4].

ON A REMARKABLE DISCOVERY IN THE THEORY OF
CANONICAL FORMS AND OF HYPERDETERMINANTS.

[Philosophical Magazine, 11. (1851), pp. 391—410.]

IN a recently printed continuation® of a paper which appeared in the
Cambridge and Dublin Mathematical Jouwrnal, 1 published a complete
solution of the following problem. A homogeneous function of #, y of
the degree 2n + 1 being given, required to represent it as the sum of n +1
powers of linear functions of @, y. I shall prepare the way for the more
remarkable investigations which form the proper object of this paper, by
giving a new and more simple solution of this linear transformation.

Let the given function be

@™ +(2n + 1) 2™y + § (20 + 1) (20) 2™y + ... + Conn ™ H,
and suppose that this is identical with

(22 + Y™ + (P + Qy)"H + &c. + (Ppia® + Guia ¥ )"

The problem is evidently possible and definite, there being 2n + 2
equations to be satisfied, and (2n + 2) quantities p,, ¢,, &c. for satisfying
the same.

In order to effect the solution, let
G =P\,

q2 =P2)‘~z’
&e. = &e.

\
Qi1 = Pasidatas

[* p. 203 above.]

www.rcin.org.pl



266 On a remarkable Discovery in the Theory of [41

we have then
p + pat Fuudpd T
PN, +p, b 0 oy retip WHEAEY, 1
PN ApTAS A PO NL =,

2n-+1
pl‘m+1 A+ psm-l‘lxzn + L o) Xﬂ'n+1 =il

1y a1 om+1)\ 1l ontly il
P AT b A + e HP0E M = Qay,

............ D

on+1y)\ 2nt1 41y 2n+1 2+ 3 2l __
PN + P Ay T P NS = Qo

Eliminate p,, p; ... pnsa between the 1st, 2nd, 3rd ... (n + 2)th equations,
and it is easily seen that we obtain

Upt1 — (b VT MR W VIR LT, 79 Wy VRN Xﬂ+l =0,

Again, eliminating in like manner p+'\;, p2+i), .. p*\, . between
the 2nd, 3rd ... (n+ 3)th equations, we obtain

Anto — an-HE)\'l + oo F G, A =0;

and proceeding in the same way until we come to the combination of the
(n+1)th ... (2n + 2)th equations, and writing

2 =8,

we find

Upp1 —An S+ 0py 3. + A8y =0,

Unps — QS+ Ay Sy ooe F WSy =0,

Qont1— Ggn 81+ Uan18g +ov + AnSppy = 0%,
Hence it is obvious that
(@+My) (@ +Ny) - (2 + Mnay)
is a constant multiple of the determinant

oW gy aVTRARN g i

Uty Uy, L/ P a,
Api2, Apt1, O
(
[}
Uant1, Uopy Agp—y +oo Ay

* These equations in their simplified form arise from the ordinary result of elimination, in
this case containing as a factor the product of the differences of the quantities \;, Ay, ... Aypye

www.rcin.org.pl



41] Canonical Forms and of Hyperdeterminants. 267

Hence A, Ay ... Apyy are known, and consequently
P P2 Pt Gis Q2 Gt
are known, by the solution of an equation of the (n + 1)th degree.
Thus suppose the given function to be
F = aa® + 5baty + 10ca®y® + 10dz®y® + Sexy* + 10fy°
= (P2 + @YY + (P2 + Y + (P2 + sy,
we shall have, by an easy inference from what has preceded,
(m2+ qy) (P22 + Y) (02 + §:Y)
equal to a numerical multiple of the determinant
@, =y, wy, —yt.
(Rl a ]
gl e b ,‘
N Jejleiid ¢ |
The solution of the problem given by me in the paper before alluded to
presents itself under an apparently different and rather less simple form.
Thus, in the case in question, we shall find according to that solution,
(P& + 1Y) (P2 + ) (Ps@ + G5Y)
equal to a numerical multiple of the determinant
az+by, bz+cy, cx+dy |.
bz +cy, cx+dy, de+ ey
cx +dy, do+ ey, ex+ fy
The two determinants, however, are in fact identical, as is easily verified,

for the coefficients of * and #* are manifestly alike ; and the coefficient of 2%y
in the second form will be made up of the three determinants,

@& bl el e e b bl el

RPN i S G B BRI
U e 8 T R ld,d,e

of which the latter two vanish, and the first is identical with the coefficient
of #*y in the first solution. The same thing is obviously true in regard of the
coefficients of zy* in the two forms, and a like method may be applied to
show that in all cases the determinant above given is identical with the
determinant of my former paper, namely

| @ + ayy, G+ Ay ... QT+ Ay
\x + Ay, BT+ QGY .o A @+ A2y

......................................................

