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341.

ON THE SEXTACTIC POINTS OF A PLANE CURVE.

[From the Philosophical Tramsactions of the Royal Society of London, vol. oLv. (for the
year 1865), pp. 545—578. Received November 5—Read December 22, 1864.]

It is, in my memoir “On the Conic of Five-pointic Contact at any point of a
Plane Curve,” Phil. Trams. vol. cxrix. (1859), pp. 371—400, [261], remarked that as
in a plane curve there are certain singular points, viz. the points of inflexion, where
three consecutive points lie in a line, so there are singular points where six consecutive
points of the curve lie in a conic; and such a singular point is there termed a
“sextactic point.” The memoir in question (here cited as “former memoir”) contains
the theory of the sextactic points of a cubic curve; but it is only recently that
I have succeeded in establishing the theory for a curve of the order m. The result
arrived at is that the number of sextactic points is =m (12m —27), the points in
question being the intersections of the curve m with a curve of the order 12m — 27,
the equation of which is

(12m? — 54m + 57) H Jac. (U, H, Q)
+(m — 2)(12m — 27) H Jac. (U, H, Q)
+ 40 (m — 2)? Jac. (U, H, ¥ )=0,

where U=0 is the equation of the given curve of the order m, H is the Hessian
or determinant formed with the second differential coefficients (a, b, ¢, £, g, k) of U,
and, (%, B, €, §, G, H) being the inverse coefficients (A = be — f2, &c.), then

Q=@ B, 6 §, 6 HYs, 0,, &\ H,
Y= B, 6§ 6 HYH, 3,H, o,Hy;
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and Jac. denotes the Jacobian or functional determinant, viz.
Jac. (U, H, ¥)=| 0,U, 0,U, 0,U

| o.H, o,H, oH

¥, oV, ¥

|
and Jac. (U, H, Q) would of course denote the like derivative of (U, H, Q); the

subscripts (z ) of Q denote restrictions in regard to the differentiation of this
function, viz. treating Q as a function of U and H,

Q= B, € § 6 HYa, ¥V, ¢, f, 2f’, 29, 2F)
if (¢, ¥, ¢, f', ¢, ') are the second differential coefficients of H, then we have
00 =2 (0L bl (=0:0;)
+( U,..0a,..) (=0:09);
viz. in 9,07 we consider as exempt from differentiation (a’, V', ¢, f’, g, &) which

depend upon H, and in 9,027 we consider as exempt from differentiation (U, B, €, §, @, H)
which depend upon U. We have similarly

9,2 =09,05 +9,Q7, and 0,Q =3,07 + 0.0 ;

and in like manner

Jac. (U, H, Q)=Jac. (U, H, Qz)+Jac. (U, H, Q3),
which explains the signification of the notations Jac. (U, H, Qg), Jac. (U, H, Qp).

The condition for a sextactic point is in the first instance obtained in a form
involving the arbitrary coefficients (A, u, v); viz. we have an equation of the order 5
in (A, u, v) and of the order 12m —22 in the coordinates (#, y, 2z). But writing
S =Az+puy + vz, by successive transformations we throw out the factors 92 &, ©, 9,
thus arriving at a result independent of (A, w, v); viz. this is the before-mentioned
equation of the order 12m — 27. The difficulty of the investigation consists in obtaining
the transformations by means of which the equation in its original form is thus
divested of these irrelevant factors.

Articles Nos. 1 to 6.—Investigation of the Condition for a Sextactic Point.

1. Following the course of investigation in my former memoir, I take (X, ¥, Z)
as current coordinates, and I write

T=xYX, ¥, Zy»=0

for the equation of the given curve; (z, y, z) are the coordinates of a particular
point on the given curve, viz. the sextactic point; and U, =(xJz, y, 2)™ is what T
becomes when (z, 7, z) are written in place of (X, ¥, Z): we have thus U=0 as a
condition satisfied by the coordinates of the point in question.
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2. Writing for shortness
DU =(Xo,+ Yo, + Zo,) U,
DU = (X0, + Yo, + Z0,»*U,
and taking II=aX +bY +¢Z=0 for the equation.of an arbitrary line, the equation
DU-TIDU=0

is that of a conic having an ordinary (two-pointic) contact with the curve at the
point (@, y, z); and the coefficients of II are in the former memoir determined so
that the contact may be a five-pointic one; the value obtained for II is

N=3 4 DH + ADT,
where

1

3. This result was obtained by considering the coordinates of a point of the
curve as functions of a single arbitrary parameter, and taking
x4+ da + dPx + tdix + Jde, y+ &c., 2+ &e.

for the coordinates of a point consecutive to (#, y, z); for the present purpose

we
must go a step further, and write for the coordinates

x+de+ ¥ &z + } Pz + 5 diz+ 11 dx,
y+dy+ % Py + 1 Py + 5 dy + i &y,
z+dz+ L dz + L de + & d'z + 135 doa

