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123.

ON THE GEOMETRICAL REPRESENTATION OF AN ABELIAN 
INTEGRAL.

[From the Philosophical Magazine, vol. vι. (1853), pp. 414—418.]

The equation of a surface passing through the curve of intersection of the surfaces 

is of the form 

where 8 is an arbitrary parameter. Suppose that the surface touches a given plane, 
we have for the determination of 8 a cubic equation the roots of which may be 
considered as parameters defining the plane in question. Let one of the values of 8 
be considered equal to a given quantity k, the plane touches the surface

and the other two values of 8 may be considered as parameters defining the particular 
tangent plane, or what is the same thing, determining its point of contact .with the 
surface. '

Or more clearly, thus:—in order to determine the position of a point on the 
surface 

the tangent plane at the point in question is touched by two other surfaces
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a n d, t his b ei n g s o, p a n d q ar e t h e p ar a m et ers b y w hi c h  t h e p oi nt i n q u esti o n is 
d et er mi n e d. W e  m a y  f or s h ort n ess s p e a k of  t h e s urf a c e 

as t h e s urf a c e ( J c }. It is cl e ar t h at w e  s h all t h e n h a v e  t o s p e a k of 

as t h e s urf a c e ( ∞ ).

I c o nsi d er n o w a c h or d of t h e s urf a c e ( ∞) t o u c hi n g t h e t w o s urf a c es ( k } a n d  
( A;'); a n d I t a k e θ, φ  as t h e p ar a m et ers of t h e o n e e xtr e mit y of t his c h or d; { p, 9)  
as t h e p ar a m et ers  of t h e p oi nt of c o nt a ct wit h  t h e s urf a c e ( k }; p',  9'  as t h e p ar a m et ers  
of t h e p oi nt of c o nt a ct wit h  t h e s urf a c e ( k'); a n d Θ',  φ'  as t h e p ar a m et ers of t h e 
ot h er e xtr e mit y of t h e c h or d ; t h e p oi nts i n q u esti o n m a y  t h er ef or e b e disti n g uis h e d  
as t h e p oi nts  ( ∞ ; θ, φ),  ( k ∙, p,  q }, { k' ; p', a n d ( ∞; θ', φ'). T h e  c o or di n at es of  t h e 
p oi nt  ( ∞ ; θ, φ)  Ατ e  gi v e n b y  

t h os e of  t h e p oi nt  ( J c-, p,  q } b y  

a n d si mil arl y f or t h e ot h er  t w o p oi nts.

C o nsi d er,  i n t h e first pl a c e, t h e c h or d i n q u esti o n as a t a n g e nt t o t h e t w o 
s urf a c es ( ½) a n d { k' }. It is cl e ar t h at t h e t a n g e nt pl a n e t o t h e s urf a c e ( k } at t h e 
p oi nt ( k; p,  q) m ust  c o nt ai n t h e p oi nt  ( k'; p',  q' ∖ a n d vi c e v ers a. T a k e  f or a m o m e nt  
ξ, η, ζ, ω  as t h e c o or di n at es of t h e p oi nt ( k; p, q }, t h e e q u ati o n of t h e t a n g e nt 
pl a n e  t o { k } at t his p oi nt  is 

or  s u bstit uti n g f or t h eir v al u es  
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or taking for x,... the coordinates of the point (k', p, q'), we have for the conditions 
that this point may lie in the tangent plane in question, 

or under a somewhat more convenient form we have 

for the condition in order that the point (k', p', q} may lie in the tangent plane at 
Qc∙, p, q) to the surface (Jc). Similarly, we have

' V tXz τ Λ∕×

for the condition in order that the point {k, p, q} may lie in the tangent plane at 
(fc'; p', q'} to the surface {k'}. The former of these two equations is equivalent to 
the system of equations 

and the latter to the system of equations 

where in each system a is to be successively replaced by b, c, d, and where λ, μ, v 
and λ, μ, v are indeterminate. Now dividing each equation of the one system by 
the corresponding equation in the other svstem, we see that the equation - 

is satisfied by the values a, b, c, d of x; and, therefore, since the equation in x is 
only of the third order, that the equation in question must be identically true. We 
may therefore write 

and the two systems of equations become therefore equivalent to the single system.

15—2 
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a s et of  e q u ati o ns w hi c h  m a y  b e  r e pr es e nt e d b y  t h e si n gl e e q u ati o n

w h er e  x is ar bitr ar y; or  w h at  is t h e s a m e t hi n g, writi n g  —  x i nst e a d of  x.

H e n c e,  p utti n g  

w e  s e e t h at t h e al g e br ai c al e q u ati o ns b et w e e n p, q ; p', q' ar e e q ui v al e nt t o t h e 
tr a ns c e n d e nt al e q u ati o ns

T h e  al g e br ai c al e q u ati o ns w hi c h  c o n n e ct θ, φ  wit h  p,  q∙, p',  q', m a y  b e e x hi bit e d  
u n d er s e v er al diff er e nt f or ms; t h us, f or i nst a n c e, c o nsi d eri n g t h e p oi nt ( ∞ ; θ, φ)  ai  
a p oi nt  i n t h e li n e j oi ni n g ( k∙, p,  q)  a n d ( k'∙, p',  q'), vf e m ust  h a v e  

i. e. t h e d et er mi n a nts f or m e d b y  s el e cti n g a n y t hr e e of t h e f o ur c ol u m ns m ust  v a nis h;  
t h e e q u ati o ns s o o bt ai n e d ar e e q ui v al e nt ( as t h e y s h o ul d b e) t o t w o i n d e p e n d e nt 

e q u ati o ns.