A + Upia Yy Appr @ + Apiol oo Aon@ + Aona Y
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Thus, then, we see that for odd-degreed functions, the reduction to their
canonical form of the sum of (n + 1) powers depends upon the solution of one
single equation of the (n + 1)th degree, and can never be effected in more
than one way.

This new form of the resolving determinant affords a beautiful criterion
for a function of z, y of the degree 2n+ 1 being composed of n instead of,
as in general, (n +1) powers. In order that this may be the case, it is obvious
that two conditions must be satisfied; but I pointed out in my supple-
mental paper on canonical forms, that all the coefficients of the resolving
determinant must vanish, which appears to give far too many conditions.
Thus, suppose we have

ax’ + Tbaty + 21ca’y® + 35daty® + 35exy* + 21fu*y® + Tgay® + hy'.

The conditions of catalecticism, that is, of its being expressible under the
form of the sum of three (instead of, as in general, four) seventh powers,
requires that all the coefficients of the different powers of # and y must
vanish in the determinant

| Y =Yz Yo, —yat, o |;

| a, b, c, d, e
b, c, d, e, f
i R So9
d, e S A
in other words, we must have five determinants,
) AR AR Y A8 I 1 W S e AT e e R T e e
by ind i g bys i 5 oF b,2.10,% Gy
DR R A Rl L ¢ d, 6 g
d, & fi gl ek gih A A A
a, b, d, e|, |b ¢ d, e |,
b, o . &if c,d,e,f‘
e d, f, g d, e f g

dr e: g; h 6’ ./; g’ h

all separately zero. But by my homaloidal law*, all these five equations
amount only to (5—4)(5—3), that is,to 2. I may notice here, that a theorem
substantially identical with this law, and another absolutely identical with
the theorem of compound determinants given by me in this Magazine, and
afterwards generalized in a paper also published+ in this Magazine, entitled

[* p. 150 above.] [+ p. 241 above.]
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41] Canonical Forms and of Hyperdeterminants. 269

“On the Relations between the Minor Determinants of Linearly Equivalent
Quadratic Forms,” have been subsequently published as original in a recent
number of M. Liouville’s journal.

The general condition of mere singularity, as distinguished from cata-
lecticism, that is, of the function of the degree 2n + 1, being incapable of
being expressed as the sum of n + 1 powers, is that the resolving resultant
shall have two equal roots; in other words, that its determinant shall be
Zero.

Mr Cayley has pointed out to me a very elegant mode of identifying the
two forms of the resolving resultant, which I have much pleasure in sub-
joining. Take as the example a function of the fifth degree, we have by
the multiplication of determinants,

P, — Yz, ya, - a° e 00040

a, b: C, d z, v, 0, 0

b: c, d: € % O, z, Y, 0

G stz he; i 1) SRR R
yay a, b, C

0, ax+by, bz+cy, cx+dy
0, bz+cy, cx+dy, dr+ey
0, cz+dy, de+ey, ex+fy

which dividing out each side of the equation by 3, immediately gives the
identity required, and the method is obviously general.

Turn we now to consider the mode of reducing a biquadratic function of
two letters to its canonical form, videlicet

(fz+gy)' + (ha + ky)' + 6m (fa + gy)* (he + ky).
Let the given function be written
axt + 4baty + 6caty® + ddxy® + eyt
‘Let g=fA, k=hr,, mfPRP=p, M+N=8, Ma=8,

ithen we have
S+ +6u=a,

Af N + 40Ny + 6 (2s,) = 40,
67N + 6h4NS? + 6 (8, + 28,) = 6c,
4F N + ARG + Bp (28,8,) = 4d,
SN+ N+ Bus = e
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270 On a remarkable Discovery in the Theory of [41

Eliminating f and A between the first, second and third; the second, third
and fourth; and the third, fourth and fifth equations successively, we obtain

as,— bs;+ ¢ — p (8s,—2s%) =0,
bsy, —cs; +d — p (4s,8,—s°) =0,
—ds, + e — p(8s? — 2s,%s,) = 0.

Let now (28— 8s,) u =,
and we shall have as,—bs;+ (c+v)=0,
bs, — (c— %) $+d=0,

(c+v)s,—ds,+e=0.

