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Thus v1, v2, v3, ... all satisfy the equation

∣'(∕>)''(i)=¾), 
p and <∕ being prime to each other.

§ 11. In the case of the formulas considered in §§1-θ> 
we have

a. — B,' 2*n
n ~ (2zι)! ’ .

and ≠(a>) =α∑f^,tan^.

The fact that φ (x) is itself a series of terms in which the 
denominators are the successive powers of 2 is the cause of 
the distinction which occurs in the formulae of § 5 between 2 
and the other prime factors of n. In the formation of the 
functions θ the exponent of 2 gives rise to a factorial which is 
one order higher than the factorials depending upon the 
exponents of the other primes.

EXPANSIONS OF K, Z, G, E IN POWERS OF ∕∕3-A3. 

By J. W. L. Glaisher.

Th e object of this note is to give the expansion of K in 
ascending powers of k'1-k2. I have also added the corre-
sponding expansions of I, G, and E.

Expansion of K1 §§ 1, 2.

§ 1. Let A and h' denote k1 and k'3 respectively, and let 

λ = A'-A = A'2-A2.
If therefore α be the modular angle, so that A = sinα, then 

λ = cos2α.
We have*

K= Γ Γe-^-yi-^n2dxdy, 

whence, expanding in powers of λ,

~E=∣ ∣ e~χ4~^ 11 - 2λafy, + a?y - afy6 + &c. j .

* Proceedings of the London mathematical Society, γol. XIII. p. 92 (1881).
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Now f e~χt c‰ = ∣Γ(j),
J 0

f e~x'xidx = ∣Γ (f), 
j 0

f e~χixidx = ⅜Γ (%∖
J 0

&c. &c.;

whence

'>- ι.r'tl)j'+⅛''+≈Si>∙'+H'⅛⅛i*∙÷s∙)

-r∙W*∙⅛<ffiH
Denoting by K° the value of K corresponding to the 

modulus , we know that

4√ττ.A°=Γ (⅛).

Also, since Γ (i) Γ (∣) = fd'2 ∙ w,
ft

it follows that = (1)∙

Thus we find

i
l 2 12 r2 12 r 2 q 2 '4

1 + 2Λ λ' + 2Λ⅛8 λ< + 2.4.6.8.10.12 λ'+ H

7r fl -32 , 32.72 ,s 32.72.112 a7 p )~ 2∑sl2λ + 2X6 +2.4∙6.8.10 +2.4.6... 14 +&C] ‘

Since 2 G°K° = ⅜7r,

we have 2 Go = ∙^5 ;

and we may therefore write the expansion of A in the form

!
1 2 I 2 K2 1 2 52 Q3 Ί

1÷r.x'÷iiisv÷SΩ=i51∙÷to-J
->φ÷⅛χ'÷ri‰x'÷∏i⅛H-

L2
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The quantities K0 and Go are of course mere numerical 
constants, their values to eight places of decimals being

ATo=l∙85407468,

6r°= 1T7875274.

§ 2. By changing the modulus from k to k, we change the 
sign of λ; we thus find

{12 . ι2 fj2 ι2 A2 q2 )1⅛÷⅛4+s⅛mλ,H

τ,, ir 4zγofK 32 32'.78 ' 3,.7*.11* p )K - 46≈,∣-λ+-λ +2 4 6-8 ,θλ +gχβ ι llλ +&c·} ∙

Expansion of G, § 3.

§ 3. We may deduce the expansion of G from that of K 
by means of the formula*

>v λ 7 7, dK G = %hh -3i∙ ;
ah 1

for λ = ⅛(l-λ), λ' = ⅛(l + λ),

whence G = - (1 - λ2)

We thus find

e= e4{1÷⅛λl+2⅛λ*+2zmλ∙+S

- T {∙2 λ + 2⅛6 V + 5Z⅛iδ λ'+ 2.4.6. i’l4 λ'+ &C·} ∙ 

By changing the modulus from k to k' we deduce abo

ff+ff=2ff{1+⅛λ, + 2⅛λl÷∑4⅛⅛Γ2λ∙ + ^} 

ff-β= ∕r (⅛+⅛∙⅛∙+fe).

