of the same complete 
system of residues with respect to a. For no two of 
these numbers can be congruent.

If, for example, σλ≡σμ (mod. a), then also α(ρλ-ρμ) 
≡≡0(mod. a), and as a is relatively prime to α, we would 
have (Art. 213) ρλ≡ρμ (mod. a) which is contrary to the 
hypothesis.

Further, none of the ideals (σλ) can have a factor t in 
common with α. For it would follow that pλα contains 
t as a factor, and since α and a are relatively prime, it 
would follow that ρλ is divisible by t, which is contrary 
to the nature of ρλ.

It follows that σ1, σ2, ∙ ∙ ∙, σv are a complete system of 
residues with respect to α which are relatively prime to a, 
and consequently, neglecting the sequence, must be the 
same as the series of numbers ρ1, ρ2, ∙ ∙ ∙, ρv.

It results from the multiplication of the above con­
gruences that
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is given, where a, αi, ∙ ∙ ∙ ag are integral coefficients, one 
of the fundamental problems is:

Determine integers p in R(√m) such that ξ = p satisfy 
the congruence. If p is such an integer, it is called a root 
of the congruence.

The simplest cases are for prime ideals for which the 
following fundamental theorem is true:

Theorem. A congruence of the gth degree with respect 
to the prime ideal p as a modulus, in which the coefficient a

αξg + α1ξg-1 + α2ξg-2+∙∙∙+αg= 0 (mod. a)

Art. 223. General Congruences. An integral function 
of one variable ξ of degree g with integral coefficients 
that belong to the realm R(√m) may be considered with 
respect to an ideal-modulus α. A congruence with one 
unknown ξ is of degree g, if the coefficient of the highest 
term ξg is not divisible by a.

If the congruence

where ei<e contrary to the postulate of the corollary. 
It follows that e must itself be a divisor of pf — 1.

Corollary III. For an arbitrary kth power of p, the 
following congruence exists:

or
αeι≡ 1 (mod. p).

(mod. p),

(mod. p),
it also follows that

αex≡l(mod. p)

ex+(pf-1)y = e1,

and
and since

For suppose that e is not a divisor of pf - 1, and that 
the greatest common divisor of pf - 1 and e is e1<e. 
Then it is always possible to find two rational integers x 
and y such that
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and since

were true, then also

If e is the smallest exponent which satisfies this 
congruence, the numbers a, a2, a3, ∙ ∙ ∙, ae-1 are all 
different with respect to the modulus p.

For if there were two different integers e1 and e2 of the 
series 1,2, ∙ ∙ ∙, e —1 for which the congruence

is satisfied.
αe≡1 (mod. p)

Art. 224. Primitive Numbers with Respect to a 
Prime-Ideal. (Cf. Gauss, Disq. Arith., Arts. 52-55).

Let a be an integer of R(√m) that is not divisible by 
the prime ideal p of degree f(=1, or 2); for example a 
number of the complete system of residues with respect 
to p. It was seen above that there is always a divisor e 
of the number pf — 1 for which the congruence

f(ξ) = αξg + α1ιξg-1 + ∙ ∙ ∙+αg = 0 (mod. p).

f(ρ1)≡0 (mod. p)

f(ξ)≡f(ξ) -f(ρ1) =(ξ-ρ1)f1(ξ)≡0 (mod. p),

f(ξ)=α(ξ-ρ1)(ξ-ρ2)∙ ∙ ∙(ξ-ρg)≡0 (mod. p).
For integers ξ this congruence can only be satisfied if p 
divides one of the factors, and that is if ξ-ρμ≡0 (mod. p), 
which proves the assertion. (See Art. 197).
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of the highest term is prime to p,

can have at most g roots incongruent with respect to p. 
(Cf. Lagrange, Hist. Ac. Berlin, 1768, p. 192).

Proof. If ρ1 is a root of the congruence, then is

and

where fl is of degree g -1. If further ρ2, ∙ ∙ ∙, ρg are other 
roots, then is

is prime to p, it would necessarily follow that



numbers of the realm R(√m) which are prime to p; that 
is, they constitute a complete system of residues (mod. p) 
which are relatively prime to p.

That this definition has a real meaning is seen in the 
fact that there exist such primitive numbers. To prove 
this, application may be made of a theorem which is a 
generalization of one that is due to Gauss.

Theorem. If e is a rational prime factor of pf - 1 and 
p is a prime ideal of degree f which is a divisor of the 
rational prime p, then there are in a complete system of 
residues with respect to p always φ(e) numbers that belong 
to the exponent e.

Proof. It will be proved first that if there is a number 
α which belongs to the exponent e (a divisor of pf - 1), 
then there are at least, but not more than, φ(e) incon­
gruent numbers of the realm with respect to p, which 
belong to the exponent e. For, if r is a number of the 
series 1, 2, ∙ ∙ ∙, e - 1, that is relatively prime to e, then

The series present different (mod. p)

is called a primitive number with respect to p. (See 
Smith’s Report, p. 49)
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the congruence
(mod. p)

αe≡1 (mod. p)

αe≡1 (mod. p),

is true, a is said to belong to the exponent e with respect to p.
A number ῶ of the realm which belongs to the exponent 

pf - 1, that is, where e = pf-1 is the smallest exponent 
for which

was true contrary to the hypothesis that e is the lowest 
exponent for which such a congruence exists.

If e is the smallest rational integer for which the 
congruence
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ar must also belong to the exponent e, and cannot belong 
to a lower exponent.

For if α belongs to the exponent e, it follows that
αer≡l (mod. p) (αr)e≡l (mod. p).or

can exist only if re1≡≡≡0 (mod. e) or e1≡0 (mod. e) (cf. 
Art. 222). If we write instead of r those numbers r1, r2, 
∙∙∙, r, of the series 1, 2, ∙ ∙ ∙, e - 1, which are prime to e, 
we have φ(e) different numbers which belong to the 
exponent e, since, as seen above, the numbers α, α2, ∙ ∙ ∙, 
αe are all incongruent (mod. p). Those powers α3, 
whose exponents s have a common factor d with e belong

to the exponent

ξe≡l (mod. p);

 φ(t1) + φ(t2) + ∙ ∙ ∙ + φ(tm) = Pf - 1 = N(p) — 1.

and from a theorem above, this congruence is satisfied at 
most by e integers that are incongruent (mod. p).

We have thus proved the lemma: if there is a number a 
which belongs to the exponent e, where e is a divisor of 
pf~l, then there are φ(e) such numbers.

We may now prove the assertion: there exist primitive 
numbers with respect to the prime ideal p. For of the 
pf — 1 incongruent (mod. p) numbers of a complete 
system of residues with respect to p, each one must 
belong to a definite divisor of pf — 1.

If then t1, t2, ∙ ∙ ∙, tm are the divisors of pf — 1 to which 
there belong numbers of the system of residues just 
mentioned, we must have:

Besides the numbers given above, there are no others 
which belong to the exponent e. For such numbers must 
satisfy the congruence

Since further r is prime to e, the congruence
(mod. p)



On the other hand we have seen that ∑φ(t) = N(p) - 1 
where t goes through all the divisors of pf — 1 including 
pf - 1.

It follows that there exist numbers that belong to the 
exponent pf — 1, and in fact φ(pf - 1) such numbers, 
which are all incongruent (mod. p).
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Art. 225. Wilson’s Theorem. If ρ1, ρ2, ∙∙∙, ρv are 
the incongruent numbers of a complete system of residues 
with respect to a prime ideal p, that is not a divisor of 2, then 
is ρ1ρ2∙ ∙ ∙pv≡ - l(mod. p).

For let ῶ be a primitive number with respect to p. 
We may then write

(mod.p),

(mod. p),
where e1, e2, ∙ ∙ ∙, ev are, neglecting the sequence, the same 
as the numbers 1, 2, ∙ ∙ ∙, N(p) - 1.

It follows that

(mod. p)

αn(p)-1=1  (mod.p)

(mod.p),

ῶn(p)-1=+1
By means of the Wilson Theorem it may be determined

since N(p) - 1 is the lowest exponent such that
(mod.p),

(mod.p),

it is seen that the one or the other of these factors 
≡0(mod.p); and when we write ώ a primitive number 
instead of α, it is seen that

Further since any integer a, say, satisfies the congruence

or



p -1≡0 (mod. 4).

ξ2≡ - 1 (mod. p),

in which cases the congruence
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ξ2≡ — 1 (mod. p),
p being any prime ideal that does not divide 2, admits 
solution through integers of the realm R(√m).

It is evident that in the realm R(√-1) the congruence 
may be solved, and therefore in the following we may 
neglect this realm.

1. Suppose that p is a prime ideal of the first degree,

tern of incongruent numbers.
It is then seen that

and consequently that

Hence the number μ is a solution of the congruence

when and only when

2. Suppose next that p is a prime ideal of the second 
degree. In this case the numbers r+sω for

together with the numbers

and

and accordingly that

constitute a sys-



contrary to the hypothesis.
ps≡pt (mod. i),

And, since a is relatively prime to (i), it would follow that
α(ps-Pi)≡0 (mod. i).

αρs≡αρt (mod. i),
then is

the question is: under what condition can such a con­
gruence be solved through an integer of the realm?

First Case. Let the ideal (α) and the ideal i be 
prime to each other. If then for ξ all numbers p of a 
complete system of residues with respect to i are written 
αρ1, αρ2, ∙∙∙, αρv,, these numbers must again form a 
complete system of residues: for if

aζ≡β (mod. p)
In the case of the linear congruence

Art. 226. Linear Congruences with Respect to Ideals.

is in an arbitrary realm always solvable for a prime 
modul p of the second degree.

ξ2≡ — l(mod. p)
It follows that the congruence

ρ1∙ρ2∙ ∙ ∙ρv = μ2≡ -1 (mod. p).

it is seen that this product is an even

integer and consequently

Writingto in the form

and s1 runs fromwhere ri runs from 1 to

form a complete system of incongruent numbers (mod. p)
It follows that
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The integer β can therefore be congruent with respect 
to i to one and to only one of the numbers ap.

If ap≡β (mod. i), then is ξ = ρ a solution of the con­
gruence and the only possible one of the entire system of 
residues. Besides this solution, every integer of the form 
ρ+xi+y(i1+i2ω) satisfies the congruence, if i, i1 +i2ω 
form a basis of i, and x, y are rational integers.

Due to the Fermat Theorem,
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αΦ(i)≡1  (mod. i)
and consequently

ξ = αΦ(i)-1β, or ρ= βαΦ(i)-1.
Note that with rational integers the equation

ax + by = 1
may be solved by means of continued fractions, if a and b 
are relatively prime. This is no longer possible in the 
case of ideals in the realm R√m, since the Euclid Algorithm 
is no longer applicable. (Art. 111).

Second Case. Take next the more general case 
where (α) and i have the greatest common (ideal) divisor 
b, so that (α)=ad and i = i*d. Then clearly the con­
gruence

aξ≡β (mod. i)
is solvable only if b is a divisor of β, so that (β) = bd.

For if
(aξ-β) =ti = ti*d,

then we must have aζ-β≡ -β≡0 (mod d).
If, however, β≡0 (mod. d) is satisfied, then the 

congruence admits solution as is shown below.
By hypothesis a and i* are relatively prime. It is 

always possible to find an integer δ of the realm such that 
1st (δ) is divisible by the first but no higher power of b,

and 2nd is prime toi. (See Art. 215).



Further determine an integer λ of the ideal d1 which is 
prime to i, and write
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The numbers a1 and β1 are integers of the realm and 
if the congruence aξ≡β (mod. i) is solvable through an 
integer of the realm, say ξ = ρ, then also the congruence 
aiξ≡β (mod. i*) is satisfied by the same integer and 
vice versa.

For if the congruence
αρ≡β (mod. i)

λap≡λβ (mod. i),

δα1ρ = δβι (mod. i);

α1ρ≡β1 (mod. i*).

α1ρ≡β1 (mod. i*),

δα1ρ≡δβ1 (mod. i),

λαρ = λβ (mod. i);

αρ≡β (mod. i).

α1ξ-β1≡0 (mod. i*)
may be satisfied by an integer p, and consequently also 
the given congruence αξ≡β (mod. i) has p as a solution, if 
the greatest common divisor of (α) and i is also a divisor 
of (β)∙

We may write all the solutions of the congruence 
a1ξ≡β1 (mod. i*) in the form ξ = ρ+xi*+y(i1*+i1*ω), (x, y 
rational integers) where i* and form a basis of i*,

is true, then also

or

and consequently

Reciprocally, if

then also

or

and since λ is relatively prime to i, it follows that

Further since ai is prime to i*, the congruence



ξ≡α1 (mod. a1), ξ≡ α2 (mod. a2).

αξ+yη = β,

14

Theorem. If a1, a2 are two ideals that are prime to 
each other, and if a1, a2 are any two integers of the realm, 
there is always an integer ξ which simultaneously satisfies 
both congruences

admits solution (and therefore infinitely many solutions) 
if the greatest common ideal divisor of (α) and (β) is 
also a divisor of (γ).

The following theorem for simultaneous congruences is 
often of use:

What has been proved may be formulated as follows: 
Theorem. A linear congruence aξ≡β (mod. i) may be 

satisfied by an integer of the realm, if and only if the greatest 
common divisor d of the ideal (α) and the ideal ι is also a 
divisor of the ideal (β), and in this case the congruence has 
exactly N(d) incongruent solutions.

This theorem is in its entire development true, if the 
modulus t is replaced by an integer 7 of the realm; and 
the result may be formulated as follows:

A Diophantine equation with integral coefficients α, β, γ 
belonging to the realm  R(√m).

which satisfy the original congruence, and this number 
is N(d).

incongruent numbers with respect to the modulusi

while all the solutions of the congruence aζ≡β (mod. i) 
are of the form ξ = ρ+si+i(i1+i2ω) (s, t rational integers), 
where i and i1+i2ω form a basis of i. Observe that 
N(i)=N(d)N(i*)∙

These latter ii2 integers repeat themselves in the 
sequences of the former i*i2 integers, so that there are

INTRODUCTORY NOTIONS OF IDEALS 387



Quadratic Congruences and the Symbol

Art. 227. The most general congruence of the second 
degree with respect to the modulus p is
(1) αξ2 + 2α1ξ + α2≡0 (mod. p),

The quantities σ and τ thus determined offer the required 
value of ξ (Sommer, Vorlesungen, etc., p. 91).

α1*ξ≡α2-ρ (mod. a2).

say, is relatively prime to α2, which is possible since α1* is 
an integer of the ideal α1, which ideal is prime to α2.

ft is then seen that ξ1 may be determined as a root of 
the congruence

Ai-+B(i1+i2ω) = α1*,

ρ+σi + τ(i1+i2ω) =α2 (mod. a1),

σi + τ(1+i2ω) ≡α2- ρ (mod. a2).
Next write σ = Aξ1 and τ = Bξ1 and so choose A and B 
as rational integers that

and

Suppose further that a1 = (i, i1+i2ω), so that the general 
solution of the above congruence is ξ = ρ+σi + τ(i1+i2ω), 
where σ and τ are integers of the realm. In order that ξ 
may also satisfy the second congruence, the integers σ 
and τ must be so chosen that

ξ≡α1 (mod. a1).
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Proof. Suppose that the integer p of the realm satisfies 
the congruence

Remark. The congruences κ1ξ≡α1 (mod. a1), κ2ξ≡α2 (mod. 
a2) where κ1 is prime to ai and κ2 to a2, and where aι and a2 are 
relatively prime, may through multiplication by respectively

be brought to the two forms of congruences
above considered.
Example. Derive the necessary and sufficient conditions for 

the solution of two simultaneous congruences where κι and αι as 
also κ2 and a2 are no longer relatively prime.



α(αξ2 + 2α1ξ + α2) ≡0 (mod. p)

(αξ + α1)2 + αα2 — α12≡0 (mod. p) ;

σ2+α*≡0
αξ + α1≡σ (mod. p)

and the question as to the solution of the general con­
gruence of the second degree resolves itself into the 
question respecting the solution of a congruence of the 
first degree in the special cases or of a pure congruence of

ξ2+α*≡ 0 (mod. p);

can be solved.
Due to the Fermat Theorem the last congruence takes 

the form

(3) αN(p)-2(αξ2 + α2) (mod. p)
Since a is prime to p this congruence admits solution if

αξ2 + α2≡O (mod. p).
(1) reduces to

If in the original congruence α or α2 are divisible by p, 
this congruence reduces to one of the first degree.

If on the other hand α1 is divisible bv P, the congruence

may be solved. Since (2b) admits solution when σ 
is known, the question to be answered is whether (2a) is 
solvable.

and the question whether the congruence (1) is solvable in 
integers of R(√m) is identical with the question whether 
the combined congruences

(mod. p)
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where α, α1, α2 are arbitrary integers of the realm. If α, 
α1, α2 are all prime to p, the above congruence has a root, 
if the congruence

admits solution and vice versa. (Read Smith’s Report, pp.
55 et seq.)

The last congruence may be written

(2a)
(2b)



Art. 228. If a congruence ξ2≡α (mod. p), where a is 
not divisible by p, is solvable, we say a is a quadratic 
residue1 with respect to p; and if this congruence does not 
admit of solution, we say that a is a quadratic non­
residue with respect to p.

Theorem. The quadratic congruence ξ2≡a (mod. p) 
with respect to a prime modulus p, which is not a divisor of 
(2) is for an integer a, prime to p, solvable by two incongruent 
integers of the realm, when and only when

a result which may be expressed as follows:
(mod. p),

ῶa≡α (mod. p);

It is therefore only necessary to consider this con­
gruence, and we begin with the case where the prime 
modulus p is not a divisor of the principal ideal (2).

If a is divisible by p, we have the congruence ξ2≡ 0 
(mod. p) which admits a double solution. Hence only 
the case where a is relatively prime to p is left to be 
considered.

If ῶ is a primitive number with respect to p, there is an 
integral positive exponent a such that

(11) ξ2 -α≡0 (mod. p).
the second degree of the form
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and it is evident that the given congruence (11) is solvable 
only when a is an even integer, say a = 2α1, in which case

is the evident solution as is also We
shall next see that the sufficient and necessary condition 
for this is that

(mod. p).

1 Dirichlet, Zahlentheoτie, p. 75.



If, therefore, p is not a divisor of 2 and if α is any integer 
of the realm R(√m) that is not divisible by this prime

and consequently a is odd and therefore

In the second case we have

which is true if a is an even integer, and we then have
(mod. p),

In the first case we have
(mod. p) or (mod. p).

true since neither 2 nor is divisible by p. It
follows that either

that case would be divisible by p, which is not

Both factors on the left are not divisible by p; for in
(mod. p).

or
αN(p)-1≡1 (mod. p)

is used to denote that there is no solution. 
Due to the generalized Fermat Theorem

while in the second case, the symbol

The first case is denoted by the symbol
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(mod. p)



anti therefore

(mod. p);

(mod. p).

It follows that

The case where p is a divisor of 2 or of the ideal (2) 
may be treated independently.

For if in the realm R(√m) the ideal (2) is reducible into 
two factors p and p', then N(p) =2 and Φ(p) = 1, and there

Proof. We have

Theorem. If a and β are two integers of R(√m) that 
are not divisible by p, then is

gruent quadratic residues and an equal number of non­
residues with respect to the prime ideal p, where p is not a 
divisor of 2.

Due to the theorem relative to the existence of primi­
tive numbers, and the fact that ῶ, ῶ2, ∙ ∙ ∙, ῶN(p)-1 repre­
sent a complete system of incongruent numbers with

respect to p, it also follows that there are incon-

(mod. p).

Both cases are expressed through the congruence
(mod. p).or

ideal, it is seen that a is a quadratic residue or non­
residue with respect to p according as
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But if this condition is satisfied and if λ is a solution of 
the latter congruence, where λ is also prime to p, there 
are an infinite number of roots of the form ξ = λ+pρ,

which is a congruence with respect to the kth power of a 
prime ideal. This case alone we shall discuss here.

I. Suppose that p is not a divisor of (2). It is evident 
that the congruence (1) can be solved only if the con­
gruence ξ2-α≡0 (mod. p) admits solution, and that is if

(1) ξ2 - α≡0 (mod. pk)

in which α is an arbitrary ideal modulus, we must first 
consider the case

ξ2-α≡0 (mod. a),

Art. 229. If we wish to extend the previous con­
siderations by taking a quadratic congruence

Hence in all cases where p = (2) or is a divisor
of (2).

ξ2≡l (mod. p) ξ = l,admits solution
ξ2≡ω (mod. p) £ = l+ω,
ξ2≡1+ω (mod. p ξ = ω.

is only one incongruent integer (mod. p), namely ρ = l. 
Since a by hypothesis is prime to p, it is seen that 
α≡≡l (mod. p), and consequently ξ2≡l (mod. p) is 
solvable.

In Art. 216, Cases I and II, it was seen that 2 is either 
= pp' or to p2, when m≡2 (mod. 4) or m≡3 (mod. 4); and 
it is irreducible (Art. 216, Case III) when m≡1 (mod. 4), 
and that is, when m≡ 5, 13, 21, 29, etc. In this case 
N(p) — 1 = 3. Here the integers 1, ω, l+ω form a system 
of incongruent residues, mod. (2). Observe, however, 
that
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where p is a prime rational integer that is divisible by p, 
and where p runs through all the integers of the realm. 
Among these numbers λ+-pp there must be a root of the 
congruence

ξ2 - α≡0 (mod. pk),
if such a root exists.

We first put k = 2 and assume that p is not divisible by 
p2. We must then determine p so that

(λ+pρ)2-α≡0 (mod. p2),
or

2pλρ+λ2-α≡0 (mod. p2).
If λ2-α≡0 (mod. p2), it is only necessary to put ρ = 0. 
If this case is excluded, we must determine whether or 
not an integral value may be found for p such that the 
congruence 

2pλp+λ2-α≡0 (mod. p2)
is satisfied.

Since λ satisfies the congruence λ2-α≡0 (mod. p), 
it follows that p, the greatest common divisor of 2pλρ and 
(mod. p2), also divides λ2-α, and consequently the 
resulting congruence admits solution. If p = p0 satisfies 
this congruence, then ξ = λ + pp0 is a solution of the 
congruence $2 —α≡0 (mod. p2).

In an analogous manner it may be shown that the 
congruence

ξ2≡ α (mod. p3)
admits solution; and in general the following theorem is 
had:

Theorem. If p is a prime ideal of 9ι(vm) and is not a 
divisor of {2) and is not a divisor of the discriminant of the 
realm, and if a is an integer of the realm that is not divisible 
by p, then the congruence

ξ2≡α (mod. pk)



and this congruence may be satisfied since λ may be
0≡ξ2-α≡23[γ+λη + 2λ2] [mod. 24]

and if we substitute ξ = η+λ22 in the congruence ξ2≡α 
(mod. 24), we have

η2-α = 23γ,

has a solution, where ψ is a prime ideal of the second degree. 
Observe that if η satisfies the congruence η2≡α (mod.

23), so that

(ii)ξ2-α≡0 (mod. p3)

has a solution, in the case that p is a prime ideal of the first 
degree, and if secondly

II. The case where (2) is divisible by the prime ideal p 
may be settled in a manner similar to the preceding case 
and offers the following theorem:

Theorem. If p is a prime ideal of the realm 
and is a divisor of (2), and if a is an integer of the realm that 
is relatively prime to p, then the congruence ξ2-α≡ 0 (mod. 
pk), where k is an arbitrary rational integer, admits solution 
if, and only if the congruence

ξ2-α≡0 (mod. p6) (i)
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admits solution or not, according as

or

If p2 is a divisor of the rational prime integer p, and 
that is’ if p is a divisor of the discriminant (Art. 216, end of 
Case III), the discussions respecting the solution of the 
general congruence must be somewhat modified.

It is easy to see that in this case the congruence
ξ2-α≡0 (mod. pk)

is only solvable for an arbitrary exponent k, if
ξ2-α≡0 (mod. pk)

admits solution.



ξ2-α≡0 (mod. 2k)

determined so as to satisfy the congruence γ+λη≡0
(mod. 2).

Similarly, if
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Art. 230. Units 1 of the Quadratic Realm. Among 
the integers of a realm appear the “ units ” which play 
an interesting role. By these units is understood every 
integer of the realm which is a divisor of ±1, or, what 
amounts to the same thing, every integer whose norm is 
equal to ±1. In a discussion regarding algebraic units it 
must first of all be proved that there exist such units 
which are different from ±1.

Theorem I. In an arbitrary imaginary realm, the 
only units are ±1. However, in the realm R(√-1) other

and the accompanying theory is discussed (see Chapter 
X). A more detailed account of what has been given 
above with numerous illustrative examples is found in 
Chapter XII of Reid’s The Elements of the Theory of 
Algebraic Numbers.

A method is not given here for the calculation of the

symbol In a later chapter a more general symbol

and in either case there are four incongruent solutions, 
namely ±1 and ±3.

α≡≡l (mod. 23);orα≡l (mod. p6)

can be solved so that η2- a = 2kγ, then by the substitu­
tion ξ = η+λ2k-1 it is seen that we can solve ξ2- α≡ 0 
(mod. 2k+1).

The question for what values of α are the congruences 
(i) and (ii) solvable, may be determined through a 
discussion of all possible individual cases. It is seen that 
for both cases we must have

1 See Smith’s Report, p. 98; Sommer, Vorlesungen, etc., p. 98.



units are ±√-1, and in the realm R(√-3), further units

are

Proof. Consider first the realm R(√-1),. In this 
realm x√-1y is a unit if its norm = ±1; and that is if 
x2+y2=±1∙ It is clear that x2+y2=-1 cannot be 
satisfied by real values of x and y. However, the 
equation x2+y2 = +1 may be satisfied by the four 
systems of values as given in Art. 99, which offer the 
units =tl, ±i, which are the four fourth roots of unity.

Further in the realm R(√-3), whose basis is 1,

an integer may be a unit of the

realm, if

and that is, if
(x + ½y)2 + ¾y2= ±1.

It is evident that when the lower sign to the right is 
taken, the corresponding equation cannot be solved in 
real integral values of x, y. However, the equation

x2+xy+y2= +1
admits six solutions with the corresponding units ±1,

(Art. 99) quantities, that are the six sixth roots of unity.
Art. 231. For every other arbitrary imaginary realm 

R(√m), an integer of the form
x+√my, if m≡1

or of the form

if m≡ 1 (mod. 4),
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in the first case, and if
x2 - my2 = ± 1

can be a unit only if
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x2-my2 = ±1 [if m≢1 (mod. 4)],

[if m≡ 1 (mod. 4)]

or

admits solution in integral rational values of x, y (at 
least for +1 on the right hand side of the above equa­
tions) for every positive integer m.

Denote the discriminant of the realm by d and observe

in the second case. Note that m is a negative number in 
both cases, as the question before us is regarding imagi­
nary realms.

In either case the only solutions are x= ±1. It follows 
that ±1 are the only units in the general imaginary 
realms.

Theorem II. In every real realm R(√m) there exist an 
infinite number of units different from ±1, and among 
them there is one fundamental or principal unit e which in 
absolute value is greater than 1 and is such that every unit of 
the realm may be expressed in the form ϵe, where e is a 
positive or negative rational integer.

The proof of this theorem is divided into two parts: 
First, it is proved that in every real realm R(√m) there are 
an infinite number of units which are different from 
± 1; and then the fundamental unit ϵ is derived which has 
the properties stated in the theorem.

The first part of the proof is identical with the proof 
that the equation

In the first case and in the second case



and determine two rational integers x2 and y2 so that

a1 = xl-ωyi a1 = Xι-ω'yi.and

and

Next let

Let

|f| = ∖|x - ωy | ≦k.
∖|f'|=  |x-ω'y|≦k1.

Due to the Minkowski Theorem (Art. 26) if k and kl 
denote real positive quantities such that kk1 = ^d, it is 
always possible to find rational integers x, y such that

m≡l (mod. 4).

m≠1 (mod. 4);when

when

with determinant ω — ω', which is positive and equal to √d. 
It is clear that

ff' = x2 - my2.

f = x-ωy,
f' = x-ω'y,

Consider the linear forms with real coefficients

that 1, ω =√w are a basis when m≠1 (mod. 4) and that 1,

constitute a basis when m≡l (mod. 4).
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First let k = 1 and k1= √d and determine two rational 
integers x, y1 such that



and write a2 = x2-ωy2, a2 = x2-ω'y2. Then write
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and determine integers x3, y3 such that

is an integer, the reciprocal of the first integer.
Hence (Art. 90) we may write α1 = ϵrαr, where ϵr is a unit 

that is ≠±1, and where

Since ϵr is a unit, N(ϵr) =±l, and it is clear that 
N(ϵr2) = +1.

Hence in every real realm there are algebraic units 
whose norms = +1. At the same time it is proved that

It is further seen that is an integer, and also that

Since |α1| > |αr| it follows that

and put a3 = x3-ωy3, a'3 = x3-ω'y3, etc.
Note that x1, y1 are not the same as x2, y2, and that x2,y2 

are different from x3, y3.
In this manner we may determine an infinite series of 

integers α1, α2, α3, ∙ ∙ ∙, such that |α1| > |α2|  > |α3|∙ ∙ ∙.
Note, however, that (α1), (α2), (α3), ∙ ∙ ∙ form an 

infinite number of ideals whose norms are all in absolute 
value ≦√d. On the other hand it was proved (Art. 211) 
that there are only a finite number of ideals whose norms 
are less than a given quantity. Hence in the series above 
the ideals must repeat themselves, so that (α1) = (αr), say.



x2 - my2 =1 and

However, it has not been shown 1 that the equations

x2 = my2 = 1 when m≢1 (mod. 4),

when m≡1 (mod. 4),

always admit solution in integral values of x, y. (See 
Art. 99.)

Pell’s equations
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is less than 1, there is another unit whose absolute value
is greater than 1.

1 See H. Schubert, Unterrichts und Vorlesungspraxis, Vol. 2, p. 160, Leipzig, 
1905.

Art. 232. After it has been shown that in every real 
realm there are units which are different from ±1, it is 
easy to see that the powers in positive and negative 
integral exponents of such a unit ϵr offer an infinite 
number of other units that are different from ϵr.

If ϵ is any unit, then for any integral exponent a, the 
following equation is true:

admit solution. Only for special values of m has it been 
determined whether or not these equations admit 
solution.

N(ϵa)=N(ϵ)a=(±l)a,

|ϵ| >1,

|ϵ| <1, then is

then is
while if

and consequently also ϵa is a unit.
If, further, a, ai are integers such that a>a1>0, and if

and that their product is not equal to ±1.
Corresponding to every integer ϵ, whose absolute value

It is evident that ϵa and are different from each other



admit solution; and that is, if in R(√m) there is a unit ϵs 
such that N(ϵs) = - 1, the odd powers of ϵs give an infinite 
number of units whose norm = - 1, so that there are an 
infinite number of solutions of the above equation. The 
even powers of ϵs on the other hand offer an infinite 
number of solutions of the equations

x2-my2 = — 1 or
If the equations
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x2-my2 = +1,

x2 - my2 = ± 1 or

orx2 - my2 = ± 1

are determined for the upper sign and as far as possible 
for the lower sign, and if the corresponding units ηi are 
determined when |ηi| >1, and if they are arranged 
according to the magnitudes of yi, we have the absolute 
values of ηi themselves, the smallest one corresponding 
to the smallest value of y. Denote this unit by ϵ, where

and if x1> x2, then also it is seen that y1 > y2 and vice versa.
It is also observed that if m≠1 (mod. 4) and if 

η1 = xi+yi√m is a unit in  R(√m); if further xi is positive, 
then ∣77l I >1 when y1 is positive. If further η1 = x1 +y1√m, 
η2 = x2+y2√m are units of this nature, and if yι and y2 are 
both positive, and if y1 > y2 then also is |η1| > |η2| and 
vice versa.

If the solutions of the eαuations

since N( ϵs2a) = +1.
The units whose absolute value are greater than unity 

may be arranged according to their magnitudes. If x1, y1 
and x2, y2 are positive integral solutions of



|ϵe | = |η | < |ϵe+1|

neglecting the factor - 1, ϵ is completely determined and 
is the fundamental unit of the realm, being such that 
|ϵ | >1.

If η is an arbitrary unit of the realm such that |η| >1, 
then a positive integer ϵ may be found such that
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x2 - my2 = ± 1

From this it would follow that there is a unit

or

of the

realm whose absolute value lies between 1 and |ϵ|; but 
this contradicts the definition of e. It follows that η = ϵe.

In the same manner it may be shown that a unit

positive rational integer. And it is thus proved that all 
the units of the realm R(√m)  may be expressed in the 
form ±ϵe where e goes through all rational integral 
values (see Gauss, Disq. Arith., V, 200).

If the realm contains units whose norms = - 1, it is 
evident that the norm of the fundamental unit must be
- 1. For if η is a unit whose norm = +1, then η raised 
to all rational integral powers offer units whose norms
= +1.

Write ϵ = x1 + y1ω where  y1 is positive, and observe

that x1 , y1 (when m≢1( mod. 4)) and (when

m≡l (mod. 4)) offer the smallest integral positive so­
lutions of the equations:

whose absolute value is < 1, is equal to where e1 is a

The positive signs to the right are to be taken when

or



ϵ2 = (x+ωy) = ±η = ±(x1 +  ωy1).

The Dirichlet Theorem. In a quadratic realm all 
the units may be expressed in one and in only one way 
through a fundamental unit in the form ρϵe where p is a 
root of unity which belongs to the realm (for the case 
R(√-1) or R(√-3) and is otherwise equal to ±1, and 
where ϵ=+l for imaginary realms, and is different from 
1 for real realms.

EXAMPLES
1. For the realm R(√-3), the fundamental unit is ϵ = 2+√3. 

Note that the equation 

may be solved only for the upper sign, and that x = 2, y=1 are the 
smallest (positive) values for the solution of the equation x2-3y2 = 1.

x2 - 3y2= ±1

If these equations do not admit solution in integral 
values of x, y, then η and not ϵ is the fundamental unit.

Art. 233. What has been proved above for the 
imaginary and real quadratic realms may be summarized 
as follows:

compute the unit η which is least in absolute value and 
such that |η|>l. Write η = x1 +  ωy1.

If ϵ and not η were the fundamental unit where
N(ϵ) = -1, then since N(ϵ2) = +1, we must have

x2 - my2 = +1 or

N(ϵ) = +1; and when N(ϵ)= -1, the negative signs on 
the right must be used.

If it is not certain that the norm of the principal unit 
is -1, that is, whether the two above equations with 
negative sign to the right, admit solution, we may 
proceed as follows:

By solving the equations
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Further units arc

etc. We further have

η1 = ϵ2=7 + 4√3,
η2 = ϵ3 = 26 + 15√3,

x2- 14y2 = +1

 ϵ'2=7-4√3,
 ϵ3=26-15√3,

etc. The norm of all the units is +1.
2. R(√14). The smallest integral solution of the equation

is had for x=15, w = 4, so that
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ϵ=15+4√14,
ϵ2 = 449 + 120√14,
ϵ3= 13455 +3596√14,

etc.

ϵ'2 = 449-120√14,
etc. The equation

x2- 14y2 = -1

x2+xy-y2= -1,
The smallest integral solution of the equation3. R(√5).

does not admit solution in integral values of x, y.

is x=0, y = l, so that
andϵ = ω, N(ϵ)=-1,

ϵ2= l+ω, N(ϵ2)=+l,
ϵ3=l+2ω, N(ϵ3)= -1,

etc. It is also seen that

Art. 234. Realms in Which There Is an Odd Number 
of Classes.

Theorem.1 Every integral or fractional number a of 
the realm R(√m), whose norm is +1, may be expressed as the

1 Hilbert, Zdhlb., Chapter XV, § 54; Sommer, Vorlesungen, p. 107.



m≡ 1 (mod. 4),

Case II.
where t is a common divisor of a+c and b.

is zero This is true since the determinant just written is
1 - N(α) =0. As solutions we have

These equations may be solved in integral values of x, y 
if the determinant vanishes; and that is, if

it is seen that x and y are to be determined from the 
equations

Case I. m≢l (mod. 4), ω = √m. If we put

where a, b, c are rational integers whose greatest common 
divisor is unity.

