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MEMOIR ON THE DIALYTIG METHOD OF ELIMINATION. 
PART I.

[Philosophical Magazine, xxι. (1842), pp. 534—539*.]

The author confines himself in this part to the treatment of two equations, 
the final and other derivees of which form the subject of investigation.

The author was led to reconsider his former labours in this department 
of the general theory by finding certain results announced by M. Cauchy in 
LΙnstitut, March Number of the present year, which flow as obvious and 
immediate consequences from Mr Sylvester’s own previously published 
principles and method.

Let there be two equations in x,
U = ax^ + hx''^~^ + + ex'^~^ + &c. = 0,
F = ax''"' + βx^~^ + >yx'^~^ + &c. = 0,

and let n = m + b, where b is zero or any positive value (as may be).

Let any such quantities as x^U, x^V, be termed augmentatives of P or F.

To obtain the derivee of a degree s units lower than F, we must join s 
augmentatives of P with 5 +1 of F.

χθ P x^P=-(i,

a;®F = 0, ic^F=0,

Then out of 2s + t equations
ic≡ ?7 = 0,..

R = 0, ..
we may eliminate linearly 2s + i — 1 quantities.

Now these equations contain no power of x higher than τn + i + s-1 ; 
accordingly, all powers of x, superior to m—s, may be eliminated, and the 
derivee of the degree (gn — s) obtained in its prime form.

Thus to obtain the final derivee (which is the derivee of the degree zero), 
we take m augmentatives of U with n of F, and eliminate (m + n — 1) 
quantities, namely.

iτ"-φ = O,
^ι+s-ιp" _ 0,

X, a?, a?,.......  up to
* Keprinted from Proc. Roy. Irish Acad., Vol. ιι. (1840—1844), p. 130.
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T his  pr o c ess,  f o u n d e d u p o n  t h e di al yti c  pri n ci pl e,  a d mits  of  a  v er y  si m pl e  

m o difi c ati o n.  L et  us b e gi n  wit h  t h e c as e w h er e  t =  0,  or  m  =  n. L et  t h e 

a u g m e nt ati v es  of  U  b e  t er m e d t∕ θ, U- ,̂  U ,̂  ... a n d  of  F,  F o,  Fι,  F g,  F g, ...,
t h e e q u ati o ns  t h e ms el v es b ei n g  writt e n

D  =  +  +  +  & c.

F  =  at o· ”  +  +  c' x ^ ~ ^  +  & c.

It will  r e a dil y b e  s e e n t h at

a'i/fl  — α F o,

( δ' F o- 6 F o) +( α' Fι- α F O,

{ c' U, - c F o)  +( δ' σ,  - 6 Fι)  +  ( α' F, - α F,),

will  b e  e a c h  li n e arl y i n d e p e n d e nt f u n cti o ns of  x,  x ,̂ ... x' ^ ~' ,̂ n o  hi g h er  p o w er  
of  X  r e m ai ni n g. W h e n c e  it f oll o ws, t h at t o o bt ai n  a d eri v e e  of  t h e d e gr e e  

{ m —  s) i n its pri m e  f or m, w e  h a v e  o nl y  t o e m pl o y  t h e s of  t h os e w hi c h  o c c ur  
first i n or d er, a n d a m o n gst t h e m eli mi n at e x ^ ,̂  ... T h us,

t o o bt ai n  t h e fi n al d eri v e e,  w e  m ust  m a k e  us e  of  n,  t h at is, t h e e ntir e  n u m b er  
of  t h e m.

N o w,  l et us  s u p p os e t h at l is n ot  z er o,  b ut  m  =  n-  t. T h e  e q u ati o n F  
m a y  b e  c o n c ei v e d t o b e of  n  i nst e a d of  m  di m e nsi o ns,  if w e  writ e  it u n d er  

t h e f or m

Ο λ :”  +  +  0 λ ;” - 2 +... +  +  o z c ” »  +  β x ^ ~ ^  +  & c.  =  0,

a n d  w e  ar e  a bl e  t o a p pl y  t h e s a m e m et h o d  as  a b o v e ; b ut  as  t h e first t of  t h e 
c o effi ci e nts i n t h e e q u ati o n a b o v e  writt e n  ar e  z er o,  t h e first t of  t h e q u a ntiti es  

{ a'  υ,- ά  F,), ( b' U,- b F o)  +  ( α' U,- a  V, ∖  & c.

m a y  b e  r e a d si m pl y

- α F o, - 6 F o- α Fι, - c F o  - δ Fι  - α F 2,  & c.

a n d e vi d e ntl y t h eir offi c e c a n b e s u p pli e d b y t h e si m pl e a u g m e nt ati v es  

t h e ms el v es.
F o = O, K  =  0, K  =  0... K _,  =  ();

a n d  t h us i l ett ers, w hi c h  ot h er wis e  w o ul d  b e  irr el e v a nt, f all o ut  of  t h e s e v er al  

d eri v e es.

T h e  a ut h or  t h e n pr o c e e ds  wit h  r e m ar ks u p o n  t h e g e n er al  t h e or y of  si m pl e  

e q u ati o ns, a n d s h o ws h o w  b y  virt u e  of  t h at t h e or y his  m et h o d  c o nt ai ns a  

s ol uti o n of  t h e i d e ntit y

X, Γ +  Yr V = Dr

w h er e  Dr  is a d eri v e e  of  t h e rt h d e gr e e  of  U  a n d F,  a n d  a c c or di n gl y,  X γ  of 

t h e f or m
λ  +  μ x  +  v xι ^  +  ... +  θ χ' ” · ∖

a n d F,.  of  t h e f or m
I +  m x  +... +  t o” ∖
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and accounts a priori for the fact of not more than (n — r} simple equations 
being required for the determination of the {m, + n — 2r) quantities λ, μ,, v, &c. 
I, m, n, &c., by exhibiting these latter as known linear functions of no more 
than (n — ?’) unknown quantities left to be determined.