4. Hence if
0,=dx 0, + dyo,+dz0,, 0,=d»0,+ d*y ay + d?20,, &c.,
we have, in addition to the equations
U=0,

=10
@ + 20,) U =0,
0+ 30,0, + 9;) U =0,
(0,* + 60,%0, + 40,0, + 30 + 9,) U =0,

of my former memoir, the new equation

(9, + 100,20, + 100,20, + 150,0,% + 50,0, + 100.0; + 0;) U =0,

www.rcin.org.pl
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and in addition to the equations, (P =az + by + c2),
- (m-=2)02U+P.402U=0,
— 3 [(m—=1)02+3(m—2)0,0,] U+ P.}(02+ 30,0,) U+0,P.40:2U=0,
— 15 [(m — 1) (0, + 60,%0,) + (m — 2) (40,0; + 30.2)] U
+ P . 3 (0,* + 60,%0, + 40,05 + 30,2) U + 0, P . } (0, + 80,0,) U + $0,P . 402U =0,

giving in the first instance

P=2(m-—2

2U.
P = %aw’

@ +60520) U 02U (as+3a ) U
o

and leading ultimately to the before-mentioned value of II, we have the new equation
—ds [(m—1)(@°+ 100, + 100,%0; + 150,0,%) + (m — 2) (50,0, + 100,9;)] U
+  P.1i5(0°+ 100,%, + 100,%0; + 150,0.* + 50,0, + 100,0;) U
+ oP. ¢ (04 600, + 40.0,+ 39U
+40,P. } (0°+ 300,) U
+30,P. % 02U=0.

5. This may be written in the form

—  2[(m— 1)@+ 100, + 100,29, + 150,0.%) + (m — 2) (50,0, + 100,9,)] U

s 9 -+ 100,50, 4 100,70, + 150,92 + 500, +1000;) U
+ 50.P( O+ 6070,+ 40,0, + 30U

+109,P ( o+ 300) U

+108,P ( 220)=0;

or putting for P its value, =2 (m — 2), the equation becomes

- 2 (0,° + 100,%, + 100,%0; + 150,0.*) U

+ 50,P 0+ 60,0+ 40:0; + 302 ) U

+ 100,P (9, + 30,0,) U

+100,P.02U =0;
or as this may also be written,

2 (0,° + 100,%0, + 100,%0; + 150,0.%) U
+ 50,P.0,U + 100,P . 9,U + 100,P . 0,U = 0.

www.rcin.org.pl
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6. But the equation

i
= EDH+ADU

which is an identity in regard to (X, Y, Z), gives

1
P =350
P =3 L o0H+ AU,
2 H 2
0P =3 2 0l + AB,U;

and substituting these values, the, foregoing equation becomes

2 (8% + 1000, + 10979, + 1509,%) U
+ (50U 0.H +100,U0,H + 100, Us,H) § 7 + A. 200.U8,U = 0;

or putting for A its value, = (= 3QH + 4¥), and multiplying by $H? this is

§H3
9 H2 (0 + 100,%, + 100,%0; + 150,0,*) U
+ 15H (0,U0,H + 20,U0,H + 20,U0,H)

+ 117 (- 3QH +4¥).106,Ud,U = 0,

which is, in its original or unreduced form, the condition for a sextactic point.

Article Nos. 7 and 8.—Notations and Remarks.

7. Writing, as in my former memoir, 4, B, C for the first differential coefficients
of U, we have Bv—Cu, ON—Av, Ap— B\ for the values of da, dy, dz, and instead
of the symbol D used in my former memoir, I use indifferently the original symbol ,,
or write instead thereof 0, to denote the resulting value

0,(=0)=(Bv—Cp) 0+ (CN— Av) 0y + (Ap— BA) 0,,
and I remark here that for any function whatever Q, we have
= 4, B, C |=Jdac (U, % Q)

N e St |
%02, 30, 2,0 |

where S =Mz + uy +vz. 1 write, as in the former memoir,

¢ =(Q[, %, @, %; @, @IK) o) V)z;
5 e 29
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and also

v =(2[) $7 @) %: @, ‘@IX) l"’: Viaz: ay, 82)7

which new symbol V serves to express the functions II, (J, occurring in the former
memoir; viz. we have II=2V®, =2V H, so that the symbols II, (0 are not any
longer required.

8. I remark that the symbols 9, ¥V are each of them a linear function of
(0g, 0y, 0,), with coefficients which are functions of the variables (z, y, 2), and this
being so, that for any function II whatever, we have

3(VI)=(.V) I +0VII,

viz. in 0(VII) we operate with V on II, thereby obtaining VII, and then with 9 on
VII; in 0.V)II we operate with 9 upon V in so far as V 1is a function of
(z, vy, z), thus obtaining a new operating symbol 0.V, a linear function of (9, dy, 0.),
and then operate with 9.V upon II; and lastly, in 9VII, we simply multiply
together & and V, thus obtaining a new operating symbol 9V of the form (9., 9y, 0.)%
and then operate therewith on II; it is clear that, as regards the last-mentioned

mode of combination, the symbols 9 and V are convertible, or 9V = V9, that is,
oV II = VoIl

It is to be observed throughout the memoir that the point (.) is used (as above
in 6.V) when an operation is performed upon a symbol of operation as operand; the
mere apposition of two or more symbols of operation (as above in 9V) denotes that
the symbols of operation are simply multiplied together; and when 9V is followed by
a letter II denoting not a symbol of operation, but a mere function of the coordinates,
that is in an expression such as OVII, the resulting operation 9V is performed
upon II as operand; if instead of the single letter II we have a compound symbol
suich as HU or HVY, so that the expression is 0HU, 0HVS, oVHU or dVHVY,
then it is to be understood that it is merely the immediately following function H
which is operated upon by 9 or 9V ; in the few instances where any ambiguity
might arise a special explanation is given.