Further, since N(α) = +1, it is seen that a and b are 
relatively prime.

The proof must be divided into two parts according as

Proof. An integral or fractional number α of the 
realm R(√m) may always be expressed in the form

quotient of two coniuqate alqebraic inteqers in the forn
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m≡l (mod. 4) or m≢l (mod. 4).



Again we may write
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We have for the determination of the integers x, y the 
two equations

theorem we may write where γ is an integer and γ'

Art. 235. Theorem, if the discriminant oj a reat 
realm R(√m) contains only one prime number, then the 
norm of the fundamental unit of this realm is — 1.

It is seen that the discriminant of the realm R(√2) is 
8 = 23, while that of the realm R(√p) is p, if p≡ 1 (mod. 4). 
These are the only quadratic realms whose discriminants 
contains only one prime factor.

Suppose that ϵ is the fundamental unit. Further 
assume that N(ϵ) = +1. Then due to the preceding

If as a particular case a is an integer of the realm and 
consequently a unit, we may write for 7 the expression 
l+ϵ.

t being any divisor of a+c and b.
In both cases γ has the form

As in the preceding case we may write

whose determinant is



N(α) = +1,if

1 An ambiguous ideal is one that is equal to its conjugate and which is not 
divisible by a rational integer.

its conjugate. It follows that ϵγ' = γ or (γ) = (γ'). 
Hence (7) being an ambiguous ideal1 is divisible only by 
ambiguous ideals. Besides rational integers the only 
ambiguous ideal (Art. 216, third case, end) is 4p. It 
follows that (γ) = (a) where a is a rational integer, or 
(γ) = (√p), where 2 is included among the prime rational 
integers.

In the first case γ = ηa and in the second γ = η√p, 
where η is an algebraic unit.

It further follows that

or

As shown in the preceding theorem, the norm of the 
fundamental unit ϵ being -1, we may write

N(i)=N(α)N(i') or N(α) = ±l.

It follows that i~i' or where α is an algebraic

number (rational or integral). And since i = αi', it is seen
that

And consequently e contrary to the assumption is not the 
fundamental unit.

This theorem proved by Lejeune Dirichlet, Works, I, 
224 is also proved by Hilbert, Zahlb., XVII, § 68.

Theorem. If the discriminant of a realm R(√m) 
contains only one prime integer p, the number of classes h 
of the realm is odd.

If contrary to the assertion, we assume that h is an even 
integer, we can determine an ideal i which is not a princi­
pal ideal such that i2 ~ 1 and ii' ~ 1. (Note that if α is any 
ideal, ah,~l).
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(γ)i = (γ')i∙
It follows that

and
if N(α)=-1.

Hence the ideal (γi) can have as factors only rational 
integers and ambiguous ideals.

The realm R(√-1) has the ambiguous ideal (1+√-1), 
and every other realm R(√m) [in which m = 2, or 
m = p≡l (mod. 4)] has the ambiguous ideal Vm.

It follows that (γ)i = (a), or = (a√m) or a(1+√-1). 
And these are all fundamental ideals so that in each of 
these cases i~(l). This is, however, contrary to the 
hypothesis that t was not a principal ideal.

Art. 236. The Hilbert Number-Rings.1 If α, β, 
γ, ∙ ∙ ∙ are arbitrary algebraic integers of the realm 
R(√m), the aggregate of all integers which are had from 
these algebraic integers together with rational integers 
through the usual operations of addition, subtraction, 
and multiplication, and that is the aggregate of rational 
integral functions of α, β, γ, ∙ ∙ ∙, with integral rational 
coefficients forms what Hilbert (Zahlb., Chapt. IX) 
called a “ number ring ” (Zahlring), or ring. It is 
simply a realm of integrity as defined in Art. 182 and 
Art. 28.

A case of some interest is presented in connection with 
the realms of rationality R(√m) where m≡ l (mod. 4). 
It was seen in Art. 98 that a basis of all integers of such

realms is Associated with such a realm we

may study the ring or realm of integrity that has as basis 
the two elements 1, (√m). This ring may be denoted by 
r(√m).

1 See Report on Algebraic Numbers, pp. 59, 74.
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is called the discriminant of the ring. It is (see Art. 98) 
a multiple of the discriminant of the realm R(√m).

If i= (α, β, γ, ∙ ∙ ∙), then is
(α, β, γ, ∙ ∙ ∙) = (α, β, γ, ∙ ∙ ∙, αλ1+βλ+γλ3+∙ ∙ ∙) 

where λ1 λ2, λ3, ∙ ∙ ∙ are integers of the ring. The notions 
and definitions which have been given for bases of ideals, 
norms of ideals, conjugate ideals, products of ideals, etc. 
are at once applicable to ring ideals.

If, for example, ir= (α, β, γ, ∙ ∙ ∙), and if i is the greatest 
common divisor of all the rational integers of this ring; if 
further α = a1 + b1√m β = a2 + b2√m, ∙∙∙, and if i2 is the 
greatest common divisor of b1, b2, ∙ ∙, then the basis of
the ring ideal ir is i, i1 + i2ω, where N(i1 + i2ω) ≡0 (mod. i), 
since every rational integer that may appear as an 
element of the ideal i must be divisible by i.

It is also seen (Art. 209) that N(ir) =ii2.
However, all the theorems that have been derived for 

the integers of a realm of rationality R(√m) are not at 
once applicable to the associated ring ideals.

For example in the ring R(√-3) the number 4 may be 
factored in the two ways

4 = 2∙2 = (l+√-3)(l-√-3),

1, √m
1, - √m

2 ω1 ω2
 ω'1 ω'2

ω1*,
  ω'1 ,

ω2*
ω'2

22
Dr= = 4m

where the rational integers r, s, i, u are connected by the 
relation ru-st=±1 (see Art. 94). The expression

ω1* = rω1 + sω2, ω2* = tω1 + uω2,

It is evident that
1st, every integer of R(√m) is an integer of R(√m); 
2nd, every integer of R(√m) has the form x+-y√m, 

where x, y are rational integers;
3rd, if ω1, ω2 and ω1*, ω2* are two bases of the ring (r√m), 

then
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say, is a unit.
It follows that 1+√-3 = 2ϵ and 1-√-3 = 2ϵ'. In 

general an ideal of the realm R(√m) is not at the same 
time a ring ideal; however, there are always an infinite 
number of realm ideals which are at the same time 
ring ideals.

Art. 237. The greatest common divisor of all realm 
ideals which are at the same time ring ideals is called the 
leader of the ring or ring-leader. This ring-leader for the 
realms R(√m) is the ideal (2).

Theorem. A realm ideal i is a ring ideal, if and only 
if the realm ideal is divisible by the ideal (2).

For if i is a realm ideal which is divisible by (2) and if

is a principal ideal and that in this realm
i=(2, l + √-3) = (2, 2ω) = (2),

Note, however, in the realm R(√- 3), that

irir'=(22, 2(l + √-3), 2(l-√-3), 4)
= (2)[2, l + √-3, l-√-3] = (2)(2, l+√=3).

ir = (2, l + √-3), ir'=(2, l-√-3).
We have at once

(l + √-3) = 2(x+y√-3),
2 = (l + √-3)(x+y√-3).

If we wish to set up the ideal prime factors of 4, we do 
not find that such a factorization is unique, as is the case 
for the realm R(√- 3).

where 2, l + √-3, l - √-3 are irreducible integers of the 
ring.

For it may be shown that no rational integral values 
of x, y satisfy either of the equations
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with basal elements a, b + cω. If further i is prime to (2), 
a must necessarily be an odd integer; and as a is divisible 
by c (Art. 206), c must also be odd.

i= (a, b + cω)

Theorem. If i is an ideal of the realm R(√m), which is 
prime to the ideal (2), there always exists in the ring r(√m) 
a regular ideal ir which is associated with the ideal i.

Proof. Let i be the realm ideal

If i=(α, β, γ, ∙∙∙) is an ideal in R(√m), where 
a = a+a1ω, β = b + b1ω, etc., and ir= (α, β, γ, ∙ ∙ ∙) is a ring 
ideal in r(√m), where α = a+a1√m, β = b+b1√m, ∙∙∙, the 
ideal i is the associate of the ideal ir, and if i is prime to the 
ring leader (2), then ir is called a regular ring ideal.

It may be shown that the simple theorems for divisi­
bility, which are true for the realm ideals, are also true of 
regular ring ideals, if the product and quotient of two 
ring ideals are defined in an analogous manner as they 
were for the realm ideals

This is put into evidence through the following two 
theorems:

is not an integer of the ring ideal.
From this theorem it follows at once that the ideal (2) 

is the ring-leader of the ring r(√m).
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i = (2)ii, where ii = (i, i1+i2ω), then clearly t contains only 
integers of the ring of the form 2i, 2i1 + i2 (l + √m) and 
consequently is a ring ideal. Hence if the realm ideal 
i=(a, b+c√m) is at the same time a ring ideal, then a

must be an even integer, otherwise which

is an integer in the realm ideal, is not an integer in the 
ring ideal. Similarly b — c must be even; otherwise 
(b+c√m)ω' [an integer of the realm ideal]
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This being supposed, the ring ideal
t,= (a, 26÷2cω)

is associated with the realm ideal i.
For, due to the fact that

it is evident that

and since a and are relatively prime,

i = (a, b+cω) h = (a1, b1+c1ω)

hr= (a1, 2b1+2c1ω),ir = (a, 2b+2cω)

ih = (aa1, a(bι+c1ω'), a1(b+cω), (b+cω)(b1+c1ω))
= (aa1, a(bι+c1ω'), a1(b+2cω),

4(b+cω)(b1+c1ω)) = irhr.

maa1+g4 = 1.

kaa1 (b+cω) (b1+c1ω) + g4 (b+cω) b1+c1ω)
= (b+cω) b1+c1ω)

may be added as an element to the last written ideal,

Hence

For due to the fact that 4 and aa1 are relatively prime, it 
is possible to find two integers k and g such that

Art. 238. Theorem. The product of two regular ring 
ideals is an ideal associated with the product of the associated 
realm ideals.

If, as in the preceding proof,
and

are two realm ideals associated with the ring ideals
and

it is seen that



This theorem taken with the preceding theorem shows 
that every regular ring ideal may be decomposed into a 
product of regular prime ring ideal factors in only one way. 
It is evident if ir is a regular ring ideal and if i is the 
associated realm ideal, prime to the ideal (2), that i may 
in a unique manner be factored into a product of prime 
ideals, which are all prime to (2). To each of these prime 
factors there corresponds a regular ring ideal, and their 
product is associated with the realm ideal i. But, as 
tr is the ring ideal associated with i, it is seen that this 
product of ring ideals is ir.

The norm of a regular ring ideal is equal to the norm 
of the associated realm ideal, and the theorems regarding 
the norms of regular ring ideals have their analogies in 
those of realm ideals.

Two regular ring ideals ar and br are equivalent and 
written ar~br, if there exist in the ring realm r(√m) two 
integers α, β, so that βar = αbr.

All equivalent ideals belong to a definite class, and 
there are a finite number of these classes (Art. 218).

Regarding the units of the regular ring ideals, the 
following theorem is proved.

And when these two expressions have been added as 
elements, the equality of the above ideals follows.

Observe that aa-i and have only the common factor

a.

and

while
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ϵ3 = x1 + y1ω

it follows that 1st, y is even, x odd; or, 2nd, y odd, x even; 
or, 3rd, y odd, x odd. For 1st case ϵ = ϵr as above. 
However, for the 2nd and 3rd cases note that

and if again ϵ = x + yω is the fundamental unit of R(√m), 
then from the relation

is an odd integer; so that m≡5 (mod. 8);If next

is also a unit in r(√m) so that ϵ = ϵr.

that y is an even integer while x is odd; and consequently

Theorem. The units of an imaginary ring r(√m) are 
±1; while there are an infinite number of units of every real 
realm ring which may be expressed through the fundamental 
unit ϵr in the form ϵer, where e takes all possible positive and 
negative integral rational values.

Proof. It follows from Arts. 99 and 231 regarding 
realm ideals that it is only necessary to prove the above 
assertion for real realms and real rings. The proof is 
given in two parts.
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Let be an even integer, that is, m≡1 (mod. 8),

and let ϵ = x + yω be the fundamental unit in the realm
R(√m).

It follows, since



is a unit of the ring, since
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which is an even integer.
Hence for the 2nd and 3rd cases it follows that ϵr = ϵ3. 

Further note that the norm of the fundamental unit ϵr 
is positive or negative according as N(ϵ) is positive or 
negative.



CHAPTER X

Art. 239. The Realms R(√-1), R(√2), R(√-2) are
Limiting Cases of this law and as such are here con­
sidered.1

As will be seen in Art. 264, it was a desire to derive the 
general reciprocity law as Gauss had done for the cubic 
and biquadratic residues, that led Kummer in his arduous 
studies of the ideal numbers. And this was an under­
lying notion of Kronecker in his investigations of the 
higher forms, and their decomposition into linear factors. 
It is therefore not out of place to devote some space to 
the discussion of this Law of Reciprocity and later in 
Vol. II to the discussion of the Kronecker forms.

Art. 240. The Realm R(√-1). Next to the realm of 
rational numbers the simplest real is the realm R(√-1). 
In this realm it has been seen that Euclid’s method of 
finding the greatest common divisor is applicable. 
Hence (Art. 208) every ideal is a principal ideal.

[f an odd prime rational integer is factorable in this 
realm, it consists of two prime ideals, so that

i
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THE QUADRATIC LAW OF RECIPROCITY AND 
ITS ANALOGUE IN THE 

QUADRATIC REALMS

(p)= p∙p'
and consequently,

p = (x + √-1y) (x - √-1y)
1 With Sommer I follow the treatment of Hilbert, Bericht der deutschen 

math. Vereinigung, Vol. IV, pp. 280 et seq. See also Smith’s Report, p. 75, and 
p. 120 for Kummer’s Law of Reciprocity.



does not admit solution when p≡3 (mod. 4).

Since a prime number p≡3 (mod. 4) is irreducible in the 
realm  R(√-1), it follows that the congruence

x2+l≡0 (mod. p)

p=(x+iu) (x-iu).

Further, since all ideals in this realm are principal ideals, 
it follows that

Since p is an odd integer, this representation is only 
possible if, say, x is odd and y even; and consequently, a 
necessary condition for the factoring of p is p≡ 1 (mod. 4). 
See also Art. 246.

This condition is also sufficient; that is, if p is an odd 
prime integer, such that i≡l (mod. 4), then p is factor­
able in R(i). For the quadratic realm R(√p) has as a 
fundamental unit ϵ whose norm is -1 (see Sommer, p. 
109; see also theorem in Art. 235). This carries with it 
also the consequence that there exists the equation

p = x2+y2.
or
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It follows that the congruence
(2x+y)2+4≡≡0 (mod. p)

2z≡l (mod. p),

X2+l≡0 (mod. p)

(p) = (p, a+i)(p, a-i).

admits solution and vice versa.
If X = a is a solution of this congruence, it is seen that 

p may be decomposed into two factors so that

it is seen through the multiplication of the above con­
gruence bv z2 that

ιdmιts solution. If the rational integer z is chosen to 
ιatisfy the congruence



The integer 2, which is a divisor of the discriminant 
d= - 4 of the realm R(√-1), is decomposable into the 
two ideal factors (2) = (1 + √-1) (1 - √-1) — (1 - √-1)2 
in the realm R(i). In this case (1±√-1) are the 
ambiguous ideals of the realm. We accordingly have the 
theorem due to Fermat and first proved by Euler, 
namely (see Kronecker, Werke, Vol. 2, pp. 3 et seq.):

The quadratic congruence
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x2 + l≡O (mod. p)

15

cannot be solved. It follows further that the funda­
mental unit ϵ of a realm R(√m), whose discriminant 
contains a factor of the form 4n+3, is such that always 
the norm

x2 - my2 = - 1 and

The following is a consequence of what has just been 
proved: If m is a rational integer which contains prime 
factors of the form p = 4n +3, the congruence x2+l≡≡0 
(mod. m) does not admit solution; and that is, the 
Diophantine equations

p≡3 (mod. 4),if

if p = 4n +1,

and

which statements are connected through the formula

admits solution when and only when p is of the form 
4n + 1; or, a number of the form x2+1 can only have 
divisors of the form 4n + 1

In other words

N(ϵ) = +l.



These conditions are sufficient for the solution of the 
equation p = x2- 2y2‘, and that is, for the decomposition 
of p into factors. For, write p↑, = p when p≡ l (mod. 8) 
and put p1 = - p when p≡ - 1 (mod. 8). It follows that 
Pi is a prime of the form pι≡l (mod. 8) and hence from 
the theorem (see Art. 235), the realm R(√p1) contains an 
odd number of classes. Further (see Art. 216, Case 
III), since x2-p1≡0 (mod. 8), the ideal (2) is factorable

p≡-l

p = (2n+l)2 - 2(2m+l)2 = 4n(n + l) — 4m(m+l) — 1,
or

In the second case
p≡l

(mod. 8).

p = (2n+l)2-2(2m)2 = 4n(n + l) — 8m2 + l,
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Art. 241. The Realm R(√2). All ideals are principal 
ideals since the Euclid method of division is applicable. 
Of particular interest are those rational prime integers 
which are factorable in this realm.

If p is an odd prime that is factorable in R(√2), there 
are two rational integers x, y which satisfy the equation

The fundamental unit is
p = x2- 2y2.

ϵ = l + √2, N(ϵ)=-1.
It may be proved that if p = x2 - 2y2 admits solution, then 
also — p = x12-2y12 admits solution: for we may wτrite

(p) = (x+y√2)(l + √2) (x-y√2)(l-√2),

-p=(x+2y')2-2(x+y')2 = x12-2y12.
or

The Diophantine equation p = x2-2y2, where p is an 
odd prime number, can only be satisfied if x is odd and y 
either even or odd. In the first case

or
(mod. 8).



in the form (2, α+ω)(2, α+ω'), where a is a rational 
integer. It follows that either
p'p = (2) = (2, l+ω)(2, l+ω'), or p'p = (2) = (2, ω)(2, ω'). 
Since the number of classes h is odd, there exists an odd 
number 2g + l which is a divisor of h and for which 
p2g+1 and p'2g+1 are principal ideals, so that
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(2x + y')2-4∙22g+1≡0(mod. p1).

z2-2≡0 (mod. p1).

(p1) = (x + y√2)(x - y√2).
At the same time it is evident that the congruence 
x2-2≡0 (mod. p) may be solved only when p=±l 
(mod. 8). Observe that the prime integer 2 admits the 
factorization (2) = (√2)(√2), as is required in the general 
theory.

We may now enunciate the following theorem (see also 
Art. 216, Case III):

Theorem. The quadratic congruence x2-2≡0 (mod. p) 
is solvable when and only whenp≡ ±1 (mod. 8); and that is, 
an integer of the form x2- 2 has only divisors of the form 
8n±l.

If z = a is a root of this congruence, it follows that 
(p1) = (p1, a -√2)(p1, a+√2). Further, since in the 
realm 9fι(√2) there exists only the principal class (h = 1), it 
is seen that

Due to the Fermat Theorem there is a rational integer k 
such that (22ff+2)k≡l (mod. p1). It is seen through 
multiplication of the above congruence by 22ff+2)k-1, that

It follows that

Through multiplication,
p2g+1= (x+yω) and  p'2g+1=(x+yω').



which is known as the Quadratic Law of Reciprocity.

value of (p∕q) where p and q are any odd primes that are 
different from each other. Legendre, 1785, and again in 
1798, found that

we are next concerned with the

Alter determining the limiting

cases for and

Art. 243. The Quadratic Law of Reciprocity for Odd
Rational Prime Integers.

that

and it also follows at once from the formula

and

We derived in Arts. 240 and 241 the two formulas

Art. 242. The Realm R(√-2). Through similar con­
siderations it may be shown that the quadratic congruence 
x2 + 2≡0 (mod. p) admits solution for odd prime numbers 
p≡1 and p≡3 (mod. 8) and is not solvable for p≡5 or 
p≡7 (mod. <S); and that is,
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It follows also that if p is an odd prime of

the form p≡=±l (mod. 8); while if p≡±3

(mod. 8). These two formulas may be expressed in the

one formula



p12g+1 = (x + yω)(x + yω'),
or

Since the number of classes h in this realm is odd, the 
discriminant containing only the one prime number p1, 
there is always an odd number h1 = 2g+l, which is a 
divisor of h, and is such that the h1 power of p as well as 
of p' are principal ideals. Further, the norm of the 
fundamental unit e is —1. Hence, if pp' = - p1, then is 
N(ϵ)pp' = +p1. Accordingly, we may write

(p1) = (p1, α+ω)(p1 α+ω') =pp'.

admits solution, that is, if (p∕p1) = 1, then as seen above 
p1 in the realm R(√p) may be resolved into two different 
prime ideals so that

x2-p≡0 (mod. p1),
First Case. If the quadratic congruence

(see Euler, opus cit., Anal. 1, 1783, p. 64).
The following proof of this law is due essentially to 

Kummer (Abh. der Kgl. Akad., Berlin, 1861). See also 
Hilbert, Zahlbericht, Chap. XVII, §§ 68-69.

For convenience, denote positive prime integers of the 
form 4n + l by p, p1 p2, ∙ ∙ ∙, and let q, q1, q2, ∙ ∙ ∙, denote 
positive prime integers of the form 4n+3. Then in the 
proof the three combinations of]integers p, p1;p, q; q, q1 
are to be considered separately.
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Euler 1 had already noted that a certain reciprocity 
existed regarding the possibility of solving the two 
congruences

x2-q≡0 (mod. p) and x2 — p ≡ 0 (mod. q),

, For the history of this subject see Kronecker, Vol. II, p. 3, and further see 
Bachmann, Niedere Zahlentheorie, Vol. I, p. 200; Baumgart, Zeitschτift fur Math, 
u. Physik, Bd. 30, p. 169; Dirichlet-Dedekind, Zahlentheorie (4th Edition) p. 95.



it is seen that x2+q≡0 (mod. p) admits solution. This 
latter result may be derived independently as follows:

The congruence z2≡ - 1 (mod. p) is solvable, since p is 
of the form 4n÷l. If z is a solution of this congruence, 
then associated with the congruence x2- q≡≡O (mod. p)

Reciprocally, it may be proved that if (q∕p) — 1, then is 
also (p∕q) = 1. For if x2-q≡0 (mod. p) admits solution, 
then due to the fact that

(p∕q) = +l, then is also (q∕p) = +l.
admits solution, and that is, if

x2-q≡0 (mod. p),
From this it is seen that the congruence

Due to the fact that the number of classes of 9R(√p) is an 
odd number (see theorem in Art. 235) it is seen that if e 
is the fundamental unit in R(√p) that N(ϵ) = - 1, and as 
above there exists an equation

(q)= (q, a+bω)(q, a+bω')

It is thus seen that if (p∕p1) = +1, then is (p1∕p)  = l.
It also follows further that if (p∕p1)=-1, then 

(p1∕p) = - 1; for if  (p1∕p) = +1, it must necessarily follow 
that (p∕p1) = +1 contrary to the hypothesis.

Second Case. In the congruence x2-p≡0 (mod. q), 
suppose that (p∕q) = +1, so that q in the realm R(√p) is 
factorable. It follows that

z2 - p1≡0 (mod. p).
and from this congruence follows as above,

(2x+y)2-p1(2p1g)2≡0 (mod. p);
From this follows the congruence
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And from this it is seen at once that if (p∕q) = - 1, then 
also (q∕p)  = -1; for if(q∕p)  = +l, then from what was 
just proved (p∕q) = +1, and not -1.

Third Case. Let the two prime numbers be q and qi. 
If in the first place (q∕q1) = —1, then is (-q∕q1) = +1, 
since (-q∕q1) = (-l∕q1) (-q∕q1) and  (-l∕q1)=-1. The 
prime number q1 is factorable in the imaginary realm 
R(√-q), and as -q≡1 (mod. 4), the discriminant of this 
realm consists of only one prime factor. The number of 
classes is odd, and as in the preceding case (q1∕q) = + 1.

In the second place suppose that (q∕q1) = +1, then the 
fact that (q∕q1) = - 1 does not follow from the preceding 
methods. A proof, however, as given by Hilbert, loc. 
cit., is had, if we consider the realm R(√qq1). For this 
realm it is seen that m = qq1≡ 1' (mod. 4), and the dis­
criminant of the realm is D = qq1. In this realm (end of 
Case III, Art. 216) the only prime numbers that are 
divisible by the square of prime ideals are q and q1,. 
Write (q) = q2 and (q1) = q12. Here q, q1 and qq1 = √qq1 = √m 
are the only ambiguous ideals. It is evident that qq1 is a 
principal ideal. It may be shown as follows that q and 
q1 are also principal ideals.

there is a second congruence (zx)2-z2q≡0 (mod. p), in 
which z is relatively prime· to p, and consequently, 
x2+q≡0 (mod. p). Since, (-q∕p) = +1, it follows that 
in the imaginary realm R(√-q), the prime integer p is 
factorable and since - q≡ 1 (mod. 4), and as the norm of an 
integer in an imaginary realm is always positive, it 
follows as above that x2-p≡0 (mod. q) admits solution.

It has thus been shown that if
(a)

(b) (q∕p) = +l, (p∕q) = +l.then also is

then also is (q∕p) =+1;(p∕q) = +l,
and if



±4q1 = (2x+y)2-qq1y2.

or
Y124q≡0 (mod. q1).

qY2±4≡0 (mod. q1),

To determine the sign of the left-hand side we may make 
use of the assumption that (q∣q1) = 1. Writing equation 
(i) in the form of a congruence, it is seen that

±4 = q1X2-qY2.

This Diophantine equation may be solved only if 2x + y 
is divisible by q1. It may therefore be written more 
simply

(i)

or

and this is a contradiction to the assumption that e is a 
fundamental unit of R(√qq1). Hence the only other 
forms that (α) can have are (α) = (α)q and (α) = (α)q1 and 
in either case q~l, q1~l. It follows by taking the 
norm of q, that

and in the second,
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Let e be the fundamental unit in R(√qq1), where (Art. 
240, end) N(ϵ) = +1. Hence due to the theorem in 
Art. 234, there is a number a of the realmR(√qq1) which

is not rational, but is such that It follows that

(α) = (α)', and that every ideal which is a divisor of (α) 
is also a divisor of (α)'. Suppose then that (1), (α) is of 
the form ηa where η is a unit of the realm and a a rational 
number, or (2), suppose that (α) = η√qq1,. In the first case



See also H. J. S. Smith, Vol. I, pp. 55 et seq. and
Wertheim, Anfangsgriinde der Zahlentheorie, pp. 320-22.1

1 Among the references to the treatment of the quadratic law of reciprocity in 
the quadratic realms mention may be made of the following:

D. Hilbert, Math. Annalen, Vol. 51, pp. 1-127, and Gött. Nachrichten, 1898. 
Das allgemeine quadratische Reciprocitätsgesetz, etc., by K. S. Hilbert. 

Gottingen Dissertation, 1900.

-4 = q1X2-qY2,

q1X2≡ -4(mod. q), X12≡-4q1 (mod. q),

X12+4q1≡0(mod. q).

(q∕q1) = +1 ((q1∕q) = - 1

and (q1∕q) = +1∙(q∕q1) = - 1
and further
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Hence, in virtue of the assumption it is seen that the 
minus sign is to be taken. It then follows from (i) that

or

and finally,
or

Thus with the assumption (q∕q1) = +1, we have neces­
sarily (q1∕q) = +1, or (q1∕q) = -1.

To repeat the results thus established, we have 
simultaneously

and

With this is established completely, the reciprocal re­
lations between the prime numbers q and qi.

Art. 244. The above results combined may be stated 
in the theorem.

Theorem. If p and q are any odd positive prime 
integers, their mutual residue character is expressed through 
the Legendre formula

with the limiting cases



and that

x=73, 97, 241, 313, 409;

x= 193, 337, 457, 673.

1, 5, 9, 21, 23, 25, 31, 33, 37, 39,
81, 77, 73, 61, 59, 57, 51, 49, 45, 43,82n +x=

where n is any integer.

5. Show that the solutions of

for

for

4. Show that

and

so that

Further,

it is seen that

1. Due to the formula
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EXAMPLES OF THE LAW OF RECIPROCITY

(27/17) = (10/17) = (2/17) (5/17) = (5/17).
(5/17)(17/5)= 1, (5/17) = (17/5) = (2/5) = — 1.so that

3. Show that

2.

Quadratische Reciprocitätsgesetze in algebraischen Zahlkörpern. By Gottfried 
Ruckle. Gottingen Dissertation (1901).

Das quad. eciprocitätsgesetze im quadratischen Zahlkörper mit der Classenzahl 
1. Gottingen Dissertation (1898) by Heinrich Dδrrie.

Der Klassenkörper der quad. Körper, etc. Gottingen Dissertation (1903) by 
Rudolf Fueteι.

Various papers by Ph. Furtwängler in the Abhand. und Nach. von der Kgl. 
Ges. der Wissenschaften zu Göttingen. See also Math. Annalen, Vol. 63.



11, 13, 23, 31, 33, 37, 39, 43, 47, 55, 61, 65, 67, 69, 73,
77,83,89,91,93,97,99,101,103,109, 111, 113,115,117.

6. Show that the solutions of = -1 are

x= 118n⅛

Art. 245. A generalized form of the Law of Reci­
procity due to Jacobi1 (Werke, Vol. VI, p. 262) is as 
follows.

If p, q, r, ∙ ∙ ∙, are any positive integers that are 
relatively prime to the integer a, we may introduce by 
definition the symbolic equality

Then, if P and Q are any factorable integers that are 
relatively prime, it may be proved that

Art. 246. Expressions of Integers through Sums of 
Squares. Through the factoring of numbers in special 
realms it is possible to derive by means of the theory of 
ideals certain interesting theorems which have been 
known for a long time. Possibly others may be dis­
covered in this manner.

I. The Realm R(i). (1) In Art. 240 it was shown that
in the realm R(√-1) every rational prime integer of the 
form p = 4n +l, and p = 2 were essentially factorable in 
only one way in the form

p = (x + √-1y) (x + √-1y),
and that any other factors differed only from the numbers 
x±√-1y by multiples of ±1 or ±√-1. Otherwise 
formulated, this means that everv υrime number of the

1 Jacobi, Ueber die Kreistheilung, etc. Monatsbericht der Akad. der Wiss. zu 
Berlin, Oct. 16, 1837, pp. 127-136; Crelle, Vol. 30, pp. 166-182. See also 
Report on Alg. Nos., p. 72.
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Thus it is seen that the product pp1 may be expressed as 
the sum of two squares in two essentially different ways.

1 See Dickson, History of the Theory of Numbers, Vol. II, p. 228; see also p. 234.
A table for the values of x and y is given for the primes from 1 to 12,000 by­
Jacobi, Vol. VI, pp. 265 et seq.

pp1= {((x+iy)(x1+iy1)}{(x-iy)(x1+iy1)}
= (X1+iY1)(X1-iY1).

pp1= {((x+iy)(x1+iy1)}{(x-iy)(x1-iy1)}
= (X+iY)(X-iY)

and the other

There are two combinations of these factors, the one 
being

p = (x+iy)(x-iy),
p1 = (x1+iy1)(x1-iy1).

(2) If p and p1 are any two odd prime integers of the 
form 4n + l, then in the realm R(√-1)

form p = 4n+l or p = 2 may be expressed as the sum of 
two squares p = x2+y2 in essentially only one way. 
Dickson1 refers to this as Girard’s Theorem. That the 
theorem was known in the time of Diophantus, see 
Jacobi, Vol. VII, p. 332.

The derivation of the two numbers x and y was done by 
Legendre 1 by developing √p in a continued fraction.

If one wishes to derive by trial the integers x and y, the 
following observation may shorten the work.

From the equation p = x2 + y2, it follows that
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(1) (zx)2 + l≡ 0 (mod. p),
where z, reduced (mod. p) lies between -p/2 and +p∕2. 
If w is a solution of the congruence (1), it is seen that x 
must be a divisor of w-∖-ap, where a is a rational integer.

It is clear that x is not larger than and that a must

be such that w + ap is situated between



may be satisfied in only one way, where x is an odd and y 
an even integer.

Noting that are the cubic roots of unity

and since l+i = i(l - i), it follows that 2p may be ex­
pressed as the sum of two squares in only one way.

II. The Realm R(√-2). In this realm the only units 
are =tl and the number of classes h is =1. Observe that 
p = 2 = -(√-2)2 while every rational prime integer of 
the form 8n+l, or 8n+3 is factorable as the product of 
two different prime numbers in essentially only one way 
and of the form (see Art. 242)

p1 = 2 = (1+i)(1-i),

2p = (1+i)(1-i) (x+iy)(x-iy);
then is

If
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p = (x + √-2y) (x - √-2y).
And this otherwise formulated is:

Every positive odd prime integer p of the form 8n + 1 or 
8n + 3 may be expressed in only one way in the form

p = x2+2y2,
where x and y are rational integers.

Values of x and y for p of the form 8nψl are given by 
Jacobi, Vol. VI, p. 271.

III. The Realm  R(√-3). Here again h = l. If p
= x2+3y2, then there is an integer z, such that pz2 = X2+3, 
or X2+3≡0 (mod. p). Further observe that

Hence in order that p be factorable, p must be of the form 
p = 3n+l. And p being of this form, the equation



These theorems may be extended to the exposition of 
factorable rational integers through the form x2 + 2y2 and 
x2+3y2, x2+my2. By means of the theory of ideals 
innumerable special cases 1 for the presentation of integers 
through the forms x2+my2 may be derived. This is 
treated later when the relations existing between the 
composition of forms and the theory of ideals is given 
(Art. 283). For primes of the form 3n⅛l see Jacobi’s 
table in Jacobi’s Werke, Vol. VI, p. 268.

IV. The Realm R(√2). In this realm ⅛ = 1, while there 
are an indefinite number of units derived by raising the 
fundamental unit ϵ = l + √2 to different integral powers. 
In this realm prime integers p of the form 8n+1 and 
8n+7 are factorable (Art. 241).

p = x2+3y2.

Every rational prime integer p of the form 3n +1 may 
always and in only one way be expressed in the form

and that is:
p = (x + y √-3) (x - y √-3) ;

Otherwise expressed, there is only one way of factoring a 
prime integer p≡l (mod. 3) in the form

(1) for a + bω (a being even, b odd),
(2) for (a+bω2)ω2 (a being odd, b even),
(3) for (a+bω)ω= - b + (a+bω)ω (where a and b are both 

odd).

432 THE THEORY OF ALGEBRAIC NUMBERS

= ω, ω2, say, write
p = (a + bω) (a+bω2),

p= {ω(a + bω)} {(a+bω2)ω2},
p= {ω2(a + bω)} {(a+bω2)ω},

or

etc. Then the condition that x be odd and y even is 
satisfied:

1 See Dickson, History, etc., Vol. Ill, p. 3, where many references are found.



And thus we have the theorem:
Every positive or negative prime integer, which when 

taken positive is of the form 8n±l, may be expressed in an 
infinite number of ways in the form x2-2y2, and all the 
different ways are had from a single way through application 
of the units ±ek of the realm, k a positive integer.

In this connection many other interesting examples are 
found in Legendre, Theorie des nombres, Vol. I, Second 
Part. See also Dickson, History of the Theory of Numbers, 
Vol. II, p. 255; Vol. Ill, p. 55; Cunningham (Tables. 
Quadratic Partitions. London) for values of x, y in 
p = x2 + y2, p = x2±2y2, p = x2 + ry2(r= -5, 7, 3, -3, +5, 
etc.).

Hilbert’s Symbol for Norm-Residues 1
Art. 247. Having distributed the ideals into classes 

the next step in the classification is to distribute the

p = (3x+4y)2-2(2x+3y)2.

p = (x+y√2)ϵ2(x-y√2)ϵ2,

-p =(x+2y)2 -2(x-y)2.