Hence v will be found from the cubic equation

oy b, c+v
i 26, 2—v, 2d |=0,
' c+v, d, e
@08 ¢
that is, VP —v(ae—4bd+3¢*)+| b, ¢, d |=0,
R

in which equation it will not fail to be noticed that the coefficient of »* is
zero, and the remaining coefficients are the two well-known hyperdeter-
minants, or, as I propose henceforth to call them, the two Invariants of
the form
axt + 4ba’y + 6ca®y® + 4dxy® + eyt

be it also further remarked that

v =8 (18" — ) p,
in which equation the coefficient of 8u is the Determinant or Invariant of

@ + 812y + 89"

When » is thus found, s,, s,, and u, being given by the equations in terms of »,
are known, and by the solution of a quadratic A,, A, become known in terms
of 8,8, and f, h in terms of A\;, Ny, p, and the problem is completely deter-
mined. The most symmetrical mode of stating this method of soluﬂ;g(‘); llg

to suppose the given function thrown under the form o
entical with

(fa+gy) + (fiz + 1y)* + 6e (fo + gy) (fie + g1y Viiagazine, an

Then writing Magazine, entitlé

(fz +gy) (fiz + g1y) = La* + Mwy+Ny§'

ove.]
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— v, the quantity to be found by the solution of the cubic last given, becomes
8e (LN-%) .

I shall now proceed to apply the same method to the reduction of the

function
@@ + 8,47y + 28a,2%* + 56a,2%y* + T0a,a'y* + 56a;4%y°

+ 28a,2%y° + 8a, xy” + asy®,
under the form of
(P + @YF + (2o + @YY + (D2 + Gy + (Paz + ¢uy)°
+70e (P + )" (Paz + @Y ) (Do + sy (Do + Quy -
It will be convenient to begin, as in the last case, by taking
G=pM, =P, G=Pshs,  Ga= Pidss
PPy Dy PC =M,
and
(@+My) @+ Xy) (@ +Xsy) (@ + M) = & + 8,8 + 5,2% + s0y’ +8,y' = U,

we shall then have nine equations for determining the nine unknown
quantities of the general form

P187\1‘ +p2s)‘2" +p387\s" + pr‘ + M, m=a,,
where ¢ has all values from 0 to 8 inclusive, and where

0.1.2...(8=0)

 og 4
M50, 12 R

multiplied into the coefficient of y*a* in U™

Taking these nine equations in consecutive fives, beginning with the first,
second, third, fourth, fifth, and ending with the fifth, sixth, seventh, eighth,
ninth, we obtain the five equations following :—

WSy — Uy 83+ WSy — AySy + WSy — MmN, = 0,
(185 — g8y + g8y — WSy + W58y — MmN, = 0,
W8y — WySy + WySy — AsS) + WSy — MmN = 0,
W3Sy — @yS3+ WxSy — WSy + tz8y — MmN, = 0,

A8y — WsSy + AeSy — Az + AgSo — mMN; =0,
where

N, =M,s,— M3+ My, — Mys, + M,,
N,=M,s,— M,s;+ Mys, — M3, + Mj,
Ny = M,s,— Mys,+ M,s, — Mys, + M,
N,=M;s, — Ms;+ Mys, — Mgs, + M,
Ny=M,s, — Mys; + Mgs, — Mys, + M.
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272 On a remarkable Discovery in the Theory of (41

Developing now U? we have

35 5 5 D
Mo=70, M1=‘2—31y Mz=532+§312, Ms=§5’s+§3132,

59
M,=2s,4 28,8, + 82 M;= g 88+ 5 555 My = 58,8, + g &

M,= 3—25 848;, a=0 083
Hence N, ="72s,—18s,8; + 6s.2,

N,=18s,5,— gslzs, + %slszz,

N, =128,8,— 38,8,8; + 852,

N, = 183334—2 88,2 + g oo

N;="72s2 — 18s,8;8; + 6s,%s,.
Hence we have

N,="72I, N2=721§i, N3=72zig, N4=721§:, N, ="12Is,,

where it will be observed that I is the quadratic invariant of U.

