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then x∣(N^-x) can be expressed as a continued fraction of 
the form

Γ 1 _L J_ _L 11- 
α0 - 1 + Λ1 +∙∙∙+ «„_! + «„ + ctn-1 +..∙+ α1 + a0 ’

and N is equal to the continuant

(α0j <¾, ∙∙∙) «„-η αn> σn-n ∙∙∙) αn αo)}

of which (α0, α1, ..., αn-1) is a factor.
In Mersenne’s problem, N= 100895598169. If we take

τ∕ = 32 and x= 1796847, then x2 = Ny + 1, and we find

x 1796847 1 111 1
N—x ~ 100893801322 - 56150 + 2 + 7 + 2 + 56151 ’

and JV= (56151, 2, 7, 2, 56151).

Hence a factor of N is the continuant (56151, 2), which is 
equal to

56151, 1 I
-1 , 2 I

that is, 112303. Hence a factor of jVis known.
The question proposed to Fermat and his answer seem to

have escaped the attention of many writers on the theory of 
numbers; but, as far as I know, no solution of the problem has 
been hitherto published, and therefore it is particularly inter-
esting to find that it is covered by the theorem given by 
Mr. Birch.

September 22, 1892.

NOTE ON PSEUDO-ELLIPTIC INTEGRALS.

By W. Burnside.

An y integral which while apparently elliptic may really 
be reducible to a logarithm is expressible as the sum of 
a number of terms of the form

∕* (x —a) dx

J (*-i)√l∕<(*)∣,
where ∕4(x) is a rational integral quartic function. For the 
case in which the integral consists of a single term I propose

G2
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to determine explicitly, from the elliptic-function point of view, 
its most general form.

If y2, g3 are the two invariants of the quartic fi (x) the 
above integral can always by a linear substitution be trans-
formed into

Γ (z — α) dz

or if
pz x . . f P(√) - -P(w>) 7 

, = P(≈t), mto j

Introducing the ζ and σ functions, the indefinite integral 
may be expressed in the form

P(v) — P(w) Γ t,z . 1 σ(u-vY
U d---- - n∕ z∙~∖ '~~ 2m t 00 + lθg ~τ------ ∖ ∙P (r) |_ b k 7 δ σ (u + υ)

If now 2ω, 2ω, is any pair of primitive periods of the 
elliptic-function P (w), and 277, 2η' the corresponding quasi-
periods ot ξ (u); the two elliptic-periods of the integral, or 
the two constants by which the integral increases when the 
original variable describes two independent period-paths, are 
obtained by writing 2ω and 2ω, for u in the above indefinite 
integral.

The periods so obtained are

2a, + ^±^[4ωf(v)-4,⅛

and 2ω,+ —[⅜m,⅜,(n) — 4√⅛].

Besides these two periods the integral has a third by 
which it increases when the original variable describes a 
closed path surrounding either of the points at which the 
integral is infinite.

If u = υ + v', the integral expanded in ascending p0wer9 
of v becomes

P(υ)-P(w) [dv' 1 c .i i -∙∙ p>z √∙ ■ ∕ — + finite terms,
P (υ) J υ

and hence the value of the integral round a closed path 
surrounding √ = 0, i.e. the logarithmic period, is

≈,ia⅝L⅛).

If now the integral be pseudo-elliptic it must have one
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period only, and the two elliptic-periods must be multiples or 
sub-multiples of the logarithmic period.

Hence m' and n being suitably chosen positive or 
negative integers without a common factor, the following two 
equations are thus obtained, viz.

ω Lλ o -W) + ζ wJ -2,β = -»

ω Pi ('it i~t - a,ι'ι, — - m- P(y)-P{w) J n

Multiplying the first of these by ω' and the second by ω, 
and subtracting

777 ω 4- ra'ω' 
v =--------------  ;

n

and multiplying by ιη', η, and subtracting

p'(υ~) = 2 Γ_ PΛλ "1
P(v)-P(w) L *

The constant v may therefore be any sub-multiple of a 
period (a result which is well-known), and when it has so 
been chosen P(⅛) is determined by the last written equation. 
It remains to shew that regarding P (y) as known, the determi-
nation of P(w) so obtained is algebraical and rational.

For this purpose it is convenient to introduce the function 
that M. Halphen denotes by ψιt (m).

When n is odd τ∕zfl (w) is a rational integral function of 
jP(m) with coefficients rational and integral in g2 and g3,. and 
when n is even it is the product of P' (m) by such a function.