-p =  (x+y√2)ϵ(x-y√2)ϵ',

-p= (x+2y)2-2(x+y)2

(p) = (x+y√2)(x-y√2)
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From the factoring of (p) into its prime ideal factors,
namely,

combined with the units of the realm there arise an 
infinite number of expressions of the numbers p in the 
form x2-2y2. For if p = x2-2y2, then is

(Art. 241). Further since

it is seen that

And writing

we also have

1 Hilbert, p. 286.



classes into genera (Gauss, Disq. Arith.), this being an 
extension in the quadratic realm of an analogous distri­
bution and classification in the realm of rational integers. 
This classification is simplified through the introduction 
of a symbol that is an extension of Legendre’s symbol and 
due to Hilbert (Zahlbericht, Chap. 17, §§ 64-66, 70, and 
Chap. 18, §§ 71-78).

Definition. Let p be a positive rational prime 
integer, while m, n are two arbitrary rational integers, 
the only restriction being that m must not contain a 
squared factor. If further there are algebraic integers a 
of the realm R(√m) such that n≡N(α) (mod. pe) for 
every rational positive integer e, then this fact is denoted 
by putting the symbol
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equal to + 1.

If, however, there is no integer α of the realm R(√m) which 
is such that

n≡N(α) (mod. p),
and if the congruence

n≡N(α) (mod. pe)
cannot be satisfied by integers of the realm for every 
positive integral value of e, this fact is denoted by putting

In the first case the rational integer n is called a norm­
residue and in the second case a norm-non-residue of the 
realm R(√m) with respect to p as a modulus. As in the 
case of the Legendre symbol, there are certain properties 
of the Hilbert symbol which simplify computation in 
numerical examples. Before expressing these properties 
in definite rules we may make the following remarks.



if n = k2n1,

or,

This is evident for the case n = 3. If p is >3, observe 
that no two of the d’s can be congruent (mod. p). It 
follows that no two of the d’s can be congruent to one 
and the same residue.

Suppose next that all the d,s were quadratic residues, 
so that, say,

where k: is a rational integer. And it is evident that the 
formula is also true when m≡l (mod. 4).

II. Of the numbers that form a complete system of 
incongruent residues with respect to p as a modulus, 
namely, 1, 2, ∙∙∙, p - 1, half are residues (mod. p) and 
the other half are non-residues (mod. p). See Dirichlet- 
Dedekind, § 33 (4th Edition). Denote the residues by

there is at least one non-residue (mod. p).

among the differences
If any one of the non-residues be denoted by n, then

and the non-residues by

n = k2n1 ≡ (kx — -√mky) (kx + √mky) (mod. pe).

n1 ≡ (x -√my)(x + √my) (mod. pe),

N(α) = (x -√my)(x + √my), if m≢1 (mod. 4)
I. In the realm R(√m) observe that
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Hence, if

then also

It follows that

where is to be found among the r s above. Hence,



And this is not true.

(mod. p}.

(mod. p),

p. It follows that at least one of the d’s must be a non­
residue. We may show that at least one of the d’s is a 
residue. For, assuming that they are all non-residues, 
it is seen that

which is not true since neither n nor is divisible by

addition it is seen that

(mod. p) neglecting the order as Through

is the same system of residueswhere

and similarly,
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Observing (see Dirichlet-Dedekind, § 43) that
(mod. p)

as is also the sum
(mod. p),

it follows through adding the above congruences that

(mod. p),



cases we may write m≡z2 (mod. p), where z is a definite

2. Take next the cases In these

tιon is at once ottered by taking y≡0 (mod. p) and tor x 
any value that satisfies the congruence x2≡n (mod. p).

1. Consider the case A solu-

admits solution in rational integral values of x, y.
(i)x2-my2 — n≡0 (mod. p),

n≡x2- my2 (mod. p),
or

4). The first theorem asserts that

(C)

Proof of (A). First let m≡2 (mod. 4) or m≡3 (mod.

If further both n and m are divisible by the first power 
only of p, then is

(B)

(A)

Art. 248. The signs which are to be associated with 
the Hilbert symbol are determined by means of the four 
theorems which follow.

Theorem I. If n, m are two rational integers while p 
is an odd prime integer which is a factor of neither n nor 
m. then is

residues r1, r2, ∙ ∙ ∙,Similarly if r is any one of the

then among the differences ri±r, ni±n, ni-r, some

are residues and some non-residues (mod. p).
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It remains finally to prove that there is an integer α 
in the realm R(√m) which is such that n≡N(a) (mod. pe),

The above proofs are at once applicable and with 
them it is proved that for the first power of p, there 
exists always an integer a of the realm R(√m) such that

n≡N (α) (mod. p).

4n ≡ (2x+y)2 — my2 (mod. p),

(mod. p),

or that the congruence

admits solution.

Observe that a non-residue multiplied by a residue is 
always a non-residue, while the product of two non­
residues is a residue. Hence the product my2 for the 
integers y = 1, 2, ∙∙∙, p - 1, goes over all non-residues 
(mod. p) twice. And when for x all the residues (mod. p) 
are substituted successively in x2-n, there is at least one 
non-residue (see previous article). And thus it is seen 
that (ii) admits solution in this remaining case.

If m≡1 (mod. 4), theorem (A) resolves itself into 
proving that

3. The remaining case is had when

These values satisfy (ii) and therefore also (i).

(mod. p).

(mod. p),
and x so that

x2-z2y2-n≡0 (mod. p).
rational integer and then (i) takes the form
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Since n≡n1 (mod. p), where ni may always be taken as an 
odd integer, we may always choose y so that



where pe is any positive power of p. The proof is one of 
induction.
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Art. 249. Proof of (B). If m = p, the congruences 
x2-py2-n≡0 (mod. p), when p≢l (mod. 4), (2x + y)2 
-py2-4n≡0 (mod. pe) when p≡l (mod. 4), admit 
solutions for all positive integral values of e, if and only if

and cannot be solved if

If n = p, the congruences x2-my2-p≡0 (mod. pe) and 
(2x+y)2 - my2 - 4p≡0 (mod. pe) may be solved when and 
only when x2-my2≡0 (mod. p), or (2x + y)2-my2≡ 0

(mod. p), and that is when It follows that

Suppose that α1 = a+bω is an integer of the realm 
R(√m) for which the congruence n≡N(α1) (mod. pe-1) is 
satisfied.

1. When m≠1 (mod. 4), a2-mb2-n = gpe-1, where g is 
a rational integer. Further, in the expression x2 - mb2 - n, 
put x = a+upe-1, y = b + vpe-1, and choose u and v such 
that 2ua-2mbv + g≡0 (mod. p). It is clear that

n≡N(x + yω) (mod. pe).
2. A similar proof is applicable when m≡1 (mod. 4). 

Thus it is proved that if there exists an integer qι in 
R(√m) such that n≡N(α1) (mod. pe-1), it is possible to 
determine two rational integers x, y such that

n≡N(x+ωy') (mod. pe).
As it was shown that there is always an integer a such 
that n≡ N(α) (mod. p), it is seen that the congruence 
n≡N(x+ωy) (mod. pe) may always be satisfied; and this

fact is denoted by the symbol



(A)

(B)

x2 - 2y2 - n ≡ 0 (mod. 2e),

while in the proof of Formula (B) it is necessary to show 
that there are solutions of the congruences

(mod. 2e), if m≡l (mod. 4);

In the proof of Formula (A) we have to show that there 
exist solutions of the congruences
(1)

(2)

(3)

x2 - my2-n≡0 (mod. 2e), if m≢1 (mod. 4),
and

Theorem II. If m and n are two arbitrary rational 
odd integers, the following relations exist

Proof of (C). If both m and n are divisible by p, say 
m = pm1, n = pn1, but neither of them by p2, then the 
congruences in question x2-my2-n ≡ 0 (mod. pe), and 
(2x -∖-y)2 - my2 - Yn ≡0 (mod. pe), admit solution when and 
only when a congruence of the form pX2 -m1Y2-n1≡0 
(mod. p) exists. And the necessary and sufficient con­
dition for this is, as shown above, that 
m1Y2-n1≡0  (mod. p) or (m1Y)2+m1n1≡0 (mod. p),
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The theorem is at once applicable if n or m is divisible by 
p, say n = n1p. It is seen that

a condition which is denoted by the symbol
It has thus been proved that



Write x = a + 8u and y = b+8v and determine u and v such

(mod. 23).

we may derive solutions of this congruence when the 
modulus is 25, 26, ∙ ∙ ∙.

Next suppose that x = a, y = b, is a solution of the 
congruence

x2 - my2 - n ≡ 0 (mod. 24),

Since either a or b must be an odd integer this last 
congruence admits solution. Similarly, if al and bi are 
solutions of

(mod. 2),

and that is,
1 + au-mbv≡0 (mod. 2).

provided
x2 — my2-n≡≡0 (mod. 24)

and consequently,
x2-my2-n = a2-mb2-n-[-8{au-mbv)-{-lQ^u2-mv2'),

and that a2-mb2-n is not divisible bv 24. Write 
x = a+22u, y = b + 22υ. It follows that

x2 -my2 - n≡0 (mod. 23)

It is evident that all of the above congruences may be 
solved for e = l. We first show that they may be solved 
also for any value of e greater than 3, if they permit 
solution for e = 3.

Suppose for example that x = a, y = b, is a solution of the 
congruence

(mod. 2e), if n≡ 1 (mod. 4).

n≢1 (mod. 4),ifx2-ny2 - 2≡0 (mod. 2e),
and of
(4)

(5)
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that
av + bu-+≡0 (mod. 2).

For example,

And from this table it is seen when m and n are odd that

m n

1 1, 3, 5, 7, 2, 6

2 1, 7, 2

3 1, 5, 6

5 1, 3, 5, 7

6 1, 3, 6

7 1, 5, 2

These may be put down in a table,1 the even integers being 
added for future reference. The values are, of course, 
given for m and n (mod. 8). The values of n are those 
for which the corresponding congruences are solvable.

(mod. 8).

x2 - my2 - n≡0 (mod. 8),

It only remains to determine what values of m and n 
satisfy the congruences

The corresponding values of x and y satisfy the con­
gruence

1 Hilbert, Bericht, p. 290; Sommer, Vorlesungen, p. 135.



m1 n

1 1, 7

3 1, 3

(A)

(B)

(C)

Proof of (A). It is clear that the congruence 
x2-2m1y2-n≡0 (mod. 2e) can be satisfied only when 
there are solutions for the case e = 3. We may therefore 
take for mi and n the values

The above table may be used for a discussion of the cases 
where p = 2 and m or n as well as when both m and n are 
even integers.

Art. 250. Theorem III. If m, n, m1, n1, are rational 
inteaers and all odd, then is

or - 1, according as n ≡ ± 1 (mod. 8) or n ≡ ±3 (mod. 8). 
And this is

and the corresponding congruence does not admit 
solution.

When n is an odd integer it is seen that

showing that there is a solution of the associated con­
gruence ; while
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may be united in the expression

and that is

where m≢1 (mod. 4)
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n1 m

1 or 5 1, 7

3 or 7 1, 3
These values together with the values for which

are to be considered.
m≡ 1 (mod. 4)

m≡3 (mod. 4)(1)
and
(2)

the two cases

Proof of (B). To determine the value of the symbol

And this is a verification of the formula

These values give a positive value to the symbol in the 
formula

For the case (1) it may be proved that the congruence
x2-my2 - 2m≡0 (mod. 23)

is satisfied for the values in the table



where m≡ 1 (mod. 4),

if m≡ 1 (mod. 8),

if m≡5 (mod. 8);

Case (2) where m≡l (mod. 4). In this case it is to be 
determined whether the congruence
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has a solution.
Reciprocally, the congruence (i) has a solution for 

e1 = 4 and e1>4 if X and Y are such rational integers that 
X2 - mY2≡0 (mod. 23) while X2 - mY2≢0 (mod. 24). And 
that is, X and Y cannot be even integers. It follows that 
the congruence (ii) admits solution only for m≡ 1 (mod. 8). 
In particular, there are then two rational integers, x, y, 
which are solutions of the congruence (i); and it may be 
proved as above that this congruence may be solved for 
every value of e provided m≡1 (mod. 8). In the present 
case the nature of the integers n1 is immaterial; and we 
simply have

χ2-mF2≡0 (mod. 23) (ii)

X2-mY2-8n1≡0 (i)
There is a solution for ei = 3, if

or
(2x+y)2 - my2 - 8n ≡ 0 (mod. 2e+2),

admits solution. This congruence may be written

(mod. 2e)

or, finally,

Proof of (C). The value of the symbol

depends upon the propertv of the congruence
x2 - 2m1y2 — 2n1 ≡ 0 (mod. 2e).



(A)

(B)

(C)

(D)

(See (B) Theorem I). If m = pm1 and when n is not

If further n = n1p and m not divisible by p,

Proof of (B). Take first p a prime integer ≠2. Then 
if n and m are prime to p, it follows from Theorem I that

-m≡N(√m)(mod. pe}.

Proof of (A). This relation is evidently true, since 
— m is the norm of √m so that for every integer p

Art. 251. Theorem IV. If m, n, mi, n1, are arbitrary 
rational integers, having no squared factors and if p is a 
rational prime integer, the following relations are true:
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This congruence admits solution for all values of e for 
which there are solutions of the congruence

2m1x2- (2m1y')2-4m1n1≡0 (mod. 2e+1).
Hence x must be an even integer. Write x = 2X and 
m1y=Y. The congruence divided by 4 then becomes

Y2 -2m1X2  + m1n1≡0 (mod. 2e+1).. (ii)
Upon comparison of (ii) with (i) it is evident that



(mod.· 2).
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divisible by p,

Finally if m and n are both divisible by p, it follows from 
(C) of Theorem I that

Take secondly the case where p = 2. From Theorem 
III this follows immediately if at least one of the numbers 
m or n is odd. If, however, both m and n are even, then is

(see Theorem III, (C)); while

Further,

and

Since m1≡ ±l (mod. 2) and n1≡ ±l (mod. 2), it is seen 
that

And this proves (B).
Proof of (C). Let p be a prime integer not equal to 2. 

Suppose first that p is relatively prime to both nn1 and m. 
In this case



(mod. 2).

(mod. 2),

If however m = pmi, then is
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An analogous formula may be derived if nnl is divisible 
by p.

Next let p = 2. Observe that if m, n, and n1 are odd 
integers

and that is,

It is then at once evident from Theorem II that

(mod. 2),

Again, observing when m, n, n1 are odd integers that

it is seen through direct calculation that

If either of the integers nn1 or m is divisible by 2, apply 
Theorem III with the results just established.

Proof of (D). First apply Formula (B) of the present 
Theorem, then (C) and finally (B) to the resulting 
factors.

Remark. If N(α) is the norm of α in the realm R(√m), then, 
since

for every prime integer p, it follows that



then, if we put n=±N(a), that sign + or —, is to be 
taken for which

is called the character-system of the integer a in the realm 
R(√m). (See Dickson, History, Vol. Ill, pp. 81-88, 90, 
190, 201.) Denote it by Ua. If this definition is extended 
to the ideals of the realm R(√m), a distinction is to be 
made between the real and imaginary realms.

The norm of all integers of imaginary realms are 
positive rational integers. If α is an ideal of an imaginary 
realm R(√m), we put n = N(a) which is a positive integer; 
and the character system for n as defined above is called 
the character system of the ideal a. If, however, a is an 
ideal of a real realm R(√m) then the character-system 
U-ι is first determined for the number - 1 in this realm 1 
and a distinction is made for the two cases:

1. Where U-1 consists of only positive units.
2. Where U-1 contains both positive and negative 

units.
In the first case N(a)  being always a positive integer, 

the complex of the r( = t) units is called the character­
system of the ideal a in the realm R(√m). In the second 
case, let, say lt, be a prime integer for which

Art. 252. The Character-System of an Ideal. If a is a 
rational integer and if further l1, l2, ∙∙∙, It are the t 
different rational prime factors of D, where D is the 
discriminant (fundamental invariant) of the realm 
R(√m), the complex of the t units
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1 Hilbert, Zahlber., § 65.



2. In the realmR(√-34), the discriminant D= 136, l1 = 2, l2=17.

a=(5, 3 + √-21), n= N(a) = 5,

we have for the character-system of a

If

Hence for any number, say 3, we have the character-system

1. In the realm R(√-21), the discriminant D= -84. The 
prime divisors are l1 = 2, l2=3, l3=7. Observe that for the number 
— 1, the character system is

consists only of positive integers. Observe that for 
imaginary realms the integer n is always positive while 
for real realms m is positive always.
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Next write r = t-1, and define as the character-system of 
the ideal a in the realm R(√m) the r units

(See Sommer, p. 141.) Due to the definition of the

the character-system of a principal idealsymbol

EXAMPLES



Art. 253. Theorem. All ideals of one and the same 
ideal-class have the same character-system.

Proof. Let α and b be two ideals of the realm R(√m), 
which belong to the same class. Hence (Art. 217), there 
are two integers of R(√m), say a and β such that 
(α)a = (β)b. Write N[Q(α)a] = A and -N[(β)b] = N1, so 
that N = Ni. Further, put ±N(a)=n and ±N(b)=n1. 
Hence, for all prime numbers, in particular, p = l1, l2, ∙ ∙ ∙, 
lt, we have

if n= -5.

Hence, the character-system for a is

Observe that associated with 3, for example, there is a negative 
unit and as there are both negative and positive units, we have 
r=t-1= 2. Let a= (5, 6+√51), so that

3. In the real realm R(√51), D = 204, l1=2, l2=3, l3= 17. The 
character-svstem of -1 is

and here r=t=2.
For a=(3, l+√34), n= N(a) = 3; and the character-system of a is

In this real realm the character-system of - 1 is
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since is always = +1; and

And this is true for p = l1, l2, ∙ ∙ ∙, lt.
Art. 254. Distribution of Ideal-Classes into Genuses. 

It is clear that all classes which have the same character­
system may be united into a group; and we may say these 
classes belong to a genus. The genus which contains the 
principal class, may be called the principal genus. Its 
character-system consists of only positive units.

Due to the formula 

it is seen that the multiplication of the ideal-classes of 
two genuses offers the ideal classes of one genus, whose 
character-system is had through the multiplication of the 
corresponding characters of the two genuses. In par­
ticular, it is seen that the character-system of the square 
of an ideal class taken out of any genus consists of only 
positive units, so that the square of every ideal class 
belongs to the principal genus.

The following theorem may be proved in regard to the 
number of classes which belong to a genus.

Theorem. The genuses into which the ideal-classes are 
distributed all contain the same number of ideal-classes.1

Proof. Let H1, H2, H3, ∙ ∙ ∙, Hf, be the classes which 
constitute the principal genus. If this does not include 
all the classes of the realm, let K be a class which does

Since N = N1∖, it follows that

1 Sommer, p. 143.



(k = 1,2,∙∙∙f).

where k = l, 2, ∙∙∙ f.

Further if L had the same character-system as K, or 
KHs, it is clear that

with similar expressions forh2, ∙ ∙ ∙, hf,∙
It is clear by considering the right-hand side of these 

equations that all the classes KH1, KH2, ∙ ∙ ∙, KHf, have 
the same character-system. If all the ideals of the 
realm R(√m) are contained in the classes H1, H2, ∙ ∙ ∙, Hf ∙, 
KH1, KH2, ∙ ∙ ∙, KHf, the theorem is proved. If, 
however, there are ideals that do not belong to any of 
these classes, denote such a one by I and let I belong to 
the class L. Form the classes LHx, LH2, ∙ ∙ ∙, LHf. As 
above, denote by t an ideal of the class K and let ii1= (ι), 
where (ι) is a principal ideal (Art. 218). Hence (ι)l = ii1l 
= ia, where a = i1l. From the relation (ι)l = ia, it is seen 
that

not belong to the principal genus. It is proved below 
first that the classes KH1, KH2, ∙ ∙ ∙, KHf, are all different 
from one another; and secondly, they all have one and the 
same character-system and therefore belong to the same 
genus. For, let i, h1 h2, ∙ ∙ ∙, hf, be ideals, respectively, 
of the classes K, H1, H2, ∙ ∙ ∙, Hf. It is clear, for example, 
that if)ι is not equivalent to ih2 for (see Art. 217) otherwise 
f)ι~f)2, which is not true. Hence, KH1≠KH2. And 
similarly KH1≠KH2(i, j = 1, 2, ···,f; i≠j).

Further note that
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where the product is taken over all possible prime integers p.
Proof. From Theorem I (A) of Art. 248, for every odd 

prime integer p(≠2), which is not a divisor of either m or
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Were this the case, it is seen, due to the relation (ι)l = ia, 
that L = KHs, which by hypothesis is not true.

By continuing this process it is seen that eventually all 
the ideal-classes have been reached. And this proves the 
theorem.

Remark. In Art. 235 it was proved that if the discriminant of 
the realm (R√m) contains only one prime integer, the number of 
ideal-classes is an odd integer. In this case the character-system 
consists of only one unit. As this unit could be either +1 or — 1, 
it is clear that the number of genuses could be at most 2. There 
would then be an even number of ideal-classes. However, since 
this number must be odd, there can be only one genus. Further, 
as there are principal ideals in every realm, and the genus to 
which such ideals belong is a principal genus, the character­
system must be +1.

This is a special case of the general theorem of the following 
article.
Art. 255. Theorem. If m and n are two rational 

integers, which have no squared factors, and if both m and n 
are not negative, then is

Hence if m and n are positive odd

integers that are relatively prime, there remain in the

computation of the value of besides p = 2, only

those prime integers that are divisors of m or n. And we 
have simply



where the p,s are defined as above. Hence,

where the second product on the right = +1.

?he Jacobi symbol means

Secondly let m and n be taken as above, with the 
exception that either m or n is negative.

If n is negative, write n = -n1, where n1 is positive. 
We then have

conditions.
With this it is proved that under the given

It was also seen that

and it was seen that

while

where p1, ∙ ∙ ∙ , pμ, are the prime factors of m, while q1, ∙ ∙ ∙, 
gv, are the prime factors of n.

By definition (Art. 245) the Jacobi symbol is defined 
through the equality
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Next, let m = 2m1, while n is odd; then due to the fact that

And that is,

Further, using the Jacobi symbol, observe that

It remains to consider the cases in which either m or n 
or both m and n contain the factor 2.

Let m be odd and n even =2n1, sav. It is seen that

The theorem is again proved in this case.
If m were negative = -m1, the theorem is proved by 

using (B) of Theorem IV, Art. 251.
Thirdly take the case where m and n are odd integers, 

which have the one common factor r, so that m = r∙m1, 
n = r ∙n1. It is seen that here

However,
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(Art. 249) and also (Dirichlet-Dedekind, Zahlentheorie, p.
107)



Art. 256. Let i be an ideal that is not a principal ideal 
and give to n the values ±N(i) as indicated above, where 
i without loss of generality may be assumed to be free of

Remark. If m is negative, and if A(i) is the norm of the ideal 
t in the realm R(√m), then n= ±N(i) is to be taken positive in the 
computation of the character-system of the ideal i; if, however, m 
is positive, then n= ±N(i) may be taken either positive or nega­

tive with the condition, however, that

the norm of 2 + √2.
It may be shown as follows that at least one of the 

numbers m and n must be positive in order that the above 
conclusions be true. For, suppose they were both 
negative and put m = -m1, n= -n1, where m1 and n1 are 
both positive. We may then write

for in the realm R(√2) it is seen that 2 is

When p≠2, it is clear that And further,
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the theorem is again proved.
Finally, let m and n be both even, say n = 2n1 and 

m = 2m1. In this case,



’ * ’,

Observe that if m ≡ 1 (mod. 4), when n is

if m≡2 or 3 (mod. 4); while if m≡1 (mod. 4),

prime factors of the discriminant of the realm R(√m), 
where n is the norm of any ideal (not principal) of the 
realm, then is

Denoting b∖ the product taken over all the

where the product is taken only over the prime factors
of m with possibly the prime integer p = 2.

Next observe that when m≡2 (mod. 4) or when 
m≡3 (mod. 4), then D = 4m, and that when m≡l (mod. 
4), then D = m.

We then have remaining the equation

where the product denoted by ∏' extends only over the 
prime factors of m and n together with the prime factor 
p = 2, if either m or n is an even integer.

If as above q1, q2, ∙∙∙, qv, are the odd prime factors of n 
which are not also factors of m, then due to the assump­
tion relative to n, namely, that it is the norm of an ideal 
which is not a principal ideal, it follows that

rational factors. We may then write
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odd. The integer n (as norm of an ideal that is not a 
principal ideal) contains 2 as a simple factor only if 2 is 
factorable in the realm R(√m) and that is (Art. 216, 
Case III) when m≡l (mod. 8) and in this case (see 
Theorem B, Art. 250)

and that the product of the units which constitute the 
character-system of an ideal that is not a principal ideal 
is =+1. Further, observing that the character-system 
of a principal ideal consists only of positive units, it 
appears that the results of the investigation just made 
may be formulated in the following theorem:

Theorem.1 The product of all the r units of a character­
system of an arbitrary ideal is always equal -1; or, a 
system of r units ±1 can present the character-system of an 
ideal, only if their product is equal +1.

The number of different arrangements of the units +1 
and - 1 taken r at a time is clearly 2r, while the number 
of such arrangements, whose product is +1 is 2r-1. 
Thus in a quadratic realm there are possible at most 
r-1 genuses.

The question now before us is: corresponding to the 
above possibilities, do there in fact exist genuses and if so, 
how many are there in a fixed realm? It will be shown 
that there are r-1 such genuses. Before taking up this 
proof, however, a careful investigation of the properties 
of the ambiguous classes of the realm is necessary.

with this it follows that

1 Hilbert, Bericht, p. 293; Sommer, Vorlesungen, p. 149; Dirichlet, Zahlen- 
theorie, p. 319; Gauss, Disq. Arithm., Arts. 229-31.
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Art. 257. The Ambiguous Classes. In the quadratic 
realm R(√m) it may happen that when -√m is written 
for √m in an ideal, that ideal remains unchanged. If a 
and a' are two conjugate ideals in general they do not 
belong to the same ideal class. Those special classes of 
the realm R(√m) which contain both α and α', where α is 
not a principal ideal, are called ambiguous classes.

Every ideal of an ambiguous class is equivalent to its 
conjugate; and that is i~i'.

The square A2 of an ambiguous class A is a principal 
class and reciprocally, if the square of an ideal-class is the 
principal class, this class is ambiguous. Those classes 
are clearly ambiguous, which contain ambiguous ideals. 
It is also conceivable that there are ambiguous classes 
which do not contain ambiguous ideals.

To find the number of ambiguous classes, we may 
proceed in such a way that first those classes are de­
termined which contain ambiguous ideal, and to this 
number add the number of ambiguous classes which do 
not contain ambiguous ideals.

In virtue of the theorem (Art. 216 under Case III) 
regarding the ideal factors of the discriminant of the 
realm, it was seen that every prime rational integer which 
is a divisor of this discriminant is equal to the square of 
an ambiguous ideal. If then l1,, l2, ∙∙∙, lt, are the 
different prime rational factors of the discriminant and 
l1, l2, ∙∙∙, lt, the corresponding ideal-factors of these 
prime numbers in the realm R(√m), it is clear that there 
are t different ambiguous prime ideals. The product of 
any two, of any three, etc., of these prime ideals are again 
ambiguous ideals; or, neglecting the product of all these 
ambiguous ideals, which is equal to the ideal (√m), their 
number is 2t-1. In other words, not including the
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principal ideal which is equivalent to (1), there are 
2t — 1 different ambiguous ideals in the given realm.

To calculate the number of different ambiguous classes, 
which are determined by the ambiguous ideals of the 
realm, Hilbert introduced the notion of the independent 
ambiguous classes. (See Hilbert, Bericht, p. 303.)

Definition. A system of ambiguous classes is called a 
system of ambiguous classes independent of one another, 
if no class can be expressed through the product of any 
powers of the other classes, and where none of the 
classes is the principal class.

For the ambiguous independent classes, which arise 
from the ambiguous prime ideals of the realm there 
exists the following fundamental theorem:

Art. 258. Theorem. The t ambiguous ideals which 
are divisors of the discriminant of a quadratic realm R(√m) 
determine (1) in the case of an imaginary realm always t— 1 
independent ambiguous classes, and (£) in the case of a real 
realm either t—2 or t—1 independent ambiguous classes 
according as the norm of the fundamental unit of the realm 
is +1 or -1. Corresponding to the two cases there are for 
the imaginary realm 2t-l and for the real realms either 
2t-2 or 2t-1 different ambiguous classes with ambiguous 
ideals. (See Hilbert, Bericht, p. 306.)

I. Proof of (1) where the realm is imaginary.
1. For the realm R(√-1) it is seen that D=-4,

l1 = 2, t = 1. The only ambiguous ideal of this realm is 
l=(1+√-1)~ 1. There is here one ambiguous class,
which is the principal class and no independent ambiguous 
class.

2. For the realm R(√-2), D= - 8, l1 = 2, t = 1. And 
since l1 = √-2~1, there is also here only one ambiguous 
class.
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3. The same is true for the realm R(√-3), whose
discriminant is D= - 3. The two realms and
R(√-3) are the only two imaginary realms in which 
there are units which differ from ±1. For the other 
imaginary realms, where ∖|m| >3, the only units are ±1.

4. Let (α) =x+yω be an ambiguous principal ideal of 
the imaginary realm R(√m). It is seen that we must 
have x + yω = ϵ(x + yω,'), where ϵ is a unit of the realm. 
If then ∖|m| >3, it follows that either

x + yω = x + yω'

x + yω= -x-yω.

(1)
or
(2)

l2∙ l3∙ ∙ ∙lt = (√m).

and from these results it is seen that (1), (√m) are the 
only ambiguous principal ideals of the realm.

If m≡ l (mod. 4) or if τn≡2 (mod. 4), the product of 
all the ambiguous ideals of the realm is l1∙l2∙ ∙ ∙ ∙lt = (√m)j 
if, however, m≡3 (mod. 4) and if lt is the ambiguous ideal­
factor of 2, then is

x = - b, y = 2b;
y = b, say,x = 0,for ω = √m,

for

1.
2.

The equation (1) is possible if y = 0 and x equal to an 
arbitrary rational integer, say a. The equation (2) 
however offers solutions

In both cases any one of the ambiguous ideals, say lt, may 
be expressed through (√m) and the rest of the ambiguous 
ideals. Hence in either case there are at most t - 1 
independent ambiguous classes.

It must also be observed that there can never be an 
equivalence of the form l1~l2∙ l3∙ ∙ ∙lt ,, where m≡l (mod. 
4) or m≡2 (mod. 4); nor one of the form i2~I3∙I4∙ ∙ ∙L
for the case m≡3 (mod. 4), where For it would



l1∙l2∙∙∙lv,~l22∙l33∙∙∙l2v~1

l1∙l2∙∙∙lv~1
and in the second case,

then follow that in the first case

THE QUADRATIC LAW OF RECIPROCITY 463

which is not true, as it was shown above that (1) and 
(√m) were the only ambiguous principal ideals of the 
realm. It follows that associated with the t — 1 ideals, 
l1∙l2∙∙∙lt-1, there are t-1 independent ambiguous 
classes. If these prime ideals are taken two at a time, 
three at a time, ∙∙∙, there exists a system of 2t-1-1 
ambiguous ideals, in which system no two ideals are 
equivalent and no ideal is a principal ideal. If then the 
principal class is included, there exists in the realm 
R(√m) classes that are different from one another 
and which contain ambiguous ideals.

II. Suppose next that the realm R(√m) is real. The 
real quadratic realms are to be treated differently 
according as the norm of the fundamental unit is +1∙ 
or -1.

1. In the first case, that is, when N(ϵ) = +1, there is in 
the realm (see Art. 234) an algebraic integer α, say,

different from 1, and from ±√m, such that And
from this relation it follows that

(α) = (α')
and consequently (α) is an ambiguous principal ideal 
which is different from (1) and from (√m). Besides (1), 
(√m), (α) and (α√m)), where the last ideal is freed of 
rational factors, there is in the realm 9t(Vm) no other 
ambiguous principal ideal that is independent of the four 
ideals just mentioned. For if (β) is an arbitrary ambigu­
ous principal ideal of the realm there is necessarily a 
rational integer f such that β = ±efβ'. On the other hand



if f ∕2≡0

or if f ∕2≡1

(mod. 2)

(mod. 2)

or if f ∕72≡1 (mod. 2) and

andif  f∕2≡0 (mod. 2)

then it is clear that β is a number such that and

(2)

while

(1)

It follows that f is an even integer, for by hypothesis 
N(ϵ) = - 1.

Hence if we choose β in such a way that

so that

this can be true only when γ is a rational number, there 
can be no other independent ambiguous ideals in R(√m) 
besides the four principal ideals (1), (√m) , (α) and the 
ideal (α√m) freed from rational factors.

2. If secondly the norm of the principal unit is 
N(ϵ) = - 1, the quadratic realm has only (1) and (√m) as 
ambiguous principal ideals.

For, if α) is an ambiguous ideal which is different 
from (1) and ,(√m) and does not contain (√m) as a factor, 
we may write

β=-efβ',

β=+efβ',when

when

(1)
and
(2)

af = tfa,f. Hence if we write
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it is seen that 7 is a number, such thai Since

and

and



consequently, β is a rational number. It follows there­
fore that (α) = (1) and (α) = (√m) are the only ambiguous 
principal ideals. (See Sommer, Vorlesungen, p. 154.)

Art. 259. Having determined all the ambiguous prin­
cipal ideals that exist in a real realm, the system of non­
equivalent ambiguous ideals and the ambiguous classes 
that are independent of one another may be determined 
in the same manner as in the preceding case of the 
imaginary realms. And it is seen that for a real realm 
with fundamental unit e such that N(ϵ) = — 1, one of the 
prime ideals l1, l2, ∙∙∙, lt may be expressed through 
(√m) and the remaining t — 1 of these ambiguous ideals; if 
however,N(ϵ) = +1, of the ambiguous ideals l1, l2, ∙∙∙, lt, 
that are factors of (√m) or of (α), two may be expressed 
through(√m) and (α) and the remaining Γs, so that there 
remains a system of t - 2 inequivalent ambiguous ideals 
that are not principal ideals. Thus it has been shown 
that there are either t - 1 or t - 2 independent ambiguous 
classes and as in the case of the imaginary realms it is 
seen that there are in all 2t-1 or 2t-2 different ideal-classes 
which contain ambiguous ideals.

It remains yet to determine in what realms there exist 
ambiguous classes where such classes do not contain 
ambiguous ideals and to determine the number of such 
classes.

Observe first that if i is an ideal of an ambiguous class, 
then i~i', or

(γ)i = i'.
If further N(γ) = +1, then the ambiguous class certainly 
contains an ambiguous ideal. For since N(γ) = +1, 
there is an integer β of the realm such that (see Art. 234)
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Hence, βi = β'i'; so that βϊ is either an ambiguous ideal, 
or is an ambiguous ideal multiplied by a rational factor. 
Hence an ambiguous class without ambiguous ideals can 
exist only when N(γ) = - 1. And this is possible only for 
real realms. If for such a real realm N(γ) = - 1, and if 
further the fundamental unit e of this realm is such that 
N(ϵ) = - 1, then is N(ϵγ) = +1 and consequently ϵγ = β∕β'.

Here again (β)i = (β')i' and the class contains an 
ambiguous ideal.

Due to the above observation, there remains still the 
possibility which is expressed in the theorem:

Theorem. In the quadratic realm R(√m) there exists an 
ambiguous class which does not contain ambiguous ideals 
only in the case where the character-system of -1[ = N(γ)] 
consists solely of positive units and where the norm of the 
fundamental unit of the realm is equal to  +1. The 
number of such classes is had by taking one such class and 
multiplying it by all the different ambiguous classes which 
contain ambiguous ideals.