Making now
2ml = v,
we shall have the five following equations :—
WeSs— Uy Sy+  WaSy - 38 +(ay,—v) =0,
14
85— UaS3 +  A3Sy i (a}"' E) 8 + a; =0,
v
Ay8y — W3Sy + (a4 - 6) Sy — Sy + a, = ()X
14

A384 — <a4 o+ 1) S5+ A58y — g8y + a; =0,

(@ —v) 84+ A58, — Ays,— @8 = +ag =0;

so that the problem reduces itself to finding », which is found from the
equation of the fifth degree:—

A, ay, Ay, as, a—v
v
, ay, s, a; + Z; ]
v
@y, ag, ay—= 6’ as, ] = (),
14
g, o+, as g, Uy
ay—v, as s, 7, Qg
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v, it will be observed, being 72 times the quadratic invariant of

(P2 + 019) (o + ¢:) (Ps + 4Y) (Pu + QuY);
the function being supposed to be thrown under the form of

2 (pe+ )+ T0e(puo + y) (por + ¢29)* (Pse + ¢:y) (puz + 4uy)*
It is obvious that in the equation for finding », all the coefficients being
functions of the invariable quantities p,, ¢, &c., and e, must be themselves
invariants of the given function; so that the determinant last given will
present under one point of view four out of the six invariants belonging
to a function of the eighth degree, and these four will be of the degrees
2, 3, 4, 5 respectively*.

I shall now proceed to generalize this remarkable law, and to demonstrate
the existence and mode of finding 2n consecutively-degreed independent
invariants of any homogeneous function of the degree 4n, and of n+1 con-
secutively-even-degreed independent invariants of any homogeneous function
of the degree 4n+ 2; a result, whether we look to the fact of such invariants
existing, or to the simplicity of the formula for obtaining them, equally
unexpected and important, and tending to clear up some of the most obscure,
and at the same time interesting points in this great theory of algebraical
transformations.

In the first place, let me recall to my readers in the simplest form what is
meant by an invariantt of a homogeneous function, say of two variables
@ and y. If the coefficients of the function f(z, y) be called a, b, ¢ ... [, and
if when for # we put lz +my, and for y, nz + py, where lp— mn=1, the
coefficients of the corresponding terms become &, b’ ... I'; and if

I(a,b..0)=I(a,b...7),
then 7 is defined to be an invariant of £

Let now f(z, y) be a homogeneous function in @, y of the 2ith degree,
and write

(e g+ ) 7@ 9 +7 Gz =y =P,

d d [} /
(fd—wwd—y) S (o +my, ne+py) + N (qe - Ey) =P,

where £ and 5 are independent of @, y, and lp —mn = 1.

Let &' =l +my,
Yy =na+py,

d, d_,ddd ,dyd  ddd  dyd

b SR 1 = el -~ b > I i P iae e

* The reasoning in this paragraph seems of doubtful conclusiveness. It may be accepted,
however, as a fact of observation confirmed and generalized by the subsequent theorem, that the
coefficients are invariants.

 Olim, Hyperdeterminant, Constant derivative.

8. 18
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and if we now write

lE+my=F,
nE+pn =1,
d d ;. d rod

Again, from the equations between o/, ¥/, «, , we find

z — . X
]ﬁ—px —my/,
_ly X l_ ’ Pk
—pl—mn—ly b
therefore @ — Ey=(pn +nf) @’ — (mn + &)y =n's/ — €Y.
Henos P'—(E d(i +7 --)/(w Y)+ (7 = EY)-
: d d d
Again, d_é=l¢7§+"d_1,“
i—m——+ L
dn— df, Pdn,.
Hence

-

gf) o ( &> Atk AT A (dE) 7 P + & + (d(f)’)‘P'

(d%)ﬂ OZ]P =1"1m ( +{I p + (0= 1) Imn} (di:')‘ lglofl,,' P+ &e.

df)

............................................................................................

((%’)‘P' m ( df) P+ mp (dig,)‘_l 0-;’7 P+ &+ p' (‘%,)‘P’.

But P’ being of ¢ dimensions in £ and %/, and also in # and y, each
of the equations above written will be of ¢ dimensions in  and y, and of no
dimensions in £, 9'; in fact, the successive terms of the right-hand members
of the above ¢ 4+ 1 equations will be multiples of the (¢ 4+ 1) quantities

@), @)y, @)y ... @)
Consequently a linear resultant may be taken of

EAL AR 2

treating 2", "'y ... " as independent, and as quantities to be eliminated;
and this, accordmv to a well-known principle of elimination, will prove
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the linear resultant of the foregoing equations to be equal to the linear

resultant of
: a\— d ., dvs
@ @) &z @)

multiplied by the determinant

l, wml (=) nl2 L., nt
m, 1I'p+(—1)mnl—, Ao (e
mt, mp, Fo(e —1)mp?, ..., P
This last written determinant may be shown from the method of