* Proceedings of the Cambridge Philosophical Society, τol. v. p. 198 (1884).
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Expansions of 1 and E, §§ 4-6.
§ 4. Since

hK=⅛(l-∖)Ki λ'X=⅛(l+λ)JΓ, 
we may deduce from the expansions of K and G the following 
expansions of I and E:
/_ r√n 1> 3 V1 3∖v 3iτ v. 3’·7° v 
∕ G ∣1+2λ 2.4 λ+2.4.6 λ 2.4.6,8 λ + 2.4.6.8.10λ

32.73.11 λ3 s )
2.4.6.8.10.12 λ + c'J

κ° fl 1 X . 1^ V 1^2∙5 v ■ l2∙5* V r∙58∙9 V 
2 ( 2λ + 2.4λ 2.4.6λ +2.4.6.8λ 2.4.6.8.10λ

12.52.92 Λβ γ )
^,^ 2.4.6.8.10.12 λ c,∫5

F= fι 1> 3 V 3^ V 3i7 V 3’·7’ V
Λ ir ( 2λ 2.4λ 2.4.6λ 2.4.6.8λ 2.4.6.8.10 λ

32.72.11 ^ 0 )
2.4.6.8.10.12 ∫

7Γ0f 1 12 ,2 12.5 α3 l2.5a λ4 12.52.9 α5
2( 2 2.4 2.4.6 2.4.6.8 2.4.6.8.10

12.52.92 )
+ 2.4.6.8.H)J2λ +&Cj·

If we put k = k', then λ = 0, and these formulae become 
Γ=G0-⅛K°, E°=G° + ⅛Ko, 

which are the expressions for ∕° and E° in terms of K°
and G°.

§ 5. From these expansions we may deduce the following: 
^+7'=2<r{ι-lλ-Av-⅛v-2-⅛v

-⅛-2⅛⅛⅛Γ2-}>

12.52.9 , 12.52,92 _ I
+ 2.4.6.8.10 λ + 2.4.6.8.10.12 λ + & J ’

with the corresponding expansions for E' +1 and E' — I 
obtained by changing the sign of λ.
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§ 6. It m a y  b e  r e m a r k e d t h at w e  h a v e  al s o

r π λ ∕-y o L 3  3' 2 . 7 λ 4 3 ∖ 7 2 . 1 1 x β „ )
I + E = 2 G- ∖ l-------λ -------------λ 4 -------------------- λ β - < ⅛ c Λ

I 2. 4  2. 4. 6. 8  2. 4. 6. 8. 1 0. 1 2  ∫

7-i,  ≈ H∙( h ÷ i⅛l∙ ÷ i≤ r o *∙  +  f c}

(
∙ 1 , 1 2 &  1 2 s 2  q 2  Ί

1  +  2Ϊ 4  λ  +  2. 4. 6. 8  λ  +  2. 4. 6. 8. 1 0. 1 2  λ  +  & C 'j ’

t h e l att e r s e ri e s b ei n g  t h e s a m e a s t h at f o r —  K  ( §’l), a 3 √f  
o u g ht  t o b e,  si n c e I- E =- K.

F r o m  t h e s e t w o f o r m ul a e w e  m a y  d e d u c e  

7  +  S + Γ  +  ̂  = 4 flj- ⅛ χ∙ ⅛-f e∣, 

∕+ ‰ γ - je ∙ = 2 ^j! λ + Jll v+ 2j ⅛ θ v +l ⅛ c.},  

7- ^ + Γ- ^  =  - 2 ^{l +  ⅛ V  +  ̂ V  +  . S c.}1

7- ^- Γ + Z >- 1ψ + ⅛ V ⅛∙ + f c∣.

T h e  v al u e s of  t h e l a st t w o s e ri e s a r e —  K —  K'  a n d  
- K + K', a g r e ei n g wit h  § 2. I n p r e vi o u s p a p e r s I h a v e  
d e n ot e d  ∣ ( 7 + E}  b y W  (W  b ei n g  a  q u a ntit y  b e a ri n g  a  cl o s e  
a n al o g y  t o G). T h e  fi r st, t hi r d, a n d f o u rt h s e ri e s r e p r e s e nt  
t h e r ef o r e W i W  +  W' 1 a n d W - W'  r e s p e cti v el y.

E x p a nsi o n  of  I +  G  +  E,  § 7.

§  7. F o r  I -∖ ^ G  +  E  w e  o bt ai n  t h e e x p a n si o n  :

r,∕ 7, F- Γ°  l·. 5 V 3il 3 V 3 ∙̂ r ∙2 1 λ 5
I- γ G +  E G  ∣ 3 2  4 λ 2  4  θ  8 λ 2. 4. 6. 8. 1 0. 1 2 λ

3 ,. 7s.ll,. 2 9 8 χ ) 
- 2. 4; 6.:;i 6  x -& c ]

+  ̂ ∏ λ + ∆ ≥ λ 3 +  2 Li d ⅛
+ 2 ( 2 2. 4. 6  2. 4. 6. 8. 1 0  2. 4. 6. .. 1 4 ∫

w w w.r ci n. or g. pl