The function ψn (u) is connected with the σ-function by 
the equation

σ (nu) , λ
7-÷7⅛=ψ.w.
{σ («))

and therefore differentiating logarithmically

! f(∞)-f(≈ι)=-ζ⅛3⅛-.
n v 7 i, v 7 n -φn (u)

If now υ has been chosen so that m and m' are not both 
even,

ζ (nv) = ζ (mω + r∕iω") = mη + m'η'1 

and ,^+y√^.ιψ'uft∙)
n k 7 n ≠,, (v)
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a n d t h e r ef o r e, ∙ ψn  ( υ) o r  ψ' n  ( υ) c o nt ai ni n g P'  ( y) a s a  f a ct o r, 
P( w}  i s i n t hi s c a s e at o n c e  d et e r mi n e d  r ati o n all y i n t e r m s 
0 f P( v).

If o n t h e ot h e r  h a n d  m  a n d m'  a r e b ot h e v e n,  n b ei n g  
t h e r ef o r e o d d  a n d  v a n  o d d  s u b- m ulti pl e of  a  c o m pl et e p e ri o d,  
ζ( n v) i s i nfi nit e a n d  P( w)  m u st  b e  ot h e r wi s e  f o u n d.

I n t hi s c a s e, si n c e

∖ n  —  1)  v  =  m ω  +  m' ω'  —  υ  ( mi m'  b ot h  e v e n)  ; 

t h er ef or e ζ{( n  —  1  . v)} +  ξ ( v) =  m η  +  m' η' ; 

b ut ̂ {( w-l. v) }-( n-l)  =

a n d  t h e r ef o r e +  - ξ( y)  =  —  -1 - ■ ■ ■ .
n  n  ( n - 1)  ≠  ,l,1 ( v)

T h e  r e s ult s o bt ai n e d  m a y  b e  s u m m a ri s e d t h u s.
I n o r d e r  t h at t h e i nt e g r al

∕C p (m )- P( 7) + λ ,

w h e r e  A  i s a c o n st a nt, m a y  b e  p s e u d o- elli pti c  v m u st  b e  a  
s u b- m ulti pl e of  a  p e ri o d.

If v i s a n  e v e n  s u b- m ulti pl e, s o t h at 

2 m v  =  2 ω,

4  2  ↑L' ( v)
t h e n A  =  —  p > f .— - τ-, ,

™  p  0)  ≠ m  W

a n d  if v  is a n  o d d  s u b m ulti pl e, s o t h at 

( 2 m +  1)  t > =  2 c δ,

., a  _  1 ____________V √  (v )
θ n  m  ( 2 m +  1)  P'  ( v) ψ 2 m ( y) ’

If υ i s a h alf- p e ri o d,  P'  ( v) i s z e r o, a n d t h e r ef o r e t h e 
p r e vi o u s r e a s o ni n g d o e s n ot a p pl y. B ut  i n t hi s c a s e t h e 
i nt e g r al i s o n e of  t h e s e c o n d s p e ci e s, a n d n ot  of  t h e t hi r d; 
a n d  it s b ei n g  p s e u d o- elli pti c  i s t h e r ef o r e o ut  of  t h e q u e sti o n.

W riti n g  n o w  g e n e r all y

2 < λ >
V  =  —  , 

n ■

w h er e  n  m a y  b e  o d d or  e v e n, a n d d e n oti n g  b y  2 η  t h e q u asi-
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p e ri o d of  ζ c o r r e s p o n di n g t o 2 ω,  t h e p r e vi o u sl y  gi v e n v al u e  
of  t h e i nt e g r al

P( v)-  P( w)  R  t,z x , σ  f z z —  t,)
U  + n z z √  2 u £ O)  +  l o g.... 7

P  ( u) ( _ σ  ( u +  v) _

, P( u)- P( w)  [ ^ 4 7 M σ  ( m

b e c o m e s p  —  +  l o g ,

a n d  t h e r ef o r e
2 ⅛ ω  ∕ 2 ώ \

i---- Ϊ— +  a d u  = — 1--l o g %---------—  .

l -p w -p B  j ∙p ,□  <h ⅜ + t )
T h e  w t h p o w e r of  t h e q u a ntit y  u n d e r  t h e l o g a rit h m i s 

u n alt e r e d  w h e n  u  i s i n c r e a s e d b y  a c o m pl et e p e ri o d,  a n d i s 
t h e r ef o r e a  r ati o n al  f u n cti o n of  P( u)  a n d  P'  ( u) ; it s n u m e r at o r  
m a y  b e  s h e w n t o b e  e q u al  t o ( H al p h e n, I., p.  2 2 3)

1,  P( u)  , P'( u), P"( u), ..., P ^( u)

1,  P( u)  , P'( v),  .........................., P ^( u)

o 5  - p,ω  ,.............................................., >

w hil e  t h e d e n o mi n at o r  o nl y  diff e r s  f r o m t h e n u m e r at o r  i n t h e 
si g n s of  t h e o d d  diff e r e nti al  c o effi ci e nt s of  P( u).