(t+1)
its formation to be equal to (IJp —mn) 2 , that is, to unity, because
lp—mn=1. Again, since

o' = lat + T ma "y + &e. + miy,
&y =1t + (I + (0= 1) I7%mn) 271y + &e. + m " py,

y/,, = n‘a* + L,nl,—-lpwl.—ly + . +pl.yl.’

the resultant of < E) ! LD ( S ) P’, obtained by treating a*, 'y ... y* as the

eliminables, will be equal to the resultant of the same functions when
a", &'y ... y" are taken as the eliminables* multiplied by a power of the

determmant
(45 very M 5

Wdnl e mp

| n, xiky I ]

which determinant, like the last, is unity. Thus, then, we have succeeded
in showing that the resultant obtained by eliminating 2, 2y ... 3

between
d\ ., d\— d d\.,
@* @ &2-&)”
is equal to the resultant obtained by eliminating (2), 7'y’ ... %" between

@) @) &r-G)r

* For the statement of the general principle of the change of the variables of elimination,

see my paper in the March Number, 1851, of the Camb. and Dub. Math. Jour. [p. 186 above].
18—2
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or, which is evidently the same thing, the resultant obtained by eliminating
@, 71y ... y* between

@ @ &G

that is to say, this last resultant remains absolutely unaltered in value when
for z, y we write respectively

lz + my,

ne + py,
provided that Ip —mn=1.

Hence by definition this resultant is an invariant f(z, y), and A being
arbitrary, all the separate coefficients of the powers of A in this resultant
must also be invariants. I proceed to express this resultant in terms of
A and the coefficients of (z, y). Let #=1.2.3.... and

ACAESIEAVISVEr S

=
B &) g e core =,

L&) () 2m(d) (Y rercorens

.................................................................

g |+
B e

= (@) 2= (F)rre -Eu

S (@, y) = aga™ + 200,8% 7y + § () (20 — 1) apa2y* + &c. + ay, y™.
We find, writing oA for A, where o=2:(2.—1)... (b +1),

an

j |
g B\ =aa + a7y + 3o (0 — 1) agz=2p...
+ 30 (= 1) a2y + 102y + 0y + N (- ),
1
= E,= a2 + w2y + $e(e— 1) asa*291...
+ %l (‘ e 1) a.-:“’!/‘_z 4 t(l,ﬂ)y‘—l + “t+13/‘ + p ¥ (_ y)“‘w,
% B, = a,2 + wa;x? Vs

+ 10 (0= 1) a,2*y " + w08y + Gy + N (= y)

....................
...................................................................

1
-~ E=aa+&c + A\
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accordingly, by eliminating

sian Tty 3 (=) ey,

we obtain as the required resultant*,

a, i A" a’l.—l’ a‘L—ZJ 8.6 ao
=N
Aty a, + :; Q1,5 e g
Q i >
Q, Q, T e ke O
+2) 141> L.—%L (L— 1): / 2
Ay, T U s e d s . a+ N

Inasmuch as all the coefficients of A in this expression are invariants of
S (2, y), and there are no invariants of the first order, it is clear that the
coefficient of A* must be always zero, which is easily verified.

Again, if ¢ is odd, the determinant remains unaltered if we write —X\ for
A; hence when f(z, y) is of the degree 4e + 2, all the coefficients of the odd
powers of A disappear. Thus, then, our theorem at once demonstrates that a
function of @, y of the degree 4e has 2¢ invariants of all degrees from
2 up to 2e+1 inclusive, and that a function of @, y of the degree 4e+2
has € + 1 invariants whose degrees correspond to all the even numbers in the
series from 2 to 2e + 2.

