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ON A SYSTEM OF EQUATIONS CONNECTED WITH MALFATTTS
PROBLEM, AND ON ANOTHER ALGEBRAICAL SYSTEM.

[From the Cambridge and Dublin Mathematical Journal, vol. 1v. (1849), pp. 270—275.]

CoNSIDER the equations
by? + ¢2* + 2fyz = 6%a (be — f?),
c2* + ax? + 292z = 6% (ca — g*),
az® + by? + 2hay = G (ab — k*);
or, as they may be more conveniently written,
by + c2® + 2fyz = %a@,
c2® + ax® + 292z = 6°b33,
az® + by® + 2hxy = .
The second and third equations give
(9°C — 1h*B) 2* — b By* + @ 2* + 209 @2z — 20hWBay =0,
hence {(g°Q — 7*q8) = — bhAByY + cg@ 2)* — W& (— bgy + chz)* =0, and consequently
(4°C — 42B) & — byBB (gY@ + hwdB) y + oV E (W& + hy/B) z = 0:

dividing this by gv/@ + hw/33, and writing down the system of equations to which the
equation thus obtained belongs,

(W@ — hyAB) = — bvAB y + V@ z2=0,
/& =+ (WA — V&) y — /& z2=0,
—aW& z+ WA y+ (VI —gyA)z=0.
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466 ON A SYSTEM OF EQUATIONS CONNECTED WITH MALFATTI’S PROBLEM, [79
Hence also '

( WR+WB-NVE)y—( V& — fyB +cy@) 2=0,

(B + fyB + V@) z —( a/B +hyAB — gy @) z = 0,

( oA —hvB+ gV &)z — (— WA +byB + /C) y =0;

these equations may be written
U VA - Gyas -1V + v@ABO)} [(G +v(CA)} y— (38 + v(AD)) 2] = 0,

= VA + Gy - VE +V(@BE)} [[39 + (@)} 2 — {f + VBE)} ] = 0,

I~ N~ R~

g - IVA - Gyas + VE + V@B [(Ff + VABEG)) o - (65 + V(CR)} y]=0;

where, as usual,

F=gh—of, G=hf-by, I=fg—ch,
K = abc — af*® — bg® — ch* + 2fgh ;

(in fact the coefficient of y in the first equation is
1 .
)74 (G- CH)vA + (AT — &) v — (&I — Q) VE}, = WA + /B - £/ @,

as it should be, and similarly for the coefficients of the remaining terms). We have
therefore

{F +VBO)} 2= {G + v(CRA)} y = (18 + V(BAB)} z;
or, what comes to the same thing,
yz =% s (ff +VABC)},
2z =3%s (& +V/(TR)),

zy =% s (1B + V(@B)}.
Now

a {G + V(AQ)} (3§ + v(A)} = {F + vAO)} {abe — foh + fy BEC) — gv(CR) — hy/(A)},
b 38+ V@B)} {F + VABQ)} = (& + v(CRA)} {abe — fgh — fyABE) + gV(CR) — hy/(A)},
¢ (ff +VBO)} (G + v(CA)} = (1 + v(A)} {abe — fyh — £y ABE) — gV (CR) + hy/(AB)},

{as readily appears by writing the first of these equations under the form
a {& + VAL {1 + v(AB)} = (ff + VABO)} {a& — /Ff + f/BE) — gV(CRA) — hv/(AB)},
and comparing the rational term and the coefficients of »/(BBE), v(CA), v(AW)).
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79] AND ON ANOTHER ALGEBRAICAL SYSTEM.

Hence, observing the values of yz, zz, #y, we find

= Q% {abe — fgh + fY/(BL) — gy (CA) — hy(228)},

Y = g5 {abe - fgh — fVBE) + gV(ER) — hy/(AB)),

¥ 2_8 {abe — fgh —f«/@ﬁﬂﬁ) — gV(€A) - hy(AB)}.

Hence, forming the value of any one of the functions by? +c22 + 2fyz,

as® + by + 2hacy, we obtain s= 6*; or we have

o _2€; {abe — fgh — fFVABE) + gv/(CA) — hy/(AB))},

Jighics ; {abc -~ foh —f\/(%@) - gV (@A) + h’\/(aaﬁ)}’

y2=146 {ff + VABO)},

=% 6 €k + v/(TA)},

\zy=14% 6 (30 + v(BB)}.

It may be remarked that the equations
by+c2+2f yz=1
¢ 2+aa*+29 yz2=M,
o'z + 0"y + 20 'zy = N,

in which the coefficients are supposed to be such that the functions
M (a"2® + 0"y + 2K'zy) — N (¢’ 22+ &' 2* + 29 y2),
N@®yp+c 22+2fyz)— L (a"2* + b"y* + 2h"y2),
L(d2+d2*+29y2)— M (D y*+c 22+ 2fy2),

i % {abe — fgh + fVABE) — g/ (CA) — hy/(AIB)),

467

02*+ as® + 2guy,

are each of them decomposable into linear factors, may always be reduced to a system

of equations similar to those which have just been solved.