Article Nos. 9 to 11.—Furst transformation.

9. We have, assuming always U=0, the following formule (see post, Article
Nos. 31 to 33):

(0,° + 10,%0, + 100,%0; + 150,0,*) U

9 e
- (7— 1)4 {(27m3 —96m + 81) Hod + (177)?.‘ —56m + 51) <I>E)H}
3,3
=y (CWm = 22)@.V)H —(10m -18)9V H)
St}
+ gy (90
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0,Uo.H + 20,U0,H + 20,U0,H

52
= =Ty (- 6m* +18m — 12) HOP + (= 17m* + 60m — 55) HPOD)
NS
-1y (Cm=DHEV)H  +(8m—16)2HV H)
34
+ G =1y - P08},
SA

10. And by means of these the condition becomes

S H*

el ey {(153m2 — 594m + 549) HOD + (— 102m? + 396m + 366) Do H)
YH
D s T {(—96m +168) H (3.V) H + (— 90m + 162) HoV H + (120m — 240) 0HV H}
o 9’_ Ty {(9H2Q — 45HOOH + 40VoH],

being, as already remarked, of the degree 5 in the arbitrary coefficients A\ m, v), and
of the order 12m — 22 in the coordinates (z, ¥, 2).

11. But throwing out the factor %, and observing that in the first line the
quadric functions of m are each a numerical multiple of 51m®—198m + 183, the
condition becomes

0= (51m? — 198m + 183) H* (3Ho® — 200 H)
+S {(—96m+168) H*(2.Y) H + (- 90m + 162) HDV H + (120m — 240) aHV H)
+92 (9 HDQ — 45 HQOH + 40Wo H).

Article Nos. 12 and 13.—Second transformation.
12. We effect this by means of the formula
(m —2) BHID® — 200H) = —S Jac. (U, ®, H), @) ()

for substituting this value of (3Ho® —2dP9H) the equation becomes divisible by %
and dividing out accordingly, the condition becomes

M dsese btk B R

+ (—96m + 168) H* 2.V ) H +(— 90m + 162) H-9V H + (120m — 240) HOHV H
+S (9HDQ — 45 HOOH + 40Wo H ) = 0.

(J) here and elsewhere refers to the Jacobian Formula, see post, Article Nos. 34 and 35.

29—2
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13. We have (see post, Article Nos. 36 to 40)
Jac. (U, ®, H)=—-(0.V)H;
and introducing also 8. VH in place of 9V H by means of the formula
oVH=09(VH)- (3.V)H,

the condition becomes

{51m’ —;{8? +183 _ (6m — 6)} H:(0.V)H

+ (= 90m + 162) H9 (V H) +120 (m—2) HOHV H
+S (9 H?DQ — 45 HOOH + 40VaH) =0,

or, as this may be written,
(45m* —180m + 171) H*(0.V ) H
+ (= 90m + 162) (m — 2) H0(V H) + 120 (m— 2)* HOHV H
+(m —2)Y (9H*Q — 45HQ0H + 40VoH) = 0.

Article Nos. 14 to 17.—Third transformation.

14. We have the following formule,
S Jac. (U, VH, H) — (3m —=11)0HV H + (3m—6) Ho(VH) =0, )
S Jac. (U, V, HYH—(2m— 4)0HVH+Bm—-6)H (3.V)H=0, )

in the latter of which, treating V as a function of the coordinates, we first form the
symbol Jac. (U, V, H), and then operating therewith on H, we have Jac. (U, V, H)H;

these give

Ha(VH)=5ﬁ;_12l)aHVH—3 Jac. (U, VH, H),

Sk T
3(m (m—2)

‘ N
H@.V)H= BHVH 5= Joe. (U, V , H)H;

and substituting these values, the resulting coefficient of HOHV H is
(45m* — 180m + 171) %

+ (- 90m + 162) 5’-’-‘7;11-
+ 120 (m — 2)%

which is = 0.

www.rcin.org.pl
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15. Hence the condition will contain the factor %, and throwing out this, and

also the constant factor it becomes

w2
(—15m*+ 60m — 57) H Jac. (U, V , HYH

+ (30m — 54)(m —2) H Jac. (U, VH, H)

+ (m — 2)* (9H0Q — 45 HQOH + 40VoH) = 0.

16. We have
0, (VH)=(0,.V)H +0,VH,

viz. in (0,.V)H, treating V as a function of (2, y, 2) we operate upon it with 9,
to obtain the new symbol 0,.V, and with this we operate on H; in 9,V we simply
multiply together the symbols 9, and V, giving a new symbol of the form (d,? 0,0, 0,0.)
which then operates on H. We have the like values of 9,(VH) and 9,(V H); and
thence also

Jac. (U, VH, Hy=Jac. (U, V, H) H+Jac. (U, VH, H),

viz. in the determinant Jac. (U, V, H) the second line corresponding to V is 9,.V,
0y.V, 9,.V (V being the operand); and the Jacobian thus obtained is a  symbol

which operates on H giving Jac. (U, V, H) H; and in the determinant Jac. (U, V H, H)
the second line is 0,V H, 9,VH, 0,VH (V being simply multiplied by 9., 9,, 9, respec-
tively).