But in order that the proposition, as above stated, may be understood in
its full import and value, it is necessary to show that these invariants are
independent of one another, which is usually a most troublesome and difficult
task in inquiries of this description, but which the peculiar form of our
grand determinant enables us to accomplish with extraordinary facility. In
order to make the spirit of the demonstration more apparent, take the case
of a function of the twelfth degree, whose coefficients, divided by the

1211

successive binomial numbers 1, 12, = g &c. may be called

Doy e £ by %00 L M

* Mr Cayley has made the valuable observation, that \ (given by equating to zero the above
determinant) may be defined by means of the equation

dd d d\s
(d iy~ g de) U= 930 @ =28 )

¢ being itself a certain rational integral form of a function of the «th degree, the ratio of whose
coefficients would be given by virtue of the above equations as functions of \ and the coefficients

of f(z, y).
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Our grand determinant then takes the form
Fob X iR (B G

h; 9—%, f‘; e, d: c, b

i, h, g+i%, S S A
i b g3 f & d
Bty SRR e
N SR g—%, 7
g L e

Here it will be observed that

a and m appear only 1 time.

b and [ 2 times.
¢ and & 3
d and j 4
e and ¢ 5
fandh 6

g 7

Let now the coefficients be called
sz H3y Hd.) Hb) HG’ H7’
H, and H, manifestly are independent.

Again, if possible, let H, = pH?, then @ and m would appear twice in H,, |
contrary to the rule.

Hence H, is independent of H,, H,.
For a similar reason H, cannot depend on H,, H;.
Again, if possible, let ;
Hy=pH} +qH,H,+ rHg,
H? will contain bl which by the rule cannot appear in H,H, or in H

Hence p=0.

Also H, will contain b*/* X the coefficient of A in

(o+35) (0= 26) (o ).
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which is not zero. And H, also contains bl; hence H,H, will contain b*l3.
But H, will evidently not contain b° or %, or b* or bl? nor can H; contain b*J;
hence ¢ =0. Finally, H? will contain ¢® and %%, but H, can only contain as
to these letters the combination ¢*k*; hence r»=0.

Consequently H,; does not depend on H,, H,, H,. As regards H,, H,,
H,, H,, H; not vanishing, this may be made at once apparent by making
all the letters but g vanish; the H’s then become identical with the

coefficients of
B e A2 A
G+ {o-5) 9+ 1) (- 20);

none of which are zero except that of A% The same or a similar demonstra-
tion may be extended to H, and easily generalized ; hence, then, this most
unexpected and surprising law is fully made out*.

To return to the subject of canonical forms, I have not found the method
so signally successful in its application to the 4th and 8th degrees, conduct to
the solution of other degrees, such as the 6th, 12th, or 16th, of all of which
I have made trial; possibly another canonical form must be substituted to
meet the exigency of these casest; and it may be remarked in general, that
if we have a function of the (2n)th degree, the canonical form assumed
may be taken,

Z(pe+qyy+V;

where V, in lieu of being the squared product of
(P2 + 1Y), (P + @aY), oo, (Pu + @),

* This demonstration, however, does not extend to show that the coefficients of the powers of
A may not possibly be dependents, that is, explicit functions of one another combined with other
invariants not included among their number, or of these latter alone. For example, in the case
of the 12th degree, we know by Mr Cayley’s law that there must be two invariants of the
4th order. Our determinant gives only one of these. Call the other one K,; by the above
reasoning it is not disproved but that we may have

Hy=pHP®+qH H, +rHg+sH,K,.

I believe, however, that the H’s may be demonstrated without much difficulty to be primitive
or fundamental invariants. The law of Mr Cayley here adverted to admits of being stated in the
following terms :—The number of independent invariants of the 4th order belonging to a
function of @, y of the nth degree is equal to the number of solutions in integers (not less than
zero) of the equation 2z+8y=n-8. Vide his memorable paper (in which several numerical
errors occur against which the reader should be cautioned) *‘On Linear Transformations,” vol. 1.
Cambridge and Dublin Mathematical Journal, new series, There is no great difficulty in showing,
by aid of the doctrine of symmetrical functions, that there can never be more than one quadratic or
one cubic invariant, and in what cases there is one or the other, or each, to any given function
of two variables. The general law, however, for the number of invariants of any order other
than 2, 8, 4 remains to be made out, and is a great desideratum in the theory of linear trans-
formations.

+ See the Postseript [p. 283] for a verification of this conjecture.
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may be any hyperdeterminant, or (as I shall in future call such functions)
covariant of this product, understanding P (z, y) to be a covariant of
f(x, y) when P (lz + my, nz+ py) stands in precisely the same relation to
S (lz+my, nz+py) as P(xz, y) to f(x, y), provided only that Ip—mn=1.
For the relation and distinction between covariants and contravariants, see
a short article of mine* in the Cambridge and Dublin Mathematical Journal
for this month. In endeavouring to apply the method of the text to the
Sextic Function

ax® + 6ba’y + 15caty? + 20da®y® + 15exy* + 6fwy° + gy,

thrown under the form
3 (pz+ qy) + 20U,
where
U= (piz+q:y) (Pat +3:9) (s + GY) = 808° + 8,2% + 8,39 + 8,7,

I obtain the following equations:

a8; — bsy + ¢8; — ds, = € (162s.%s; — 545,8,8, + 125%),

bs; — €8, + ds; — es, = € (545,8,8; + 63,%, — 30s,5,%),

8y — dsy + €8, — f5, = € (— 548,8,8; — 65,8, + 365;5,%),

ds; — esy + 8, — gsy= € (— 1625,8,% + 54s,8,8; + 125,%).