Upon this remarkable relation may be constructed a method well adapted 
for the expeditious computation of numerical values of the different derivees.

He next, as a point of curiosity, exhibits the values of the secondary 
functions,

a'Uo — aV^o,
b'Vo — bVo + d Uγ — αUι,

c'Uo - c7o + VUτ,- bV-i, + dU^- aUsj de­
nuder the form of symmetric functions of the roots of the equations U= 0, 
V = 0, by aid of the theorems developed in the London and Edinburgh 
Philosophical Magazine, December 1839 *, and afterwards proceeds to a more 
close examination of the final derivee resulting from two equations each of 
the same (any given) degree.

He conceives a number of cubic blocks each of which has two numbers, 
termed its characteristics, inscribed upon one of its faces, upon which the 
value of such a block (itself called an element} depends.

For instance, the value of the element, whose characteristics are r, s, is the 
difference between two products: the one of the coefficient rth in order 
occurring in the polynomial U, by that which comes sth in order in F; the 
other product is that of the coefficient sth in order of the polynomial U, by 
that -rth in order of F; so that if the degree of each equation be n, there will 
be altogether ⅜w(n + 1) such elements.

The blocks are formed into squares or flats {plcbfonds} of which the 

number is θor —-— , according as n is even or odd. The first of these contains 

n blanks in a side, the next (n — 2), the next (n — 4), till Anally we reach a 
square of four blocks or of one, according as n is even or odd. These flats 
are laid upon one another so as to form a regularly ascending pyramid, of 
which the two diagonal planes are termed the planes of separation and 
symmetry respectively. The former divides the pyramid into two halves, 
such that no element on the one side of it is the same as that of any block 
in the other. The plane of symmetry, as the name denotes, divides the 
pyramid into two exactly similar parts; it being a rule, that all elements 
lying in any given line of a square {plafond} parallel to the plane of separation 
are identical·, moreover, the sum of the characteristics is the same, for all 
elements lying anywhere in a plane parallel to that of separation.

[* p. 40 above. Ed.]
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All the terms in the final derivee are made up by multiplying n elements 
of the pile together, under the sole restriction, that no two or more terms of 
the said product shall lie in any one plane out of the two sets of planes 
perpendicular to the sides of the squares. The sign of any such product is 
determined by the places of either set of planes parallel to a side of the 
squares and to one another, in which the elements composing it may be 
conceived to lie.

The author then enters into a disquisition relating to the number of terms 
which will appear in the final derivee, and concludes this first part with the 
statement of two general canons, each of which affords as many tests for 
determining whether a prepared combination of coefficients can enter into 
the final derivee of any number of equations as there are units in that 
number, but so connected as together only to afford double that number, less 
one, of independent conditions.

The first of these canons refers simply to the number of letters drawn out 
of each of the given equations (supposed homogeneous); the second to what he 
proposes to call the weight of every term in the derivee in respect to each of 
th-e variables which are to be eliminated.

The author subjoins, for the purpose of conveying a more accurate 
conception of his Pyramid of derivation, examples of the mode in which it is 
constructed.

When n = 1 there is one flat, viz.

1, 2

Let n = 3, there will be two 
flats:

When n = 2 there is one flat, viz.

2, 3

1, 2 1, 3 1, 4

1, 3 1, 4 2, 4

1, 4 2, 4 3, 4

1, 2 1, 3 1, 4 1, 5

1, 3 1, 4 1, 5 2, 5

1, 4 1, 5 2, 5 3, 5

1, 5 2, 5 3, 5 4, 5
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Let n = 5, there will be three flats:

3, 4

2, 3 2, 4 2, 5

2, 4 2, 5 3, 5

2, δ 3, 5 4, 5

1, 2 1, 3 1, 4 1, 5 1, 6

1, 3 1, 4 1, 5 1, 6 *2, 6

1, 4 1, 5 1, θ 2, 6 3, 6

1, 5 1, 6 2, 6 3, 6 4, 6

1, θ 2, 6 3, 6 4, 6 5, 6

Let n = 6, there will be three flats:

2, 3 2, 4 2, δ 2, 6

2, 4 2, 5 2, 6 3, 6

2, 5 2, 6 3, 6 4, 6

2, 6 3, 6 4, 6 5, 6

3, 5

3

4

3, 4

1, 2 1, 3 1, 4 1, 5 1, 6 1, 7

1, 3 1, 4 1, 5 1, 6 1, 7 2, Ί

1, 4 1, 5 1, β 1, 7 2, 7 3, Ί

1, 5 1, 6 1, 7 2, "i 3, Ί 4,

1, 6 1, 7 2, 7 3, Ί 4, 1 5, 7

1, 7 2, Ί 3, Ί 4, 1 5, 7 θ,

Thus the work of computation reduces itself merely to calculating
zi ”1" 1n elements, or the n(n + 1) cross-products out of which they are con- JU

stituted, and combining them factorially after that law of the pyramid, to 
which allusion has been already made.
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