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13.

ON THE THEORY OF LINEAR TRANSFORMATIONS.

[From the Cambridge Mathematical Journal, vol. 1v. (1845), pp. 193—209.]

THE following investigations were suggested to me by a very elegant paper o
the same subject, published in the Journal by Mr Boole. The following remarkable
theorem is there arrived at. If a rational homogeneous function U, of the n'® order
with the m variables #, y..., be transformed by linear substitutions into a functio
V of the new variables, £ #%...; if, moreover, U expresses the function of the
coefficients of U, which, equated to zero, is the result of the elimination of the
variables from the series of equations d,U=0, d,U=0, &c., and of course @V the
analogous function of the coefficients of V: then 6V =E".0U, where E is the
determinant formed by the coefficients of the equations which connect =z, ... with
£ m...,'and a=(n—1)"" In attempting to demonstrate this very beautiful property
it occurred to me that it might be generalised by considering for the function U, no
a homogeneous function of the n™ order between m variables, but one of the samt
order, containing n sets of m variables, and the variables of each set enterin
linearly. The form which Mr Boole’s theorem thus assumes is 6V = E\*. K2 ...E‘,,“.ﬁl'z
This it was easy to demonstrate would be true, if QU satisfied a certain system ¢
partial differential equations. I imagined at first that these would determine the functio
60U, (supposed, in analogy with Mr Boole’s function, to represent the result of tht
elimination of the variables from d,U=0, d,U=0,...d,,U=0, &c.): this I afterward:
found was not the case; and thus I was led to a class of functions, including #
a particular case the function OU, all of them possessed of the same characteristi
property. The system of partial differential equations was without difficulty replacel
by a more fundamental system of equations, upon which, assumed as definitions, thf
theory appears to me naturally to depend; and it is this view of it which I inter
partially to develope in the present paper.

1 The value of a« was left undetermined, but Mr Boole has since informed me, he was acquainted il
it at the time his paper was written; and has given it in a subsequent paper.
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13] ON THE THEORY OF LINEAR TRANSFORMATIONS. 81

I have already employed the notation

RTINS A PAMAE T oA (1)
a,) B,’ 'Y,’ 8,)
a/l’ BII’ 'Y”, 8/1’

(where the number of horizontal rows is. less than that of vertical ones) to denote
the series of determinants,

PR Rt TR W RN (2),
g 8. o,

'z /] 77
e AR

which can be formed out of the above quantities by selecting any system of vertical
rows; these different determinants not being connected together by the sign +, or in
any other manner, but being looked upon as perfectly separate.

The fundamental theorem for the multiplication of determinants gives, applied to
these, the formula

Casmpr il = [ 8L G J08 LW (11, a3 10 (3),
‘ Al B/ C/, Dl , a/ ; B, g 'y" 8,’ A
\1 A// B/I O//’ D//, ' a//, B//’ (yll’ 8//,
where A =na +Nad +0\"d”

B =XB+X’B +XHB”+

A _IL“+I“1 +,¢L”a” +'“ ) ST PP ainlpreisicral > phate e oie (4‘),
B=pB+uB +uB +...

and the meaning of the equation is, that the terms on the first side are equal, each
to each, to the terms on the second side.

This preliminary theorem being explained, consider a set of arbitrary coefficients,
represented by the general formula

PEL TSy R s TR L s SRt (6),

in which the number of symbolical letters », s,... is n, and where each of these is
supposed to assume all integer values, from 1 to m inclusively.

C. i
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82 ON THE THEORY OF LINEAR TRANSFORMATIONS. [13
Let IR SR T M AEENEEVRT R O e e B Py (7

represent the whole series, taken in any order, in which the first symbolical letter
is @. Similarly, '

/7 ’ ” ” .
G e TR A B D e LR a Al (8),

the whole series of those in which the second symbolical letter is a, and so on.

Imagine a function u of the coefficients, which is simultaneously of the forms

r g’ ”
vy 8 G R L T e e (A),
P, P ”an
28,1 oamskndi bl
et ’ ’ ” ”
W= el e S £ 8 SR S pE s M
’ ’ ” ”
vyl ooy, 42, Sy

&c.; in which H, denotes a rational homogeneous function of the order p. The
function H is not necessarily supposed to be the same in the above equations, and
in point of fact it will not in general be so. The number of equations is of course =n.