In these equations, if we call the quantities multiplied by e respectively
L, M, N, P, we shall find

4 1
83L—§ szM—g s N +38,P=0,

and 8L —s,M—s N +s,P=1;

where 7 denotes the determinant, or, as I shall in future call such function
(in order to avoid the obscurity and confusion arising from employing the
same word in two different senses), the Discriminant, which is the biquadratic
(and of course sole) invariant of the cubic function

8o + 8, 2%y + 8,2y + 83 9°.

The reduction of the function of the fourth degree to its canonical form
may be effected very easily by means of the properties of the invariants of

[* p. 200 above.]

+ ¢ Disceriminant,” because it affords the discrimen or test for ascertaining whether or not
equal factors enter into a function of two variables, or more generally of the existence or other-
wise of multiple points in the locus represented or characterized by any algebraical function, the
most obvious and first observed species of singularity in such function or locus. Progress
in these researches is impossible without the aid of clear expression; and the first condition of a
good nomenclature is that different things shall be called by different names. The innovations
in mathematical language here and elsewhere (not without high sanction) introduced by the
author, have been never adopted except under actual experience of the embarrassment arising
from the want of them, and will require no vindication to those who have reached that point
where the necessity of some such additions becomes felt,
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the canonical form, as I have shown in the Cambridge and Dublin Mathe-
matical Journal. Accordingly I have endeavoured to ascertain whether
the reduction of the sixth degree might not be effected by a similar
method.

If we start with the form aa®+0by’+ c2®+90ma*y*s?, where o +y+2=0,
which is only another mode of representing the canonical form previously
given, we shall find that there are four independent invariants, of the second,
fourth, sixth and tenth degrees. Calling these H,, H,, H;, H,,, and writing
8, 8, 8 for a+b+ec, ab+ac+be, abe it will be found, after performing
some extremely elaborate computations, that

H,=s,— 270m3,

H, = 6ms; + 45m?s, + 216m®s; + 891m?,

Hy = 43 + 120s,8ym — {684s,? + 432s,s,} m?
+ (13.27. 64s;,— 64.81s,8,) m® + 8. 81.169s,m*
+7.128.729s,m® + 16 . 729 . 239m".

H,, is t00 enormously long to attempt to compute; but we can easily
prove its independent existence by making m =0, in which case the (deter-
minant, or, to use the new term proposed, the) discriminant of az®+ by® + c2°
becomes the product of the twenty-five forms of the expression

(ab)t + (ac)® . 1 + (be)b . 13%,

Now in general the value of such a product for a¥+43%. 1% + 4%, 1% is obviously
of the form

@+ B+y)+afy(f(a+B+9)+g(aB+ay+By);
for when a=0 or 8=0 or y=0, the product must become respectively
(B+v)(y+ a) and (a2 + B). Moreover, without caring to calculate £, g+, it is
enough for our present purpose to satisfy ourselves that g cannot be zero, as
then the product would have a factor (a + 8 + )~ Hence, then, on putting

* Such a product in the language of the most modern continental analysis is, I believe,
termed a Norm, If we suppose the general function of z, y of the 4th degree thrown under the
form Au*+ Bvt4 Cw?, where u+v+w=0, and the general function of z, y, 2 of the 3rd degree
thrown under the form Au®+ Bv®+ Cw’®+ D63, where u+v+w+68=0, the theory of norms will
afford an instantaneous and, so to speak, intuitive demonstration of the respective related
theorems, and the discriminant (aliter determinant) of each such function is decomposable into
the sum of a square and a cube. Bach of these forms is indeterminate, in either case there
being but two relations fixed between the coefficients 4, B, C; 4, B, C, D; and we may easily
establish the following singular species of algebraical porism. In the first case

(4BC): (4B + AC+BC),
(ABCD) : (242B2C? - 24BCDEAB)?

and in the second case

are invariable ratios.
t f=-625, g=38125.
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a=bec, B=ac, y=ab, we see that the discriminant, when m is 0, will be of
the form
8% + [3,2 82 + gsi’sy.