Due to a previous theorem (Art. 248, end) the charac­
ter-system of - 1 consists solely of positive units if - 1 is 
the norm of an integral or fractional number of the 
realm. The above conditions may be brought about as 
follows: Let m contain besides the possible factor 2 only 
prime factors of the form 4n+l. The character-system 
of - 1 will contain in this event only positive units, since

and further (Art. 246) m may be expressed as the sum of 
two squares in the form

m = u2 + v2.
If we write this equation in the form
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say, it is seen that -1 is the norm of an integral or 
fractional number of the real realm R(√m). This 
number is evidently fractional, otherwise it would be a 
unit and the norms of the units of the realm are by 
hypothesis equal to +1. Next write γ equal to the 
quotient of two ideals ι and ti that are relatively prime, so 
that

or i=(γ)i1.

Since N(γ) = — 1, it follows necessarily that

ii' = i1i'1.
As i and i1 are by hypothesis relatively prime and 
consequently also i' and i1' it follows that i' = i1,, and since 
i= (γ)i1, it is seen that i = (γ)i' or i~i''. Thus it is seen 
that t determines an ambiguous class. This class cannot 
however contain an ambiguous ideal. For were α an 
ideal of this class, we would have a = αi where a is a 
number ofR(√m), or a= (α)(7)i'. If a were an ambigu­
ous ideal it would also follow that (α')(γ')i = (α)(γ)i', or

α = (α') (γ'). It would follow that and N(γ) = +1,

which is not true. Neither is N(ϵγ) = ÷1, since N(ϵ) = +l. 
And with this the first part of the above theorem is 
proved.

Art. 260. If next t is an ideal which is not ambiguous, 
but which determines an ambiguous class of the realm, 
and if a1, a2, ∙ ∙ ∙, denote ambiguous ideals taken as 
representatives of the different ambiguous classes which 
were presented in the preceding theorem, then as proved 
below, the ideals ia1, ia2, ∙∙∙, determine (1) different 
ideals; and (2) they determine all the ambiguous classes, 
which do not contain ambiguous ideals.



And with this it is shown that besides the classes that 
contain the ideals ia1, ia2, ∙∙∙, above, there are no 
ambiguous classes that contain ideals that are not 
ambiguous.

A combination of the theorems just proved gives rise 
to the following fundamental theorem:

Theorem. In every quadratic realm there exist 2r-1 
different ambiguous classes.

This theorem in extenso includes the following results 
that have been derived above:

For the imaginary realms, it was seen that r = t and 
further that every ambiguous class contained necessarily 
ambiguous ideals. Hence, for imaginary realms the 
number of ambiguous classes is 2t-1 = 2r-1.

J ~i'a~ia.

It is thus proved that (α)iJ  is an ambiguous ideal, and 
consequently is one of the ideals a1, a2, ∙ ∙ ∙, above. 
Writing α)iJ = a, it follows that

or (α)iJ = (α')i'J'∙

(Art. 234) that γγ1 may be expressed as the quotient 
of an integer a' and its conjugate in the form

consequently Since N(γγ1) = +1, it is seen

that N(γ) = -1, N(γ1) = -1, where and

then is av~aμ, which is contrary to the assumption.
Next let J be an ideal that is not ambiguous which is 

taken from one of the ambiguous classes. There are then 
two fractional numbers of the realm, say γ and γ1 such

iav, ~iaμ,
For, iflent

It is easily seen that no two of these ideals are equiva-
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When the realm is real, there are three different cases 
to consider according to the nature of the character­
system of —1 and the value of the norm of the funda­
mental unit.

(a) Suppose that the character-system of — 1 contains 
once at least the unit —1. In this case r = t-l. The 
norm of the fundamental unit must be necessarily +1. 
Every ambiguous class of the realm contains ambiguous 
ideals. Their number is 2t-2 = 2r-1.

(δ) The character-system of - 1 contains only positive 
units while the norm of the fundamental unit is - 1. 
It is seen that r = t and that every ambiguous class 
contains at least one ambiguous ideal. Their number is 
therefore 2t-1 = 2r-1.

(c) The character-system of -1 consists of positive 
units only and the norm of the principal is +1. In this 
case r=t. The realm contains 2t-2 ambiguous classes 
which contain ambiguous ideals and in addition 2t-2 
ambiguous classes which do not contain ambiguous 
ideals, in all, 2.2t-2 = 2t-1 = 2r-1 ambiguous classes.

Thus it is shown that 2r-1 is the maximum number of 
possible ambiguous classes. This correspondence gives 
rise to the conjecture that there is an intrinsic relation 
between the number of ambiguous classes and the 
number of genuses. This is shown to be true in the next 
article. It will be shown that every class of the principal 
genus may be expressed as the square of a class of the 
realm.

Art. 261. The Existence of the Genuses. Theorem.1
If m and n are two rational integers which have no squared 
factors and if for every prime integer υ the value of the

symbol is +1, then is n equal to the norm of an

1 See Hilbert, § 71.
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We may accordingly write n=±N(i), where t is an 
ideal of the realm R(√m). Since (Art. 218) there is an 
ideal h in the class determined by i, such that, if we put 
nι = N(h), then is ∣n1∣ ≦ [Dm∣, where Dm is the discrimi­
nant of the realm R(√m). As i and h belong to the same 
class, it follows that i = (α)h where a is an integral or 
fractional number of R(√m). It follows that n = N(i) 
= ±N(α) ∙ N(h = N(α)n1. If n1=+1, the correctness of 
the theorem is manifest.

when this expression =+1, then also 2 is the norm of 
an ideal in R(√m).

it is seen (Art. 216, Case III), that

is the norm of an ideal in R(√m) finally if 2 is a divisor 
of n but not of the discriminant of R(√m), and as

and when this expression = +1, then p2

Consider the exceptional cases that may arise: If p1 is a 
prime integer that divides n and also the discriminant 
of R(√m), then, as seen in the different cases considered 
above, pi is the norm of an ideal in R(√m); if p2 is an 
odd prime divisor of n but not of m and accordingly

is satisfied, then as has already been shown, at least one 
of the two numbers n or m must be positive.

We may assume that neither n nor m has a squared 
factor. Observe that if n = a∙b, then (Art. 251)
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integral or fractional number of the realm R(√m).
Proof. If for all prime numbers p, the equation



the meaning of the expression (i) is: If the theorem to be 
proved is correct for two numbers n1 and m then it is 
also true when these two numbers are interchanged, and 
that is, the theorem holds for m and n1. Observe however 
that |n1| ≦D1 The inverse of this theorem is also true. 
In this discussion, if ∖m≧4, then is |√Dm| < ∖m∖ and 
therefore a fortiori |n1| < |m|.

(i)
Due to the fact that

In this expression, x, y, cannot be zero simultaneously, 
nor can u, υ be simultaneously zero. Observe further 
that x, u cannot both be zero at the same time nor can y 
and v be both simultaneously zero, for in either of these 
cases n1 would be a perfect square. Solving the above 
expression for m, it is seen that

numbers n1 and m, and consequently that

for all prime integers p.
It is seen that if the theorem were proved for m and 

every integer n1 where |n1| ≦ |√Dm|, Dm being the 
discriminant of the realm R(√m), then it is true for every 
n,, and it is evident that no restriction upon the theorem 
has been made, when it is assumed that |n1| ≦ |√Dm| .

SuDDose that the theorem has been proved for the two
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Observe that n1 being the norm of an integral ideal is 
always a rational integer and in the further consideration 
of the theorem that we may assume n1 to be an integer 
without a squared factor such that



while in the realm E(√2)

-1=N(ϵ),

1 = N(-1), 2 = N(1 + √-1),

For note that in the realm 9i(∙√ — 1),

1=N(√-1),
2=N(l+√-1),
2 = N(2 + √2),

-l=N(l+√2),

-2 = N(√2),
2 = N(√-2),

-2=N(l+√3),
-3=N(V3).

p in each of the cases:

is proved below that = +1 for all prime numbers
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the proof of two new numbers and which in
absolute value are less than |m|, provided |√Dm| ≦ |m| 
and that is, if |m|, ≧4.

Due to the first fact shown above the theorem is 
correct for m and n1, where |n1| ≦ |√Dm| in case it is true
for two numbers m1 and n1 where and
is the discriminant of R(n1). With this the proof of the 
theorem for two arbitrary numbers n, m is reduced to

Since we may reason backward from the truth of the 
theorem for the two numbers n, m to the truth of the

absolute value, it is seen that the theorem is proved in 
general if its correctness is shown for the realms R(√-1), 
R(√±2), R(√±3) and that is for the realms where m<4. 
For all these realms the number of classes is h = 1, and 
further note that the following eight are the only cases in 
which |m|, ≦4 and at the same time |n| ≦ |√Dm|. It

theorem tor the two numbers which are greater in



where
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ϵ= l + √2, +1=N(ϵ);
-2 = N(√2), 2 = N(2+√2).

In the realm R(√-2)

1=N(-1),

2 = N(√-2).

for all prime integers p.
Due to the theorem just proved, we have n = N(α). 

where a is an integral or fractional number of the realιr 
R(√m).

Art. 262. Theorem. Every class of the principal 
genus in a quadratic realm R(√m) may be expressed as the 
square of a class of this realm.

Proof. Let H be a class of the principal genus in the 
realm R(√m) and let h be an ideal of this class which is 
relatively prime to the discriminant D of this realm and 
let n be the norm of h with the ± sign assigned as in 
Art. 252. Then is

In all these cases the theorem is found to be true and 
from the above considerations it is true in general.

and 1=N(-1).

while in the realm R(√-3),

-3 = N(√3),-2 = Λ'(l + √≡3)

1=N(-1),

and

and

In the realm R(√2=3)



all the classes of the realm may be expressed and each 
class only once.

Observe first that these classes are all different. For if
KλAμ = KvAρ

KfA1∖, KfA2, KfAa

K1A1, K1A2, K1Aa
(i)

the classes K1, K2, ∙ ∙ ∙, Kf, being different from one 
another and one of them representing the principal class 
K = 1. If A1, A2, ∙∙∙, Aa are the a = 2r-1 different 
ambiguous classes of the realm, it may be shown that 
through

H1=K2, H2 = K22, Hf = K2f

as is asserted in the theorem.
Theorem. The number of genuses present in the 

quadratic realm R(√m) is equal to 2r-1.
Proof. Let the number of classes be h and let g be the 

number of genuses. Further, let f be the number of 
classes which are contained in each genus so that h = gf. 
Denote the classes of the principal genus by H1, H2, ∙ ∙ ∙, 
Hf. From the theorem above, there exist f classes 
K1, K2, ∙ ∙ ∙, Kf, such that

H = K2i,

H denotes the class to which the ideal h belongs and Ki the 
class to which i belongs, then in the corresponding 
notation

i =i1', i1 =i'. It follows that If then

Hence, ii' = i1'i1, and consequently

Next put where i and i1 are ideals that are

relatively prime. Since i and i1 are relatively prime their 
conjugates are also relatively prime. From above
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Art. 263. 1. If the number of classes of a realm is odd, 
all the classes belong to one and the same genus. For, 
h = g∙f = 2r-1f and if h is odd, 2r-1 must equal unity.

Application1 of the Existence Theorem of
the Genuses

It was proved in Art. 256 that the product of the units 
which constitute a character-system is always equal to 
+ 1, and consequently there existed at most 2r-1 genuses. 
In conclusion, it is seen that a system of r units ±1, 
always represents a character system, when and only 
when the product of the r units is equal to +1.

where v is one of the integers 1, 2, ···,f. Hence

A denoting one of the ambiguous classes above. And 
that is, C = AKv which class is found among the classes 
(i). Thus it is seen that on the one hand h = gf and on 
the other hand h = af= 2r-1f, so that

K denotes the principal class: and we may write

is an ambiguous class since its square is equal to K, where

Hence, there is a class Kν, say, such that
C2 = Kν2,

since the square of an ambiguous class belongs to the 
principal class K=l. The K’s however are all classes 
different from one another.

On the other hand, if C is any class of the realm, then 
C2 belongs to the principal genus. For if i is an ideal of 
C. so that i2 is an ideal of C2, then is

then is also Kλ2 = Kν2
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1 Sommer, Vorlesungen, p. 164.

g = 2r-1.



(Art. 216, Case III). Hence, -+-2=x2-py2 admits solu­
tion for p = 8n + 7, and similarly, -2 = x2-py2 admits 
solution for p = 4(2n)+3 = 8n + 3 The solution of such 
equations may be done by trial. Observe that often the 
solution may be effected in a similar manner as that of the 
equation (Art. 246)

when p = 4(2n+l)+3 = 8n+7

±2 = x2-py2.
Writing the equation 2 = x2-py2 in congruence form 
x2≡2 (mod. p), it is seen that

so that r = t - 1 = 1. The number of ambiguous classes as 
well as the number of genuses is 20 = l. In particular, 2 
is factorable (Art. 216) in such a realm. For i = (2,1 + √p) 
is an ambiguous ideal = (2, 1 - √p) = i'. And as the norm 
of any principal ideal in this realm is of the form x2-py2, 
it is clear that

2. Let m = p be a positive or negative prime integer and 
let m≡1 (mod. 4). In this case D = m = p, so that t = l 
= r. The number of genuses is 20 = l. The realm 
contains only one ambiguous principal ideal and only one 
ambiguous class, namely, the principal class. When the 
discriminant contains only the one prime factor, the 
number of classes is odd (Art. 235) and if the realm is 
real, the norm of the fundamental unit (Art. 235) is 
equal to —1.

3. Let m = p be a positive prime integer of the form 
4n+3. In this case D = 4p, h = 2, l2 = p, and therefore, 
t = 2 The character-svstem of — 1 is

± 1 = x2 - my2
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where in the two last expressions the upper or the lower 
signs occur according as p≡l (mod. 8) or p≡5 (mod. 8) 
(Art. 216, Case III). If the two upper (plus) signs occur, 
then the class B determined by b belongs to the principal 
genus. And since every class of the principal genus may 
be expressed through the square of another class, it is 
evident that B = K2. But B being an ambiguous class, 
B2 = 1 and consequently K4 = 1. In this case it is seen 
that the number of classes is divisible by 4 and that is, at 
least equal to 4.

If however the lower (minus) signs occur in the 
expressions in question, then B cannot be equal to the

whose norms are N(a) = -m = p, N(b) = +2. The char­
acter-systems of α and b in the realm R(√m) are ac­
cordingly,

a = (√m), b= (2, l + √m),

4. Let m= - p be a negative prime integer of the form 
m≡3 (mod. 4). In this case r=t= 2. The number of 
classes is even and the realm contains two ambiguous 
classes in which appear the two ambiguous prime ideals

If w is a solution of this congruence, the required value 
of x is to be found among the numbers x = w+ pg, where g 
is a positive or negative rational integer. We may write 
for g the values 1, 2, ∙∙∙, p — 1, and observe when

is a perfect square, say, y2.

x2∓2≡0 (mod. p).
by first determining the roots of the congruence
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square of a class, and the number of classes is divisible by 
2 but by no higher power of 2.

In this case, if H1, H2, ∙ ∙ ∙, Hf, are the classes of the 
principal genus, where f is an odd number, then the 
remaining classes are H1B, H2B, ∙ ∙ ∙, HfB. Due to the 
fact that B2 = 1, it follows that Hi = H2k, Hl = HsH t, where 
I, k, s, t are integers of the series 1, 2, ···,/.

5. Let m = p ∙ p1 be a positive integer where p and p1 are 
both positive prime integers of the form 4n+1. In this 
case t = 2 = r, g = 2. The number of the ambiguous 
classes is accordingly 2 as is also the number of the 
genuses. The number of classes is even. The ambigu­
ous ideals are

Hence, see theorem in Art. 259, if the norm of the funda­
mental unit c of the realm is =+1, there exists an 
ambiguous class which does not contain an ambiguous 
ideal.

In this case the three ideals above must all be principal 
ideals. And that is, one or the other of the two equations

as well as one or the other of the equations

admits integral solutions.

If we write it follows also that the equation

(p, √m), (p1, √m), (√m).
Further note that



Hence r = t-1 and g = 20 = 1 (Art. 262). The number of 
classes is odd, since the ambiguous ideals are all principal 
ideals (Sommer, p. 119), and no ambiguous classes can 
exist which do not contain ambiguous ideals.

6. Let m = qq1 be a positive integer, where q and qi are 
positive prime integers of the form 4n+3. (See Art. 243, 
third case.) In this case m≡1 (mod. 4) and t=2. 
Observe that

the norm ±1, as is seen in the case of the two realms 
R(√145), where e = 11+2ω, and N(ϵ) = - 1, and in the realm 
R(√221), where e = 7+ω and N(ϵ) = +1.

The question when is N(ϵ) = +1 and when is N(ϵ) = - 1, 
is discussed further from a different standpoint by P. G. 
Lejeune Dirichlet, Ges. Werke, Vol. I, p. 288, in a paper: 
“ Einige neue Sätze über unbestimmte Gleichungen.”
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admits integral solutions.
Reciprocally, if this equation can be solved in integers, 

then the norm of the fundamental unit e is equal to +1.
A necessary condition for the above Diophantine 

equation is that
(p∕p1) = +1∙

The above result may be expressed in the theorem:
Theorem. If m = pp1, where p and p1 are positive 

prime integers of the form 4n + 1, then the norm of the

fundamental unit ϵ of R(√m) is equal to - 1, if

If the fundamental unit ϵ may have

Example. Write p = 2, pi = l-∖-4n and derive similar results as 
those just proved.



Note that if one solution of the equation ±4 = gx2-q1y2 
is known, an infinite number of other solutions may be 
determined by means of the units of the real realm 
R(√qq1)∙ And it is further seen that the equations 
±1 = qx2-q1y2 admit solution according as (q/q1)  = ±1.

7. If m= ±pq is a positive or negative integer, p and q 
being prime numbers such that p≡l (mod. 4) and q≡3 
(mod. 4), then is t = 3 or t = 2, and in either case, r = 2 and 
g = 2. The number of classes of the realm is clearly even.

If the special cases above are taken into consideration, 
the results may be expressed in the theorem:

Theorem. The number of classes of a realm is odd: 
(1) if m is a positive or negative prime integer and m≡l 
(mod. 4); (2) if m is a positive prime integer of the form 
4n+3; (3) if m = qqi is a positive integer, being the product 
of two positive prime integers q and q1 of the form 4n+3. 
In these and only in these cases is the number of classes of 
the realm equal to one; in all other cases the number of 
classes of a realm is an even number.

(q/q1) = +l (q/q1)= -1∙or

±4 = z2q-y2q1.

±4q = (2x+y)2-qq1y2

Further, observe that the equation with the upper or the 
lower sign admits solution, according as

Writing 2x + y = zq, these equations become
may be solved in integers.

admits solution; and that is, one of the equations

The equivalence (q, √qq1) ~ 1 has the signification here 
that one or the other of the two equations
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CHAPTER XI

Art. 264. L. E. Dickson in his History of the Theory of 
Numbers, Vol. II, pp. 731-776 devotes forty-five pages to 
the discussion of this remarkable theorem. In the 
preface of this volume, p. XIX he writes: “Fermat’s 
last theorem is not of special importance in itself and the 
publication of a complete proof of it would deprive it 
of its chief claim to attention for its own sake. But the 
theorem has acquired an important position in the 
history of mathematics on account of its having afforded 
the inspiration which led Kummer to his invention of 
ideal numbers, which is one of the most important 
branches of modern mathematics.” False proofs and 
erroneous deductions are noted by Dickson, in particular 
those of Cauchy, Lamé, Wantzel, and Kummer.

In his Observations sur Diophante Fermat (Vol. III, p. 
241) calls attention to the fact that the equation a2+b2 
= c2 is satisfied by a = p2+q2,b = p2-q2, p>q, c = 2pq, and 
says that he has a “ truly marvelous proof,” which the 
“ margin of his book is too narrow to contain, that it 
is impossible to solve an+bn = cn(n>2) in rational inte­
gers.” Kronecker (Vorlesungen über allgemeine Arith- 
metik, p. 23) says that mathematicians have probably 
worked on this theorem more than upon any other and 
that no problem has caused so many false and erroneous

APPLICATIONS OF THE THEORY OF IDEALS 
OF QUADRATIC REALMS TO A DIS­

CUSSION OF FERMAT’S THEORM
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rationality for the study of the cubic residues. See, for 
example, Bachmann, Die Lehre von der Kreistheilung, 
14th Vorlesung; or Jacobi, Works, Vol. 6, p. 223.

Legendre in the beginning of the second volume of the 
Theorie des nombres writes: “ The method, of which we 
are going to make several applications, is deserving of 
particular attention in that up to the present time (1830) 
it is the only one through which certain negative propo­
sitions relative to powers of numbers may be proved.” 
This method consists in showing that if a theorem is 
true for certain numbers, it may be proved to be true for 
smaller numbers. This being done, the proposition 
(negative) is proved. For in order that the proposition 
be true, it would be necessary that a series of positive 
integers decrease indefinitely. Fermat is the first who 
indicated this method (of infinite descent) in one of his

1 Dickson, “ Fermat’s Last Theorem and the Origin and Nature of the 
Theory of Algebraic Numbers.” (Annals of Math., Vol. 18, p. 161, Series 2.) 
Also read the excellent account of this theorem by H. J. S. Smith, Collected 
Works, pp. 131 et seq.

deductions. As stated by Dickson,1 the study of the 
theory of ideals grew up out of the study of this problem 
combined with the study of the general reciprocity law 
(see Art. 240).

Kummer’s fundamental discovery consisted in the 
proof that all complex integers defined by the nth roots 
of unity could, by the introduction of ideals, be factored 
uniquely into primes which obey the usual laws of 
arithmetic as regards multiplication and division. And 
he wished to apply this immediately to Fermat’s theorem 
and the higher reciprocity law in a similar manner as 
Gauss, by the introduction of an i into the realm of 
rationality, had done for the biquadratic residues as well
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as by the introduction of in the realm of



x2 = r2-s2, y2 = 2rs, z2 = r2+s2,

x2 = u4-4v2.

u2 = a2+b2, v2 = ab,

a=f2, b = a2,
where f and g are positive integers that are relatively 
prime. These values substituted in (3) give the Dio-

where a and b are positive integers that are relatively 
prime. Since their product is a square, it follows that 
we may write

(3)

This Diophantine equation admits solution on the 
assumption that (1) may be solved. We may accordingly 
write

where r and s are positive integers that are relatively 
prime, and where y is an even integer. Further, since 
2rs is a perfect square, it follows that either r and 2s or 2r 
and s are perfect squares.

If r = u2 and 2s = 4v2, we have

cannot be solved in integers. A zero value for one of the 
variables is excluded once for all. It is clear that no 
two of the integers can have a common factor, otherwise 
it must occur in the third integer and may be factored 
from the equation (1). If this equation admitted a 
solution, this solution could be expressed through

x4 + y4 = z2(1)

Art. 265. Following Legendre (see also Sommer, p. 
177) we may give the Fermat proof that the equation

notes on Diophantus, where he proves that the area of a 
right angle triangle whose sides are integers can not be a 
square integer.

Later Euler extended these applications and treated the 
theory with great clearness in the second volume of his 
Algebra.
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(2)
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phantine equation
(4) u2=f4 + g4
which is the same as equation (1). Observe, however, 
that of the two integers x and y, one must be the smaller, 
say y. On the one hand we have

and on the other r2 = u2, so that and 2rs = 4v2r = y2,

Due to the relation ab = υ2, it is seen thatso that

It follows that both f and g are less than y and this 
causes u to be less than z. Accordingly it is seen that 
equation (4) admits solution in smaller positive integers 
than the solution x, y, assumed for (1). This method 
could be continued indefinitely, contrary to the fact that 
there are only a finite number of positive integers that 
are less than a fixed integer z in (1).

As corollaries to this theorem it is seen that:
(A) Equations of the form

x4 + y4 = t4 = z2, (z = t2)
s8 + r8 =t4 = z2, (s = x2, r = y2),

x2n+y2n = t4 = z2,
do not admit solution.

(B) No two of the relations
x2 = r2 - s2, y2 = 2rs, z = r2 + s2

can exist simultaneously, otherwise equation (1) would 
admit solution. Since (r+s)(r - s) =x2, where r and s 
have no common factor, it would follow that

r + s = u2, and r - s = v2
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and consequently
2r = u2+v2, 2s = u2- v2.

We would thus have
2y2 = 4rs = u4 - υ4,

which, as thus stated, can not exist simultaneously with 
x2 = r2-s2, and that is, equations of the form

2z2 = x4-y4
do not admit solution in integral form. 

(C) Since the equation
x4+y4 = z4

Art. 266. The proofs which Kummer used for the 
Fermat Theorem rest upon the following principle that 
was introduced by Legendre, Vol. II, p. 357. Legendre 
made the impossibility of the solution of the equation 
x3 + y3 = z3, for example, depend upon the three propo­
sitions :

1. If this equation is possible, one of the integers x, y, z 
must be divisible by 3.

which from (C) is not possible. Numerous examples are 
given by Fermat. Dickson, Annals of Math., Vol. 18, p. 
163, gives an interesting reference to Leibniz in this 
connection.

(x2-y2')2 = z4-(2f')4,
so that

(x-y) = z2-4f2, (x+y)2 = z2+4f2,

(D) The last result has the following geometric 
interpretation. The area of a right-angled triangle whose 
sides are integers, can not equal to a squared integer.

For were xy = 2f2 and x2 + y2 = z2, we would have

x2 = r2 - s2, z2 = r2+s2, or x2z2 = ri — s4.

does not admit solution, there do not exist two integers r 
and s such that



The Proof of Proposition 2. Observe that 3 is an odd 
integer, and if a solution were possible, then by giving to 
one of the variables the negative sign, it could be trans­
posed to the other side of the equation, which would 
accordingly also admit solution.

Let z be the variable which is divisible by 2.

we will prove that u must be divisible by 3. For observe 
that x3 + y3  admits the two factors x + y and (x+y)2 - 3xy, 
which factors have only 3 as a common divisor; and if 3 
does not divide the right-hand side of (1), then are the

(1) x3 + y3 = 23mu3

x3+y3 = z3.

x3 + y3-z3≡ ±1 ±3or (mod. 9).

Hence if z is not divisible by 3, then also is z3≡ ±1 (mod. 
9), so that

x3+y3≡2, 0, -2 (mod. 9).

(t∓1)3 = t3∓3ί2+3t∓1 = t3∓3(t∓1)∓1,
so that i3 ≡ ±l (mod. 9). It follows that

2. That variable which is an even integer, must at the 
same time be divisible by 3.

3. If one of the variables is divisible at the same time 
by 2m and by 3n, the equation to which it belongs, may be 
changed into another where the corresponding variable 
will only be divisible by 3n-1. Then by making use of a 
series of transformations an equation is derived, in which 
no term is divisible by 3. And the solution of this 
equation is impossible by proposition 1.

To prove proposition 1, observe that if neither x nor y 
is divisible bv 3. then is
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x≡ ±1 (mod. 3) and y≡ ±1 (mod. 3).
Further if t≡±l (mod. 3), it is seen that

And accordingly we can never have

Writing



F=f(f2-9g2),
G = 3g(f2-9g2),
b3 = F2+3G2.

(f+√-3g)3 = F + √-3G,b=f2 + 3g2 and

Further as shown above, on the assumption that z is not 
divisible by 3, either x or y must be divisible by 3. It 
would follow that f is divisible by 3 and therefore both x 
and y and therefore also z. This is contrary to the 
assumption that the three variables had no common 
factor.

The third proposition consists in proving that the 
equation

it is seen that b3 is of the form p2+3q2 and is accordingly 
the norm of an integer of the realm R(√-3).

We may therefore write

where

It follows that

or
χ=f3+3f2g-9fg2-3g3,
y=f3-3f g-9fg2 +3g3

(1) x3+y3=23m33nz3
is impossible. Suppose for the moment it is satisfied 
without one of the variables being zero. Observe that

x + y = 23ma3,
x2-xy + y2 = b3,

and u = ab, where b is positive and prime to a. Writing
b3 in the form

two factors just written relatively prime. Since x and y 
are both odd integers it follows that
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Due to proposition 2 the solution of the equation just 
written necessitates that L be divisible by 3. Ac­
cordingly putting L = 3n-1T, it follows that
(3) M3-N3-(2m3n-1T)3.

where one of the integers L, Μ, N is divisible by 3n-1. 
We further have

f+g = M3, f-g=N3, g = 23m-1L3, LMN = 3n-1a,

where A, B, and C are relatively prime. We may accord­
ingly write

(3"-1α)3 = ABC,

Since 3b3 = x2-xy + y2 is an odd integer, it follows that 
b = p2-∖-3q2 is also odd and therefore also f2 - g2. It follows 
from (2) that g must be divisible by 23m-1. Hence 
writing gr = 23m-1A,  f + g = B and  f-g = C, we have

23m-133n-3a3 = g(f2 - g2).(2)
It follows that 6G = x+y, or

b=f2+3g2, b3 = F2+3G2,
where

we have as above

Writing b3 in the form

x+y = 23m33n-1a3 
x2 - xy+y2 = 3b3, 

z = ab.

the two factors of the left-hand side, namely, x+y and 
(x+y)2 -3xy have no common factor save 3 and no 
higher power of 3 can be a common factor. Also note 
that x2-xy+y2 is an odd integer. We may accordingly 
write
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M3-N3 = 2g = 23mL3.



α. = a + bω = a + b  -b(1 - ω),

a≡ ±1 (mod. λ).

β≡ ±1 (mod. λ),

α3- β3= - 2, Ο, or 2 (mod. λ3).
and therefore

and similarly

where a and b are rational integers. It would then 
follow that a + b is not divisible by (λ) and consequently 
3 is not a factor of a + b.

We accordingly must have

so that (λ) = (√-3). If a solution of (1) is possible it 
may be proved first that one of the quantities a, β or γ is 
divisible by (λ). For suppose that neither a nor β is 
divisible by λ. Since a is an integer in R(√-3), it may 
be written
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Comparing this equation with (1) it is seen that through 
the repetition of similar transformations the solution of 
(1) necessitates the solution of an equation of the form

x3+y3=(2mz)3,
where z is not divisible by 3, and this in virtue of propo­
sition 1 is impossible.

With this it is also proved that the solution of the 
equation x3 + y3 = 2kz3, for integral values of k, is im­
possible. (See also Legendre, II, 9.)

Art. 267. It may also be proved that the equation
(1) α3 -β3 = γ3
does not admit solution m the realm R(√-3) = R(ω),

The units of this realm (Art. 99) are

1, ±i, ±ω; and all the ideals are principal ideals. 
Following Kummer (see Sommer, p. 184) write



of which the difference a - β is divisible by a higher 
power of λ, but neither of the other two.

For observe that a = 1 +λτ, β = 1 +λσ, τ and σ integers,

(4) α-β≡0 (mod. λ), α - ωβ≡0 (mod. λ),
a-ω2β≡() (mod. λ),

and α3-β3≡0 (mod. λ3), it is seen that α and β must 
satisfy the conditions in (3) simultaneously. And from 
these we further have the simultaneous congruences:

(3) α≡ ±1 (mod. λ), β≡ ±1 (mod. λ)

where η is a unit of R(ω), does not admit solution.
Due to the conditions

(2) α3-β3 = ηλ3ny3,

so that α=±l+λ2τ, where τ is an integer; or α≡±l 
(mod. 3) and simultaneously b≡±l (mod. 3) so that 
a = (l + ω)+λ2σ, σ being an integer in R(√-3). Observe 
that l+ω = η, say, is a unit of the realm. It follows that 
in either case a≡η (mod. λ2) and similarly β≡η1 (mod. 
λ2), where η and ηi are units of the realm.

Since α3 - β3≡0 (mod. λ3), it follows that η3- η13 = 0, 
and with this it is proved that α3 - β3≡0 (mod. λ4), and 
that is, γ3 is divisible by λ4 or γ = λnγ1, where n≧2. It 
may be shown next that the more general equation

a≡ ±1 (mod. 3), b≡0 (mod. 3),

The solution of a3 - β3 - γ3 = 0 is accordingly impossible. 
Hence for a possible solution of this equation, one of the 
quantities a, β, or y must be divisible by λ. Writing 
7 = λn7b n≥l, it may be shown that n≧2. For if λ is 
prime to a = ajrbω. then either

α3-β3-γ3≡+3, or ±1 (mod. λ3).

γ≡ ±1 (mod. λ)
and

If then 7 is also not divisible by (λ), we must have
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a-β = ϵ1λ3n-2τ3,
a-ωβ = ϵ2λμ3 ,
a-ω2β = ϵ3λv3,

ω(α-β) +ω2(α — ωβ) + (α-ω2β) = 0,

ω ϵ1λ3n-2τ3 + ϵ2ω2λμ3 + ϵ3λv3 = 0,

μ3-ζ3 = η1λ3(η-1)τ3,
ω2e2λ,

μ3 - ζν3≡0 (mod. λ3)

μ3≡ ± 1 (mod. λ3) ν3≡±1 (mod. λ3).

α13-β13= η1λ3(n-1)γ13
may be solved.

These values substituted in (7) show that of the six units 
mentioned above we can only have  ζ=±l. Hence on 
the supposition that (1) may be solved, it follows that an 
≡quation of the form (6), that is

and note that neither μ nor v is divisible by λ. As proved 
at the beginning of this article, we therefore have 
μ≡±l (mod. λ) and z'≡÷l (mod. λ) so that

where ζ and η1 are two new units. Write this equation
in the form of a congruence

(6)
an equation, which, divided by oners

it follows from (5) that

where ϵ1 ϵ2, ϵ3 are units and τ, μ, v are integers in R(√-3). 
Observing that

And were a — ωβ≡0 (mod. λ2), it would follow that 1 was 
divisible by λ. It is further seen that the three con­
gruences (4) have no further divisor save λ.

Hence from (2) we may write

a — ωβ≡ (1 — ω) (mod. λ), or (mod. λ).

so that a—β=λ(τ-σ). Since a-β≡0 (mod. λ2), it follows 
that τ-σ≡0 (mod. λ) or τ = σ+λγ. Then also
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(7)

(5)



αk3-βk3 = ηkλ3γk3

α4 + β4 = γ2

α≡i (mod. λ).

α≡i (mod. 2) α≡i (mod. 2).or

α4≡ + l (mod. λ6, or mod. 23);

α4≡≡l (mod. λ6), β4≡ 1 (mod. λc)

α4+β4-2≡0 (mod. λ6).

ai+β4-2 = γ2-2.(4)
And it is seen thatγ2 is divisible by 2( = iλ2). We may

The equation (1) is

and therefore

and that is, the fourth power of every integer a that is 
relatively prime to λ is congruent to +1 (mod. λ6, or 8).

We may assume first that both a and β in (1) are 
relatively prime to λ. It follows that

From (3) it is seen that
(3)

Every integer that is prime to 2 satisfies oħe or the other 
of the congruences

(2)

can not be solved in integers of the realm R(i).
Here again all the ideals are principal ideals, and the 

units are 1, i. Writing λ = l - i, it may be proved that 
either a or β must be divisible by λ. Note that 2 = N(λ) 
= (1-i)(1+i) and that l+i = i(l - i) =iλ. It follows 
that 2 = (1-i)2i. Observe that 1≡i (mod. λ). It is 
clear that every integer α that is prime to λ satisfies the 
congruence

(1)
Art. 268. It may also be proved that the equation

could be solved, in which none of the integers αk, βk or γk 
is divisible by 3. And this as already proved is im­
possible.
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Continuing this process, it is seen that an equation of 
the form



and observe that y-β2 and γ+β2 can have no common
ϵλ4nα4=(γ-β2)(γ+β2)(5)

Since β4-1≡0 (mod. λ6), it follows from (6) that n>1. 
Next write the equation (5) in the form

shows that γ2-1 is divisible by λ4 at least. From (3) 
γ≡∙i (mod. λ2), or γ≡ +1 (mod. λ2). And it is evident in 
the case before us that the latter congruence must be 
taken so that γ - l = λ2τ and therefore γ + l=λ2(τ-i); 
and as either τ or τ+l is divisible by λ, it is seen that

γ2 -1≡0 (mod. λ5).