The function w, whose properties we proceed to investigate, may conveniently be
named a “ Hyperdeterminant.” Any function satisfying any of the equations (A)
without satisfying all of them, will be an “Incomplete Hyperdeterminant.” But, con-
sidering in the first place such as are complete—

Let 7st... be a new set of coefficients connected with the former ones by a system
of equations of the form

78t i =T Lot i -onOat . Josk MgRanst g Tt Bhis et 9),

(where the » in A/ ... is not an exponent, but an affix).

Suppose % is the same function of these new coefficients that u was of the former
ones. Then consider the first of the equations (A) and the equation (3), and writing

B Rk, . .vo. . aiesaant. . thed o (10),
I AL A,
we have immediately the equation
Wl 4L e TR e A SRR (11)

Consider the new set of coefficients

PRooe S gt AL S O RE . b i e T i s s (12),
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and 4 the analogous function of these; then, from the second of the equations (A)
and the equation (3), and writing

M= (S, Y, ’ ................................. (13),
I.l'zl: oy ’
R =D vy ST e R (14)

In like manner, considering the new coefficients 7s¢ ..., where

PR PRl VR T UM .. eherDeeninns (15)

the new function w, and the quantity N given by
ot grdowe s TRtie o WA ODOSD JUE (16),

3L 2
Vg5 Vi,

we have, as before,

or T L e R T e SRS SO IR (18);

Consider now the function
N e 6 KT sk kBl o s Fitid e e vt i i e (19),

where the 3’s refer successively to 7, s, ¢, ..., and denote summations from 1 to
clusively. If u be looked upon as a derivative from the above function, we may write

up O 3D, L LRl | B ) ik e oy SRS - (20)
Assume Z=A 2 N Ty F A 2,
Ys= e YrF B Y oot ™ Yy [eeeeeeneen e, (21).
It is easy to obtain
223 .. (0o 2y . ) =BT L (P8t . B ), o =222 (18 .. Bty ). .. (22),

and the formula for (u) becomes

@S5S ... (76 oo GyGsie) .o = IPMEN? . @SS ... (rst... TYs2) -voveers (B, 2).

Proceeding to obtain the expression of the coefficients #$... in terms of the

oefficients 2s¢.... we have

L1

L AN s R KR ) RS o e (C),

www.rcin.org.pl



84 ON THE THEORY OF LINEAR TRANSFORMATIONS. [13

where the 3’s refer successively to f, ¢, h,..., denoting summations from 1 to m
inclusively. Having this equation, it is perhaps as well to retain

w =LPM2N? ., . u ..... T e Eors 1 el (B, 1),

instead of (B, 2), that form being principally useful in showing the relation of the
function w to the theory of the transformation of functions.

It may immediately be seen, that in the equations (B), (C) we may, if we please,
omit any number of the marks of variation (), omitting at the same time the
corresponding signs =, and the corresponding factors of the series L, M, N ...

Also, if u be such as only to satisfy some of the equations (A); then, if in the
same formule we omit the corresponding marks (), summatory signs, and terms of the
series L, M, N ..., the resulting equations are still true.

From the formule (A) we may obtain the partial differential equations

/ d

B2 (ast W) B, OF P 050 et el Gl (D),

d
p &L (mt W—) u=0, or pu,

according as a is not equal, or is equal, to B;

and so on: the summatory signs referring in every case to those of the series 7, s, ¢,...
which are left variable, and extending from 1 to m inclusively.

To demonstrate this, consider the general form of u, as given by the first of the
equations (A). This is evidently composed of a series of terms, each of the form

cPQR ...(p factors),

in which P=\M gt s r il e T T i(miterms)

7/ /

/ /

(O LA

S s N

Q, R, &c. being of the same form; and we have

d d
| U= 5t . .+ &e.,
DS <a8t"'d,83t...> u=cQR...23 ... (a.st d/S.st...)P+&c + &e
/ A gl fasell =0
and 33 ... (ast ... be s >P= B R Sl
3 dBSt
8T (I e it

¢

OB AN T R
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so that all the terms on the second side of the equation vanish. If, however, B =g,

D> S <ast

d

whence, on the second side, we have
cQR...P +cPR ... Q+&c.=p.cPQR ... + &c. + &c.

= p U,
or the theorem in question is proved.

In the case of an incomplete hyperdeterminant, the corresponding systems of
equations are of course to be omitted. In every case it is from these equations that
the form of the function w is to be investigated ; they entirely replace the system (A).