17. Substituting, the condition becomes
(= 15m?+ 60m — 57) H Jac. (U, V, H) H
+ (30m — 54) (m — 2) {H Jac. (U, V, H) H+Jac. (U, VH, H)}
+ (m — 2) {9H*0Q — 54HQ0H + 40VoH | = 0,
or, what is the same thing,
(15m*— 54m + 51)H Jac. (U, V , H)H
+(30m — 54) (m— 2) H Jac. (U, VH, H)
+ (m —2)* (9 H0Q — 45HQ0H + 40VoH} = 0.

Article Nos. 18 to 27.—Fourth transformation, and final form of the condition jor a
Sextactic Point.

18. I write

(3m —12) QoH — (3m — 6) HoQ =% Jac. (U, Q, H) (J)
QoH + HoQ = 0 (QH),
and, introducing for convenience the new symbol W,
- 500H + HeQ = -W,
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so that
5m—12, —Bm—6), YJac. (U, Q, H) |=0,
1 3 1 > a.QH
-5, T 8,0 0

or, what is the same thing,
(8m —18) W+ 60 Jac. (U, Q, H)+(10m —18)0 (QH) =0,
we have

-3 dm—9
W=HBQ—5QBH=~4%—:9§Jac. U,y H)—4m 96(QH).

19. We have also

(8m — 18) YoH — (3m — 6) HoW — % Jac. (U, ¥, H)=0, ©))]
that is 4
e §(m—2)
YoH = %l_gSJac. (U, ¥, H)+ i Hov,
and thence

9HW + 40V0oH = 9H*Q) — 45HO0H + 40Vo H,

_ 9(5m—9) 60 (m — 2)
== 2P0 Hy (QH) +— T How

+4—”f’_-§ (— 27H Jac. (U, Q, H) + 40 Jac. (U, ¥, H)).

20. The condition thus becomes
(15m2 — 54m + 51) (4m —9) HJac. (U, V , H)H
+6(Bm—9)(m—2) (4m—9)H Jac. (U, VH, H)
+3(m—2){-3(5m—9)(m—2) Ho(QH) + 20 (m — 2)* HOV}
+ (m—2)%{—27TH Jac. (U, Q, H) + 40 Jac. (U, ¥, H)} =0,
which for shortness I represent by
SHII + (m — 2y {—27TH Jac. (U, Q, H) +40Jac. (U, ¥, H)} =0,
so that we have
M= (bm*—18m+17) (4m—9)Jac.(U, V , H)H
+ 2(5m —9) (m —2) (4m — 9) Jac. (U, VH, H)
+ (m=2){=3(5m—9)(m—2)0 (QH)+ 20 (m—2)*0V}.
21. Write :
w=%,9%9,C F &, H$74, B, Op
where (4, B, ) are as before the differential coefficients of U, and (a/, ¥, ¢, fLg, r)

being the second differential coefficients of H, (A, ¥, €, §F, &, &) are the inverse
coefficients, viz.,, A =b'c’—f? &e. We have

— (m =10V, = (3m — 6) (3m—T)0 (UH) — (3m — T)*0W¥ (see post, Nos. 41 to 46),
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that is
(@ - 6) 2 (VTS B ‘)a\y—(%—ll o,
and thence
= (5m*—18m + 17) (4m — 9) Jac. (U, V , H)H
+2(Bm—9) (m-2) (4m—9) Jac. (U, VH, H)
+ (m-—2) {(5m2— 18m + 17)a~1f+(m‘§)2 @10 ax‘pl} .
m— T
22. Now

v=(A B, 6§ G Hy4, B, Cp, ¥, =W, B, C, ¥, &, H44, B, Oy,
and writing for shortness
EY =0U,. 34, B, Oy, F¥ =,..34', B, 5o, 0¥, oF'),
Ev,=0%,. 34, B, ¢y, F¥,=..34, B, CJo¥, 0B, 9C€),

(we might, in a notation above explained, write BV =0oW¥y, FW¥ =10¥- and in like
manner BV, =0V, Py, =310V,3), then we have

oV = £V + 2FY, oV, = KV, 4 2FV,.

We have moreover

¥t A | A\
Joc. (U, VH, H) =-"—E¥, | post, Nos. 47 to 50,
Jaci (U eVt ) H = —E\II,J post, Nos. 51 to 53.

23! The just-mentioned formula give

I=-— (5m*—18m+17)(4m — 9) E¥Y

—2(5m—9)(m—2)(4m—9)%}1,7

+ (m—2) (5m*—18m + 17) (BE¥ + 2FW)
(5m —9)(m—1)

By,

=2 Bv,+ 2Py,

3m — 17
that 1s
MD=— @Bm-—T7)(5m*-18m+ 17) Ev
+2( m—2)(5m? — 18m + 17) Py
(5bm —9)(m — 1)* (m — 2)
3m—1T ol
_2(m—=1)(m—2)(3m — 8) (5m —9)

3m—T %
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or, as this may also be written,

Bm—TI=—(5m*—18m+17) {—2(m—1)( m—2)F¥, +Bm—=TPE |
—(5m=9)(m=2) { (m=1)(3m—8)F¥,+(3m—"T)(8m —8)F¥ —( m—1) EV]
+(25m*~103m+106)(m~ 2){ —( m—=1)FV¥, + Bm -T)F¥ 1.