Wit h  i n c r e a si n g v al u e s of n t h e s e e x p r e s si o n s r a pi dl y  
b e c o m e v e r y c o m pli c at e d, b ut  t h e al g e b r ai c al f o r m of  t h e 
r el ati o n i n t h e c a s e w h e n  n  =  3 i s s uffi ci e ntl y si m pl e t o b e  
w o rt h  gi vi n g  e x pli citl y.

T h u s,  if . v  =  ⅛  a >,

t h e n P  ( υ) =  α  is gi v e n  b y

a 4 - W- y 3 a - 4 ⅛ 3  =  0 , 

w hi c h  c a n al s o  b e  w ritt e n  i n t h e f o r m

l 2 P( υ) P' i ( v) =  P" 2  ( u).

β n c θ a ~ ^ P'  (υ ) ψ 3  ( y3  - 3  P' *  ( v) ~  P"  ( u) ’

, j p. . P(tt)  +  ∣ < z- p

a n d ______ !_______+  A  =  ________________ -.
I∖ u)- P( v)  P "( υ) P( u )-λ

w w w.r ci n. or g. pl



88 MR. BURNSIDE, NOTE ON PSEUDO-ELLIPTIC INTEGRALS,

∕

Therefore

∣∙p(w)+iα-^j ι e^uσ(u-lω)
J P(a)-a u-4P(v)^(v)1°se-^a.cu+^ 

-‘P'(v) lo √2*W-⅞<*)

P"(,) se~^σχu+^)

P' (t>) P" (v) P(u) + P'2 (v) - P(υ) P" (υ) - P' (u) P' (υ) 
“ P" (v) δ P" (v) P(u) + P'i (v) - P{y} P" (v) + P' (w) P' (v> '

If no w P (u) = 2, P' (u) = - √ (42s - <pz - g3)y 

the algebraical form of the equation is

(z + ∣a-∣)⅛

J(s-α)√(423-^z-‰)

= √(4√ - ff8¾ - y3}
θa' - ⅛8

v Inn, (6a,-tog-2a3-⅛-^- √(4°⅛β~la)√(4g8-^g-,ya) 
δ (θaz-⅛^)2-2a3-⅛-^3+√(4a⅛a-^)√(4z3-^-^) ’

The next case of n = 4, which when written with complete 
generality takes a far from simple form in Weierstrass’s. 
notation, is the simplest of all if the general elliptic differential 
be dealt with.

Thus, if =
y -1 ∙* - j

be one of the three linear substitutions which transform 

da
∖∕(x- a.x — β .x — rγ .χ — 8),

into itself, then

lx - p _______________da________________
Jx — q ∖∕(x- a.x — β.x- y.x— δ)

is pseudo-elliptic.
Suppose that a, β and 7, δ are respectively interchanged 

by the substitution in question ; and write

x — p 
x — (l'
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Then z-z

„ „ „, „ (χ-β}(p-q} _____
β a (χ-g) (β-g) 7 -g)(8 -q)

and therefore
, p-q C_________ zdz

√(α - q.β - q.y-q.8- q) J ^∕(z'' - z∖zt - z2} ,

which is pseudo-elliptic.
This case clearly corresponds to the two obviously pseudo* 

elliptic integrals
[ xdx 1 f dx
J √(1 - x∖ 1 - AV) and ‰√(l-√.l-A⅛2) ’

which immediately offer themselves when Jacobi’s normal 
form is used. The other four forms in this case are

f 1— x ∖∕k l + ar√A∩ dx
J l+x↑∕fc °1 1 — x ∖Jk ∖f(∖-χ2A-Pxl')y

and f Γ1 √(~ ⅞) nr 1 ÷ √(~ fol dx
J _1 + x y∕(— P) 1—λ j√(-&)_ √(1 — $\I - AΛr*) ‘

ON THE DIVISION OF THE PERIODS OF 
ELLIPTIC FUNCTIONS BY 9.

By W. Burnside, ALA.

The equation which determines P(3m) in terms of P(m) ia 

(3P*- ∣<√m- 3<∕jP- 1⅛y,,)≈P(3a)

= p∙ + sλ p, + 24λ p∙+‰'Ps - ⅝7√∕jΓ4 + (3y,, - Λ,<z.s) P'

+ (ϊίίΛ4 - ‰,≈⅞,) p+ ⅛⅛ -}.,.....................('),

where for brevity P is written for P (u).

If P(3m) =P(3w0),

the nine roots of this equation are

P(u0) , P(w0+2ω) , P(u0+∣ω) ,
P(u0+∣√), P(u0+∣ω'⅛ ∣ω), P(w0+ jω'+ fω), 
F(mm+ι<jω'), P(m0+-4ω'+ ∣ω), P(ttθ+∣ω'+∣ω)>
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