A very important case of the general theory is, when we suppose the coefficients

rst... to have the property st ...=r"s"t"..., whenever »s't'... and r”s"t”... denote
the same combination of letters; and also that the coefficients A are equal to the
coefficients x, »..., each to each. In this case the coefficients 7sf... have likewise
the same property, viz. that +7§"#’...=7§¢ ..., whenever r's't’ ... and r’s"t" ... denote

the same combination of letters.

The equations (B, 1), (B, 2), become in this case

e R O A R T s (B, 3),
e 333 .. { il rst ... } e @){ il o . ar'I ...... B, 4
[ [BF - g [ [BF - N e
where only different combinations of values are to be taken for =, s, ¢ ... and
a, B,... express how often the same number occurs in the series. In the equation

(C), w, v must be replaced by A, the equations (D) are no longer satisfied; the
equations (A) reduce themselves to a single one, (so that there can be no question
here of incomplete hyperdeterminants): but this is no longer sufficient to determine
the function sought after. For this reason, the particular case, treated separately,
would be far more difficult than the general one; but the formule of the general case
being first established, these apply immediately to the particular one’. The case in
question may be defined as that of symmetrical hyperdeterminants, (a denomination
already adopted for ordinary determinants). It would be easily seen what on the same
principle would be meant by partially symmetrical hyperdeterminants.

I have not yet succeeded in obtaining the general expression of a hyperdeterminant ;
the only cases in which I can do so are the following: I. p=1, n even, (if n be odd,
there only exist incomplete hyperdeterminants). IL. p=2, m=2 n even. IIL p=3,
m=2, n=4.

I. The first case is, in fact, that of the functions considered at the termination of
a paper in the Cambridge Philosophical Transactions, vol. viiL. part I [12]; though at
that time I was quite unacquainted with the general theory.

1 See concluding paragraph of this paper.
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86 ON THE THEORY OF LINEAR TRANSFORMATIONS. [13
Using the notation there employed, we have

-'-

u="{ 11...(n) Y,
22
mm

a complete hyperdeterminant when » is even; and when = is odd the functions

+ +
3 0 BRI £ ) MW WS 11..:(n)
22 292
mm { mm

are each of them incomplete hyperdeterminants.

(A) In the case of n=2, the complete hyperdeterminant is simply the ordinary
determinant

11, 12,...1m
21, 22,...2m

ml, m2,...mm

Stating the general conclusion as applied to this case, which is a very well known one,

“If the function
U=33 (rs. 2,y,)

be transformed into a similar function
33, (18 . 24Ys),
by means of the substitutions
T, =N+ N2y AT,
Yo= s’ h+ s’ Ya oo + 1™ Y3
then 3 ke o Al €74 o L ALR Y e ' 11, 12,.. |.
21, 22 Py Al T

Also, by what has preceded,
rs =23 (A7 4 - J9);

so that the theorem is easily seen to amount to the following one—“If the terms of
a determinant of the m™ order be of the form 3,3, (rs.2,,¥s,), 7, s extending as
before, from 1 to m inclusively, the determinant itself is the product of three deter-
minants; the first formed with the coefficients rs, the second with the quantities 2,
and the third with the quantities y.”
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In a following number of the Journal I shall prove, and apply to the theories of
Maxima and Minima and of Spherical Coordinates, (I may just mention having obtained,
in an elegant form, the formule for transforming from one oblique set of coordinates
to another oblique one) the more general theorem,

“If k be the order of the determinant formed as above, the determinant itself
is a quadratic function, its coefficients being determinants formed with the coefficients
rs, its variables being determinants formed respectively with the variables # and the
variables y; and the number of variables in each set being the number of combi-
nations of k things out of m, (=1 if k=m; if k>m the determinant vanishes).”

I shall give in the same paper the demonstration of a very beautiful theorem,
rather relating, however, to determinants than to quadratic functions, proved by Hesse
in a Memoir in Crelles Journal, vol. xX., “ De curvis et superficiebus secundi ordinis;”
and from which he has deduced the most interesting geometrical results. Another
Memoir, by the same author, Crelle, vol. xxvIiL, “Ueber die Elimination der Variabeln
aus drei algebraischen Gleichungen vom zweiter Grade mit zwei Variabeln,” though
relating in point of fact rather to functions of the third order, contains some most
important results. A few theorems on quadratic functions, belonging, however, to a
different part of the subject, will be found in my paper already quoted in the Cambridge
Philosophical Transactions [12]; and likewise in a paper in the Journal, Chapters in
the Algebraical Geometry of n dimensions [11]