24. But recollecting that

Q= B, € §, 6 HU, 9y, 0.0 H

= B, 6§ 6, HYa, b, ¢, 2f', 29, 2k),
and putting
EQ=@0Y,..38 a,...) (=0Qg),

FY = (N, 00 40 (=0Qp),
we have, post, Nos. 41 to 46,

—2(m—1)(m—2) F¥, +Bm—TPEYV,=3m—6)(3m-T7)HEQ,
(m—=1)Bm—8)F¥,+(Bm—-T)B3m —8) F¥V —( m—1)EV,=3m—6)(3m —T7) HFQ,
—(m—=1)F¥,+ Bm—-T)FV¥ — = (B3m —7)Q0H,

and the foregoing equation becomes
Bm—=T)II =—- (5m*—18m + 17) (3m — 6) (3m —-T7) HEQ
—(B5m — 9)(m—2) (3m — 6) 3m —7) HFQ
+(m — 2)(25m*—103m — 106) (3m — 7) QoH.
25. But we have

S Jac. (U, H, Qp)— (83m — 6) HEQ + (2m — 4) QoH =0, )

Y Jac. (U, H, Qp)— (8m — 6) HFQ + (3m — 6) Q0H = 0, )
that is

3(m—2) HEQ =2 (m — 2) Q0H + Jac. (U, H, Qz),

3(m—2) HFQ = (3m — 8) QoH + Y Jac. (U, H, Qp),
and we thus obtain
I=—(5m*—18m+17) {2 (m — 2) QOH + Y Jac. (U, H, Q)
=( 5m —9)(m—2) {(3m —8) QH + Y Jac. (U, H, Qz)}
+ (25m* —103m + 106) (m — 2) Qo H,

where the coefficient of (m—2)Q0H is

= (10m* — 36m + 34)
—(5m — 9) (3m — 8)
+ (25m* — 103m + 106),
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which is =0. Hence
II=—(5m*—18m + 17) Y Jac. (U, H, Qz)
—(5m —9)(m —2) ¥ Jac. (U, H, Qp).
26. Substituting this in the equation
3HII + (m —2)* {— 27H Jac. (U, Q, H) + 40 Jac. (U, ¥, H)} =0,
the result contains the factor %, and, throwing this out, the condition is
3H (—(5m*—18m +17) Jac. (U, H, Qg) — (5m —9)(m —2) Jac. (U, H, Qz)}
+(m—2)*{27TH Jac. (U, H, Q)— 40 Jac. (U, H, ¥)} =0,
or, as this may also be written,
— (15m? — 54m + 51) H Jac. (U, H, Qn) — 8 (5m —9) (m —2) H Jac. (U, H, Q)
+ 27 (m — 2)? {H Jac. (U, H, Qz) + H Jac. (U, H, Q3)}
— 40 (m —2) Jac, (UL THEE =0
27. Hence the condition finally is
(12m? — 54m + 57) H Jac. (U, H, Qz)+ (m —2)(12m - 27) H Jac. (U, H, Qp) -
V — 40 (m — 2)? Jac. v =0,
or, as this may also be written,
—3(m—1)H Jac. (U, H, Qz)+(m—2) (12m—27) H Jac. (U, H, Q)
— 40 (m — 2)* Jac. (U, H, ¥)=0,

viz. the sextactic points are the intersections of the curve m with the curve represented
by this equation; and observing that U, H, HQ and ¥ are of the orders m, 3m — 6,
8m — 18 respectively, the order of the curve is as above mentioned = 12m — 27.

Article Nos. 28 to 30.—Application to a Cubic.

28. I have in my former memoir, No. 30, shown that for a cubic curve
QX B, 6§ G, HU0s, 0y, 0, H=—28.U=0;

this implies Jac. (U, H, ) =0, and hence if one of the two Jacobians, Jac. (U, H, Quv),
Jac. (U, H, Qz) vanish, the other will also vanish. Now, using the canonical form

U=a2*+y*+2° + 6layz,

we have
0=(3,. .44, ...)
=(yz—02?, 22— Py, ay—0U22, Pyz—la®, Pow—ly , Pay-—12)
( =3l — 3ly, =382, 1+2B)2, (1+2P)y, (1+2B)z),
W 30

WwWw.rcin.org.pl
9.1



234 ON THE SEXTACTIC POINTS OF A PLANE CURVE. [341

the development of which in fact gives the last-mentioned result. But applying this
formula to the calculation of Jac. (U, H, Qp), then disregarding numerical factors, we
have

0.Qp = (yz —P2?,.,. Pyz = la? ., . Q-3 0, 0, (1+28), 0, 0)
=— 3 (yz — Bx?)
+ (1 4+ 2B) (Pyz — l2?)
= (=14 V) (22 + 2ly2), =80,U;
and in like manner 9,Qy=89,U, 0,Q5=80.U, and therefore
Jac. (U, H, Qz)=8 Jac. (U, H, U)=0,
whence also
Jac. (U, H, Qz)=0;
and the condition for a sextactic point assumes the more simple form,

Jac. (U, H, ¥)=0.

