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129.

ON THE PORISM OF THE IN-AND-C1RCUMSCRIBED TRIANGLE, 
AND ON AN IRRATIONAL TRANSFORMATION OF TWO TER­
NARY QUADRATIC FORMS EACH INTO ITSELF.

[From the Philosophical Magazine, vol. ιx. (1855), pp. 513—517.]

There is an irrational transformation of two ternary quadratic forms each into 
itself, based upon the solution of the following geometrical problem,

Given that the line
lx + my + nz≈Q

meets the conic
(a, b, c, f, g, hjx, y, z}^ = Q

in the point (xι, y^, z^', to find the other point of intersection.

The solution is exceedingly simple. Take (¾, y^, z^ for the coordinates of the 
other point of intersection, we must have identically with respect to x, y, z, 

to a constant factor pres.

Assume successively x, y,

C. II.

it follows that
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146 ON THE PORISM OF THE IN-AND-CIRCUMSCRIBED TRIANGLE, [129

or, what is the same thing,

It is not necessary for the present purpose, but it may be as well to give the 
corresponding solution of the problem :

Given that one of the tangents through the point (ξ, η, ζ) to the conic 

is the line kx + Wiy + nιZ = Q∙, to find the equation to the other tangent.

Let + w⅛2y + = 0 be the other tangent, then 

to a constant factor pr^. Assume successively y — Q, z = Q‘, z = Q, x = 0', x = Q, y = 0; 
then we have 

or, as they may be more simply written.

Returning now to the solution of the first problem, I shall for the sake of 
simplicity consider the formulae obtained by taking for the equation of the conic.

We see, therefore, that if this conic be intersected by the line Ix+ my + nz — G io 
the points (λJi, y^, z^) and (x^, y^, ^2), then

www.rcin.org.pl



1 2 9]  A N D  O N  A N  I R R A TI O N A L T R A N S F O R M A TI O N  & C.  1 4 7

W e  h a v e,  i n f a ct, i d e nti c all y

I s h all n o w c o nsi d er I, m,  n  as gi v e n  f u n cti o ns of y- ,̂ z- ^ s atisf yi n g i d e nti c all y t h e 
e q u ati o ns  

e q u ati o ns w hi c h  e x pr ess t h at ⅛  + + =  O is t h e t a n g e nt fr o m t h e p oi nt { x γ, y ,̂  
t o t h e c o ni c a x ^  ÷  h y ^  +  cz ^  =  0. A n d  I s h all t a k e f or α,  β,  > γ t h e f oll o wi n g v al u es,  vi z.

s o t h at a "ι, y ,̂  z ^ ^ c o nti n ui n g  a bs ol ut el y  i n d et er mi n at e, w e  h a v e  i d e nti c all y a x∕  +  β yι +∙ yzi ^  =  ̂ .  
Als o  t a ki n g Θ  as a f u n cti o n of x ,̂ y ,̂ z ,̂ t h e v al u e of w hi c h  will  b e s u bs e q u e ntl y  
gi v e n, I writ e

s o t h at X γ,  y ,̂ z-i ^ a x e ar bitr ar y, a n d x ,̂ y ,̂ z <i ar e t a k e n t o b e d et er mi n at e f u n cti o ns 

of  ̂ ι > 1/ 1 } ∙ S'ι∙ T h e  p oi nt ( x ,̂, y ,̂ z ^ is g e o m etri c all y c o n n e ct e d wit h  t h e p oi nt  { x ,̂ y ,̂ z ^  
as f oll o ws, vi z. ( z C a, y <i, z ^ is t h e p oi nt i n w hi c h  t h e t a n g e nt t hr o u g h { x ,̂ y ,̂ z- ^ t o 
t h e c o ni c a x ^  +  l) y ^ +  cz ^  =  0 m e ets  t h e c o ni c p assi n g t hr o u g h t h e p oi nt { x γ, y ,̂ z ^ a n d  
t h e p oi nts of i nt ers e cti o n of t h e c o ni cs a x ^  +  b y ^  ÷  =  0 a n d x ^  - ∖- y ^ +  z' ^ =  0. C o n ­
s e q u e ntl y, i n t h e p arti c ul ar c as e i n w hi c h  ( x γ, y ,̂ z ^ } is a p oi nt o n t h e c o ni c  
x ^ ^  +  y ^  +  z ^ =  0, t h e p oi nt ( ¾, y ,̂ z ^ is t h e p oi nt i n w hi c h  t his c o ni c is m et  b y t h e 
t a n g e nt t hr o u g h { x ,̂ y ,̂ z ^ t o t h e c o ni c a x ^  +  h y "-  +  cz-  =  0.

It h as alr e a d y b e e n  s e e n t h at l x ^ +  m y ^  +  nzι  =  0 a n d +  β y ^  +  < ^ιz- ^  =  0 i d e nti c all y; 
c o ns e q u e ntl y w e  h a v e i d e nti c all y l x ^ +  m y ^  +  nz ^  =  ̂  a n d a x ^  +  β y ^  +  ηz ^  =  0. T h e  l att er 
e q u ati o n, writt e n  u n d er  t h e f or m

1 9 — 2

w w w.r ci n. or g. pl



1 4 8  O N  T H E  P O RI S M  O F  T H E  T X- A N D- CI R C U M S C RI B E D  T RI A N G L E,  [ 1 2 9

s h o ws t h at if ar e s u c h t h at +  +  +  +  z ,̂ t h e n t h at als o

a x ^  +  ' b y  ̂+  cz ^  =  a x∕  +  b y ^- ∖- I pr o c e e d t o d et er mi n e Θ  s o t h at w e  m a y  h a v e  
^ 2 ®  +  2∕ a ^  ÷  ̂ 2 ®  =  Λ 7 ?  +  y ?  +  W e  o bt ai n  i m m e di at el y 

writ e  f or a m o m e nt  

t h e n 

t h e first li n e of  w hi c h  v a nis h es i n virt u e of  t h e e q u ati o n ⅛  +  m y ^  +  nz ^  =  Q ’, w e  h a v e  
t h er ef or e

H e n c e  r e d u ci n g t h e f u n cti o n o n  t h e ri g ht- h a n d si d e, a n d p utti n g  

w e  h a v e

T h e  v al u e of Θ  mi g ht  pr o b a bl y b e e x pr ess e d i n a m or e  si m pl e f or m b y m e a ns  
of t h e e q u ati o ns l x ^ +  m y ^  +  nz ^  =  0 a n d Z ⅛ c  +  w ⅛ α  +  n ^ a b  =  0, e v e n wit h o ut  s ol vi n g 
t h es e e q u ati o ns; b ut  t his I s h all n ot  at pr es e nt  i n q uir e i nt o.
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Recapitulating, I, n, n are considered as functions of a⅛, determined (to a
common factor by the equations

Θ is determined as above, and then writing 

we have 

and these values give

In connexion with the subject I may add the following transformation, viz. if 

then reciprocally

Suppose 1 + p + p≡ = 0, then 

and in fact

The preceding investigations have been in my possession for about eighteen months.

2 Stone Buildings, April 18, 1855.
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