I shall, just before concluding this case, write down the particular formula corre-
sponding to three variables, and for the symmetrical case. It is, as is well known, the

theorem,
“If U=Az*+ By* + 02 + 2Fyz + 2Gwz + 2Hay
be transformed into
Qg+ Wy + " + 2410 + 26 E0 + 230)En
by means of z=a £+8 n+v 6,
y=adE+B n+v'6,
Zz = aI/E + B,,ﬂ + fY”e’
then (ABC — Af* — BG*— T + 2 GIH) =
(@B —aB"y +dB"y — By’ +a'By — ad’By)* (ABC — AF*— BG*— CH*+ 2FGH).”
(B) Let n=38, and for greater simplicity m=2; write
a=111, =112
b=211, f=212,
c=121, g=122

d=221, h=222

%o that U=azyz +bayz + ¢ ayez, + d @y + € 2,120+ f @320+ g 2192 + b 2,922,
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88 ON THE THEORY OF LINEAR TRANSFORMATIONS. [13

There is no complete hyperdeterminant (ie. for p=1), and the incomplete ones are

ah —bg — ¢f + de=wu, , suppose,

ah—de—bg+cf=u,, ‘

ah—c¢f —de+bg=mu,.

Thus, suppose the transforming equations are

B=No+M G,
@y =N @+ A’ By 5
h= ' Y+ Y,
Yo=pa Y + et Yo'
H=WH+ 14,

Zy =%+ V2

then U, = (" g’ — o' pa?) (0! v — v 1) w, , where y, z are changed
.?‘l["u s (l"ll'-l-:l v92 e pﬁl 913) (R’ll Aﬂg_ :\'21 MBJ U,, » z, &
:!E.ru = (1‘11 R?’ e R‘ﬂl xla) (F‘ll fu'ﬂn_ F’ﬂl F’ls) ‘u'”“ » T, 9' i1

We might also have assumed
u, =ad—be, or eh—gf,
u, =af —be, or ch—dy,
u,, = ag—ce, or bh—df,

but these are ordinary determinants.

(€) n=4 m=2. a=1111, §=1112,
b= 2111, J=2112,
c=1211, e ="1913,
d=2211;  ="2912
=1121, m=1122
f=2121, n= 2122,
g=2211, 0.=2212,
h=2221, p=2222.
U= azyew +baysw + ¢ myeziw, + d 2y.2,w,
+ e 2,2y W, + f Tthzaty + G ToYa2Wy + h 2y zewy
+ 8@,y 2, Wa + J By 20 + k Diyeziwy + L 23Ya 20,

+ m @2y + N XY 250, + 0 TYfe2iWs + P TYfeZaWs,

we have .
u= ap—bo—cn+dm—el+fk+ gj—hi;
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so that, with the same sets of transforming equations as above, and the additional one,
wy = pwy + Py,
Wp= psWy + pstls,
we have W= (AMA? — AN (e — o) (v — v'vy?) (pilps — paps) - u;
this is important when viewed in reference to a result which will presently be obtained.
If we take the symmetrical case, we have
U =aa* +4Ba% + 6ya®y® + 48zy® + ey;
which is transformed into
U =da'* +4B'a"%y + by'a’y" + 482"y + €'y*,
by means of

z=\Na' +py,
y=ra+py';
then, if u =ae—4B3 + 3y,

w=de— 488 + 3y
we have w'=Ap,— N p)t. U
II. Where p=2, m=2, n is odd.

The expression
U=

+ +
1111 ... (n) 1111 ... (n)
1222 © 12222 :

+ t
1111 ... (n) 2111 ... (n)
22992 . {2222 s

is a complete hyperdetermirant; and that over whichever row the mark (+) of nonper-
mutation is placed. The different expressions so obtained are not, however, all of them
independent functions: thus, in the following example, where n=3, the three functions
are absolutely identical.

(4). n=38, notation as in I. (B).
u=0’l? + b’g* + ¢*f* + de* — 2ahbg — 2ahcf — 2ahde — 2bgcf — 2bgde — 2¢fde + 4adfy + 4bech,
and then % = (A2 — A2 (F'll o — ptp?)? (0w — v .