29. Now (former memoir, No. 32) we have
v= B, 6 § G HY0,H, o,H, 0,H)y
= (1+8pp (Y’ + 2°0* + a*y*)
+ (= 9l%) @+ 3+ 2y
+(— 20— 50— 200") (2 + y* + 2°) wyz
+ (— 1502 — 780 + 128) a*y*2?,

or observing that 2°+ y*+2* and xyz, and therefore the last three lines of the expression

of W are functions of U(=a*+y*+2° + 6layz) and H (= —P(2* + y* + 2°) + (1 + 20%) wy2),
and consequently give rise to the term =0 in Jac. (U, H, ¥), we may write

W = (1+ 8P (y°2* + 2°%* + &*y°).
30. We have then, disregarding a constant factor,
Jac. (U, H, ¥)=Jac. (&*+y* + 2%, wyz, y*2*+ 2% + 2*p°),
i A » ¥ st ,
yz , & , @y
2y+2), yP@E+a2) 22@+y)
=08 (= 29 + P (2 — ) + 2 (2 — ),

=y’ =2) (=) (a*—y),
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so that the sextactic points are the intersections of the curve
U=2*+1y*+2*+ 6layz=0,
(¥ —2)(#—a)) (@ —y°) =0.

with the curve

Article Nos. 31 to 33.—Proof of identities for the first transformation.
31. Calculation of (9,°+ 100,%, + 100,%; + 159,0,%) U.

Writing @ in place of D, we have (former memoir, No. 20)

(@ + 639, U= (mi_jﬁg (— 20,H ~H + ks 6 Hd— _?il v H) :
But
e o’
Dbt gy v sy
m—1 m—1 former memoir,
= _(Bm—6)(3m—T) _ 6m—14 . ot Nos. 21 and 22;
o -SRIV e TR oSS VH 0,

and thence

2

eI U= & o Ty (18 = 66m.+60) HO

3
+(—m—§1)~4(—-10m+18)VH

SA
N = 17 (Q);
whence operating on each side with 9,, =9, we have
2
(0:° + 100,%, + 60,%0; + 120,0:*) U = (—mi}—-l)‘ (18m* — 66m + 60) (Ho® + PoH)
+ l)‘( 10m+18){(@. V) H + 9V H)
g4
s (7n_—i5‘ 0Q.
We have besides (see Appendix, Nos. 69 to 74),
2
R 2 =1y (B — 6) HO® + (— m+ 3) @0 )
53
+(7n—_1)3’ (= (©@.V)H]},
S‘.‘

30—2
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and thence

Y2

(4’81283 + 38]822) U= ( 1)3

{(90m — 21) HO® + (— m + 9) DoH]}

N

+( 1)3{ 4‘(aV)H},

and adding this to the foregoing expression for (3,°+ 109,%,+ 63,%; + 120,0.%) U,
we have

(al + 103133g + 1031233 + 15318 ) U—

ﬁ ((27m# — 96m + 81) Hod + (17mi— 56m+ 51) D0 H}
+m S"l)‘ (= 14m+22)(3. V) H + (- 10m +18)2V . H}
¥
32. Calculation of
0,Uo.H + 20,U0,H + 20,U0,H.
We have

U= (——), wHveH- 1 Ao B vl am-om,
aaU:(m——l)’ BH, ‘ B,H=3,H,

S,ﬁ
U=y dH =1 (~3m+6)2b—®H + > (0. V)H,

for which values see Appendix, No. 58. And hence the expression sought for is

92

= ooy [(n =D G0 + 1) - 0 — 359 1) o1t

+2(m—1)0Ho,H

+2H ((— 3m + 6) Ho® — DOH + Y (a.V)H)} ,
which is

(ms il Bm-DoHAH

+ (m—1)0H*H
+ (= 6m+12) H® — 3HDIH)
S.’l

* =Ty |

(2H (3.V) H — 30HV H).
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But we have, former memoir, Nos. 21 and 25,

L s L
(Bm —6)(3m —17) 6m — 14 Sy
V2 e i G B NG e T o o, drish i St ce i ilre plt ek B
*H = (m—1) H‘I)+(m_1) SN (m_1)2Q,
so that the foregoing expression becomes
e @%s (— (8m — 16) HOH + §5HV H

B O Om o el S M S o gopr
m—1 m—1 m—1

b SHPIH — (6m — 12) Hd)
e
or finally
84 U81H+ 233U32H aH 282U83H ==

(;ni’_zﬁ {(— 6m? + 18m — 12) H9® + (— 17m? + 60m — 55) HDOH}
93

Gn =1 {

I vl

(m—1)

+ @m—2)H@®.V)H+(8m - 16)0HV H)

i {— QaH].

33. Calculation of 9,Uo,U.

This is
g4

T (m—1y

HoH.

Article Nos. 34 and 35.—The Jacobian Formula.