γ2-l = ϵλ4nα4 +β4-l,(6)

(5) ϵλ4nα4 = γ2-β4 n≧1,
may be solved. This equation when written in the form

admits solution, and vice versa. We may accordingly 
determine whether or not the more general equation

λ4nα4 = γ2-β4

so that y2 is congruent to either 1 or —1 (mod. λ4).
We may assume secondly that the integers β and 7 are 

prime to λ. Then from (3) γ2≡ - 1 (mod. 2) or γ2≡ +1 
(mod. 2); and since -1≡1 (mod. 2), we have in either 
case γ2≡ 1 (mod. 2). Since β4≡≡ 1 (mod. λ2), it is seen that 
γ2-β4 is divisible by λ2. Hence from (1) a is divisible by 
λ, and it follows that this equation can be solved only if

γ14-l = (γ12-l)(γ12+l)≡0 (mod. λ6),

This, however, is not possible; for from above, since γ1 is 
relatively prime to λ, it is seen that

γ12 — i≡0 (mod. λ4).
and therefore from (4)

γ2-2 = λγ12-2= -i2(γ12-i),

accordingly write γ=λγ1 where γ1 is relatively prime to λ. 
It follows that
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as remarked by Hurwitz, is that the quantities

ϵ*λ4τk4 = p4 — ῶ2,

z2 = x4 + y4, z2 = x4 - y4

ζ1λ4(n-1)τ4 = β2-σ4.

β2≡l -1 (mod. β4)or

(β4-l) = (β2-1)(β2+1)
β2-ζσ4≡0 (mod. λ4) or β2-ζ≡0 (mod. λ4),

As n≧2, we may write
β2-ζσ4=r1λ4(n-1)τ4.

units ζ and ζ1. It is seen that
Divide this equation by 2 and write for and the

2β2 = η1λ4n-2τ4 - ηλ2σ4 

where σ and τ are integers without a common divisor 
and η, η1 are units in R(i). It follows through sub­
traction that

γ+ β2=η1λ4n-2τ4,γ- β2 = ηλ2σ4 and
We may accordingly write

factor save λ2, otherwise such a factor would be common 
to 2y and 2β.

and since (mod. λ6), it follows
that

and therefore the unit £ is ±1.
Accordingly we have

Compare this equation with (5). It is seen that a 
series of analogous substitutions will reduce it to the 
form

a solution of which is not admissible, since it was shown 
above that λ must occur to a power greater than 4.

With this proof it is also evident that neither of the 
equations

may be solved lor rational integral values of the variables, 
that are different from zero.

Art. 269. A consequence of the theorems just proved,
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metrically interpreted, the meaning of these theorems is 
that the curves

are irrational for all rational values of x. Geo-

x3±y3= c3, x4±y4= c4,
where c is a rational number, never pass through any 
point whose coordinates x, y are rational numbers.

Further it is evident that the equation
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is not satisfied by the square roots of any rational 
numbers. For were a, b, c three numbers that are not 
perfect squares and which have no common factor, and if

it would follow that

and this is impossible, since the right hand side is an 
irrational number.

And this means, geometrically interpreted, there is no 
point whose coordinates may be expressed through the 
square roots of rational numbers, upon the cubic

x3±y3 = c3,
where c is a rational number.

In Art. 298 an important consequence due to Kronecker 
(Works, Vol. I, p. 121) is made of the fact that the 
equation

x3+y3 = 1(1)

where a and b are two rational numbers, it is seen that

admitted solution in rational integers, only when eitheι 
x or y was zero.

For writing



admits no solution other than where one of the variables is 
zero. See for example, Hilbert, p. 517 and an interesting 
article by Th. Got, which appears as an appendix to the 
translation into French of Hilbert’s Treatise, by Levy 
and Got, and Dickson’s History, Vol. II, p. 757. Prof. 
H. S. Vandiver is doing much work in this direction. 
Methods of solving the equation ζ2+η2 = ζ2 in quadratic 
realms are given by the author (Liouville’s Journ., Vol. 4, 
Series 6 (1921), pp. 327 et seq.).

αp+βp+γp = 0

Theorem. If p is a prime integer (>2) and a, β, γ are 
any integers of the cyclotomic realm, which exists through the 
adjunction of a pth root of unity to the usual realm, the 
equation

Art. 270. An important theorem due to Kummer 1 is 
the following. By cyclotomic realms we understand (Art. 
105) those realms which result from adjoining a root of 
unity to the usual realm.

Theorem. The equations x3—x±1/3 = 0 are the only 
ones of the third degree whose discriminant is +l, in which 
at the same time the sum of the three roots is zero.

Δ = -(4a3+27b2).
is (Art. 104)

With this is proved the theorem:

It is clear that every rational solution of
(2) 4a3 + 27b2 + l = 0
offers a solution of (1) and vice versa. The latter 
equation admits solution only for x = 1, y = 0; or x = 0, 
y = 1. Accordingly the only solutions of (2) are a= - 1, 
6 = 1/3.

Further it is seen that the discriminant of the equation

1 Kummer, Crelle, Vols. 16, 17, and 40.
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CHAPTER XII

CORRELATION BETWEEN THE THEORY OF 
QUADRATIC FORMS AND THE IDEALS 

OF QUADRATIC REALMS

x2+y2, x2 - 2y2, x2±3y2, x2 - my2.

f = ax2+2bxy+cy2,

Art. 271. In Arts. 240-2 we have determined whether 
or not a rational integer g may be expressed through one 
or the other of the special quadratic forms

in which a, b, c are rational integers, while x and y are 
variable integers. The middle coefficient 2b is usually 
taken even. The greater part of the third volume of 
Dickson’s History of the Theory of Numbers has to do 
with the treatment of such forms.

If a, 2b, c have no common divisor save unity, the form 
is said to be properly primitive, and improperly primitive if 
these three coefficients have 2 to the first power only as a 
common factor. The quantity b2-ac = D is called the 
discriminant of the form. We shall assume that D≠0 and 
that D has no square factor.

If in the form with determinant (discriminant) D we 
make the substitution

The more general quadratic form is

x = rx1+sy1,
y = tx1+uy1,S =

with determinant ∆ = ru-st, where all the quantities are 
rational integers, we have a new form

f1 = a1x12 + 2b1x1y1+c1y12



f~f1.
It is evident that f~f. If further f~f1 and f1~f2, then is 
f~f2, as is readily proved, since Δ = Δ1 — 1 and D2 = D1 = D.

All equivalent forms constitute a class. It may be

We shall next consider only such substitutions in which 
r, s, t, u are rational integers and where the determinant 
ru-st = l. Such a substitution is called unimodular. 
Its reciprocal has like properties.

If/is transformed into∕i by a unimodular substitution, 
we say that / and∕x are equivalent, and this property is 
denoted symbolically by

SS-1= x = x2,
 y = y2∙

Two substitutions S and S-1 are called reciprocal when

(∑S2)S3 = (S∑1)S3 = S(Σ1S3) = S(S1Σ2) = ΣΣ2 = SS1S2S3,
etc. If D≠0, it follows from the substitutions 5 that

while
∑S2 = S∑1 and Σ1S3 = S1Σ2,∙

the form/1 becomes f2 = a2x22+2b2x2y2+c2y∕22, whose de­
terminant D2 = D1Δ12 = D∆2∆12.

In general, if we put SS1 = ∑, S1S2 = ∑1, etc., it is seen 
that the associative principle is applicable, and that is,

Sι = x1=r1x2 + s1y2,
yl = t1x2 + u1y1, Δ1=r1 u1-1-s1t1

whose determinant Dl = D∆2. If Δ = ±1, the forms f and 
f1 are said to be equivalent, properly equivalent if Δ = + 1, 
and improperly equivalent if Δ = - 1.

If in the formΛ we make the substitution
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proved that all possible forms with the same determinant 
D may be distributed into a finite number of classes 
(Dirichlet-Dedekind, Zahlentheorie, §§ 67 and 75). It is 
clear that any form of a class determines that class.

The fundamental problems of the Theory of Quadratic 
Forms are the following:

1. Determine whether a given integer may be ex­
pressed through a given form; and when this can be 
done, determine the values of x and y, so that the form 
may present the integer.

2. Determine that form as representative of a class, 
which will express the given integer with the least 
numerical calculation.

3. Determine whether two forms with the same de­
terminant are equivalent, and if so, derive the substi­
tutions through which they may be transformed into 
each other.

4. Prove that the infinite number of forms with the 
same determinant, may be distributed into a finite 
number of classes. In Art. 218 it was shown that the 
infinite number of ideals that belong to a definite realm, 
may be distributed into a finite number of classes. In 
this realm the discriminant is a fixed integer.

5. Show that the classes may be distributed into 
genuses.

Art. 272. Kummer in his first communication re­
garding the ideal numbers (Crelle, Vol. 35, p. 325) called 
attention to the fact that the Theory of Quadratic 
Realms was identical with that of the Theory of Quad­
ratic Forms. In this same paper Kummer writes as 
follows: “The ideal factors of the complex numbers 
appear as factors of complex numbers that have a real 
existence.” In other words the Kummer factors (Art. 
205) are divisors of the integers of a fixed realm. “And
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consequently,” he says “when multiplied by other 
(Kummer) ideal factors, they produced integers of this 
fixed realm.”

The two most important results, he emphasizes, are the 
following:

1. There is always a finite definite number of these 
Kummer numbers which are necessary and sufficient 
when multiplied with one another, to produce all existing 
integers of the realm.

We have seen that the ideals of a fixed realm were 
distributed into a finite number of classes.

In another form the above theorem was proved by 
Kronecker in his Berlin dissertation (1845), De unitati- 
bus complexis. Observe that Kummer, the teacher and 
friend of young Kronecker, produced the above men­
tioned results about this time (1845), and a study of them 
greatly influenced the entire trend of Kronecker’s mathe­
matical endeavors, notably his introduction of modular 
systems already considered in Chapter VIII, and the 
general Theory of Forms in which he attempted (see 
Vol. II, Chapt. 4 of the present treatise) to generalize 
the Kummer results already mentioned in Art. 205.

2. Every ideal (Kummer) number f has the property that 
when raised to a definite integral power it becomes an 
integer of the realm. (See Art. 205.)

In Art. 218 it was seen that the h power of every ideal 
was a principal ideal (that is, an integer) of the realm. 
And we may accordingly prove the following:

Theorem. Corresponding to every ideal a of a fixed 
realm Ω there exists an integer κ which in general does not 
belong to Ω, and is such that the integers of α are identical 
with those integers of Ω which are divisible by κ.

For observe that ah=(ω), say, where ω is an integer of
Ω. Writing it is seen that κ has the property
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is m. The problem before us is the investigation of the 
correlation between p and f. (See Sommer, p. 197.)

Art. 273. Case I. The real realm ⅝(m), where 
m≢1 (mod. 4). This case is presented in Articles 273 to 
280. The discriminant is d = 4m, the basis being 1, 
ω = √m. Denoting by p any positive prime rational 
integer, we sawτ that the question of its factorization into 
ideal factors presented three possibilities (Art. 216).

factor (p) into the product of two ideals, which may or 
may not be principal ideals.

1. If then in R(√m) it was possible to

Observe that the determinant of the form

integer of the ideal a. These numbers κ are clearly 
Kummer numbers which belong to a realm of degree h 
above Ω. (See Smith’s Report, p. 111.)

Let p = (p, b+√m) denote a prime ideal of the realm 
R(√m). All numbers of this ideal are expressed in the 
form xp+y(b+m), where x and y go over all rational 
integers. And the norm of such numbers is (Art. 205)

(«)αintegral ideal as is also And this means that α is an

required. For if α is any integer of α, then αh is divisible
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by ah( = (ω)). It follows that is an integer, as is also

Reciprocally, if a is an integer of Ω so that

is integral, then is integral and therefore also is an



follows from the ideal equation (i).
n = a2 - mb2 or -p = a2- mb2

N(ϵ) = N(r+√ms) = r2-ms2 = +1,
then only one of the two relations

in which for x and y two rational integers a and b, which 
are relatively prime, may be written. If the norm of the 
fundamental unit e of the realm R(√m) is +1, and that is, 
if

f=x2- my2,
f= -x2+my2,

(I)
(II)

this is equivalent to the fact that the integer p may be 
expressed through one or the other or through both of the 
principal forms (Hauptformen)

(i)(p) = (a + bω)  (a+-bω'),

Art. 274. Principal Ideals and Principal Forms. If 
the ideal (p) can be factored into the product of two 
principal ideals,

3. If that is, if d is divisible by p, then is

x2≡≡0 (mod. p), and p is equal to the square of an am­
biguous ideal p = (p, √m).
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2. If then (p) is itself a prime ideal in

R(√m). But if p is not factorable in this realm, it is not 
of the form pp' = x2- my2. And this means that p can 
not be expressed through a form ax2 + 2bxy+cy2, with

determinant m = b2-ac. For since it

follows that both a and c are relatively prime to p. 
if ±p = ax2+2bxy + cy2, it is clear that

And

±ap = (ax + by)2 — my2, or (ax + b)2≡m (mod. p),

which is contrary to the assumption that



and consequently also

and that is the form (I) is equivalent to the form (II). 
If reciprocally there is a substitution with determinant 
∆=±1, which transforms (I) and (II) into each other, 
then simultaneously p and — p may both be expressed 
through either of the forms x2-my2, or — x2-∖-my2. If 
p = a2-mb2 and -p = a21-mb21, there exists the ideal 
equation

(a + √mb) = (a +√mb1)

—x21+my21 = - (r2 — ms2) (x2 — my2) = x2 — my2,

In this case it is seen that p and - p may be expressed 
through the same quadratic form (I). If p = a2 - mb2 and 
we write these same pairs of values, namely, x = a, y = b 
and x = ar + bsm, y = as + r in (I), we have p and -p; 
and if we write these pairs of values in (II) we have - p 
and p. And thus when the N(ϵ) = - 1, we have both p 
and — p represented through the form (II).

In this case however, that is, if N(ϵ)=r2-ms2= -1, if 
sve put x1= rx + msy, yi= - sx- ry, with determinant 
-r2+ms2 = +1, we have

(a2 - mb2) (r2 - ms2) = N (ar+bsm + (as + br) √m),
so that

— p = (ar + bsm)2 -m(as-∖-br)2 = a21-mb21.

Observing that the latter expression is the norm of an 
integer in 9t(Vm), we may write

- p = (a2 - mb2) (r2 - ms2).
then also is

p = a2- mb2, (ii)

If however N(ϵ) = - 1, and if for two definite integers a 
and b, we have from (i), say,

QUADRATIC FORMS AND IDEALS 503



504 THE THEORY OF ALGEBRAIC NUMBERS

Using the results derived above, as denning a corre­
lation” between an ideal and a form, we have the 
theorem:

Theorem. If p = (a + b√m) is a principal prime ideal, 
then

equivalent to (II), with determinant D = B2-AC = m. 
And clearly every integer p which may be expressed 
through (I) or (II) may also be expressed through the 
equivalent forms (Ia) or (IIa).

In the realms in which N(e) = l, the forms (I) and (II) 
are different, as are also (Ia) and (IIa). These forms are, 
however, equivalent in those realms in which N(ϵ) = -1. 
We may next prove the inverse theorem, namely, that if 
the prime integer p can be expressed through the quad­
ratic form F = Ax2 + 2Bxy + Cy2 with determinant D= (B2 
-AC) = m, then this form is equivalent to the form (I) 
when N(ϵ) = l, or to the equivalent forms (I) and (II) 
when N(ϵ) = - 1. In other words, if p can be expressed 
through f and also through F, then is f equivalent to F.

(∏a) -Ax21-2Bx1y1-Cy21

Ax21+2Bx1y1 + Cy21da)
equivalent to (I), and

and if we put r2-mt2 = A, rs - mtu - B, s2-mu2 = C, we 
have two infinite systems of quadratic forms

∆ = ru-st= +1,
where the rational integers r, s, t, u satisfy the condition

x = rx1+sy1,
y = tx1+uy1,

Art. 275. If in (I) and (II) we make the substitutions

(A) the two non-eqmvalent forms x2 - my2 and -x2+my2 
are correlated to p in the realm R(√m) in which N(ϵ) = 1;

(B) the two equivalent forms x2-my2 and -x2-∖-my2 are 
correlated to p in the realm R(√m) in which W(e) = — 1.



Due to the assumption that D can have no squared 
factor it follows that A, B, and C can have no common 
factor except unity. We may further assume that any 
of the three integers A, B or C is relatively prime to any 
given integer. For example, if A is not prime to p, we 
may, without loss of generality, derive a form equivalent 
to F in which the coefficient of the first term is prime to p. 
For if A is divisible by p and if C is prime to p (which 
includes the case p = 2), then applying to F the substi­
tution
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X = px1+sy1
y = qx1+uy1, pu-sq = 1,

And that is, Ap may be expressed through the form 
x2-my2.

From the equation (iii) it is seen that y1, is prime to p, 
and that A and y are relatively prime. And from (iv) it 
follows that both y and Ax1 + By1 are relatively prime to 
Ap. The case before us assumes that p =f, and that is, p 
may be factored into two prime principal ideals, so that

x = Ax1+By1, and y=y1∙

Ap = (AxiA-By)2 — my21 = x2 - my2, (iv)
where

where xi and yi are relatively prime, it is seen that
p = Ax21+2Bx1y1+ Cy21, (Hi)

where both q1 and q2 are prime to p, offers a form in which 
the coefficient of x2 is relatively prime to p.

Writing

x = q1x1+sy1,
y = q2x+uy, q1u-q2s = 1,

where q is prime to p, it is seen that the coefficient of x2 is 
Ap2-∖-2pqB-∖-q2C, which integer is prime to p.

If on the other hand C is also divisible by p, the 
substitution
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p = X2-mY2. Equation (iv), when expressed in terms of 
ideal factors, is (A)(X - √mY) (X+√mY) on the one hand, 
and (Ax1+By1-√mY)(Ax1+By1+√mY) on the other 
hand. Since X - √mY and X + √mY are prime ideals 
they must divide one or the other of the ideal factors in 
the right hand side of the equation. We thus have (A) 
expressed as the product of integral principal ideals, say

(vi)

(vii)

Ap = (r2 - mt2) (X2 - mY2)
= [rX + tmY + (rY + tX)√m]∖[rX +tmY — (rY + tX)√m]. 

This equation in connection with (iv) shows that the 
integers x, u mav be so chosen that

Ax1+By1 = rX+tmY,
-y1 = tX+rY.

And from the latter equations, it follows that
X = rx+sy, Y = — tx — uy.

Observing in these equations that X, Y, r, t, x are inte­
gers, it is seen that sy and uy are integers. Hence 
from (vi) if s and u were rational numbers, their de-

A = r2 - mt2, (v)
where r and t are two integers that are relatively prime 
Writing α = r + √ymt, it is seen that N(a)=A. Further 
observing that AC = B2-m∙1, and writing ay = B — √m. 
N(aβ) =AC and γ = s - √mu, we have

(r+√mt) (s-√mu) = B
where s and u are rational (and as proved below) integral 
numbers.

From this we have at once

or

It follows that



(Ill)

(II)

or

(I)

where b is a positive integer of zero. Again observe that 
all integers that are divisible by p are of the form 
px+(b-√m)y, where x and y are rational integers.

With the ideal p. bv definition, are correlated the forms

(p) = pp' = (p, b+√m)(p, b-√m).
Accordingly we may write

(ambiguous) (see Art. 216).

principal ideals. When , the two ideals are equal

ideal (p) accordingly is factorable in the realm R(√m) as 
the product of two prime ideals which may or may not be

rational integer such that or The

Art. 276. Arbitrary Prime Ideals and Correlated 
Forms in the Realms m≢l (mod. 4). Let n be a nrime

With this our inverse theorem is proved.
F = A x2+2Bxy + Cy2.

is such that the form (I) is transformed into the form

x = rxl+sy1,
-y = tx1+uy1, ru-st = 1

nominators must be factors of A and y. But since A 
and y are relatively prime, the numbers s and u are 
integers. With this it is proved that the substitution
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and to the ideal p the forms



(IV)

or
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Note that:
(a) The forms f1 and f3 on the one hand and f2 and f4 on 

the other are improperly equivalent, since the substi­
tutions s = x, y = -y1 with determinant Δ = - 1 transform 
these forms respectively into each other.

(b) With definite values ascribed to x and y the forms f1 
and ∕2 on the one hand and f3 and f4 on the other offer 
equal integers with contrary sign.

If the norm of the fundamental unit ϵ of R(√m) is - 1, 
and only in this case are the forms f1 and f2 improperly 
equivalent as are the forms f3 and f4.

For write
ϵ = r+s√m, r2-s2m = — 1;

and observe that

y = psx1+(r+bs)y1,
with determinant - 1, transforms f4 into f2 and also f3 into 
f4.

y = psx1-(r+bs)y1,

Writing

with determinant +1, it is seen that f1 and f4 are properly 
equivalent, as are also ∕2 and f3.

Accordingly the results (a) and (b) may be expressed as 
follows: when Λr(e) = — 1, we have  f1~f4 andf2~f3, these 
equivalences being improperly equivalent to each other.



y = -y1,
with determinant Δ = - 1 transforms these forms into 
themselves. Such a form is improperly equivalent to 
itself and (see Dedekind, Zahlentheorie, § 58) is called 
ambiguous (Zweiseitig'). See also Kummer (Monatsb. d. 
Berliner Akad., Feb. 18, 1858).

Observe finally that if p is a principal ideal, the 
results of Art. 274 show that simultaneously, on the one 
hand the forms f1 and f3 and on the other f2 and f4 are 
equivalent to one of the forms x2-my2, -x2-∖-my2 or to 
them both. And if the form ∕i is both properly and 
improperly equivalent to f3 they are both improperly 
eαuivalent to themselves.

1 See Smith’s Report, p. 189; Dickson, Vol. Ill, p. 13; and see the remark by 
the author at the end of this chapter.

b - √m = pr1 + (b + √m)s1,

(p, b + √m) = (p, b - √m) = (p, b + √m, b - √m),

In (a) of the preceding article it was seen that f1 was 
also improperly equivalent to f3 and f2 to f1. It is seen 
that the substitution

y = yι with determinant Δ= +1, transforms f1 into f3 and 
likewise ∕2 into∕4. If N(ϵ) = +1, the two forms f1 and f2 
are representative of the four forms of the preceding 
article. However, if N(ϵ) = -1, it was shown in the 
preceding article that  f1~f4, so that in the case before us

It is evident at once that the substitution

 f1 ~f2 ~f3 ~f4.

where r1 and s1 are rational integers. It follows that 
s1= - 1, 2b = pr1, so that 2b is divisible by p.
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Art. 277. Ambiguous Ideals 1 in Real Realms m^l
(mod. 4). If p is an ambiguous ideal, and that is, if

then is
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Example. Let the ideal (p, b +  √m) degenerate into a principal 
ideal. Deduce, using the methods of Art. 276, the results of Art. 
274. Consider also the case of ambiguous principal ideals.

In a later article (Art. 280, end) it is seen that 6i depends 
upon the values for r and t, but is independent of the values 
u, s, which as seen above are not uniquely determined.

is an integer, it is seen that b satisfies theSince

X2 - m≡0 (mod. p).

It follows that b21-m≡0 (mod. p); and that is b1 is a 
rational integer which satisfies the congruence

(i)

m = b21 - c1p.

F = px'2 + 2b1x'y'+c1y'2,
we have

with determinant m; or if we put

F = px'2+2{(Ar-∖-Bt')s + (Br + Ct)u}x'y'
+ (As2 + 2Bsu + Cu2)y'2

we observe that the form f is transformed into
y= tx' +uy', ∆ = l,

x = rx' + sy',
Introducing the substitution

ru-st = l.

Art. 278. An integer p which may be expressed 
through any of the forms f1, f2, f3, f4, say f1, is also pre­
sented through any form that is equivalent to f1. It 
remains to prove the inverse problem, namely:

Any form f = Ax2 + 2Bxy + Cy2 with determinant D = m 
through which p may be expressed by giving to x, y 
definite values r and t, which are relatively prime, is 
equivalent to one of the four forms f1, f2, f3, f4.

Suppose for example, that p = Ar2 + 2Brt+Ct2 where r 
and t are relatively prime. Let s and u be two other 
integers that are likewise relatively prime, such that



F = pX2±2bXY+c2Y2,

x' = X-gY, y' = Y, ∆ = l,

F = px'2+2(gp±b')x'y'+cy'2.

Art. 279. Instead of writing the ideal p in the normal
form, any other basis may be taken, whereand

The form corresponding

And that is, f(~F) is one of the forms f1 or f3; and to these 
two forms were correlated, by definition, the ideals p and 
p'. The following rule expresses the results that have 
been derived above.

If p = (p, bf-√m) with its conjugate p' = (p, b-√m) is 
an arbitrary ideal of R(√m), in which b is a positive 
integer (or zero) then with p are correlated.

(A) the forms f1 and f2 and with p' the forms f3 and fi if 
N(ϵ) = 1, it being assumed that p is neither an ambiguous 
ideal nor a principal ideal;

(B) the quadratic form fι and with p' the form fi, when 
N(ϵ) = - 1, where p is neither an ambiguous nor a principal 
ideal. If, however p is an ambiguous or principal ideal, 
then f1 and f3 fall together as do f2 and f1 and are ambiguous 
forms.

we have finally

where c2 is a definite constant. And since the determi­
nant of this form is m, and that is b2 -c2p = m, so that

we have

Making the substitution

congruence (i), so that bi = ±b-∖-gp, where g is an 
integer (including zero). The form F becomes
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×[(a1x+c1y)-(b1x+d1y)√m]

y = tx1+uy1, ru = st = ±1 = Δ,
x = rx1+sy1

It follows that by writing

that the form F is transformed into∕b where ∆ = l. If 
Δ= - 1, we have the same substitution as above where 
for r and s are written - r and - s; and in this case F is 
transformed into f3. Since the determinants of f1 and f3 
are equal to m, it is seen that the determinant of F is m. 
We accordingly have the theorem:

To the different pairs of elements which constitute bases

The form / correlated with p in Art. 276 was

or

to f1 above, which is correlated to p, is
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Accordingly the form F may be written

Since

jr t(b-f4mf where ru-st= ±1.
we may writeSince

integers can have no common factor. It is shown below 
that the determinant of the form F is m. Accordingly 
the quantities a21-b21m, a1c1-b1d1m, c1 - d1m are not all 
divisible by p2, otherwise m would be divisible by the 
square of p, which case has been excluded. It follows 
that the coefficients of F have no common divisor save 
unity.

are both elements of p, these twoand



And it is clear that ±a may be expressed through this 
form with three other forms analogous to f2, f3, f4 of Art. 
276 and through every form that is equivalent to one of 
these four forms.

However, inversely it is not true that every form with 
determinant m, through which ± a may be expressed, is 
equivalent to one of the four forms that are correlated 
with i and i'. For in general, there exist other ideals 
with norms ± a which are not equivalent to i and with 
each of which may be correlated a new quadruple of 
quadratic forms.

If on the other hand
F = Ax2 +  2Bxy + Cy2

is a quadratic form with determinant m, through which 
an integer a may be expressed in the form

a = Ax21+2Bx1y1 + Cy21,

of the ideal p, there correspond forms with determinant m, 
which are properly or improperly equivalent amongst 
themselves. And that is, the dependence of different 
pairs of elements among themselves leads to the equiva­
lence of corresponding forms.1
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Arbitrary Ideals and Forms

Art. 280. We saw in Art. 206, end, that an ideal 
reduced to its canonical form was i= (i1, i2+i3ω), where i3 
divided both i1 and i2. If then we assume that i has no 
rational factor, it may be written (a, b + ω), where a is the 
smallest rational integer that is divisible by i. Ac­
cordingly this factor may enter as an element of i.

Corresponding to the ideal i there exists a form, 
analogous to f1 of Art. 276, given by

1 Sommer, Vorlesungen, p. 207.



x = x1X+sY,
y = y1Y+uY,

F' = aX2 + 2b1XY+c1Y2.

(σ) =

where xi and yi are relatively prime; and if s and u are 
two integers such that x1u-y1s = 1, then the unit 
substitution
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transforms F into its equivalent form

If the substitution (σ) is made on the form f and the 
resulting coefficients of X2 and 2XY are equated to 
those of F', we have

(1)

(2)

From this it is seen that the form F' can only be equiva­
lent to f, if b+b1 ≡0 (mod. a).

To be able to determine whether F' and/are equivalent 
it is above all necessary to know how the integer b 
depends upon the quantities x1, y1, u, s.

Observe that the determinant of F' is b21- a1c1 = m, so 
that bi is a root of the congruence x2-m≡Q (mod. a). 
If a is a prime integer, this congruence may have two 
different roots; while there may be more than two such 
roots, if a is not a prime integer.

It may be proved that the coefficient of b1 depends, 
modulo a, only upon the values of x1 and y1 and does not 
change, modulo a, if for s, u any other pairs of values are 
taken which satisfy the congruence x1u-y1s = 1. Ob-

b + b1≡0 (mod. a).
Since a and yi are relatively prime, it follows that

(b+b1)y1 = a(u-X1).

Multiplying (1) by u and (2) by yi, and subtracting we 
have



x1(u-u1) -y1(s-s1) =0,

u = ul+kyl, s = sι+kx↑,

b1 = Ax1s + B (x1u+y1s) + Cy1u,
b2 = Ax1s1 + B(x1u+y1s1) + Cy1u1.

b1 - b2≡0 (mod. a).

x2-m≡0 (mod. a).

QUADRATIC FORMS AND IDEALS 515

serve that if s, u and s1, u1 are two solutions of this 
equation, then is

so that

where k is any integer.
The middle coefficients, see (2) above, are accordingly

Through subtraction and the substitutions u - u1 = ky1, 
s-s1 = kx1, it is seen that

It is thus shown that there exists a unique relation be­
tween x1, y1 and b1, and we may say that the expression 
of the integer a through the form F by means of the 
quantities x1, y1 belongs to a definite root b1 determined 
through the congruence

We accordingly have the theorem:
Theorem. If an arbitrary1 rational integer a may 

be expressed simultaneously through f and F, the form F is 
then and only then equivalent to the form f, if the expression 
of the integer a through F belongs to the congruence-root b.

If finally i is an ideal which is divisible by a rational

integer z and if the correlated form corresponding

to iι is first derived, with determinant D = m.
The correlation of forms and ideals may be reversed: 

To a primitive quadratic form ax2 + 2bxy + cy2 with 
determinant mthere may be correlated the corresponding 
ideal (a, b + √m) of the fixed realm. Hence one and the 
same ideal is correlated with equivalent forms (see Art.
275),

1 Sommer, Vorlesungen, p. 209.
18



Art. 281. The first case, where real realms were con­
sidered and m≡2, or m≡3 (mod. 4), occupied Articles 273 
to 280. We shall now encounter the second case.

Case II. The imaginary realm R(√m), where m≢l 
(mod. 4)∙ Again let d = 4m be the discriminant; 1, 
ω = √m, the basis; and Λ≧l the number of classes of the 
realm.

If p is a rational prime integer, such that

and which accordingly does not admit factorization in 
R(√m), then p can not be expressed through a quadratic 
form with determinant D = m (Art. 273). See Sommer, 
bottom of p. 197.

Further observe that if

is a form with negative determinant m, then clearly a and 
c must have the same sign; and the form f presents only 
positive or only negative integers according as a, c are 
positive or negative. If a, c are positive, the form is 
called a positive form, while it is called a negative form if 
a, c are negative, the determinant in either case being 
negative. In the consideration of such forms it is 
accordingly sufficient to consider the forms of one kind, 
say the positive, since the two kinds are completely 
distinct, however in all other details quite the same. 
Accordingly in the corresponding arrangement of forms 
and ideals in contrast with the first case, considered 
above, the only change to be made is that the discussion 
be limited to the forms f1 and  f3 of Art. 276.

Art. 282. Case III. It R(√m) is a real realm where 
m≡1 (mod. 4) and if we wish to make a similar corre­
lation between the ideals and forms as has been done in



af = (ax+by)2- my2;
and from this it is evident that af and therefore f for

which is a fractional number.
Historical ground justify the wish of correlating forms 

of determinant D = m with the ideals of the realm. 
Accordingly we must first introduce an observation 
regarding the nature of the coefficients a, b, c of the forms 
with determinant D = m and of the integers which may 
be expressed through such forms. If f=ax2 + 2bxy+cy2 
is a quadratic form with the determinant D = (b2 - ac) (≡ 1, 
mod. 4) and if the coefficients a, 2b, c have no common 
factor, in particular have not 2 as a common factor, then 
no integer which is divisible by 2 and not by 22 can be 
expressed through f . For if a is an odd coefficient of ∕, we 
have

And in the form ∕, contrary to that which was found in 
the previous cases, the middle coefficient is not necessarily 
an even integer. While in Case I and Case II, the 
determinant of the forms was D = m = ¼d, we have here

and

in Art. 274 for example in the correlation of a principal 
ideal p = (a+bω) and a principal (haupt) form, it is seen 
that

the preceding articles, it is seen that the two theories are 
not in agreement.

For let R(√m) be such a real realm with basis: 1,

QUADRATIC FORMS AND IDEALS 517

and discriminant d = m. Then, if as was done



integral values of x, y is either an odd integer or f is 
divisible at least by 22. Hence an integer divisible by 2 
to the first and no higher power can only be expressed 
through f if a and c are even integers, or more exactly 
said, if a, 2b, c have as common factor 2 to the first power 
only. Forms whose coefficients a, 2b, c have 2 to the 
first power only and no other common factor, were called 
improper primitive forms of the determinant D (Art. 271), 
proper primitive forms being those in which a, 2b, c have 
only unity as a common factor. For determinants 
D(≡l, mod 4) which are free from quadratic factors and 
only for such do there exist primitive forms, improper as 
well as proper. (See Dirichlet-Dedekind, Zahlentheorie, 
§61.) .

An improper primitive form can never be derived 
through a transformation with integral coefficients from 
a proper primitive form. Hence, in the exposition of the 
present third case it is necessary at the beginning to 
make a distinction between the proper and improper 
forms. To effect this correlation of ideals and forms two 
ways are suggested:

First. Forms other than f may be put in correlation 
with p. For example, the improper primitive from

x = x1
y=2y1

x= -2y1
y = x1

(A) (B) (C)
x = x1+2y1
y= -x1I

together with the proper primitive forms with even 
middle term which may be derived from f through a 
substitution with determinant 2. To derive these forms 
differing from one another and from f, we may make the 
substitutions
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offering, besides 2f, the forms
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fa = x 21 + 2x 1y1 + (1 - m) y 21

Any substitution with determinant 2 may be derived 
from one of the above substitutions with determinant 2 
combined with another substitution with determinant 
unity.

x = r1x*+s1y*,
For if

y = t1x*+u1y*
is a substitution with determinant r1u1- s1t1 = 2, and if

is a substitution with determinant ru-st = 1, then the 
combined substitutioι

x=(r1r+s1t)x1 + (r1s+s1u)y1
y = (t1r+u1t)x1 + (t1s + u1u)y1

has the determinant 2. 
If reciprocally

x = Rx1+Sy1, y=Tx1 + Uy1

R, S
T, U = 2,

R = r1r+s1t, S = r1s+s1u,
T = t1r + u1t, U =  t1S + u1U.

then integers r, s, t, u, such that ru-st = 1, may be 
determined so that

For example using (A) above write
R = r,
T = 2t,

S=s.
U = 2u,

x* =rx1+sy1 y* = tx1+uy1

is any given substitution with determinant
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(with r1 = l, s1 = 0, u1 = 2, t1 = 0); or with (B) write
R= -2t, N = - 2u,
T = r, U = s;I

R = r+2t
T = -r,

b=S + 2u,
U=-s.I

or with (C) write

As a second method, instead of introducing proper and 
improper primitive forms in the realm R(√m), we may 
take certain quantities that belong to the ring R(√m) 
which is contained in R(√m). Let p = (a+bω) be a
principal ideal of the realm and in its place put (2)p 
= (2a+2bω) and associate with this latter ideal the 
improper primitive forms

fa = x2-my2,
fb = -x2-my2.