This is in many respects an interesting example. We see that the function u
may be expressed in the three following forms:

u=(ah—bg—cf +de)+ 4 (ad—be) (fg—eh)......c.............. 1),
u=(ah—bg—de+cf)+4 (af —be) (dg —ch).......cc.....on... (2),
u=(ah—cf —de+bgl+4 (ag — ce) (df —=bh)........cccevviiiirs (3),
c 12
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90 ON THE THEORY OF LINEAR TRANSFORMATIONS. [13

which are indeed the direct results of the general form above given, the sign ()
being placed in succession over the different columns: and the three forms, as just
remarked, are in this case identical.

We see from the first of these that u is of the second or third, from the second
that w is of the first or third, from the third that u is of the first or second of the
three following forms: '

u=H,| a, b, c,d\

e, f, g.h
which is as it should be.

N u=Hg

b

a, be f|, u=H,
¢, d, g h

a ¢, e g
b,d, f, h

The following is a singular property of w.
’ d 7 d 7 d
Let =}, V=i, ... ¥=iF,

then, «' being the same function of these new coefficients that w is of the former ones,
uw =
To prove this, write
p=ah—bg—cf+de, g=(ad—bc), r=eh—fy;
a, =ap — 2qe, e, =—2ra+pe, °
b,=bp—2q¢f f=—2b+pf,
¢, =cp—2q9, 9,=—2rc+pyg,
d,=dp — 2qh, h,=—2rd + ph;
we have, as a particular case of the general formula just obtained,

u,=(pP*—4qr)’u=u.u, =u"

Also ] A e=_4a,
b/=_g,’ f,=—c’,
C,=—f,, g/=_b,’

, ’.
d, e, h,=""a5

whence u,= v/, that is u’ =

There is no difficulty in showing also, that if a”, b”,...h” are derived from
o, b ...H, as these are from a, b, ...k, then
o’ =wa, b'=u...h"=uh.
The particular case of this theorem, which corresponds to symmetrical values of the
coefficients, is given by M. Eisenstein, Crelle, vol. XXVIL. [1844], as a corollary to hi
researches on the cubic forms of numbers.
Considering this symmetrical case
U = az® + 3Ba*y + 3yxy* + 8y,
u = a28? — 6adBy — 3B%y + 4/3%6 + 4a’y,
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so that if U be transformed into
U =dz*+ 3By + 3ya'y? + 8y,

by means of z=AZ +py,
y=rz +py,
then if W = a2 — 6a'S By — 3B + 4378 + da'*y,
we have W= (A, — A p). u.
III. p=3 m=2 n=4

Notation as in I. (0),
u=A (A +31 +3C + 6D +6@)- B(C+D-38— f +2¢ + 33,
where A, B are arbitrary constants, and @&, 48, &c. ... 3 are functions of the coefficients,
given as follows :—
A = a’p® — b%0* — ¢*n® + d*m® — &1 + fOI° + g%° — k.
=—a*p’bo + bo’ap + cnPdm — dmPen + Elfk — fiktel — gPhi + hig)
—aplen + bodm + cnlap — d'mbo + elgi — fikthi — el + WSk
—aplel + Vofk + c¢nlq) — d'mPhi + elap — fihbo— gPfen + h*dm
—ap'hi + bog) + cnifk — d'miel + elddm — fkien — gifbo + h*Pap.
O =+a*pPdm — boen — c'nbo + d*mPap — elhi + fhg) + 9% fk — kel
+apfk — bo%el — i + dPmiqj — lPbo + fUhPap + gYdm — h¥Pcn
+aiplq) — b0 — el + dPmifk — elen + fhidm + g¥Pap — h%Pbo.
D = apbocn — apbodm — apendm + bocndm — elfkgj + elfkhi + elgjhi — higjfk
+ apboel — apbo/k — endmgj + dmenhi — elfkap + elfkbo -+ gjhion — higjdm
— apbogj + apbohi + cndmel — dmenkf + elfken — elfkdm — gjhiap +  higjbo
+ apenel — bodmfk — cnapgj + dmbohi — elgjap + fkhibo + gjelen — hifkdm
— apenfk }-l-bodmel + cnaphi — dmboel + elgjbo — fkhiap — gjeldm + hifken
— apdmel + bocnkf +cmbogj — dmaphi + elhiap — fkgjbo — gjfken + hidmel.