34. In general, if P, @, R, S be functions of the degrees p, ¢, r, s respectively,
we have identically
pP: QQ; TR) SS i 07

0P, 0.Q, 0:R, 0.8
WP, 0Q oR, 0,8
Ll 8¢, Gt 88 |

or, what is the same thing,

pP Jac. (@, R, S)—qQ Jac. (R, S, P)+rR Jac. (S, P, Q)-sS Jac. (P, @, R)=0.
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Hence in particular if P= U, and assuming U=0, we have
—qQ Jac. (R, S, U)+rR Jac. (S, U, Q)—sS Jac.(U, @, R)=0.
If moreover @=19, and therefore ¢ =1, we have

-Y Jac. (R, S, U)+rRJac. (S, U, ¥)—s8 Jac. (U, Y, R)=0;

or, as this may also be written,

- Jac. (U, R, S)+rR Jac. (U, Y, S)—sSJac. (U, Y, R)=0;
that is

- Jac. (U, R, S)+rRoS—sSo R=0.

35. Particular cases are

(2m — 4) DPoH — (3m — 6) Hod =% Jac. (U, @ , H), ante, No. 12,
(5m —11) VHoH — (3m — 6) Ho (VH) =% Jac. (U, VH, H), 3 14,
2m— 4)V:0H—-B3m—-6)Ho.V =%Jac. (U, V , H), - i

(5m —12) Q0H — (3m — 6) HoQ =S dac (U, QL H), o 18,
(8m —18) YoH — (3m — 6) HoW =S Jaci ol "V, H; ,, 19,
2m— 4) Q0H—-3m—6)HEQ =% Jac. (U, Qz, H), 3 25,
Bm— 8) QH-3m-6)HFQ =% Jac. (U, Qz, H), 5 o

where it is to be observed that in the third of these formule I have, in accordance
with the notation before employed, written 9.V to denote the result of the operation
o performed on V as operand. I have also written V :9H to show that the operation
V is not to be performed on the following 9H as an operand, but that it remains
as an unperformed operation. As regards the last two equations, it is to be remarked
that the demonstration in the last preceding number depends merely on the homo-
geneity of the functions, and the orders of these functions: in the former of the two
formule, the differentiation of  is performed upon Q in regard to the coordinates
(z, y, z) in so far only as they enter through U, and Q is therefore to be regarded
as a function of the order 2m —4; in the latter of the two formule the differentiation
is to be performed in regard to the coordinates in so far only as they enter through
H, and Q is therefore to be regarded as a function of the order 3m —8. The two

formulze might also be written
(2m— 4) Q9H — (3m —6) HoQz =" Jac. (U, Qg H),
(3m — 8)QoH — (3m—6) HoQz="% Jac. (U, Q3 H);
and it may be noticed that, adding these together, we obtain the foregoing formula,

(5m —12) QoH — (3m — 6) HoQ =% Jac. (U, Q, H).
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Article Nos. 36 to 40.—Proof of equation (3.V)H = Jac. (U, H, ®),

used in the second transformation.
36. We have

V = (2[) . -i)"’ /l', Viam ay» az)
= (%o, + Ho, + &0,, HI, + Bo, + Fo,, &, + Fo, + Co, Y\, u, v).

Also
0= (Bv—Cu)d,+(Cr— Av) 9, + (Ap — BN) 0,
=AP + uQ +vR, !
if for a moment P, @, R=Co,— Bo,, 49, - Co,, Bo,— 49,
Hence

0.V =(Pr+ Qu+ Rv). (A0, +Ho, + &0, Ho,+ B, + Fo,, &, + Fo, + G, YN, w, v),
viz. coefficient of A?
= P9, + PHo, + P&o,,

and so for the other terms; whence also in (9. V) H the coefficients of A2, &c. are

(PUo, + P$Hd, + POD,) H, &e.

37. Again, in Jac. (U, H, ®), where ®=(, B, €, § &, HYA, u, v)* the coefficients
of A2, &c. are Jac. (U, H, ), &c.; and hence the assumed equation
@.V)H=Jdac. (U, H, ®),
in regard to the term in A% is

(PO, + PHO, + PEo,) H =Jac. (U, H, ),
and we have
Jac. (U, H, M= A5 B )4 A
doH o H, o H
D Oy TD;

— [0, H (C3, — Ba,) + 8, H (A2, — 09,) + 3,H (Bd, — 43,)] ¥,
= @.H.P+3,H.Q+0.H.R)U;

so that the equation is
PAo,H + P$Ho,H + PEo H,

= Po.H + QAo,H + RA?H,
or, as this may be written,
[(Bo,— C9,) H — (Co, — Ad;) Ao, H
+ [(Bd, — C9,) & — (40, — Bd,) A)0.H = 0.
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38. The coefficient of 9, H is
= A3, + Bo,H—C (3,A +0,9),
which, in virtue of the identity, post, No. 40, 0,2 + 9,9 + 0,8 =0,
is
= A2, A+ Bo,H + 00,8 ;
and in like manner the coefficient of 9,H is

=— (49,2 + Bo,H + 9,®),
so that the equation is
(40U + Bo,H + C0.®) 0, H — (A9, + Bo,H + 09,8) 0,H = 0.
39. But we have
e +H2 +6G9 =4H,
A +H +6Gf =0,
Ay +Hf +G =0,
or multiplying by z, y, z and adding,
(m-1)AA + HB +G0) =azH;

whence also

(m—1)(Uh  + Hb + Gc+ 49,% + Bo,$ + 00,8) = a9, H,

that is
(m —1) (40,2 + Bo,§ + 09,®) = x2, H ;

and in like manner

(ni — 1) (A2, + B3,$ + 03, ®) = ad,H,

whence the equation in question. The terms in A* are thus shown to be equal, and
it might in a similar manner be shown that the terms in wv are equal; the other
terms will then be equal, and we have therefore

(@.V)H =Jac. (U, H, ®).