If further p = (a+b√m) is a principal ideal of the ring 
r(√m), associate with it the proper primitive forms

These two pairs of forms may be treated in detail as in 
the Case I, there being two additional observations to be 
made.

First it is seen tha f1 and f2 are ambiguous, since they 
are transformed the one into the other by the substitution 
x = -x1-y1, y = y1 with determinant -1.

And in the second place as noted above in general a 
proper primitive form can never be equivalent to an 
improper primitive form as is seen at once through 
application of a unit substitution. The forms f1 and f2 
otherwise expressed correspond to the ideal (2, 2ω) of the
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realm R(√m), while fa and fb correspond to the ideal 
(1, 4m) of the ring r(√m). If p is an arbitrary ideal 
different from (2) of the realm R(√m), there may be 
correlated four improper primitive forms corresponding 
to the ideals (2) p and (2) p'; and to the ring ideals 
pr and p'r that may be associated with p and p' there may 
be correlated four proper primitive forms as in Art. 276. 
The essential difference between the treatment here and 
that in Art. 276 lies only in the introduction of two kinds 
of primitive forms.

Case IV. Where R(√m) is an imaginary realm and 
m≡1 (mod. 4)∙ The distinction made here and in the 
third case consists in limiting the discussion once for all 
either to positive or negative forms of the determinant 
D = m.

Multiplication of Ideals and the Composition 
of Forms

Art. 283. Through the reciprocal relations of quad­
ratic forms1 to the theory of ideals and vice versa a basis 
may be laid for the theory of quadratic forms. In the 
establishment of the theory, it is necessary to know in 
what relation the classes of forms stand to the classes of 
ideals. The multiplication of ideals in connection with 
the operations with forms is a question which will now be 
considered. The two cases must again be considered 
here: (1) where m≡2 (mod. 4) or m≡3 (mod. 4), and (2) 
m≡1 (mod. 4).

We shall limit the discussion to cases m≡2 and m≡3 
(mod. 4).

Let p and q be two ideals of the realm R(√m) and put
p = (p, b+√m), q = (q,b+√m),

1 See Sommer, Vorlesungen, p. 213.



pq = (pq, B +√m)

pu + b = B qv + b1 = B.and

whose product, being an ideal of R(m), may be written
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Observe that it is always possible to determine two inte­
gers u and v such that

It follows that B+^m is an integer belonging both to the 
ideal p and to q. We may accordingly choose p, B+√m 
as basal elements of p, and likewise q, B + √m as basal ele­
ments of q.

Hence with the ideals p, q and pq may be correlated the 
forms

Among these three forms there exists the following 
striking relation: since px + (B + √m)y, qx + (B + √m)y, 
pqX + (B + √m) Y are integers respectively of the ideals 
p, q, pq, there exists through multiplication
[px + (B + √m)y]y][qx1(B + √m)y1 ]= pqX + (B + √m) Y.

By equating coefficients in this expression we have

and it is clear that the form F is transformed into the 
product of two forms f and f1 through the substitution 
(Σ); and inversely the product of the two forms f and f1 is 
equal to F, if the variables x, y and x1 y1 are connected 
through the relations (Σ).



Further, correlating with the ideals p and q the forms
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it is seen that F may be expressed as the product of φ and
 φ1∙ For the substitutions

x' = x+uy, x'1 = x1+vy1,
y =y, y'1= y1,

change φ to f, and φ1 to f1. For the multiplication of 
forms Gauss (Disq. Arith., V, pp. 234 et seq.) used the 
notation composition.1 The form F is said to be com­
posed of the forms f and ∕1 and can be written sym­
bolically F=ff1.

The same is true of the composition of forms if p and q 
are two ambiguous prime ideals. One may observe how 
the forms are related which are correlated with p and 
p2. For let p be a prime ideal that is different from 2, 
such that, say p = (p, B + √m), and p2 = (p2, B + √m). If 
the correlated forms are

it is seen that F =f2, where

By a comparison of the substitutions (Σ) and (∑1) 
observe that the special case may be derived directly 
from the general case.

, Smith’s Report, pp. 231 et seq.; Dickson, Vol. III, pp. 60 et seq.
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p = (2, l + √m), p2 = (2, 2^m),

p = (p, <m), p2 = (p, p√m);

F = X2-mY2.

and

where m is an odd integer.
If p is any other ambiguous ideal, we have

Such a composition fails only when p is a divisor of 2. 
For example if m≡3 (mod. 4) and pp' = 2, it is seen that

i= (a, b+√m), i1 =(a1, b1+√m)

ii1 = (aa1, a1b + a1√m, ab1 + a√m, bb1 + (b + b)√m + m).

aa1u + (a1b + a1√m) = a1(B + √m),
aa1v+(ab1 + a1√m) = a(B + √m),

ii1 = (aa1, B + √m).
i = (a, B + √m) i1 = (a1, B + √m).andFurther note that

Since (a, a1) ~1, we may add B + √m as an element to 
the product just written, which becomes thereupon

where B = au + b = a1υ-∖-b1.

Observe that

with the restriction (a, a1) = 1, the theory being suffi­
ciently general for the results given in the sequel. Their 
product is

Art. 284. We must next observe how more generally 
two forms may be compounded, which are correlated 
with two ideals. Let these ideals be (see Art. 206, end)

are made.

Y = 2xy

It is clear that F =f2, if the substitutions



If then with the ideals i, i1 and ii1 are correlated the forms
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we may regard F as the product of f and f1. For through 
the multiplication of ideals it is seen that
[ax+By+√my][a1x1 + By1 + ^√my1] = aa1X+(B+√m)Y, 
where

Y = axy1+a1x1y+2Byy1.
These values written for X and Y offer at once the 
product of the two forms f and f1.

If we correlate with the ideals i and i1, instead of the 
forms / and∕ι, the forms

i=(a, b+√m), i1= (a1, b1+ √m),
corresponding to the ideals in the original forms, namely

then on the one hand f and φ and on the other f1 and φ1 
are equivalent, and it may be again shown, just as was 
done above in detail for p and q, that F may be expressed 
as the product of φ and φ1.

It is to be observed in particular that not only the form 
F but also every form F' that is equivalent to F may be 
compounded of the same forms f and f1.

The above treatment is also reversible: if a form F is 
compounded of two forms f and f1 and if with the forms



Art. 285. The fundamental theorem of composition 
respecting the behavior of equivalent forms is the 
following:

Theorem. If two quadratic forms f and fl are com­
pounded into F and if two other quadratic forms φ and φ1 
are compounded into Φ, and if on the one hand f and φ and 
on the other f1, and φ1 are equivalent, then is F equivalent to Φ.

Proof. If any two integers a and a1 can be expressed 
through f and f1, then also these integers may be ex­
pressed through φ and φ1 and the product a∙a1 can be 
expressed through both F and Φ. Due to the following 
theorem, which for convenience is placed after the one 
we are now proving, there correspond to the forms f and φ 
equivalent ideals, as also to the forms f1and φ1 If, say, i 
and h correspond to the forms f1 and φ, while i1 and fq to 
f1 and φ1, then is i~h, i1~h1 and consequently also 
(Art. 217) ii1~hh1. To the ideals iiι and hh1 there 
correspond, among others, the forms F and Φ, which 
must be properly equivalent, since through them either 
positive or negative integers may be expressed.

Due to the relation between the composition of forms 
and multiplication of ideals there exists, as an important 
consequence, the relation between classes of forms and 
classes of ideals which is expressed through the following 
theorem.

Theorem. If i and ti are two equivalent ideals of the 
realm R(√m) each without a rational factor, the quadratic 
forms, which by definition are correlated with these ideals, 
are also equivalent in pairs.

Proof. We may observe regarding the equivalence of 
two forms that, if two forms f and f1 may be compounded 
with the same principal form φ( = x2 - my2) so that the

f and f1 are correlated the ideals i and i1, then to F there 
corresponds the product ii1.
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two forms fφ = F and f1 = Fι are equal or equivalent in 
the sense of Art. 280, then are the forms f and f1 equiva­
lent by definition in a somewhat more general sense. 
For it is clear that any integer a which may be expressed 
through f may also be expressed through f1 with both 
expressions belonging to the same congruence root (Art. 
280).

Due to the assumption that t and ti are two equivalent 
ideals, there exist two integers of the realm a and β such 
that (α)i= (β)i1∙ If then the principal form φ is corre­
lated with the principal ideal (α) and therefore the form 
±φ with (β), and if there is correlated with the ideals 
i, i1, (α)i = (β)i1 the forms f, f1, F, then necessarily is 
F = φf = ±φf1- In fact, the forms φ, f on the one hand 
and φ, fγ on the other hand may be compounded by the 
general method above, since the coefficient a1 of φ is 
unity, thus satisfying the condition that was imposed, 
namely that a and a1 be relatively prime.

From the equation φf = ±φf1 it follows that the forms 
f and ± f1 are equivalent; and hence also the four forms 
which correspond to the ideals i and i1 are equivalent in 
pairs.

If further f and f1 are equivalent forms and if i and i1 
are ideals that are correlated with these forms, then it 
follows vice versa that i~i1.

With this it is also proved that to the finite number of 
ideal classes of the realm R(√m) there corresponds a 
finite number of classes of quadratic forms with de­
terminant D = m. This last number is at least equal, in 
general greater and at most four times as great as the 
number of classes of ideals (Gauss, Disq. Arith., p. 196). 
With an ambiguous class of ideals (Art. 277) there 
corresponds an ambiguous class of forms.

It was proved (Art. 218) that in every class of ideals



∖|b| ≦ |√m|, ∖|a| ≦ 2|√m| |a| ≧ |c|.and

0<b<√D, 0 <√D-b< |a|< <√D+b, |a| ≧ |c|

Remark. On p. 66 of the Evanston Colloquium Lectures Felix 
Klein wrote: “It is true that we have here spoken only of complex 
numbers containing square roots, while the researches of Kummer 
himself and of his followers, Kronecker and Dedekind, embrace 
all possible algebraic numbers. But our methods are of universal 
application; it is only necessary to construct lattices in spaces of 
higher dimensions.” Again on p. 58 of the Evanston Lectures 
Klein wrote: “Recent investigations have made it clear that 
there exists a very intimate correlation between the Theory of 
Numbers and other departments of Mathematics, not excluding 
geometry.

(Gauss, Disq. Arith., p. 196, Prob. 4).
With this the analogy of the quadratic forms with the 

theory of ideals is again put into evidence. And it is 
clear that all such conceptions as the multiplication of 
classes, distribution of classes into genuses,1 character­
system of a genus have their prototypes in either theory.

Example. Derive results analogous to the above for realms 
R(√m), where m≡1 (mod. 4).

l See Smith’s “Report on the Theory of Numbers,” Collected Works, Vol. I, p. 
202. See also Gauss, Disq. Arithm., Arts. 153-233.
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These are the conditions of a so-called reduced form 
(Dirichlet-Dedekind, Zahlentheorie, pp. 176 et seq.) 
namely

there is an ideal a, say, such that M(α)<∣√D∣. If 
a= (a, b + √m), then N(a) = a, while b may be reduced so

that Observe that d = 4m, where m≡1 (mod. 4).

Accordingly in every class of forms with determinant 
D = τn, there is at least one quadratic form, whose middle 
coefficient b and extreme coefficients a, c satisfy the 
conditions
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“As an example I may mention the theory of the binary quad­
ratic forms as treated in the Elliptische Modulfunctionen. An 
extension of this method to higher dimensions is possible without 
serious difficulties. Another example is found in the paper of 
Minkowski, ‘Ueber Eigenschaften von ganzen Zahlen, die durch 
räumliche Anschauung erschlossen sind,, Collected Works, Vol. 
I, p. 270. Here geometry is used directly for the development of 
new arithmetical ideas.”

The author believes that one will reap richly the fruits of his 
labor, if he will first read Minkowski, “Zur Theorie der quadrati- 
schen Formen,” Works, Vol. I, pp. 6-239, in connection with 
Minkowski, Die Geometrie der Zahlen. The theories of this 
wonderful mathematician, who died all too young, still remain to 
be fully developed.



CHAPTER XIII

GEOMETRIC PRESENTATION OF IDEALS

Imaginary Realms

Art. 286. The theory of the ideals of the quadratic 
realms admits of interesting geometrical interpretations. 
These offer a close analogy with certain physical studies, 
for example mineralogy, in particular crystallography, 
etc. The sequence of analogies of pure analysis, ge­
ometry, etc., with physical subjects should never be lost 
sight of. They should always be emphasized. There are 
close analogies also with metaphysical subjects combined 
with physical subjects, for example, the analogy among 
ideals, the ideal numbers of Plato, chemistry, etc. See 
a paper by the author in The American Math. Monthly, 
Vol. 35, p. 282.

In the geometric treatment of ideals a distinction is to 
be made between the pure and imaginary realms, as has 
been done in their analytic development.

We shall first consider the imaginary realms and for 
this purpose we may employ the realm R(√-5) which 

has been repeatedly in­
troduced. The number 
of ideal classes h is two.

Take two axes inter­
secting at right angles 
with the origin as usual 
at the intersection. On 
the real (x-axis) lay off 
unit distances and on the
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where a and b are any rational integers. The plane is 
thus covered with what may be called unit rectangles the 
vertices of which are algebraic integers in R(√-5). The 
points thus obtained constitute the lattice-points 1 of the 
realm. We shall call them the fundamental set of lattice­
points. When a system of lines is made connecting 
these points we have what may be called a lattice.

Thus corresponding to the one system of points there 
may be drawn many different lattices. A parrellogram 
that contains no lattice points within its interior is called 
an elementary parallelogram of the lattice, or a mesh. A 
lattice is completely determined through a position and 
the dimension of a mesh. The meshes completely cover 
the plane.

Theorem. Through the lattice-points an indefinite 
number of different lattices may be laid.

Proof. Take any lattice-point A and any other lattice­
point B, so that the line AB does not go through a lattice­
point between A and B. Continue the line in either 
direction through A and B. On this line at distances AB 
are situated an indefinite number of lattice-points. This 
line divides the plane into two halves. On either side of 
it draw parallel lines through the lattice-points. On these 
lines the lattice points are at distances AB from one an­
other. On the line that is nearest to i take any lattice 
point C and draw AC. Let D be the next point on this 
line parallel to AB. The distance CD is equal to AB. 
Join BD and it is seen that there can be no lattice-point in

imaginary axis (τ∕-axis) lay off distances of length √5. 
The integers of the realm are those points of the plane 
expressed through the formula

GEOMETRIC PRESENTATION OF IDEALS 531

l Encyklopaedie der math. Wissenschaften, Vol. I, pp. 606-616.

a + b√-5,
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ABCD, which accordingly is an elementary parallelogram 
or mesh. Extend the line AC in either direction from 
A and C and mark off the lattice-points at intervals AC 
on this line. Lines drawn through these points, parallel 
to the line AB will, with the first system of parallel lines, 
divide the entire plane into elementary parallelograms 
or meshes. It may be proved that were there a lattice­
point within one of these meshes, there would also be one 
within ABCD.

By taking the lines through AB and AC as oblique 
axes, and denoting the lengths AB and AC by ωx and ω2, 
it is seen that all lattice-points may be had through the 
formula

x1ω1+x2ω2
where τi and x2 take all positive and negative rational 
integral values; and that is, ω1, ω2 from a basis of all the 
integers of the algebraic realm R(√-5), the lattice-points 
being geometric images of all algebraic integers of the 
realm. The arithmetic interpretation of what has just 
been given, is: there are an infinite number of ways 
of choosing two pairs of values ω1, ω2 in every realm so 
thatx1ω1+x2ω2 will, with rational integral values of x1 and 
x2, give all the integers of the algebraic realm. And recip­
rocally, if α>ι and ω2 form a basis of the realm, then 0, ω1, 
ω2, ω1+ω2 form the four vertices of the initial mesh. The 
quantities ω1, ω2 give the direction of the coordinate axes 
and the unit lengths on these axes.

If ω1*, ω2* form another basis that is different from ωx, ω2, 
we saw (Art. 206, end) that

ω1* = rω1+sω2,
ω2* = tω1+wω2,(S1)

where ru + st = =±1.
Observing that

ω1*x + ω2*y= (rx+ty)ω1+(sx+uy)ω2,



x1 = rx+ty,
y1 = sx+uy, ru-st = ±1,(S2)

it is seen that the new variables
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offer a transformation from one system to another. The 
coordinates x, y, x1, y1 are in all cases rational integers. 
The direction of the coordinate axes are determined 
through ω1 ω2 and ω1* ω2*. With the exception of the 
origin, every lattice point is transformed into another 
lattice point. The transformations (S1) and (S2) are 
said to be contragredient. It is seen that the area of 
every mesh that determines a lattice is constant. The 
above results may be summarized as follows:

To the integers of a quadratic realm there correspond the 
points of a lattice. These points we have called the funda­
mental set of lattice-points. Through the lattice-points an 
indefinite number of lattices may be laid, whose meshes are 
all of the same area. Every lattice corresponds to a definite 
basis of the realm. Any two lattices are analytically con­
nected through a linear transformation with determinant ±∕, 
and this transformation is contragredient to the one that 
connects the corresponding pairs of bases.

The product, sum or difference of any two lattice-points 
is a lattice-point. To prove this we need only write a 
complex integer in place of the lattice-point and employ 
the usual rules for complex numbers.

Art. 287. If a is an algebraic integer, the principal 
ideal (α) consists of the collectivity of all the integers of 
the realm which are divisible by a. And this means 
geometrically all those lattice-points which are obtained 
by the multiplication of the fundamental set of lattice­
points by a. It is clear that these points also form a 
system of lattice-points. Thus the lattice-points are 
merely the integers of the principal ideal (α). To
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illustrate this take α = l+√-5, an integer in R(√-5). 
Multiply the points that lie on a line of the fundamental 
set by α. The resulting points also lie on a line. For 
denote the inclination that the quantity α makes with

ordinates satisfy the equation

is similar to the lattice (1) with parallelogram abco. 
For observe that the complex quantities

r cos (δ - φ) = d,

o, a, b, c,
0, 1, 1+i√5, i√5,

the x-axis by so that
therefore where
d denotes the absolute
value of α. Observe
that if ῶ = reiφ is any 
point on a line, its co-

where d, δ are the length and inclination of the perpen­
dicular from the origin to the line. A similar equation 
may be had through the multiplication of α and ῶ. It is 
further seen that points which lie in two parallel lines (in 
which therefore δ is the same) when multiplied by α offer 
points that lie on two parallel lines. Also observe, since

that a vector drawn through the origin is
turned through an angle and stretched in the ratio
dr : r, so that there­
fore every figure is 
transformed into a 
similar figure. Since 
the ideal (σ) is de­
rived from the ideal 
(1) through multipli­
cation with a, it is 
seen that the ideal 
(α) with elementary 
parallelogram ABCO



X = ux- 5vy,
Y = υx+uy,

|α | = u2+5v2.
with determinant
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multiplied by a = 1+i√5 are
0, 1+i√5, -4+2i√5, -5+i√5,

C.B,A,0,
From this it is seen that similar lattices correspond to all 
principal ideals, the ideal (1) being the fundamental lattice.

Analytically it is seen that the derivation of the lattice 
(α) from the principal lattice (1) may be brought about 
by means of a linear transformation upon the latter.

For put α = u+v √-5, where u and v are rational 
integers and denote points of the fundamental lattice by 
x+y √-5, while those of the lattice (α) are expressed by 
X+Y√5, where x, y, X, Y are rational integers. It is 
seen that

Mark off the points that are the vertices of the lattice 
(α). Through these an infinite number of lattices may 
be laid whose meshes have a constant area precisely in 
the same way as was done for the indefinite number of 
lattice-points that were laid through the fundamental 
lattice-points. (Sommer, Vorlesungen, p. 227.)

Corresponding to every basis of the ideal (a), for 
example α, α√-5, there may be associated a lattice 
whose elementary parallelogram has as vertices the 
points O, a, α√-5, α+α√-5. To the different bases 
there correspond different lattices, that are connected 
through linear transformations with determinant 1. For 
example in the figure above 0A=ω1 = 1+i√5, 0C=ω2 
= — 5+i5j and if we put

ω1* = rω1 + sω2,
ω2* = pω1 + qω2, rq-sp = 1,

we have a different lattice, the vertices of the elementary



parallelogram being 0, ω*1, ω*1+ω*2, ω*2. The area of the 
meshes in both cases is 6√5. Accordingly we have the 
theorem:

Theorem. With any ideal (α) there may be associated 
a set of lattice-points that is similar to the fundamental set 
of lattice-points. Through this set of lattice points may be 
laid an indefinite number of lattices each defined by a basis 
of the ideal (α). Any two such lattices are connected by a 
linear transformation with determinant ±1. This transfor­
mation is contragredient to the transformation which con­
nects the pair of bases, that correspond to the two lattices. 
All such lattices have meshes of constant area.

Art. 288. The ideal (1) corresponds to the funda­
mental set of lattice points. The ideal (α) corresponds 
to a similar set of lattice-points, there being fewer such 
points within the area which includes one or more meshes 
of the fundamental lattice. The question then is: how 
many lattice-points of the fundamental lattice lie on the 
sides and within a mesh of the lattice (α)?

In this enumeration we shall count as belonging to a 
definite mesh:

1. One vertex of the mesh, so that therefore every 
vertex belongs only to one mesh;

2. All those lattice points that lie on the two sides of 
the mesh that intersect at the vertex that is counted as 
belonging to the mesh;

3. All points on the interior of the mesh.
Since all the meshes contain the same number of lattice­

points of the fundamental lattice, we shall take, for the 
determination of this number, that mesh which belongs to 
the normal basis of the ideal (α). Writing as above 
a = u+v √- 5, let t be the greatest common divisor of u
and v, so that It is seen that

536 THE THEORY OF ALGEBRAIC NUMBERS



where x and y are any arbitrary rational integers. 
Corresponding to this ideal there is a lattice with mesh 
having 0, ι1, ι2, ι1 + ι2 as vertices. By giving to x and y all 
possible integral values, we derive lattice-points corre­
sponding to the integers of i. Besides the lattice just 
written, an indefinite number of other lattices may be 
laid through these points corresponding respectively to 
the pairs of basal elements through which the ideal may 
be expressed. In all these lattices the meshes are of 
constant area.

i=(ι1, ι2, xι1 + xι2

Art. 289. Instead of the principal ideal (α) consider 
next any arbitrary ideal i with basal elements ι1, ι2 so that

Theorem. Every mesh of the lattice (α) contains N(α) 
of the fundamental lattice-points, and these points constitute 
a complete system of incongruent (mod. α) integers of the 
realm.

initial lattice-points, while there are t such points on the 
other side. In all there are u2 + 5v2 = N(α) such points. 
And these points constitute (mod. α) a complete system 
of incongruent integers that belong to the realm R( √- 5). 
Accordingly we have:

x-axis, it is seen that this side contains of the

lies on theIf this mesh is so laid that the side

since the norm of any basal element may be added as an 
element of an ideal. It follows that (see Art. 206, where 
i is divisible by i2( =t)),
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The number of lattice points of the fundamental 
lattice (which corresponds to the ideal (1)), which lies 
within one of these lattices, is equal to the absolute 
value of the norm and that is |N(i)|. And the num­
bers that correspond to these points constitute (mod. i) 
a complete system of incongruent integers of the realm.

Let i and i1 be two ideals of the realm R( √-5) that are 
not principal ideals and which belong to the same class, so 
that (α)i= (α1)i1, where α and α1are integers of the realm.

Write i in a form (Art. 206) free from rational integral 
factors i = (a, b + √-5) and also write i1 = (A,B+√-5)
so that N(i) =a and N(i1) = A. Further let α = c+√-5d 
and α1 = C+ +√-5D where c, d, C, D are rational integers, 
with the norms N(α) =c2 + 5d2, N(α1) = C2 + 5D2. Due to 
the relation
(1) (α)i=(α1)i1,
we have

N(α)N(i)=W(α1)W(i1).
Writing

where x, y, X, Y are arbitrary rational integers, we have 
from (1), when the real and imaginary forms are equated 
on either side of the equation,

From these two relations it is seen that

cax + (cb - 5d)y = CAX+(CB - 5D)) Y,
dax+(bd+c)y = DAX + (BD + C)Y.(2)



with determinant
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Reciprocally, if from (2) we express X, Y in terms of x, y, 
which is done by changing the capitals above into small 
letters, and vice versa and then a into a1, it is seen that 
the determinant of the resulting linear forms is

As in Art. 289, corresponding to the lattice that connects 
the integers of the ideal i there is a similar lattice that 
connects the points of (α)i. The same is true of the 
ideals i1 and (α1)i1. Hence if (α)i = (α1)i1, the lattices 
corresponding to i and i are similar. And due to the 
results of this article the meshes of the lattices that 
correspond to the ideals (α)i and (α1)i1are of equal area.

Observe that the lattice that corresponds to the 
product of the two ideals i and i1 contains all those 
lattice-points that are common to these ideals. If all 
the points that belong to both ideals i and i1 are formed 
into another ideal J, the greatest common divisor of the 
first two, the corresponding lattice is had by snner- 
posing one of the ideals i on the other i1.



As seen in Art. 294, the units of the given realm 
that are different from ±1 offer certain symmetric 
properties of the lattice-points. In all other respects, 
the results of the preceding articles apply literally for the 
present case where m≡l (mod. 4).

Art. 291. The geometric interpretation that the num­
ber of classes h of an algebraic realmR(√m) is finite, may 
be expressed as follows:

Theorem. The indefinite number of lattices that may be 
laid through the lattice-points of the realm may be distributed 
into h classes, so that all lattices of a class are similar to one 
another and only these may be transformed into one another 
by linear transformations.1

We saw that the meshes of all the different lattices that 
could be laid through any one set of lattice-points were of 
constant area. This area for any ideal i=(i, i1+i2ω),

Art. 290. The preceding theorems are immediately 
applicable to all realms R(√m) for which m≠l (mod. 4). 
If m≡l (mod. 4), the integers of the realm are obtained
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througl where x and y go over all

rational integral values. The lattice-points of the funda­
mental lattice are the set of points of an oblique system of 
coordinates, so chosen that the origin is at the point O 
and the unit points lie on the coordinate axes at the points

1, and

Among the lattices that may be laid through the 
fundamental set of lattice-points (of the realm) there are 
none that offer a rectangular mesh. A fundamental

mesh may be taken with vertices

1 See Klein, Ausgew. Kapitel der Zahlentheorie, Vol. II, pp. 94 et seq.



Art. 292. To give a geometric meaning of the ideals 
in a real realm R(√m) corresponding to the results 
established in the preceding Articles for the imaginary 
realms, we may introduce a pseudometric 1 geometry in 
the place of the Euclidian-Cartesian.

Corresponding to the Cartesian method we may 
introduce a rectangular system of coordinates with zero 
as the origin and lengths 1 and √m laid off on the x-axis 
and y-axis respectively. With this system of coordinates, 
we must define:

Real Realms

(1) the distance between two points;
(2) the angle between two straight lines;
(3) the area of a finite closed figure.

N(i) =ii2, may be calculated as follows. From the figure
it is seen that the area in question is

Since in every ideal-class 
there is at least one whose 
norm is less than |√d | 
(Art. 218), we have the theorem:

Theorem. In each of the h classes of similar lattices

there is at least one lattice, whose area is less than

As a lattice represents an ideal, and an ideal in normal 
form is as given above, it follows in every lattice whose

mesh is that an elementary parallelogram may be

laid whose sides are less than Id I anc

1 Klein, loc. cit., pp. 50 et seq. and p. 71; and Math. Annalen, Vol. 48, p. 562. 
See also G. B. Matthews, Theory of Numbers, pp. 103-131.

respectively.
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1 = x2 - my2,

All points which lie within the same angles included by 
the asymptotes as the hyperbola, have real distances 
from the origin. Points that lie in either of the other 
angles have imaginary distances, since for them x2 - my2 is 
negative. However for these imaginary distances, the 
real hyperbola

x2 - my2 = - 1

x + iy = 0.

The asymptotes play a peculiar role in this pseudo­
metric geometry. They correspond to the lines x±iy = 0 
of the Cartesian geometry.

Due to the fact that any two points of an asymptote 
are at zero-distances apart, the asymptotes may be called 
minimal lines, which name is also applied to the lines

are at a distance zero from the origin, since for any point 
on an asymptote we have

and

a real hyperbola, which has its real axis on the x-axis.
This hyperbola is the standard curve for the pseudo­

metric distances. It defines a definite unit-length on 
every line that is drawn through the origin, cutting the 
hyperbola, the unit-length being constant for the line 
which determines it. This hyperbola corresponds to the 
Cartesian circle x2 + y2 = 1.

All points which lie on either of the asymptotes

denotes the distance OP. All points which lie at a 
distance r = l from the origin satisfy the equation

1. First let x, y√m or (x, y) be any one of the lattice­
points, say P, the origin O being the point (0, 0). By 
definition the expression
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ch( - φ) = chφ, sh(-φ) = — shφ.

chφ + shφ = eφ, chφ — shφ = e ψ.

(chφ+shφ) (chφ1+shφf) =ch(φ+ φ1) + sh(φ+ φ1)>
(chφ + shφ) (chφ1 -shφ1) =ch(φ -φ1) +sh(φ -φ),
(chφ-shφ)(chφ1-shφ1) =ch(φ + φ1) - sh(φ  +  φ1),

(chφ+shφ) ÷ (chip1 -shφ1) = ch(φ - φ1) + sh(φ -φ1),
(chφ+shφ) ÷ (chip1 -shφ1) = ch(φ +  φ1) +sh(φ+φ1),
(chφ - shφ) ÷ (chφ1-shφ1) = ch(φ - φ1) - sh (φ-φ1).

Due to these formulas the multiplication of two numbers
1 Sommer, Vorlesungen, p. 236.

It follows that

with the relations

so that

x+y√m = r (chφ + shφ),

x = rchφ, √my = rshφ.
By definition the angle φ thus determined is the 

inclination of the radius OP with the x-axis.
It may be well to insert here some of the fundamental 

relations among the hyperbolic functions. By definition

where

2. To determine1 the inclination of any radius r = OP 
with the z-axis, the following artifices may be used:

Introducing the hyperbolic functions, we may write

may be used as the standard curve of reference, the 
factor i being multiplied into any measurements derived 
from the first hyperbola.

If x, y√m, and that is (x, y), are the coordinates of any 
point P and if (x1, y1) are the coordinates of a second 
point Pi, by definition the distance r between these 
points is
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x+y√m = r(chφ+shφ) and x1+y1√m = r1(chφ1+shφ1) is 
accomplished in a manner analogous to that for the 
multiplication of two complex numbers.

To determine the inclination φ of the radius OP use 
may be made of the two equations

x+y√m = reφ,, x-y√m = reφ,
or

It follows that

where the real value of the logarithm is here meant. 
Observe that imaginary values might enter since

e2φ = e2φ+2πik

Further, a distinction is to be made among the radii 
OP which lie within the angles made by the asymptotes 
and in which the hyperbola lies, and those radii which 
lie without these angles, and that is, those which do not 
cut the hyperbola x2-my2 = 1.

In the first case x2-my2 is positive, so that the norm 
of the integer x + y√m is positive, and therefore r is real.

In this case

so that φ is a real angle.
In the second case, where x2-my2<0, it is seen that 

N(x + y√m) is negative. It follows that
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or φ= |φ|+½iπ, which is a complex quantity. The 
angle between two radii is by definition the difference 
between the inclinations φ-φ1, a fixed sign ± having 
been chosen to indicate a fixed direction. Two radii 
which are separated by an asymptote include a complex 
angle, while the included angle is real if no asymptote lies 
between the radii.

From the formula for φ it follows that every asymptote 
incloses with the x-axis, as well as with any arbitrary 
radius OP, an indefinitely large angle.

3. The area is defined by choosing for a surface unit a 
square whose side has the length unity in the ordinary 
sense, the surface area being computed by the usual 
methods of geometry and integration. For example the 
parallelogram, whose vertices are 0, a + b√m, a1+b1√m, 
a+a+(b+b1)√m, has the area

a, b√m
a1 b√mS = = (ab1-a1b)√m.

The mesh of the lattice points of the integers of the realm 
R(√m), which, as in the preceding case shall be called the 
fundamental lattice, has the area √m.

With these assumptions the fundamental operations of 
addition, subtraction, multiplication and division hold 
good for the points of the lattice as for the integers of the 
realm. For multiplication it is necessary to add the 
inclinations of the radii and multiply their radius-vectors 
r and ri.

Art. 293. A principal ideal (α) is represented through 
a set of points which consists of those points of the 
fundamental lattice that are divisible by a.

The expression of the ideal (α) through any basis, for 
example α and α√m, in the form
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where x and y are rational integers, shows again that ar 
indefinite number of lattices may be drawn through any 
fixed set of lattice-points that cover the plane.

The set of points that express the ideal (α) is had if 
each point of the fundamental lattice is multiplied by α.
Let say, and let be any
arbitrary point of the fundamental lattice. Then for the 
product of these points we have

And from this follows the theorem:
Every lattice-point of the principal ideal (α) is had from 

one of the points of the fundamental lattice by a turning of 
the radius vector of the lattice-point through an angle a and a 
stretching of it in the ratio ā :1.

In other words, the set of lattice-points (α) depends 
upon those of the fundamental lattice through a sub­
stitution

X = ax + bym,
Y = bx + ay,

with determinant
In this transformation a distinction must be made 

according as the determinant ā2 is positive, or negative. 
If ā2 is positive, in the theorem above the angle

is real and we have to do with a turning in the usual sense.
If, however, is negative, and therefore a imaginary,

we have

which is a complex angle; and there is situated an 
asymptote between the initial and final positions of the 
radius.
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so that

OC makes with the x-axis,

OB makes with the x-axis,

classes is h = 2. From the points of the fundamental 
lattice O = 0, a = l, b = 1 + √10, c = √10, we have the corre­
sponding points of the lattice (α) = (l + √10), namely, 
O = 0, A = l+√10, B = 11+2√10, c=10+√10, 
as shown in the figure. Observe that OA makes with 
the z-axis the angle

This improper turning may be regarded as a com­
bination of a proper turning through a real angle
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in which the radius does not pass

out of the angle between two asymptotes and of a 
reflection about an asymptote.

As an example, consider the following figure which 
corresponds to the realm R(√10) in which the number of

<A0C=½ log ( - 1) = <aOc.



OAB = Cx + π-Ax = π-½ log ( -1)

Oab = π-cx = π-⅛ log ( -1),

OA : 0B = √-9 : √90 = √-1 : √10
Oa : Ob = 1 : √-10,

OA : 0B = 0a : Ob.
so that

so that OAB = Oab, while ABC = abc, and BCO = bcO. 
We further have the ratios

Similarly it is seen that
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and

With this it is proved in the pseudometric sense that the 
figures OABC and Oabc are similar. (Sommer, op. cit., 
p. 239.)

This result, somewhat extended, may be expressed as 
follows: The lattice (α) is similar to the fundamental lattice 
and is derived therefrom through the turning about an angle

and with a magnifying ratio

Precisely as in the case of the imaginary realms, it may 
be shown that an indefinite number of lattices may be 
laid through the lattice-points of the ideal (α), and these 
lattices may be transformed into one another through 
linear transformations with determinant ±1.

Art. 294. To understand fully the significance of the 
structure of the set of points (α), it is necessary to 
consider the geometric meaning of the units of a real 
realm. We saw in Art. 99 that there were an indefinite 
number of such units. The images of these lie on the 
standard curve x2- my2 = 1', in fact, these are the points 
whose coordinates, integral in x and y, satisfy the equa­
tion just written. In particular that unit is to be 
considered whose radius vector makes the smallest angle 
with the x-axis.