Or,  a g ai n, b y c o nsi d eri n g ( ∞ θ, φ)  first as a p oi nt i n t h e t a n g e nt pl a n e at  
( k∙, p,  q) t o t h e s urf a c e ( k), a n d t h e n as a p oi nt i n t h e t a n g e nt pl a n e at ( A;'; p',  q')  
t o t h e s urf a c e ( k'), w e  o bt ai n

Or,  a g ai n, w e  m a y  c o nsi d er t h e li n e j oi ni n g ( ∞ ; θ, φ)  a n d ( k', p,  q) or  ( k' p', q'),  

as t o u c hi n g t h e s urf a c es ( k) a n d { k') ∖ t h e f or m uls e f or t his p ur p os e ar e r e a dil y 

o bt ai n e d  b y  m e a ns  of  t h e l e m m a,—
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“  T h e  c o n diti o n i n or d er  t h at t h e li n e j oi ni n g t h e p oi nts  ( ξ, η,  ζ, ω)  a n d ( ξ', η',  ζ', ω')  
m a y  t o u c h t h e s urf a c e  

is 

t h e s u m m ati o n e xt e n di n g t o t h e bi n ar y  c o m bi n ati o ns of  a, b,  c, d. ”

B ut  n o n e of all t h es e f or m uls e a p p e ar r e a dil y t o c o n d u ct t o t h e tr a ns c e n d e nt al 
e q u ati o ns c o n n e cti n g θ, φ  wit h  p, q ; p ∖ q'. R e as o ni n g  fr o m a n al o g y, it w o ul d  s e e m 
t h at t h er e e xist tr a ns c e n d e nt al e q u ati o ns

or t h e si mil ar e q u ati o ns c o nt ai ni n g q, i nst e a d of  p,  p ∖ i nt o w hi c h  t h es e ar e c h a n g e d  
b y m e a ns  of t h e tr a ns c e n d e nt al e q u ati o ns b et w e e n  p, q, p', q'. If i n t h es e e q u ati o ns  
w e  writ e  θ', φ'  i nst e a d of θ, φ,  it w o ul d  a p p e ar t h at t h e f u n cti o ns ΓI 7), ∏ '̂,  ∏ ^ p'
m a y  b e  eli mi n at e d, a n d t h at w e  s h o ul d o bt ai n  e q u ati o ns s u c h as  

t o e x pr ess t h e r el ati o ns t h at m ust  e xist b et w e e n t h e p ar a m et ers θ, φ  a n d θ', φ'  oi  
t h e e xtr e miti es of  a c h or d of  t h e s urf a c e  

i n or d er  t h at t his c h or d m a y  t o u c h t h e t w o s urf a c es

T h e  q u a ntiti es k, k', it will  b e n oti c e d, e nt er i nt o t h e r a di c al of t h e i nt e gr als 
H a;,  Π∕ c . T his  is a v er y stri ki n g diff er e n c e b et w e e n t h e pr es e nt t h e or y a n d t h e 
a n al o g o us t h e or y r el ati n g t o c o ni cs, a n d l e a ds, I t hi n k, t o t h e i nf er e n c e t h at t h e t h e or y 
of t h e p ol y g o n i ns cri b e d i n a c o ni c, a n d t h e si d es of w hi c h  t o u c h c o ni cs i nt ers e cti n g 
t h e c o ni c i n t h e s a m e f o ur p oi nts,  c a n n ot b e e xt e n d e d t o s urf a c es i n s u c h m a n n er  as  
o n e mi g ht  b e l e d t o s u p p os e fr o m t h e e xt e nsi o n t o s urf a c es of t h e m u c h  si m pl er 
t h e or y of t h e p ol y g o n i ns cri b e d i n a c o ni c, a n d t h e si d es of  w hi c h  t o u c h c o ni cs h a vi n g  
d o u bl e c o nt a ct wit h  t h e c o ni c. ( S e e m y  p a p er “  O n  t h e H o m o gr a p hi c  Tr a nsf or m ati o n  
of a s urf a c e of t h e s e c o n d or d er i nt o its elf,” [ 1 2 2]),

T h e  pr e c e di n g i n v esti g ati o ns ar e o b vi o usl y v er y i n c o m pl et e; b ut t h e c o n n e xi o n  
w hi c h  t h e y p oi nt o ut b et w e e n t h e g e o m etri c al q u esti o n a n d t h e A b eli a n  i nt e gr al 
i n v ol vi n g t h e r o ot of a f u n cti o n of t h e si xt h or d er, m a y  I t hi n k b e of s er vi c e i n 

t h e t h e or y of  t h es e i nt e gr als.
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