Suppose
Iran "“9‘2 \/a+b+c wld

and write ¥ X, /Y, ¥/Z instead of =, ¥, 2 "The equations to be solved become

bY +c¢Z +2r/(YZ)=(0 +c)
cZ +aX+2r/(ZX)=(c +a)r,
aX +bY + 20/(XY)=(a+b)
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468 ON A SYSTEM OF EQUATIONS CONNECTED WITH MALFATII'S PROBLEM, [79

abe

—————, and the solution is
a+b+ec

where 7=

x =g {atb+o—r+(r+a) - VO + D) — VG + o),

T {a+b+c—7+ /(0 + @) + (T + 5) = V(* + &),

I TR
z =2Zc (@ +b+c—7r— @+ a?) — N + B) + (@ + &)},

N(yz)= % [r—a+(r*+a)},
V(zx)= % [r—b+ V(@ + b3},
VEy) =% {r—c + V([ +c)},

a system of formule which contain the solution of the problem “In a given triangle
to inscribe three circles such that each circle touches the remaining two circles and
also two sides of the triangle.” In fact, if » denote the radius of the inscribed circle,
and a, b, ¢ the distances of the angles of the triangle from the points where the sides
are touched by the inscribed circle (quantities which it is well known satisfy the con-
~abe
a+b+c
difficulty whatever in obtaining for the determination of x, y, z, the above system of
equations. The problem in question was first proposed and solved by an Italian
geometer named Malfatti, and has been called after him Malfatti’s problem. His solu-
tion, dated 1808, and published in the 10th volume of the Transactions of the Italian
Academy of Sciences, appears to have consisted in showing that the values first found
for the radii of the three circles satisfy the equations given above, without any indi-
cation of the process of obtaining the expressions for these radii. Further information
as to the history of the problem may be found in the memoir “Das Malfattische
Problem neu geldst von C. Adams,” Winterthur, 1846.

dition 7%= ), also if x, y, z denote the radii of the required circles, there is no

In connexion with the preceding investigations may be considered the problem of
determining ! and m from the equations

B(l +60—2H(l +0)m+(A4d+1)m*=0,
A(m+60r—2H(m+60)l +(B+1)1 =0;

which express that the function
62 U + (lz + my)?, (U = Aa? + 2Hzy + By?),

has for one of its factors a factor of U+ 2 and for the other of its factors a factor
of U+ There is no difficulty in solving these equations; and if we write

E=AB-HY, w,=+(=K—B), wy=+(~FK~4),
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79] AND ON ANOTHER ALGEBRAICAL SYSTEM. 469
the result is easily shown to be
l:m:0=AB+H+w,): BA+H+w,) : (H+w,)(H+w,)—AB.

But the problem may be considered as the problem for two variables, analogous
to that of determining the conic having a double contact with a given conic, and
touching three conics each of them having a double contact with the given conic;
and in this point of view I was led to the following solution. If we assume

Bl—Hm=u, —Hl+ Am=v,
or, what is the same thing,
Kl=Au+ Hv, Km= Hu+ B,

then putting
V = Aw? + 2Huv + Bv?,

the two equations become after some reduction

(u—K0)2=—w12<K6”+I~1.V),

(v—K0)2=—w22(K02+I—1,V).

Hence, writing K6? +Tl{ V =—¢% we have

u=Kl+ws v=KO+ws, V+EK6P+Ks?=0;
and substituting these values of u, v in the last equation,
A (K0 + w5y +2H (K0 +w,8) (KO0 + w,8) + B(K0 + w,8)* + K*0* + Ks* =0,
or reducing,
K6 (A +2H+B+1)+2K6s{(4A + H) =, + (H + B) vy} + 8 (Adw? + 2Hw 1w, + Bw + K) = 0;
whence
[K6(A+2H+B+1)+s{(A+H)w +(H+B)w,)}]
=s[{(A+H)w,+(H+B)w,})—(4+2H+ B+1) (Ao + 2Hww,+ Bw? + K)),
=8 (- K (w,— ) — (Ad» + 2Hww, + Bw,?) — K (A + 2H + B+ 1)},
=s8{—(A4+K)w2—(B+K)w2—K(A+2H+B+1)+2(K — H) myw,},
=200~ K(A+2H+B+1)+2(K — H)wwy},
= s (myw,+ K — H)*:
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and therefore

KO(A+2H+B+1)+s{(A+H)w+ (H+B)wy} =3 (wwy+ K—H),
giving
KO0(A+2H+B+1)

S e (A+H)o— (H+B)wm+E-H"

But
Ki=Au+ Hv=(A+ H) K0+ (Aw,+ Hw,)s, Km=(H+ B)K0 + (Hw,+ Bw,)s,
and substituting the above value of s, we obtain, after some simple reductions,
l:m:0=(ww+K—-—H)(A+H-w,) : (wy@,+K—H) (B+ H—w))
{owy— (A+H)w,— (B+H) w,+ K- H},

a result which presents itself in a very different form from the one previously obtained :
if, however, the terms of-: this proportion be multiplied by the factor

How,— Ko, — Kw,+ AB— KH
A+2H+B+1)K 2

they become (as they ought to do) identical with those of the former proportion, and
the identical equations to which this process gives rise ‘are not without interest.
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