Consider first a unit ϵ whose norm N(ϵ) = 1. The set of
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points (ϵ) consists of all points of the fundamental lattice 
of the realm. For any definite unit ϵ = a + b√m, the 
turning angle as shown above, is

= log (a+b√m) — ½iπ∙,

and since N(ϵ) = +1, there is no magnifying. Similarly 
from the fundamental set of points of the realm, we may 
derive the set of points (ϵk), k any integer, by turning 
through an angle k log (a+b√m), and also the set of 
points (-ϵk) is had through a turning through an angle 
k log (a + b√m) + πi.

Since the set of points (±ϵk) is identical with the 
fundamental set of points of the realm, the existence 
of the indefinite number of units of the realm has the 
following geometric significance:

The fundamental set of points of the real realm R(√m) 
has the property of reverting into itself through a turning

integer. With this turning unit-points move along the 
hyperbolas x2-my2 = ±1, while any arbitrary point of the 
fundamental set moves along the hyperbola x2-my2 = C, 
where C has a definite value.

Thus it is seen that the fundamental set of points of a 
real realm have certain symmetric properties analogous 
to those of regular polygons that are inscribed within a 
circle.

Next, let ϵ be a unit with norm N(ϵ) = — 1. It is still 
true that the set of points (ϵ) is identical with the 
fundamental set of points and the first set is derived from 
the latter by an improper turning through the angle

through an angle where k is any rationalor



and that is, through a turning, together with a reflection  
through an asymptote by which a change in the radius­
vectors in the ratio i : 1 is brought about.

The set of points (-ϵ) differs from the set (+ϵ) only 
through a reflection through the origin.

The set of points (ϵ2) may be derived from the funda­
mental set by a proper turning.

Hence in the discussion of the unit-lattices, a dis­
tinction is to be made between the units ϵ2k and ϵ2k+1.

Geometrically formulated, the above results may be 
expressed as follows:

If the real realm R(√m) has a fundamental unit ϵ with

The geometric interpretation of the results of this 
article makes clear the distinction of the positive and 
negative norm of the fundamental unit of the real 
quadratic realm.

Treated analytically the knowledge of the units of the 
real realm is the knowledge of all linear transformations 
with integral coefficients (see Art. 293)

is a realnorm N(ϵ) = — 1, and if we put

X = ax + bmy,
Y = bx+ay,

through which the fundamental set of points are trans­
formed into themselves. For it is clear that all transfor­
mations of this set have the determinant ±1.

EXAMPLES
(Excepting examples 1 and 2 the results are to be derived for real 

realms).
1. Determine the linear transformations with determinant 1 that 

transform into themselves the fundamental set of units of the
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where
angle, then the fundamental set of units revert into themselves

through an asumvtote of the standard curve.
and then a reflectionby a turning through an angle



imaginary realm R(√-3) and treat geometrically the ideals (ω) 
and (ω2), where ω is a cube root of unity.

2. In the realm R(√-1) the mesh of the fundamental lattice­
points is a square. Show that these points revert into themselves 
with a turning through 90o and a reflection through the lines that 
bisect the angles included by the coordinate axes.

3. Give in detail a geometric treatment of the results given above 
for real realms where m≡1 (mod. 4).

4. To every ideal i of a real realm there corresponds a set of 
lattice-points through which an indefinite number of lattices may 
be laid. These lattices may be transformed into each other by 
means of linear transformations with determinant ±1.

5. Due to the fact that (ϵ)(i) = i, show that every set of lattice­
points may be transformed into themselves in an indefinite number 
of ways.

6. The meshes of a set of lattice-points of the ideal i contain those 
points of a fundamental set of lattice-points which (mod. i) form a 
complete set of incongruent integers of the real realm in question.

7. To equivalent ideals there correspond similar lattices which 
may be transformed into one another by linear transformations 
with determinant +1.

8. The lattices may be grouped into h classes. Each class

contains at least one lattice the area of whose mesh is less than

Remark. Another method for the geometric representation 
of ideals of a quadratic realm was given by Poincar6, “Sur un 
mode nouveau de représentation geométrique des formes 
quadratiques définies ou indéfinies∕, Journal de l'École Poly­
technique, Vol. 28 (1880), pp. 177 et seq. With him the lattice­
points may be expressed through

x = am+bn,
y=cm + dn,

where m and n are indeterminates which may take all positive or 
negative integral values and a, b, c, d are constants; or through 
the notation

Am+Bn,
where A = a+c√D, B==b+d√D, the quantity D being the 
determinant of the quadratic form.

Complex quantities of the form x+y√D are represented on a
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cos-1 √-D).

When D is negative he introduces as a

curve of reference the ellipse ζ2- η2D= 1, and when D is positive 
the curve ζ2-η2D= —1 (hyperbola). Thus Poincar6 was able 
(1880) to interpret geometrically all the results of the present 
chapter. The generalization of these results would lead to a 
geometric interpretation of ideals in the extended realms, the 
ellipse and hyperbola above being replaced by standard surfaces 
in a generalized space. See Minkowski’s Geometrie der Zahlen., 
pp. 9 and 73.

Bachmann, Grundlehren der neueren Zahlentheorie, p. 106, gives 
a geometric treatment of quadratic forms and their equivalence 
by means of lattice-points, the latter being the geometric images 
of the former, while the same lattice-points present the geometric 
image of two or more equivalent forms. On p. 129 is found the 
reduction of quadratic forms with negative discriminant geo­
metrically interpreted through a method due to Gauss. On p. 
219 a treatment of ideals and lattice-points is found and on p. 
238 there is a geometric interpretation of the inner relation 
between “ideal (Kummer) numbers” and ideals of a fixed realm.

In the 45th volume of the Mathematische Annalen Hurwitz 
treats geometrically the reduction of quadratic forms for both 
positive and negative discriminants. His method may be 
extended to higher realms of rationality.

plane P or through the projection of this plane on a plane Q. 
The nlanes P and Q cut along the x-axis. the angle between them
being Observing that the modulus and argument
of x-∖-iy are and tan-1 y/x, by analogy he (p. 200) calls the
modulus and argument of y+x√D respectively and
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CHAPTER XIV

THE CUBIC1 REALMS

Art. 295. In Arts. 87 and 101 a quantity ξ which 
satisfied an irreducible algebraic equation of the mth 
degree with rational coefficients was called an algebraic 
number; and if such a number ξ is added or adjoined to 
the realm of rational numbers, a new realm of algebraic 
numbers (Arts. 42 et seq.) is had through the operations 
of addition, subtraction, multiplication and division, 
and that is, a realm consisting of all integral and fractional 
functions of ξ with rational coefficients.

This realm has the following fundamental properties 
which may serve in their turn to define the realm:

1. The sum or difference of any two numbers of the realm 
is a number of the realm.

2. The product or quotient of any two numbers of the 
realm is a number of the realm.

Let θ, θ', θ'' be the roots of the irreducible equation of 
the third degree,

G(x) =x3+a1i2+a2x+a3 = 0,(1)

whose coefficients are rational integers. Through defi­
nition (Art. 87) θ, θ', θ'' are algebraic integers. These three 
integers are different from one another and are not 
rational. The quantities θ, θ', θ'' are called conjugate 
(Art. 45) and when adjoined to the realm of rational 
numbers constitute the conjugate algebraic realms R(θ), 
R(θ'),R(θ''). Any number v of the realm R(θ) may be

1 Report on Algebraic Numbers, p. 12.



expressed in the form (see Art. 44)
v = a +bθ +cθ2,

where a, b, c are definite rational numbers.
From equation (1) since — a1= θ + θ' + θ'', or θ' + θ''

= - a1- θ, it is seen that θ'+θ'' is a number of the realm

9J(0) as is also 0'∙0'' =

G(x) =x3+a1x2+a2x + a3 = 0,

α = u+vθ+wθ2,

β = u1+v1θ+w1θ2

(x - α) (x - α) (x - α'') = 0,

x3+A1x2 + A2x+A3 = 0.

x3+B1x2+B2x+B3 = 0,
where B1, B2, B3 are rational integers.

In this expression A1, A2, A3 are rational integers, 
since by hypothesis α is an algebraic integer.

In the same wav β  must satisfy an equation

or

where u1, v1, w1 are rational numbers.
It is further seen that α satisfies the equation

where u, v, w are rational numbers.
If 0 is changed in this last expression to θ' and θ'' 

respectively, we have the conjugate quantities α' and α''.
Similarly we may put

a1, a2, a3 being rational integers.
It follows from above that α is of the form

(i)

Art. 296. Theorem. The sum, the difference, and the 
product of any two integers of R(θ) is an integer of  R(θ).

This theorem has been proved for the general case in 
Arts. 88 and 162.

The following are simple proofs for the cubic realms.
Let α and β be two algebraic integers of the realm 

R(θ), where 0 satisfies the irreducible equation
(1)
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Φ(t) = (t-aβ)(t-a'β,')(t-a''β''),
Q(t) = (t-aβ) t-aβ,')(t-aβ'') (t -α'β) (t-a'β,)(t-a'β')

× (t-a'β'') (t-a''β) (t-a''β') (t-a''β'').

Τ(t) = [t-(α+β)][t-(α+β')][t-(α+β'')]
×[t-(α+β)][t-(α'+β)][t-(α''+β)]

× [t-(α''+β)][t-(α''+β')][t-(α''+β'')]

it follows at once from (i) and (ii) that the sum a+β 
satisfies an equation of the third degree with rational 
coefficients.

Since the coefficient of ts in the expression just written 
is unity, it is only necessary to show that the other 
coefficients are rational integers. This may be done by 
forming the equation of the ninth degree:

S(t)= [t-(α+β)][t-(α'+β')][t-(α''+β'')],
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Forming the expression

an equation in which the coefficients are symmetric m 
both the α's and the β's.

From (iii) and (iv) it is seen that these coefficients are 
rational integral functions of the A’s and the B’s.

It is evident that T(t') is divisible by S(t), so that
T(t)=S(t)S1(t)

From Art. 9 it follows that the coefficients of S(t) are 
rational integers.

In a similar manner it may be proved that the product 
a∙β is an algebraic integer. Form the two quotients

It is clear that the coefficients of t in the latter expression 
are integral functions of the A’s and B’s; and since Q(t) is 
divisible by P(t), it follows also that the coefficients of 
P(t) are rational integers and consequently aβ is an 
algebraic integer.

Through repetition of the above theorem it is seen that 
every rational integral function in any number of algebraic



∆(α) = (α - α')2(α' - α'')2(α'' - α)2 =
1, α, α2 2

1, α'. α'2
1, α'', α''2

It is evident that N(α) and ∆(α) are rational integers.

The discriminant of a is (see Arts. 63, 94, and 104)

was called by Hilbert (Bericht, § 3) the different of the 
number a.

δ(α) = (α - α') (α - α'')

where u, v and w are rational numbers. When θ is changed 
to θ' and θ'' respectively, there arise the quantities a and 
a'', the conjugates of a.

The product of the three quantities α, α',α'' is called 
the norm of α and written N(a) = α∙α'∙α''. (Art. 59.)

The product

α = u + vθ + wθ ,

Art. 297. If a is an arbitrary integer of R(θ), it was 
seen (Art. 44) that a could be written in the form

The Discriminant of an Integer of the Realm

Theorem. If an algebraic integer a in R(θ) is a 
rational number, it must be a rational integer.

For lo, being an algebraic integer it satisfies an algebraic 
equation S(t)=0 in which the coefficient of the highest 
power is unity and the other coefficients are rational 
integers; and 2º, being a rational number, it follows from 
the theorem (Art. 10) since S(t) is divisible by t - α, that 
a must be a rational integer.
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integers of the realm R(θ) with rational integral coefficients, 
is an integer of  R(θ).

If a is an algebraic integer, then also α'α'' is an alge­

braic integer; and since it is seen that α'∙α''

is an algebraic integer in 9t(0).

(See also Art. 87.)



and were α = α', it would follow that o = b+c(θ+θ') and 
consequently θ'' would be a rational number, contrary to 
the assumption that θ satisfies an irreducible equation.

If Δ(0) is a positive number, the roots of G(x) =0 are all 
real, and the three conjugate realms R(θ), R(θ'), R(θ'') 
contain only real quantities and are called real realms. 
If, however, Δ(0) is negative, the roots of G(x)=0 are one 
real and two conjugate complex. One of the correspond­
ing three realms is real and contains only real numbers, 
while the other two contain complex numbers and are 
called imaginary realms.

then is

The discriminant of a rational number is zero, since a 
rational number is its own conjugate; and reciprocally, if 
the discriminant of a is zero, then is a a rational number. 
For, if a were an algebraic number, say

α = α + bθ+cθ2 and
α' = a + bθ'  + cθ'2

α-α' = b(θ-θ')+c(θ2-θ'2);

Δ(0)= -4a32 -27a23.
If a1 = 0, this expression reduces to

Δ(θ) = a21a22+ 18a1a2a3 - 4a32 - 4a31a3 — 27a23
(see Art. 104).

It is also seen that
- N[δ(α)] = -(α-α'')(α-α'')(α'-α'')

(α'-α'')(α''-α)(α''-α')
= (α-α')2(α'-α'')2(α''-α)2 = ∆(α) (Art. 95).
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Since the equation
(1) G(x) =x3+a1x2+a2x+a3 = 0,
which is satisfied by θ, is by hypothesis irreducible, it 
cannot have a double root. (Art. 41.)

It follows that Δ(θ) ≠0.
And (see Burnside and Panton, Theory of Equations,

p. 83),



α = α1 + b1θ+c1θ2,
α2 = α2  + b2 θ+c2 θ2,

where A2 and A3 are rational integers
If a1≡0 (mod. 3), then is A2 divisible by 3 and A3 by

27 and here again the discriminant takes the form
∆(α) = -4ā32-27ā23

where ā2, ā3 are rational integers.

Art. 298. Theorem I. The discriminants of all alge­
braic numbers of R(θ'), which are different from zero, have 
the same sign and that sign is the sign of Δ(θ).

For writing any number a in the form
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and substituting these values in the discriminant ∆(α), it 
is evident that

∆(α) =
1, α α2 2
1, α' 2 α'
1, α'' α''2

1,
1,
1,

α1 + b1θ+c1θ2,
α1 + b1θ'+c1θ'2,
α1 + b1θ''+c1θ''2,

α2 + b2θ+c2θ2
α2 + b2θ'+c2θ'2,
α2 + b2θ''+c2θ''2

2

Theorem II. The discriminant of every integer of 
9?(0) which is not rational, is different from 0 and from ±1.

If a is an algebraic integer that is not rational, it 
satisfies an irreducible equation

= (b1c2-b2c1)2∆(θ).

x3+a1x2+a2x+a3 = 0, (i)
where a1, a2, a3 are rational integers.

In this equation a1 is either zero or different from zero 
In the first case

∆(α) = -4a32-27a23.
In the second case where a1≠0, write

The equation (i) becomes



4a32+27a23 = l,
4A32+A23 = 27,

A32-27≡0 (mod. 4).

y3-y±⅓ = 0

x3 + a1x2+a2x+a3 = 0,

Art. 299. The Basis of All Integers of the Realm 9ι(0). 
In Art. 101 it was shown that three algebraic integers ωi, ω2, 
ω3 of the realm R(θ) might be derived in an infinite number of 
ways such that every arbitrary integer of the realm could be 
expressed in the form

where a1, a2, a3 are rational integers.

which transforms (1) into an equation

is the only equation, the sum of whose roots is zero, for 
which ∆(α) = +1.

It is also seen that mere is no substitution

Evidently neither of these congruences can be satisfied.
It may also be shown that ∆(α) is not equal to +1. 

For it was seen (Art. 269) in connection with the proof 
of the impossibility of solution of the Diophantine 
equation x3 + y3 = z3, that the equation

or

where a2, a3; A2, A3 are rational integers. It follows that 
either

27a23 - 1≡0 (mod. 4),

If, then, ∆(α) = -1, we must have an equation of one 
or the other forms

If. however, a1≢0 (mod. 3), we have
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xω1+yω2+zω3,
where x, y, z are rational integers.

(1)



ω1 = l,

In Art. 102 a form for these three basal elements was
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where d, δ1 are rational integers, d6 and δ21 being divisors of 
Δ(θ), and where the rational integer A was a root of the 
three congruences given in Art. 102, end.

Art. 300. The Ideals of the Realm R(θ). An alge­
braic integer a is said to be divisible by another algebraic 
integer β, if there is a third algebraic integer γ of the 
realm R(θ), to which a and β both belong, such that 
a = βγ.

[f we neglect the units (Art. 90) of the realm R(θ),, it is 
seen by passing to the norms, since N(α) = N(β)N(γ) 
(Arts. 59 and 89), that there are only a finite number of 
factors of a. For N(α) is a rational integer, and a 
rational integer admits only a finite number of divisors.

If, however, the factorization of the algebraic number a 
is carried out until none of the factors admits further 
factoring, we meet with the same difficulty in the case of 
the cubic realms as was already had (Arts. 108, 203) in 
the case of the quadratic realms, namely, the distribution 
of an algebraic integer a of the realm R(θ) into its irreducible 
factors of the same realm, is no longer unique; and that is, 
the factorization, as such, is no longer a unique process.

To avoid this difficulty we must introduce the ideals of 
the cubic realms in a similar manner as has been done for 
the quadratic realms. Thus a realm is to be regarded 
as the collectivity of its rational numbers and its ideals. 
It is only necessary to extend the definitions given for 
ideals of quadratic realms (Arts. 206 et seq.) and to 
observe the properties of the ideals thus generalized.



where x, y, z are rational integers (Art. 94).
 xι1 + yι2 + zι3,

Art. 301. Theorem. In every ideal i of the realm 
R(θ) there may be derived in an infinite number of ways three 
integers ι1, ι2, ι3, such that every other integer of the ideal may 
be expressed in the form

If in an ideal i = (α1, α2, α3, ∙∙∙ α, ∙∙∙∙) all the elements 
α1, α2, α3, ∙ ∙ ∙ are divisible by α, then isi= (α).

Such an ideal is called a principal ideal (Art. 206).

1 =  λ1α1+λ2α2+λ3α3+ ∙ ∙ ∙

of 9t(0). Hence if a is an element of an ideal, then is 
λα = N(α) also an element of the same ideal. And as 
N(α) is a rational integer, it is seen that every ideal 
contains an infinite number of rational integers. If, 
further, an ideal contains an algebraic integer a which is a 
divisor of unity, so that, therefore, N(α) = ±1, the ideal is 
called a unit ideal (Art. 211). In this case there is a 
svstem of integers λ1, λ2, λ3, ∙ ∙ ∙. such that
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These concepts will be further extended to the cases of 
the more extended realms in Vol. II, Chapts. 1, 2, and 3.

Definition. An ideal i = (α1, α2, α3, ∙∙∙) is the 
totality or complex of the infinite number of algebraic 
integers of the realm R(θ), which has the property that every 
linear expression λ1α1+λ2α2+λ3α3+ ∙ ∙ ∙ offers an algebraic 
integer that is found among this totality (complex'); and 
that is, if σ =λ1α1+λ2α2+λ3α3+ ∙ ∙ ∙, then i = (α1, α2, α3,
∙∙∙) = (α1, α2, α3, ∙∙∙, σ, ∙ ∙ ∙). The numbers aα1, α2, α3,
∙∙∙ are definite algebraic integers of R(θ), while  λ1, λ2, λ3,
∙∙∙ are any algebraic integers of the same realm.

Note from this definition that every ideal contains the 
quantity zero.

It was seen in Art. 296 that if a is an algebraic integer of

R(θ), then is also an algebraic integer, say λ,



where i is a rational integer that is the greatest common 
divisor of all rational integers that belong to i. The

i= (i, i1+i(1)1, α),

i=(A1+B1ω2, A2 + B2ω2, A3 + B3ω2, ∙∙∙,α, ···).

α = a+ bω2 +cω3 .

k1a1 + k2a2+ ∙ ∙ ∙ = a and k1b1 + k2b2+ ∙ ∙ ∙ =b,

k1c1 + k2c2+ k3c3 ∙ ∙ ∙ = c.
k1α1 + k2α2+ k3α3 ∙ ∙ ∙ = α,

t= (α1, α2, α3, ∙ ∙ ∙, α,
∙∙∙).

α1 = a1 + b1ω2 + c1ω3, α2 =a2 + b2ω2 + c2ω3,

k1, k2, k3, ∙ ∙ ∙,
c1, c2, c3, ∙ ∙ ∙,

t=(α1, α2, α3, ∙ ∙ ∙)
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A normal basis of the ideal

may be derived as follows: Let ω1 = 1, ω2, ω3 form a basis 
of all integers of the realm R(θ) (Arts. 100 and 101). We 
may therefore write

etc.
If c is the greatest common divisor of we

may always determine rational integers
such that

Further say, may be added
as an element to the ideal t so that

If we put
it is seen that

Since c is a divisor of c1, c2,  ∙ ∙ ∙, we may write c1 = d1c, 
c2 = d2c, c3 = d3c, ∙∙∙, where d1, d2, d3, ∙∙∙ are rational 
integers.

It follows that αi-diα = ai-dia + (bi-di∙b)ω2 (i = l, 2, 
3, ∙ ∙ ∙) are elements that may be added to i. Further 
write ai-diα = Ai and bi-dib = Bi and it is seen that 
αi = diα + Ai + βi ω2 (i= 1, 2, 3, ∙ ∙ ∙).

It follows that Ai + Biω may be added as elements to i, 
and that the elements ai may be omitted.

The ideal takes the form

Continuing as in Art. 206, it is seen that ι may be 
reduced to the form



i = (ι1, ι2, ι3),

ι1 = i, ι2 = i1 + i(1)1ω2, ι3 = i2 +i(1)2+i(2)2ω3∙

ιr*= ar1ι1 + ar2ι2+ar3ι3 (r = l, 2, 3)
If we put

where

numbers i1 and i(1)1 are also rational integers, √i(1)1 being 
(Art. 206) a divisor of both i and i1.

Writing for a its value a + bω2 + cω3 and noting that iω3 
may be added as an element to i, it follows as above that 
a may be replaced by an element ι3 = i2 +i(1)2+i(2)2ω3 
where i(2)2 is a divisor of i, where i2^ is reduced (mod. ixυ), 
and i2 is reduced (mod. i).

The normal basis of the ideal i is thus shown to be
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and choose (Art. 100) the rational integers ars(s = l, 2, 3) 
such that |ars| = =±1, it is evident (Art. 94) that ι1*, ι2*, ι3* 
also form a basis of all integers of i.

Art. 302. Whenever the question of division arises 
in the realms of rationality such as R(θ), the ideals take 
the place of the algebraic integers of the realm. Multi­
plication and division of algebraic integers are to be 
replaced by multiplication and division of ideals for such 
realms, the operations of addition and subtraction of 
algebraic integers being retained as such.

Multiplication of Ideals. Let a = (α1, α2, ∙ ∙ ∙, α, ∙ ∙ ∙), 
b = (β1, β2, ∙ ∙ ∙, β, ∙ ∙ ∙) be two ideals of R(θ). Here a is 
supposed to be any integer of α, say

α = λ1α1+λ2α2+∙ ∙ ∙,
and similarlv

β= μ1α1+μ2α2+∙ ∙ ∙,
where λ1, λ2, ∙ ∙ ∙, μ1, μ2, ∙ ∙ ∙ are any algebraic integers of 
R(θ). The product a∙b is an ideal, say c, whose elements



c = a∙ b = α1β1, α1β2, α1β3∙, α1β,
α2β1, α2β2, α2β3,
α3β1, α3β2, α3β3,

αβ1, αβ2, αβ3, aβ,

α3β,
α2β,

564 THE THEORY OF ALGEBRAIC NUMBERS

consist of the products as follows:

It is clear that the ideal c is constituted of algebraic 
number of the form

v11α1β1 + v13α1β3 + ∙∙∙ +  , v10α1β + ∙ ∙ ∙
 + v21α2β1 + v22α2β1 + v23α2β2  + ∙∙∙ +v20α2β+ ∙ ∙ ∙ 
+ v31α3β1 + v32α3β2 + v33α3β3  + ∙∙∙ +v30α3β+ ∙ ∙ ∙ 
+ ∙ ∙ ∙
+ v01αβ1 + v02αβ2 v03αβ3  + ∙∙∙ +v00αβ+ ∙ ∙ ∙
+ , ∙ ∙>

where the v,s are any algebraic (including rational) 
integers of R(θ).

Reciprocally, an ideal c is said to be divisible by the 
ideal α when there is an integral ideal b such that c = a∙ b, 
the three ideals, of course, belonging to the same realm 
R(θ).

Since v11β1, v12β2, etc. are algebraic integers of R(θ) it is 
evident that if the ideal c is divisible by the ideal a, then 
every number of the ideal c (and consequently of the 
form just written) is also a number of the ideal a and 
that is every number that is divisible by c is also divisible 
by a.

An ideal that is not a unit in R(θ) and which is divisible 
only by itself and such a unit is called a prime ideal.

Art. 303. Two ideals a and b of R(θ) are said to be 
equivalent (Art. 217) when there are two integers a and β 
of R(θ) such that



a= (α1, α2, α3, ∙ ∙ ∙, α, a, ∙ ∙ ∙)

and let 1, ω2, ω3 be a basis of all integers of R(θ) and let 
ι1 = i, ι2 = i1+ i(1)1ω2, ι3 = ,i2+ i(1)2ω2 +i(2)2ω3  be a normal basis 
of the ideal a. Since a, aω2, aω3 may be added as ele­
ments of a, it follows from the derivation of the normal 
basis that i is a divisor of a, while i(1)1 and i(2)2 are divisors 
of i. There are only a finite number of ways of distrib­
uting the rational integer a into divisors. Further i(1)2 is 
reduced mod. i(1)1 and consequently is an integer <i(1)1 
while i1and i2 are reduced (mod. i).

It follows that an ideal can have only a finite number of 
different ideals as divisors. For as seen in the preceding 
article, every integer that appears in the dividend must 
also enter the divisor.

Lemma II. There are only a finite number of different 
ideal-classes of the realm R(θ). It is proved below that 
this lemma follows, when we prove that every arbitrary 
ideal of the realm is equivalent to at least one ideal, which 
depends only upon the discriminant of the realm.

In the proof of this lemma a distinction must be made 
between the real and the imaginary realms.

In the case of the real realms, let a = (α1, α2, α3), where

The same properties of equivalent ideals obtain here, as 
are given in Arts. 217 et seq. All equivalent ideals form 
a class.

It may be proved next that the factorization of ideals 
is unique. An indirect proof of this theorem due to 
Hurwitz is given here.1

Lemma I. An integer a of the realm 91(0) whose norm 
N(α) = ±a is finite, can enter as an element in only a finite 
number of different ideals.

For let

1 See Hurwitz, Nachr. von der Kgl. Ges. d. Wissensch. zu Gδtt., 1895, p. 323.
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the three basal elements (Art. 93) mav be written
αi = αi1ω1 +αi2ω2+αi3ω3 (i = l, 2, 3).

Form the norms of all the numbers of a. Among all 
these norms there is one whose absolute value is as small 
as the norm of any other number of the ideal. Let ι be 
this number. It is asserted that a finite rational integer 
A may be derived which depends only upon the dis­
criminant D = D(ω1, ω2, ω3) of the realm, and is such that 
Aα is divisible by ι, where a is an arbitrary number of the 
ideal. (See also Sommer, Vorlesungen, p. 266.)

For let αi be any one of the three basal elements of the 
ideal in question. Then due to the Minkowski Theorem 
(Art. 26) four rational integers u, x, y, z which are not 
all zero, may be found such that

αiu +  ιω1x+ ιω2v +  ιω3z≦k1,
α'iu +  ι'ω'1x+ ι'ω'2v +  ι'ω'3z≦k2,

α''iu +  ι''ω''1x+ ι''ω''2v +  ι''ω''3z≦k2,

(1)
(2)
(3)

(4)

k1k2k3,≦½N(ι)
u≦ |2√D|.

β = αiu+ι(ω1x + ω2y + ω3z).

|N(β)|≤k1k2k3,
Hence from (1), (2), and (3)

Next put

Since one of the k’s may be arbitrarily chosen, write
k4 = 2|αi|, so that from (4) It follows that

where k1, k2, k3, k4 are four positive quantities whose 
determinant is equal to the determinant of the four 
forms just written, and that is



|N(β)|≦½|N(ι)|

|N(ι)∙N(ω1x+ω2y + ω3z)| ≦½N(ι) 

|N(ω1x+ω2y + ω3z)| ≦½,

|N(β)|≦½|N(ι)|

αiu+λι=0

Of course, this integer u is not necessarily the same for 
the three basal elements α1, α2, α3.

Denote by A the product of all positive integers that 
are less than |2√D|. Then clearly the product of each 
of the numbers α1, α2, α3 by A is divisible by t, or Aαi = ιδi, 
where δi is an algebraic integer of R(θ).. It follows, since 
every number a of the ideal α, is of the form α1λ1+α2λ2 
+α3λ3, that Aα is divisible by ι.

or, expressed in words: For each of the basal elements ai of 
the ideal α, there may be determined a rational integer 

| u | < |2√D| such that aiu is divisible by ι.

and since by hypothesis no number of R(θ), other than 
zero, has a norm which is less than N(ι)|, it is seen that 
β = 0. It follows that

which is not true, since the norm of an algebraic integer in 
absolute value is ≧1.

Since

or

Note that β = αiu+ι(ω1x+ω2y + ω3z)is a number of the 
ideal a, since u and ω1x+ω2y + ω3z= λ, say, are integers of 
9ΐ(0), while αi and ι are elements of the ideal. Further, 
λ cannot be zero; for in that case there would be a linear 
relation among the basal elements of the realm. And u 
cannot be zero; for in that case it would follow from (1), 
(2), and (3) that
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or



say.
It follows that every ideal α is equivalent to an ideal b 

which contains the rational integer A. As there are 
(see Lemma I) only a finite number of different ideals in 
which A may enter as an element, it follows that there 
are only a finite number of different classes to which a real 
ideal α may belong. Ideals b1, b2, ∙∙∙, bh may be de­
termined such that each is a representative of a definite class.

Next suppose that R(θ) is an imaginary realm and let 
a, α1 α2, ι have the same significance as above, αi and α 
being complex quantities. Determine an integer β of α, 
say β = aiu+ι(ω1x+ω2y+ω3z), such that |N(β)| <  |N(ι)|. 
We may again apply the Minkowski Theorem to the 
four linear forms:

β'',

|β|≦ k3

(1)

(2)

(3)

(4)

Note that ai and a'i are conjugate imaginaries, as are also 
ιω'1, ι'ω'2, etc.

As in the case of the real realms above, rational 
integers u, x, y, z that are not all zero, may be determined 
such that

Note that
Aa = A(α1 α2, α3, ∙ ∙ ∙, ι ∙ ∙ ∙) = (Aα1 Aα2, Aα3, ∙ ∙ ∙, Aι ∙ ∙ ∙)

= ι(δ1, δ2, δ3, ∙ ∙ ∙, A) — ιb,

(β and β' being conjugate imaginaries, β" real) and
β = aiu +ι (ω1x+ω2y+ω3z),

β' = a'iu +ι (ω'1x+ω'2y+ω'3z),
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k21k3= ½|N(ι)|.

|u| ≦2|√D|.

|N(β)|≦½|N(ι)|.
or

The proof from now on is the same as in the case of the 
real realms. And thus it has been proved that the 
number of classes into which the ideals of every realm R(θ) 
may be distributed, is finite. This number is denoted by h.

or

Further, note that

Observe from (4) that

where k21∙k3∙k4 is equal to the determinant of the left 
hand side of (1), (2), (3), and (4), which is |αi∙N(ι)|.

Write k4 = 2 |αi|, so that
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Art. 304. The following theorem may now be proved.
Theorem. If a is an arbitrary ideal of the realm R(θ), 

which is not a principal ideal, another ideal b, which is also 
not a principal ideal, may be determined, such that the 
product a ∙ b is a principal ideal.

Let a be an ideal that is not a principal ideal, and form 
the powers of a, the ideals a, a2, a3, ∙ ∙ ∙.

Due to the second lemma, these ideals may be dis­
tributed into a finite number of classes; and, as the most

power of a that falls into a class that has been occupied by 
a preceding a, say the same class to which am belongs, so 
that

general case, it may be assumed that is the first
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(i)
or finally

(λ).

λα1= x1α1+y1α2 + z1α3 ;

λα2= x2α1+y2α2 
+ z2α3 ; λα3= x3α1+y3α2 + z3α3 ;,

x1-λ y1 z1
y2-λ

z3-λ
z2

y3,
x2,
x3

and similarly

where the x’s, y’s, and z’s are rational integers. Through 
elimination of α1 α2, α3 from these equations, it is seen 
that λ satisfies the equation

Hence λ (see Art. 87) is an algebraic integer.
If, further, β is any number of the ideal ah1 then are 

βα1, βα2, βα3 numbers divisible by the product of ideals

(λ)αrra, and it follows also as in the case of λ above, that

where a, β are integers of R(θ).
It remains to show that is equal to a principal ideal

It must be shown first that λ as defined through 
equation (i) is an integer of the realm. Observe that

ideal am, since every integer of the first ideal is also one of 
the latter. If a1, a2, a3 constitute a basis of the ideal am, 
then λα1 is an integer, since it is a number of the ideal

and as every number of this latter ideal is also a
number ot the ideal am, it is seen that

everv number of the ideal is also a number of the

is an algebraic integer. Hence every number of is
divisible by λ and consequently the ideal is divisible
by λ.

It follows that where t is an ideal. We may
therefore write



am(λ)i = λam.

am i = am.

λ1α1(x1ι1 + y1ι2+z1ι3) +λ2α2(x2ι1 + y2ι2+z2ι3) 
+λ3α3(x3ι1 + y3ι2+z3ι3)

etc.

may be added as elements to the ideal (i). As this ideal 
contains also the greatest common divisor of these three 
rational integers, it is seen that the ideal i is a unit-ideal. 
It was proved above that ah1 = (λ)i, and as i is a unit 
ideal, it follows that ah1= (λ) is a principal ideal, or ah1 ~1.

Hence also

ui=λi(xiι1+y1ι2+z1ι3) (i = l, 2, 3).

(i = l, 2, 3).ui=λi(xiι1+yiι2+ziι3)
If for u1, u2, u3 we choose three rational integers that 

are relatively prime, it is seen that the integers

where λ1, λ2, λ3 are arbitrary integers of R(θ) and xi, yi, 
zi(i = 1, 2, 3) are rational integers.

On the other hand all numbers of am may be expressed 
in the form u1α1 +u2α2 + u3α3, where u1, u2, u3 are any 
rational integers. Equating this last expression for am to 
the preceding one, it is seen that

It may be proved that i is a unit-ideal (Art. 206). For 
let ι1, ι2, ι3 be a normal-basis of i; and if α1, α2, α3 are a 
basis of a, it is evident that every number of the ideal am 
on the righthand side of (ii) mav be written in the form

(ii)

Since λ may be divided out of this equation, we have 
finally
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In other words, in the original assumption, we may take
m — 1; and by hypothesis the ideals α, a2, ∙∙∙, must
be necessarily in-equiυalent.

20

ιnd from equation (ii) namely it is seen that



Art. 305. The following consequences result from the 
theorem of the preceding article.

Theorem. If  a, b , c are three ideals that are different 
from zero, and which satisfy the equation ac = bc, then is 
a = b.

For if b is an ideal such that cd = (λ), where (λ) is a 
principal ideal, we may multiply both sides of the 
equation αc = bc by b, and then divide by the algebraic 
integer λ.

Fundamental Theorem. If all the numbers of the 
ideal b also belong to the ideal a, then is b divisible by b. 
And that is, if b > a, then is b = ak, where k is an ideal.

If b≡0 (mod. a), then is bm≡0 (mod. am), where m is 
any ideal.

Let m be an ideal such that am= (α). It follows that 
bm≡0 (mod. α) or bm = αk, k an ideal. Hence abm = aαk 
or αb =  aαk or b = ak.