But when m is 0, H, vanishes, and there is no term s, or s; in H,. Hence
evidently the discriminant H,, just found cannot be dependent on H,, H,,
or Hg; nor is it possible to make

Hy, + sz“ 7 qﬂzz-Hcy
that is, (p+1)8°+f3.282 + gs®s
a perfect square on account of ¢ not vanishing; so there is no H; upon which
H,, can depend. Hence, admitting, as there seems every reason to do, that
the number of invariants of a function of #, y of the degree m is m —2,
we find that the four invariants in the case of the first degree are respectively
of the second, fourth, sixth, and tenth dimensions, a determination in
itself, as a step to the completion of the theory of invariants, of no minor
importance.

But it seems hopeless by means of these forms to arrive at the desired
canonical reduction. The forms, however, of H,, H,, H; are very remarkable
as not rising above the first, first and second degrees respectively in s, s,, s
Also H, vanishes when m =0 and H, has been obtained by putting

az® + byt + c2® + 90may*z*
under the form of
Aa® + 6Baty + 15Ca*y? 4+ 20Da*y* + 15 B2yt + 6 Fzy® + Gy,
and taking the determinant

A B C D
B C D B
¢ D E r

D K ¥ G
Consequently in general the vanishing of the above-written determinant will
express the condition that a function of the sixth degree may be decomposable
into three sixth powers. This also is true more generally. If F(z, y) be
a function of 2¢ dimensions, the vanishing of the resultant in respect to
', 7y ...y (taken dialytically) of

) (O &r.- (o

will indicate that F admits of being decomposed into 7 powers of linear
functions of z, y*.

In consequence of the greater interest, at least to the author, of the
preceding investigations, I have delayed the insertion of the promised
continuation of my paper on extensions of the dialytic method, which will

* Such a function so decomposable may be termed meio-catalectic, Meio-catalecticism for
even-degreed functions is the analogue of singularity for odd-degreed functions,
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appear in a subsequent Number. T take this opportunity of correcting a
trifling slip of the pen which occurs towards the end * of the paper alluded to.

The values of ;E and Z become zero, and not infinite, when N =0; and the

antepenultimate paragraph should end with the words “an incomplete
resultant.” The theorem also, in the last paragraph but one, should be
_stated more distinctly as subject to an important exception as follows.

Whenever the resultant of a system of equations F =0, G=0, &c.
contains a factor R, this will indicate that, on making R’'=0, the given
system of equations will admit of being satisfied by m algebraically distinct
systems of values of the variables, except in those cases where there is a
singularity in the forms of F, @, &c., taken either separately, or in partial
combination with one another. An example will serve to make the meaning
of the exception apparent. Let F, G, H denote three quadratic equations
in # and y, so that =0, G=0; H=0 may be conceived as representing
three conic sections. Let R be the resultant of F, G, H, and suppose the
relations of the coefficients in ¥, G, H to be such that R = R?; then R'=0
will imply the existence of one or the other of the three following conditions:
namely, either that the three conics have a chord in common, which is the
most general inference; or, which is less general, that two of the conics
touch one another; or, which is the most special case of all, that one of the
conics is a pair of right lines.

So, again, if we have two equations in «, and their resultant contains F?*,
this may arise either from one of the functions eontaining a square factor,
or from their being susceptible, on instituting one further condition, namely
of F'= 0, of having a quadratic factor in common between them.

P.S. The conjecture made in the preceding pages has been since con-
firmed by the discovery of a modification in the canonical form applicable
to functions of the sixth degree, which simplifies the theory in a remarkable
manner. Assume f(a, y), a function of the sixth degree, as equal to

au® + bv® + cwb + muvw (u — v) (v — w) (w — u),
where u, v, w, linear functions of # and y, satisfy the equation
ut+v+w=0;
then will the product of wvw be capable of being determined by means of the
solution of a quadratic equation, of the square root of whose roots the
coefficients of wwvw will be known linear functions. Thus by an affected
quadratic, a pure quadratic, and a cubic equation, the values of u, v, w
may be completely ascertained. The discussion of this theory, and of a
general inverse method for assigning the true (in the sense of the most
manageable) Canonical Form for functions of any even degree, will form
the subject of a subsequent communication.
[* p. 264 above.]
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