@ = apdmyk — bocnel — bocnih + dmapgj — elhibo + fkapgj + gjfkdm — hielcn.
F=aphjo — bgoip — nflm + dPemkn — edlkn + fickml + g*bjpr — Rrazjo
—*phbg + jogah + Knfde — Pmecf + mildef — nickde — o*bjah + plaibg
+ a*phlen — b’golm — ¢nfip + dlemjo — edljo + fickip + g°bjpl — haink
—*phef + jfogde + k*nfah — PPmebg + mildbg — nickah — o*bjde + paicf
+ a*phlm — b*gokn — cnfjo + demip — eldpi  + fickjo + g*bjuk — h*avml
— i*phde + j°gocf + k*nfbg — Pmeah + m*dlah — nckbg — o*bjef + piarde
+ a*pdno — b*empo — c*bpmn + d*aomn — ehjkl + frqilk + g*flyj — hekji
—2lUfgh  + j*kehg + Kjhef — Igfe  + m*pbed — Waode — o*ndab + p*mbea
+a*plng — b*hkmo — cejpn  + d*fiom — ecpjl  + fidoik + granlj — h*bmki
—odfh + jpceg + k*mhbf — Pnage + mkhbd — n’lgac — o*fbd + pHeca
+ aplfo — bekpo — cchymn + dPgimn — ebpkl + fraolk + g*dnij — h*emyi
—v*ndgh + jPmchg + k*pbef — loafe + m*hed — n*ged — o'lfab + p*keba.
12—2
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& = apbgkn — boalkm — cndiep + dmcjfo

—ihjocf + gjidep + kflamh — lekbng
+ apbglm — boahkn — cndejo + dmefip
—hjode + gijpcf + kflmbg — leknah

—elfocj  + fkpied + gjhmla — ignbk
+ mdnbkg — nemhal — obpied + paofjc
—elefip  + fkedoj + gjhakn — hibgml

+ mdknah — nemlbg — obpicf + paojde

[13

+ apcflg — bojehk — cnjehk + dmilgf — elmpbe + fkadno + gjadno — hipmcb
—thadno + gjbmep + kfcbpm — eladno + mdjehk — ncilfy — obilfy + pahejk
+ apeflm — bodkne — cnahjo + dmbgip — elbgip  + fkahjo + gjednk — hicfml
—thknde + mdahjo + kfipbg — bogfml + gjofml — nepigh — leahjo + paknde
+ apidng — bojemh — cnbkpe + dmaflo — elmhjc — fkidng + gjaflo — vhbkpe
—ihaflo + gjbkpe + fhkejhm — elidng + mdbkpe — cnaflo — boidng + pahmcy

+ apidfo — bojeep — nbkhm + cdmalng — elmnbk
—thalng + gjkbmh + fkcjpe — elidfo + mdjcep
18 = a*honl — bpgmk — ¢*pfmj + dPonie — e*dpkj + fHlco + g*blmi — h*amk)
—a*pdfg + jfoech + k*nbeh — Pmafg + mblch — n*kadg — o*jadf + p*bec:

— fkalng + gjidfo — ihpec)
— neidfo — obalng + pahmbk.

we have, as usual,
u o (Mm?z -l 7\'21)\12)3 ( /"11 ,u‘ﬁz g ] /_Lzl an)s (Vlll’gz =Y, V21V12)8 (P11Pz2 putelt plngx)s LU

Particular forms of U are

Ad=1, B=0;

u=2+ 31 + 3C + 61D + 6& = (ap — bo— cn + dm — el + fk+ gj — hv)’, = v suppose.

4=1, B=9:

u=@A+31B - 6 — 3D + 33@ + 94F — 18¢k — 273, = U suppose,
where U=0 is the result of the elimination of the variables from the equations
d,U=0, 4, U=0, d,U=0, d,U=0, d,,U=0, d,,U=0, d, ,U=0, d,U=0. In fact, by
an investigation similar to Mr Boole’s, applied to a function such as U, it is shown
that U has the characteristic property of the function »: also in the present case
u is the most general function of its kind, so that U is obtained from U by
properly determining the constant. This has been effected by comparing the value of
u, in the symmetrical case, with the value of U, in the same case, the expanded
expression of which is given by Mr Boole in the Jowrnal, vol. 1v. p. 169. Assuming

A =1, the result was B=9. [Incorrect: the result of the elimination is not U =0
but an equation of a higher degree.]

The general form of » now becomes
u=av’+ B6U,
in which a, B, are indeterminate.