Theorem. If the product ab of two ideals is divisible by 
the prime ideal p, and if a is not divisible by p, then is b 
divisible by p. In other words, if the prime ideal p is a 
factor of the product ab, then p must be a divisor of at least 
one of the factors a or b.

If ab = pc, and if am = (a), then is (α)b = pcm; and since a 
and p can have no factor in common, it follows that b is 
divisible by p. This may be proved differently as 
follows. If α is not divisible by p, then is (a+p = o) 
and that is, two integers α1 and ῶ may be found such that 
α1+ῶ = 1, since 1 is an integer in o.

And if β is any integer of ῶ, then is a1β divisible by p;
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If then a is an arbitrary ideal of the realm R(θ), which 
is not a principal ideal, it is always possible to determine

ideal and it is such that a∙b is a principal ideal.
say, which is also not a principalanother ideal



and since a1β+ῶβ = β, it follows that β≡0 (mod. p), and 
that is, b is divisible by p.

It follows from the above theorem that every ideal may 
be distributed into its prime ideal-factors in only one way, or 
the factorization of an ideal into prime ideal factors is a 
unique process.

A fundamental consequence of the theorem by which 
the unique factorization of ideals is established, is the 
fact that every prime ideal of the realm R(θ) must be a 
divisor of a rational prime integer; and that is, a rational 
prime integer must appear as an element in every prime 
ideal. For corresponding to every prime ideal p there 
exists an ideal i such that pi = (a), a principal ideal. 
Since αα'α'' = N(α) =a, say, is a rational integer, and as
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quently α is an element of p. It follows also that a is an 
element1 of p. Since a is divisible by p, one of the prime 
factors of a is also divisible by p, and being divisible by p, 
appears as an element of p.

The following theorem is of peculiar importance for 
the numerical calculation of ideals which belong to a 
fixed realm. (See also Art. 215.)

Theorem. In every ideal a, which is not a principal 
ideal, there always may be found two numbers α and α1, 
whose greatest common divisor is a, so that a may be written 
equal to (α, α1).

For let a be any number of a. Then choose an ideal b.

it is seen that (α) is divisible by (p) and conse-

choose a number, say α1 of a, which is relatively prime to

such that where b is relatively prime to a. Next

α is divisible by p, then also αα'α'' is divisible by p and accordingly is an element 
of p.

is an integer of the realm to which a belongs. It follows that if1 For



Art. 306. The Norm of an Ideal. An integer a of the 
realm R(θ) is said to be congruent to an ideal i as modulus, 
and written α≡0 (mod. i), if a is divisible by i, and that is, 
if α is an element of i. Two numbers a and β of R(θ) are 
said to be congruent to each other and written a≡β (mod. 
i), if the difference α - β is divisible by i. (Art. 209.)

It follows that, if a and β are both congruent (mod. i) 
to a third number γ, they are congruent to each other.

The totality (or collectivity, and that is, the complex 
of all the integers of R(θ) may be distributed (mod. i) into 
classes, if all numbers are counted as belonging to the 
same class, when they are congruent (mod. i) to a definite 
number, and that is, every number of a class is congruent 
(mod. i) to every other number of the class. Every 
number of R(θ) belongs to a definite class, and every 
number of a class determines (mod. i) that class.

The number of such classes as seen below is finite. 
If from each of this finite number of classes a definite 
number is selected, a system of integers is constituted 
which may be called a complete system of incongruent 
residues (mod. i). Every number of the realm R(θ) is 
congruent to a definite one of the numbers of the complete 
system. The number of the integers which constitute a 
complete system is called the norm of the ideal i and is 
written N(i). (Art. 209.)

αi = αiβ + αiγ = λα+λ1α1, or α= (α, α1).

relatively prime to b, and it may be shown that a is the 
greatest common divisor of (α) and (α1), or a = (α, α1). 
Since b and i are relatively prime, observe that we may 
determine an integer β of b and an integer γ of i (see 
above) such that β+γ= 1. Hence, if αi∙ is any integer 
of α, it follows that

so that (α1) = ai. It is evident that i isb, and let
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Theorem. Let a be an ideal of the realm R(θ) and let 
the basis of a be the quantities α1, α2, α3, where

α1 = a11ω1+a12ω2+a13ω3
α2 = a21ω1+a22ω2+a23ω3
α3 = a31ω1+a32ω2+a33ω3

(a)
the a’s being rational integers. Then is

N(α) = | a11,a12,a13 | ∙
Proof. First take the normal basis ι1, ι2, ι3 (Art. 301) 

of the ideal α, where

ι1= 1, ι2 = i1 + i(1)1ω2, ι3 = i2 + i(1)2ω2 +i(2)2ω3∙ (b)
Every integer β of R(θ) may be written

β = u+u1ω2+u2ω3,

α1 = A11ι1 + A12ι2 + A13ι2,
α2 = A21ι1 + A22ι2 + A23ι2,
α3 = A31ι1 + A32ι2 + A33ι2,

(c)
Hence, since (α1, α2, α3) = (ι1, ι2 ι3), it is clear (Art. 94) 

that if

where u, u1, u2 are rational integers. When considered 
with regard to the ideal a, by making use of the normal 
basis it is seen that u may be reduced (mod. i) u1 may be 
reduced (mod. i(1)1) and u2 may be reduced mod. ⅛2∖ It 
follows that there are i ∙ i(1)1 ∙i(2)2numbers like β of R(θ) that 
are different (mod. a).

then

A11 A21 A31
A12 A22 A32
A13, A23 A33

= ±1;

and further in (c) substitute the values of ι1, ι2 ι3 from
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(b) and compare the result with (a), and we have

It follows that the absolute value of the left-hand de­
terminant is ∙ i(1)1 ∙i(2)2 as stated in the theorem.

Since i is a number that appears as an element of the 
ideal a, it is evident that A(a) =  ∙ i(1)1 ∙i(2)2 is an element of 
the ideal a.

Art. 307. The norm of the product of two ideals a and b
is equal to the product of the norms of these ideals, and that 
is, N(a∙b)=N(a)∙N(b).

The form aη+ ξ presents only incongruent (mod. ab) 
integers of the realm, when to η there are ascribed a 
complete system of incongruent numbers (mod. a) and to 
ξ likewise a complete system of incongruent residues 
(mod. b). There are in all N(a) ∙N(b)) such numbers, and 
no two numbers of this system are congruent to each 
other, mod. αb, while every integer of ¾(0) is congruent, 
mod. a∙b, to a number of this system.

It follows that N(a∙b) = N(a) ∙ N(b).
The norm of an ideal as shown above is a rational 

integer that may be adjoined as an element of the ideal, 
and that is N(a) is divisible bv the ideal a.

a11 a12, a13,

a21; a22, a23
a31;, a32, a33
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Proof. Let a be an integer of the realm R(θ)which is

divisible by α and is such that is prime to b) (cf. Art.
215).

We may therefore write where is an ideal

A11, A12, A13
A21, A22 A23
A31,, A32 A33

i, 0, 0
0
i(2)2

= ±i ∙ i(1)1 ∙i(2)2 .i1∙
i2.

i(1)1
i(1)2



which may be called the reciprocal of the ideal a. And 
for two ideals it is seen that

Art. 308. The theorem for the determination of the 
norm of an ideal may be applied to the special case of a 
prime ideal; say

p = (p, i1+i(1)1ω1, i2+i(1)2ω1+i(2)2ω2∙
Since (Art. 206) i(1)1 and are divisors of p, these ideals 
are of the form

(p, i1+i(1)1ω1, i2+i(1)2ω1+1ω2)
(p, i1+pω1, i2+i(1)2ω2)
(p, i1+iω1, i2+i(1)2ω1+pω2)
(p, i1+pω1, i2+i(1)2ω1+pω2)

Corresponding to these four possibilities it is seen 
(Art. 306) that N(p)=pe, where e = l, 2, or 3. This 
number e is called the degree of the prime ideal p.

We thus have prime ideals of the first, second, and 
third degrees. (See Art. 211.)

After the introduction of the norm of an ideal and the 
calculation of its numerical value through the coefficients 
of the basis, we are in a position to present the theorems 
which are necessary for the calculation of the ideal­
classes of a realm.

Art. 309. Theorems of Minkowski for the Presenta­
tion of the Ideal-Classes. For the presentation of the 
ideal classes of the quadratic realms we had (Art. 218) the 
theorem that each of the different classes contained at 
least one ideal whose norm was less or at least equal to 
|√D|, where D was the discriminant of the realm.

To prove the same theorem for the cubic realms we 
must prove first the following lemma.

Lemma. Every arbitrary ideal a of the realm R(θ) 
contains a number a, whose norm satisfies the inequality
|N(α)|≦N(a)|√D|
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f1 = α1x1 + α2y + α3z,
f2 = α'1x1 +α'2y +α'3z,
f3 = α''1x1 + α'2y + α''3z,

and of the quantities above let ki = k2.
Noting the identity F21+F22≡(F1+iF2)(F1-iF2) it is 

seen that

are less than the three positive quantities k1, k2, k3 whose 
product k1k2k3 is equal to the absolute value of the 
determinant of the three linear forms |(α1  a'2, a''3) | which 
in turn = |(a11, a22, a33)|.

Write f1 = α, so that f2= α', and f3 = α''.
It follows that N(α)=k1k2k3 or |N(α)| ≦ (N(α)) ∣ √D∣. 
Suppose next that R(θ) is an imaginary realm, and 

that R(θ') is the conjugate imaginary realm, while R(θ'') 
is the conjugate real realm.

Instead of the two forms f1 andf2  above consider the 
two real forms

and

where ω1, ω2, ω3 constitute a basis of all integers of the 
realm R(θ).

Due to the Minkowski Theorem (Art. 26) three rational 
integers x, y, z that are not all zero may be found such 
that the absolute values of the three linear forms

αv = αvlω1+αv2ω2+av3ω3 (v = 1, 2, 3),

First let R(θ) be a real realm and let α1 α2, α3 be a basis 
of the ideal α which may be written in the form (Art. 94)
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k21k3 = N(a)|√D|.

|N(α)| <⅛‰

α = α1x + α2y + α3z, α' = α'1x + α'2y + α'3z,Again writing we
have as above
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α"<k2,

or

while

We are now in a position to prove the theorem:
Theorem. Every ideal-class of the realm R(θ) contains 

an ideal whose norm is smaller than the absolute value of the 
square root of the discriminant of the realm.

Proof. Let α be an ideal of the realm R(θ) and let be
a second ideal such that is a principal ideal, say (α)
(Art. 304). From the above lemma there is in the ideal

orHence
(see also Art. 218).

an integer such that ᾱSince is
divisible by ⅛ve may write where a1 is an ideal
of R(θ).

Hence to obtain directly the number of ideal-classes of 
a fixed realmR(θ), it is only necessary to consider the 
positive rational integers that are less than or at most 
equal to |√D |.

These rational integers are to be decomposed into their 
ideal-factors. Those ideal factors that are equivalent 
and whose norms are at the same time ≦ |√D|  constitute 
a class in question, and the number of such classes is thus 
determined.

or a~a1,∙ and it has thus been proved that the ideal-class 
to which α belongs, contains an ideal di such that

The same is true of every ideal-class.

Since and it is seen that



where a, b, and c are rational integers.
If now p is the greatest common divisor of p and α, it is 

also the greatest common divisor of p and d2δ1α, since 
d2δ1 is relatively prime to p and therefore also to p. And 
p, being the greatest common divisor of p and d2δia, is 
p = (p, d2δ1α). Hence there remains the two possibilities 
either d2δ1α is of the first or of the second degree in θ.

It follows that either
p = (p, α+bθ),

p= (p, α + bθ+cθ2),(2)

(1)
or

where d and δ1 are definite divisors of Δ(0). 
integer α of R(θ) may be written

Hence, every

ω1 = l,

It is required to construct the prime ideals p, p1, etc., 
through which a rational prime integer p is divisible.

It is assumed at first that the prime integer p is not a 
divisor of the discriminant Δ(θ); and that is, Δ(θ)≢0 
(mod. p).

In Art. 305 it was proved that any ideal could be 
expressed as the greatest common divisor of two integers 
of the realm R(θ). It follows that p may be expressed in 
the form (p,α) where a is an integer of R(θ).

It was proved in Art. 102 that a basis of all integers of 
R(θ) could be expressed in the form

G(x) =x3+a1x2 + α2x + α3,
where a1, a2, a3 are rational integers.

Art. 310. Derivation of the Prime Ideals in the
Realm R(θ). Suppose that the realm R(θ) is fixed, the 
quantity 0 being a root of the irreducible equation
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and if in this ideal such elements of the form a1+b1θ 
enter, the coefficients a1 and b1 must be divisible by p,, 
otherwise, p would reduce to the first case.

p = (p, a+bθ+θ2),

we may, as in the first case, replace the second element 
by an element in which c = l. The prime ideal then 
takes the form

p = (p, a+bθ+cθ2),

If this congruence does not permit solution, then p has 
no ideal factor p of the form (1).

In the second case, namely when

It remains to determine A.
In this ideal it is evident that the element — A+0 may 

be multiplied by (-A + θ')(-A + θ''), which product is 
- A3 - α1A2- a2A - a3 or - G(A). And this number 
must be divisible by p, otherwise the ideal becomes a 
unit ideal. It follows that A must satisfy the congruence

and it remains to determine in either case the rational 
integers a, b, c.

Since the number xθ ∙p+y(a + bθ) may be added as an 
element in the first case, and since p and b are relatively 
prime, the rational integers x and y may be so chosen 
that xp+yb = 1, and consequently an element of the form 
- A  + θ may be added to the ideal (1), which now becomes

p = (p, a + bθ, -A+θ).
Since a + bθ-b(-A+θ) =a+bA, it is seen that a+bA 

may be added as an element of p. It is clear, also, that 
a+bA must be divisible by p; otherwise the ideal 
reduces to a unit ideal. Write a+bA = g∙p, where g is a 
rational integer. Further note that

gp + b(-A+θ) =a+bθ.
Hence aAbθ may be omitted as an element, thus leaving

p = (p, -A+θ).
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G(x')≡0 (mod. p).



where f1(x) is a rational integral function of the second 
degree in x;

2. the congruence (i) has at most three distinct 
solutions.

x3+a1x2+a2x+a3≡(x-A)f1(x) (mod. p),

It has been shown that:
1. if A is a solution of (i), then is

G(χy) ≡0 (mod. p). (i)
we have to determine the roots of the congruence

G(x) =x3+a1x2+a2x+a3 = θ,

Thus the quantities a, b, and a+bθ+θ2 are determined, 
if a3+a2θ+a1θ2+θ3 may be factored (mod. py) into a linear 
and a quadratic factor.

Hence, to determine the prime-ideal factor of a rational 
prime integer p in a cubic realm R(θ), where θ is a root of 
the equation

(a+bθ + θ2)(z+θ)≡a3+a2θ + a1θ2+θ3 (mod. p).
If these two congruences are satisfied, it is seen that

a+bz-a2≡0 (mod. p),
az - a3≡≡0 (mod. p).

We therefore must have the congruences
p = (p, a+bθ + θ2, az-a3 + (a+bz-a2)θ, ∙ ∙ ∙).

If z is determined so as to satisfy the congruence 
b+z-a1≡0 (mod. n), then the ideal takes the form

p = (p, a+bθ + θ2, az+(a+bz)θ
+ (b+z)θ2 + θ3, a3+a2θ+a1θ2+θ3, ∙∙∙)
= (p, a+bθ + θ2, az-a3

+ (a + bz - a2)θ+ (b+z - a1)θ2, ∙∙∙).

If the element a + bθ + θ2 is multiplied by the integer 
z+θ, where z is a rational integer to be determined, and if 
we note that θ3+a1θ2 + a2θ + a3 = 0, it is seen that the 
ideal may be written
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For if G'(x) =3x3+2a1x2+a2 is the derivative of the 
function G(x), then a necessary and sufficient condition 
for a common solution of the two congruences G(x)≡0 
(mod. p) and G'(x) ≡0 (mod. p) is Δ(θ) ≡0 (mod. p"), as is 
seen at once by eliminating x from the two congruences.

If, however, A is the common solution of the two

G(x}≡(x-A1)3 mod. p),

G(x')≡(x-A1)2(x-A2) (mod. p),

G(x) =x3+a1x2+a2x+a3≡0 (mod. p)
has a multiple root, say x = A1 and either

or

If Δ(θ)≡0 (mod. p), the congruence

Art. 311. If next we consider the case where p is a 
divisor of Δ(θ), we encounter difficulties in deriving the 
prime-ideal factors of p.

I. If the congruence (i) has no solution, then in the 
realm R(θ), p is not factorable into ideal-factors, and (p) 
is a prime ideal of the third degree, and that is N(p) = p3.

II. If (i) admits the only solution x = A, so that:
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pi=(p, -Ai+θ) (i = l, 2, 3),

x3 + a1x2 + a2x+a3≡(x-A1) (x-A2)(x-A3) (mod. p),

so that p = p1p2p3, where each ideal is of the first degree, 
and that is N(pi) =p (i = l, 2, 3). (Sommer, Vorlesungen, 
p. 277; Reid, Gottingen Dissertation (1899), p. 25.)

then is p divisible by the three prime-ideal factors of the 
first degree

x3+a1X2+a2x+a3≡(x-A)(x2 + bx+a') (mod. p),
then v admits the two prime-ideal factors

p1= (p, -A+θ) p2 = (p, a+bθ+θ2),and
such that p = p1∙p2, where pi is of the first degree and 
p2 of the second.

III. If the congruence (i) admits the three solutions
A1, A2, A3. so that



x3 + a1x2+a2x ± 1 = 0.

1 R. Dedekind, “ Ueber den Zusammenhang zwischen der Theorie der Ideale 
und der Theorie der höheren Kongruenzen.” Abhandl. der math. Klasse der Kgl. 
Gesellschaft der Wissensch. zu Gottingen, 23 Band, 1878.

2 Hensel, Crelle, Vol. 113, 1894; Vols. 127, 128, 129; see also Hensel, Jahresber. 
der deutschen math. Ver., Vol. 6 and G6tt. Nach., 1897; and Hilbert, Zahlber., 
p. 195.

G(x)≡(x-A')f1(x) (mod. p)

G' (x) ≡f1(x) + (x - A )f1(x) (mod. p)
From this latter formula it is seen that G' (x)  ≡≡0 (mod. p) 
can have the root x≡A (mod. p), when f1(x) ≡ (x-A)f2(x) 
(mod. p); and that is, when G(x) ≡≡ (x -A)2f2(x) (mod. p)

If Δ(θ)≡0 (mod. p) it might be surmised that the 
rational integer p was divisible by the square of a prime 
ideal. This is not always the case. The following 
theorem was proved by Dedekind 1 and later by Hensel.2

Theorem. All and only those rational prime integers 
which are divisors of the discriminant D of the realm are 
divisible by the square of a prime ideal.

This theorem was proved for the quadratic realms in 
Art. 216. In this connection see the theorems for the 
general realms of rationality in Vol. II, Chapter VI.

congruences G(x)≡0 (mod. p) and G'(x)≡0 (mod. p); 
and if we write

then is
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The Units of the Realm 9t(0)
Art. 312. Among the integers of the realm 9t(0) those 

are of peculiar interest, whose norms are equal to ±1, and 
which are called units of the realm (Art. 90). If ϵ is such 
an integer, then is ϵ'ϵ" = ±1, and that is, ϵ satisfies an 
equation of the form

That is also a unit, is seen by writing ’or x in the equa­

tion just written.



It is also evident that if ϵ is a unit that is different 
from ±1, then every power ±ϵe with integral positive 
and negative exponents e are units; for clearly
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ϵe∙.ϵ'e∙ϵ''e = (ϵϵ'ϵ'')e = ±l.
If the realms R(θ), R(θ'), R(θ'') are all real, the roots of 

the equations t2==tl, t3= ±1, when imaginary are not 
units of the three realms, since these realms do not 
contain complex integers.

If, further, R(θ), is real and R(θ'), and R(θ'')  are 
conjugate imaginary realms, then in none of the three 
realms can there appear the roots of unity, other than 
±1.

or, θ satisfies an equation αθ2 + bθ+c±k = 0, of the 2nd 
degree which is not true since the cubic whichθ satisfies is 
irreducible (Art. 41).

In the same way it follows that every unit e of the 
realm R(θ), for which |ϵ|=l, is itself =±1. For if 
R(θ) is a real realm and if |ϵ|=1, then e being a real 
quantity is =±1. If next 91(0') is a complex realm in 
which |ϵ'|= +l, then in the conjugate complex realm 
R(θ'')  it is evident that |ϵ''|=1, where ϵ'' is the conjugate 
complex of e'. It is further seen that |ϵ|= +1 in the real 
realm R(θ), and consequently ϵ= ±1, as must be also t' 
and ϵ''.

is a complex root of unity in the realm 91(0'). 
Then is η' ∙η" = ±1, so that η'= ±1. 
It follows that

Suppose for example that



|α'| ≦A2,|α''| ≦A3

A1 A2, A3,= |√D|.

Art. 313. The following is a theorem 1 which in 
generalized form was proved by P. G. Lejeune Dirichlet, 
Werke, Vol. I, pp. 622, 632, 642.

Lemma. In every (real or imaginary) realm R(θ) of the 
third degree there exists a unit which is different from ±1.

The proof of this theorem is very similar to that given 
for the real quadratic realm of Arts. 230 et seq. See also 
Arts. 99 et seq.

I. First let the discriminant D of the realm be positive 
so that all the realms  R(θ), R(θ'), R(θ'') are real. Let 
A1, A2, A3 be any three positive quantities, whose 
product is

A1A2A3 =|√D|. (i)
It is possible, due to the Minkowski Theorem of Art.

26, to determine rational integers u, x, y, z which are not 
all zero, such that

| α1u + aω1x + aω2y + aω3z | ≦A1
∖| α'1u + a'ω'1x + a'ω'2y + a'ω'3z | ≦A2

| α''1u + a''ω''1x + a''ω''2y + a''ω''3z | ≦A3

The quantities A1 A2, A3, A4 satisfy the relation

where a1, a are integers in R(θ) and where ω1, ω2, ω3 form 
the basis of all integers of R(θ).

Further put and write

a = α1u + aω1x + aω2y + aω3z.
It follows that

It is seen that a is an integer of R(θ) such that |α| ≦A1,
(i)

1 See also H. Minkowski, Geom. d. Zahlen, pp. 137 et seq.; D. Hilbert, Berιchl, 
Chapt. 6, pp. 214 et seq.
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(iii)

(ii)

|α'∙α''∙α''|≧1Since a is an integer in R(θ), its norm, that is
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and consequently

and therefore also

Thus for a and its conjugates α' and α'', there exist the 
inequalities

Due to eouation (i). the last inequality may be written

Consider next three new real positive quantities

whose product, due to (i), is again = |√D |.
From similar considerations there exists an integer β 

of R(θ) which satisfies the inequalities
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Instead of the last inequality we may again write

Further write

It is clear that  |ϵ| and |ϵ' | cannot be equal. In an 
analogous manner one may construct a unit η, for which 
| η | > 1, | η' |  <1, and ∖| η'' |>1.

and determine an algebraic integer γ in the same way as 
a and β were determined above.

If this process is continued, there exists an unbroken 
series of algebraic integers which satisfy inequalities 
such as (ii) and (iii).

Since the discriminant |√D | > 1, it is evident from (ii) 
and (iii), that the numbers |α|, |β |, |γ|, ∙ ∙ ∙; as well as 
the numbers |α'|, |β'|, |γ'|, ∙ ∙ ∙ form a series of de­
creasing numbers, while the series |α''|, |β''|, |γ''|, ∙ ∙ ∙ 
constitute a series of increasing numbers.

If we use the fact that the principal ideals (α), (β), 
(γ), ∙ ∙ ∙ constitute an endless series of ideals whose 
norms are ≦  |√D |, and observe (Art. 309) that there can 
exist only a finite number of ideals, whose norms are less 
or at most equal to a finite rational number, it is seen 
that of the series (α), (β), (γ), ∙ ∙ ∙ two ideals must 
eventually become equal.

If, say, (α) = (γ), and if |α|> |γ| , then the quotient

presents a unit of the realm R(θ) , which is different

from =tl. Due to the inequalities for a, β, γ, etc., it is

seen that |ϵ|>l, |ϵ' |> 1 while |ϵ''|<l, where

and



Art. 314. The Dirichlet Theorem.1 If among the 
three conjugate realms R(θ), R(θ'), R(θ''), there are r1real

of the three realms (for example in R(θ)) there are r = r1 
+r2-1 fundamental units, namely ϵ1 and eϵ2 when all three 
realms are real, and ϵ1when there are a pair of complex

pairs of imaginary realms, then in eachrealms and

II. Suppose next that the discriminant D is negative. 
We may assume that R(θ) is real, while R(θ') and R(θ'') 
are imaginary realms. Due to the Minkowski Theorem 
two positive real quantities A and A1 may be so chosen 
that AA21 = |√D| and an integer a of R(θ)  may be so 
determined that |α|≦A and |α'|≦A1 and since 
|α'|=|α''|, it follows also that |α''|≦A1. In a similar 
manner as was shown above, it is seen that

Next write and B1 = A1∖|∜D|∖, so that BB21= |√D|, and construct the integer β of 9ι(0) so that

Through a continuation of this process, an infinite 
series of ideals (a), (β), ∙ ∙ ∙ may be constructed, and as in 
the case where D > 0 it is evident that there exists a unit 
different from ±1 in each of the three realms 9ι(0), 
R(θ'), R(θ'')∙

In the derivation of such units and contrary to the 
preceding case, it is seen that either |ϵ| > 1 while |ϵ'|
= |ϵ''| < 1, or |η| < 1 while |η' | = |η"| > 1.

1 See Smith’s Report, where other references are found to Kummer’s work and 
that of Kronecker.
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l(ξ)= log |ξ|, l1(ξ) = log |ξ'|, l2(ξ) = log |ξ''|.
If ξ is a unit, ξξ'ξ''= ±1, and consequently the loga­

rithms of a unit ξ satisfy the equation
f1(ξ) = l(ξ)+l1(ξ) +l2(ξ) = 0, (i)

so that every unit must contribute a solution to this 
equation.

If one or all three logarithms l(ξ),l1(ξ), l2(ξ) is zero, 
it follows from the preceding article that necessarily 
ξ= ±1. Hence to derive the units of the realm that are 
other than ±1, it is necessary to find all the solutions of 
the equation (i), whose values are different from zero.

Write
f2(ξ)=hl(ξ)+ h1l1(ξ)

and determine h and h1so that
f2(η)=hl(η)+ h1l1(η)>0

If we put h1=-l(ϵ) and h = l1(ϵ), it is evident that
/f2(η) = l1(ϵ)l(η) -l(ϵ)l1(η) >0;

for l1(η) is negative since η' |<1, while l(η) , l(ϵ), and 
l1(ϵ) are positive.

Further note that the required solutions of equation (i)
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realms. Further, every other unit of the realm in the first
case may be expressed in the form and in the second
case in the form where ei and e2 are rational integers
(see Art. 233).

Minkowski’s proof (Joc. citf) is as follows (see also 
Hilbert, Zahlbericht, p. 214):

First let R(θ), R(θ'), R(θ''), be three real realms. 
There are two units e and η, see lemma above, such that 
|ϵ| > 1, |ϵ'| > 1, ∖|ϵ''| < 1, and |η| > 1, |η' |<1, ∖ |η" | >1∙

If $ is any arbitrary integer, the real quantities log |ξ|, 
log |ξ'|, log |ξ''| are called the logarithms of the numberξ.

For brevity we may write



and that is, the absolute values |ξ|, |ξ'|, |ξ''|| are less 
than three definite numbers that depend only upon e 
and η.

(i = l, 2);
 |l(ξ)|≤ |l(ϵ)| + \l(η)|,
|li(ξ)|≤ |li(ϵ)| + |li(η)|

can exist simultaneously for only a finite number of units. 
For, if these two inequalities exist for a unit ξ, we neces­
sarily have for the absolute values

0≦s1≦l, 0≦s2 ≦ l

and that the signs of l(ξ), l1(ξ), l2(ξ)  must be at least one 
positive and one negative. Since f2(η) >0, it is seen that 
when the values just written for s1 and s2 are substituted 
in the third formula under (ii), there is no contradiction 
as to sign.

For ξ = ϵ, we have from (ii) s1 = l and s2 = 0, and for 
ξ = η, it is seen that s1 = 0, and s2 = 1.

It mav be shown next that the ineαualities

l(η) >0, l1(η) <0, l2(η) >0,
l2(ϵ)<0,,l1(ϵ)>0,,l(ϵ)>0,

Observe that

l(ξ) = s1l(ϵ) + s2l(η),
l1(ξ) = s1l1(ϵ) + s2l1(η),
l2(ξ) = s1l2(ϵ) + s2l2(η),

where s1 and s2 are arbitrary real numbers. In fact the 
three values l(ξ), l1(ξ), l2(ξ) as given in (ii) satisfy identic­
ally (i); and corresponding to a given solution l(ξ), l1(ξ), 
and l2(ξ) the quantities s1 and s2 may be uniquely 
determined as finite numbers from the first two of the 
equations in (ii) in the form

mav be presented in the form
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(ii)



0≦s1≦1, 0 ≦s2≦l

0≦s1<S1 0≦s2<S2.

is a unit of the realm.

If ξ denotes an arbitrary unit of the realm, and if ϵ1 
and e2 are rational integers, to be determined later, then

may be arranged in two classes.
The first class contains the units, for which s2 = 0, 

while the second class contains those for which s2>0.
In the first class determine that unit ϵ1 for which s1 

takes its smallest value, say S1, which is different from zero; 
and in the second class determine that unit ϵ2 for which s2 
takes its smallest value, say S2.

There is then no unit other than ±1 for whose expres­
sion in the form (ii) exist simultaneously the inequalities

with similar values for y and z.
The quantities λ1 λ2, λ3 are constants whose absolute 

values are finite. If further the absolute values of the 
ξ’s lie within finite limits, then |x| must be less than a 
finite number as must also |y| and |z|. Thus it is seen 
that only a finite number of combinations of rational 
integral values can be given to x, y, z, so that |ξ|,  |ξ'|, 
and |ξ''| lie within definite limits.

ξ = x+yω2+zω3

x+ω2''y+ω3''z= ξ ,
we have

(Arts. 93 and 103) represents an integer of the realm 
R(θ), and if x, y, z are computed from the equations

If then
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Ml the units whose expression in the form (ii) is such 
that

x=λ1ξ+λ2ξ'+λ3ξ''

 x+ω2y+ω3'z= ξ ,
 x+ω2y+ω3z = ξ,

and (iii)

also



or

and with this the Dirichlet Theorem is proved when the 
three conjugate realms are real.

Since f2(η)>0, we may determine e2 from the first of 
these equations and then e1 from the second as positive or 
negative integers such that s1 and s2 satisfy the ine­
qualities (iii). But this is contrary to the statement 
that the two inequalities can not be simultaneously 
satisfied. It follows then that L = 0 and L1 = 0. Hence, 
also L2 = 0. And from these equations e1 and e2 are 
determined.

It follows that

Write

THE CUBIC REALMS 593

L = l(ξ) - e1l(ϵ1) - e2l(ϵ1),
L1 = l1(ξ) - e1l1(ϵ1) - e2l1(ϵ1),
L2 = l2(ξ) - e1l2(ϵ1) - e2l2(ϵ1).

If we put l(ϵ1) =S1l(ϵ1) and l(ϵ2) = Sl(ϵ) + S2l(η) in the 
above expressions, we have

L = l(ξ)- (e1S1+e2S) l(ϵ) — e2S2l(η)
L 1= l1(ξ)- (e1S1+e2S) l1(ϵ) — e2S2l1(η) (iv)

Solving for s1+e1S1+e2S and s2+e2S2, it is seen that

(v)

l(ξ) = (s1+e1S1+e2S)l(ϵ) + (s2+e2S2)l(η),
l1(ξ) = (s1+e1S1+e2S)l1(ϵ) + (s2+e2S2)l1(η).

Writing these values for L and L1 in (iv), it is seen that

L = s1l(ϵ)+s2l(ϵ)
L1 =  s1l1(ϵ)+s2l1(ϵ).

Next from (ii) it is seen that we may put L and Lx in 
the form



For the second case where D<0, R(θ) being a real 
realm while R(θ') and R(θ'') are a pair of conjugate 
imaginary realms, let ϵ1 be that unit in R(θ) which has the 
smallest absolute value among all those units whose 
absolute values are >1. It may be then proved in a 
similar manner as was done above for the units in the 
real realms that any arbitrary unit ξ of the realm may be 
exoressed in the form
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Show that the basis of R(θ) is 1, θ, θ2, and that h=1 Show that in
Δ(θ)=-31 D = -31.and

noting the number of pairs of imaginary roots, is here either 0 or 1. 
(See Vol. II, Chant. VIII, of the present work.)

1. If θ is a root of the equation

where e1 is a positive or negative rational integer.

For, writ< and suppose that E ≠ 1 so that either

∖|E|∖>1, or In the latter case put It is

seen for the first case that l(E) =l(ξ) - e1l(ϵ1) and it is 
clear that e1 may be so chosen that

l(E) <l(ϵ1)
which is contrary to the assumption made relative to e1. 
A similar result is had for the second case.

Observe here that from l(E) = 0, the integer e1 is 
uniquely determined and that l1(E) is also zero.

EXAMPLES
In solving the following examples one may consult the Gottingen 

dissertation of L. W. Reid, entitled Tafel der Klassenanzahl fiir 
kubische Zahlkörper. It may be proved that in every class there
exists an ideal (a) such that where r, de-

x3+x + l = 0,
then is



x3 + 100 = 0,
6. If θ is a root of

show that a basis is 1, θ, and that

x3+8x + l = 0,
5. θ being a root of

x3+8x2+2 = 0,

show that a basis is 1, θ, that h= 1.

4. If θ is a root of
and h= 1.

of the realm R(θ) is 1,θ, that units are θ + 1

3. If x3+3x+5 = 0 has a root 0, show that the basis of all integers
that h = 3 and that a unit is 0 +1.

(3)=^(3, θ-l)3,
(5) = (5, θ-l)(5, 2+0+02),
(7) = (7, θ - 2)(7, 3+20+02);

where here a1 = 0, a2=6, a3= -8, giving A = 0, D1=2. Show that

3(A-a1)2+2a1(A-a1)+a2=0 (mod. D21),
(A-a1)3+a1(A-a1)2+a2(A-a1)+a3≡0 (mod. D31),

D= -23∙34. Observe that A and D1, where D1 is a divisor of Δ(θ) 
must satisfy the congruences (see Art. 102):

that 1, 0. may be taken as basis of all integers, and that

Δ(θ)= -2592= -25∙34,
Show that

x3+6x+8 = 0.

where ῶ1 andῶ2 are principal ideals. The units are 0 and 1+0.
2. Let 0 be a root of the equation

3= (1 -θ)(θ2+θ+2) = ῶ1∙ῶ2,
this realm 2 and 5 are irreducible and that
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N≡1 (mod. 3) and 1, θ, is a basis if N≡ - 1 (mod. 3).

(4) If a3≡ —1 (mod. 9), then 1, θ, is a basis when

(mod. 3), and 1, θ, s a basis when N≡ - 1 (mod. 3).

(3) If a3≡l (mod. 9), then 1, θ, is a basis when N≡ 1

again a basis is 1, θi

(2) If a3≠0 (mod. 3), but a3≡±2, or a3≡ ±4 (mod. 9), then

(1) If α3≡0 (mod. 3), then 1, θ form a basis.

where n and N are integers. In R(θ) prove that:
a3=n∙ N2,

Suppose further that α3 is not divisible by the third power of a prime 
integer, and write

x3 +a3=O.

7. In general (see Sommer, p. 261), let θ be defined by an irre­
ducible cubic
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form a basis in R(θ), if θ is a root of

z3+28=0.

show that a basis is 1, θ, in the realm R(θ); while 1, θ,
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