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86 MR. BURNSIDE, NOTE ON PSEUDO-ELLIPTIC INTEGRALS,

and therefore, i, (v) or ¢, (v) containing P’ (v) as a factor,
P(w) is in this case at once determined rationally in terms
of P(v).

If on the other hand m and m" are both even, n being
therefore odd and v an odd sub-multiple of a complete period,
¢ (nv) is infinite and P (w) must be otherwise found.

In this case, since

‘(m—1)v=mw +m'e —v (m, m" both even) ;
therefore E{in-1.9)} + E(v)=mn +m'y;
but t{n=1.9)} - (n—1) ;’(u)=;{—l$’:"((:)),
motm'y Lo 1 Y.
n A e F AN

The results obtained may be summarised thus.
In order that the integral

I(W—If’(gj + xl) du,

where 4 is a constant, may be pseudo-elliptic v must be a
sub-multiple of a period.
If v is an even sub-multiple, so that

2my = 26,
_2_ ¥ (™
St P (0) 4, ()’
and if v is an odd submultiple, so that
@Cm+1)v=2d,
: L
e A= ) P ()4, ()

If » is a half-period, P’ (v) is zero, and thercfore the
revious reasoning does not apply. But in this case the
integral is one of the second species, and not of the third;
and its being pseudo-elliptic is therefore out of the question.
Writing now generally

and therefore

then

Y 20
==,

where n may be odd or even, and denoting by 27 the quasi-
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period of ¢ corresponding to 2@, the previously given value
of the integral
P (v) — P(w) o (u—v)

o(u+wv)

P P(w) [4 q (“ - z“m)
becomes @l L) [ﬁi'lo T ] )

1 g 1
o'(u-l-—-)
n
and therefore
= o ol¥g——
Y PN i s
4 =T LT
=) P(T) oe(w)
The n'™ power of the quantity under the logarithm is
unaltered when % is increased by a complete period, and is

therefore a rational function of P(u) and P’ (u); its numerator
may be shewn to be equal to (Halphen, 1., p. 223)

L, P(w) , P'(w)y P (), vy PO ()
1} P(v) 2 P’ (v), ........ v sevy _P(“—ﬁ] (v)
0’ P’(”) g cevressecssssuenns seey P(“"] (v) 3

) T 2 y PO (w)
while the denominator only differs from the numerator in the
signs of the odd differential coefficients of P (u).

With increasing values of a these expressions rapidly
become very complicated, but the algebraical form of the
relation in the case when n=3 is sufficiently simple to be
worth giving explicitly.

Thus, if ‘ v =%,
then P (v) = a is given by

a'— %99‘1"' go= 4:18923 =0,
which can also be written in the form

12P (v) P (v) = P (v).

L W P'() AP(v)
Hence A=} mi iy @ =P )~ P (0
7,
1 4P (v) S =

Pw-Pw 4 PO Tw-s
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