We have u=ar+ ,SGU = M (a*+ RO,

where M= = MNP (pa'pea — p'par®)” (or's® = w'0%) (" — pilpr?)'
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and thence » = My,

which coincides with a previous formula, and

0U = MoU :
whence. eliminating M,

o0 _ov

v

an equation which is remarkable as containing only the constants of U and U: it is
an equation of condition which must exist among the constants of U in order that
this function may be derivable by linear substitutions from U.

In the symmetrical case, or where

U = az* + 4Bz%y + 6ya*y® + 48zy* + ey,
it has been already seen that » is given by
v=ae— 483+ 3y~
Proceeding to form 6U, we have
A = a’e® — 43°5° + 3r5,
B = 4 (ae® — a?B3 + 3¢°328* — 3B3yY),
© =3 @y + 29/ + aeyt — 48%),
D =6 (a8 — 2aefdy’ + 35 — 23y,
@ = Saey* — 43°5° + o,
£ =6 (@0 + Brya—20eyd — 258y — 48D . + 4. By + e + 7,
& = 12 (2eBSy’ — afyd — ey8B* + y'ad + '3 + Byt — 2828?),
1B = (@28 + eB* — 4B%y* — 4ay*S® + 63%*F),
and these values give
0U = a?* — 6a328% — 12a2B8e> — 18a%ye® — 27a%8* — 27346 + 36328 + 54 a’yd% + 54 afS*ye®
— 54ar’®? — 54y — 64/3°6* + 8lay'e + 108aByS* + 108B%de — 180aBry*de,
so that this function, divided by (ae —4B8 + 3*? is invariable for all functions of the
fourth order which can be deduced one from the other by linear substitutions. The
function ae — 438 4+ 3y occurs in other investigations: I have met with it in a problem
relating to a homogeneous function of two variables, of any order whatever, a, B, v, &, €

signifying the fourth differential coefficients of the function. But this is only remotely
connected with the present subject.

Since writing the above, Mr Boole has pointed out to me that in the transform-
ation of a function of the fourth order of the form aa*+ 4ba’y + 6ca®y® + 4day® + ey',—
besides his function @u, and my quadratic function ae— 4bd + 3c*,—there exists a function
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of the third order ace — b%e — ad*—c*® + 2bde, possessing precisely the same characteristic
property, and that, moreover, the function fu may be reduced to the form

(ae — 4bd + 3¢y — 27 (ace — ad? — eb* — ¢* + 2bdc)*;

the latter part of which was verified by trial; the former he has demonstrated in a
manner which, though very elegant, does not appear to be the most direct which the
theorem admits of In fact, it may be obtained by a method just hinted at by
Mr Boole, in his earliest paper on the subject, Mathematical Journal, vol. 1. p. 70
The equations du=0, d,du=0, du=0, imply the corresponding equations for the
transformed function: from these equations we might obtain two relations between the
coefficients, which, in the case of a funection of the fourth order, are of the orders 3
and 4 respectively: these imply the corresponding relations between the coefficients of
the transformed function. Let A =0, B=0, A’=0, B'=0, represent these equations,
then, since 4 =0, B=0, imply A’=0, we must have A"=AA"+MB, A, M, being
functions of A, X, u, &c. u': but B being of the fourth order, while A, A’ are only of
the third order in the coefficients of w, it is evident that the term MB must disappear,
or that the equation is of the form A’=AA. The function A is obviously the function
which, equated to zero, would be the result of the elimination of 2% ay, ° considered
as independent quantities from the equations aa®+ 2bzy + cy* =0, ba*+ 2cay+ dy*=0,
ca* + 2dzy + ey = 0, viz. the function given above. Hence the two functions on which
the linear transformation of functions of the fourth order ultimately depend are the
very simple ones

ae — 4bd + 3¢®, ace — ad® — eb* — ¢* + 2bdc,

the function of the sixth order being merely a derivative from these. The above
method may easily be extended: thus for instance, in the transformation of functions o
any even order, I am in possession of several of the transforming functions; that of the
fourth order, for functions of the sixth order, I have actually expanded: but it does not
appear to contain the complete theory. Again, in the particular case of homogeneous
functions of two variables, the transforming functions may be expressed as symmetrics
functions of the roots of the equation u=0, which gives rise to an entirely distinct
theory. This, however, I have not as yet developed sufficiently for publication. | Ther
does not appear to be anything very directly analogous to the subject of this note, i
my general theory: if this be so, it proves the absolute necessity of a distinet invest:
gation for the present case, that which I have denominated the symmetrical one.
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