40. The identity
A  +0,H +0,8 =0
assumed in the course of the foregoing proof is easily proved. We have in fact
02U + 0,9 + 0.8 =0, (be — f*) + 0, (fy — ch) + 8, (fh— bg)
= b (020 —029) + ¢ (0:b — 0yh) + f (— 20,1 + Dyg + :0) + g 0y f — 0D) + h (= dye + 8. 1),
where the coefficients of b, ¢, £, g, h separately vanish: we have of course the system
A  +0,H +2,6 =0,
H +0,B +9.F§ =0,
% +9,5 +06 =0.
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Article Nos. 41 to 46.—Proof of identities for the fourth transformation.

41. Consider the coefficients (a, b, ¢, f, g, k) and the inverse set (U, B, €, §, G, H),
and the coefficients (a/, ¥, ¢, f', ¢/, /), and the inverse set (A, B, €, F, &, H’); then
we have identically

(@,. 3z 9, 22 A, . Ja,..) -, . Jaz +hy +9gz,..)»
=, .z ¥y, 22U, .. Ja',.)— (A, . Jaz+ y+9z..)0
where (U, ..Ja,..) and (%, ..Ja’,..) stand for
o, ¥, ¢, ¥ &, $Ya, b, ¢, 2f, 29, 2h)
and
"A,9B,.€,5,0, Ha, b, ¢, 2, 29, 2k)

respectively.

42. Taking (@, b, ¢, f, ¢, k), the second differential coefficients of a function U
of the grder m, and in like manner (a/, ¥, ¢, f’, ¢, /'), the second differential coefficients
of a function U’ of the order m/, we have

m(m —-1)U .%,. 90, 0y, 0.2 U —(m —1¢A,..Qo,U, 9,U, 2,U )2
=m'(m'=1)U.(A,.. [0 0, 0, U —(m'=1)*,..30,U, 0,U, 2,U');
and in particular if U’ be the Hessian of U, then m'=3m — 6.

43. Hence writing
O =(U,..00:0,0H Y=(U,.00H o0H, oH);
Q,=@W,. Y0 05 0.0 U, ¥,=@,.Y0.U, o,U, o, Up

we have
m(@m—1)UQ—(m—1p¥,=Bm—6)Bm—-T)HQ—-B3m—T)V¥;

or if U=0, then
—(m=1p¥,=Bm—6)Bm—-T)HQ —Bm =TV,

whence also
—(m —=1)*0¥,=(8m —6) (3m — 7) (HoQ + QoH) — (3m — T)* 0V,

which is the formula, ante No. 21.

44. Recurring to the original formula, since this is an actual identity, we may
operate on it with the differential symbol @ on the three assumptions:

1. (@,b,¢,f,9,h), A, B, E, F, G, ) are alone variable.
2 (@, b,¢,f,9,), W, % CE §F ¢ §) are alone variable.

3. («, y, z) are alone variable.
s 0 |

www.rcin.org.pl



242 ON THE SEXTACTIC POINTS OF A PLANE CURVE. [341

We thus obtain

©a, ..Qz, y, 2 (A, ..Qa,..) = - (d, .., y, 20 @Y, .0a,..)
+ (@ .3, y, 22 (¥, .. Yoa,..) — U, . Qs+ 'y +g'z, .. ),
—2(W,..Yax+hy + gz, .. Jxda + yob + zdc, . .)

(@, .82, y, 2@, ..Qa,..) = (da), ..Uz 9 2@, .Qd,..)
- %, . Qaz+hy+ gz, ..) + (@,. Q=2 ¥y, 22 J,. .]{éa’ .b.)

—-2,.. Qa'z+ Ky+9g'2,..Qada’ +yoh' + 209, ..),
2(a,..Jz, y, 280z, 0y, 92) (A, . .Ja,..) = 2(a,..Q=, y, 2902, 0y, 02)(Y, .. Q4 ..)

-2, Yoz +hy + gz, .Yadz + hdy + gdz, .) -2, Yo'z +h'y+9g'z..Qaox+koy+90z,..).

45. If in these equations respectively we suppose as before that (@, b, c, f, g, h)
are the second differential coefficients of a function U of the order m, and (¢, ¥, ¢, f', ', ¥')
the second differential coefficients of a function U’ of the order m’; and that (4, B, C),
(4, B, (") are the first differential coefficients of these functions respectively, then
after some easy reductions we have

(m—1) (m—2)aU (¥, . Xa,..) = w'( =1) U @Y. 5, ..)
+m((m—-1) U, . .Joa,..) —(m' =12 @%,..54’, B, '),
—2(m—1)(m—-2)(A,.. Y4, B,C§04,0B,0C)
m(m—1)U@4',. a,..) = (m'-1)(m'-2)oU ¥, ..Qa,..)
—(m—1y @4, .4, B, Cy + (' =1) U (%, ..0d, ..)
—2(m'—1)(m'-2)(A,.. x4’ B, "J04",0B,0C")
2(m—-1)oU ¥, ..Ya, ..) = 2(m'-1)U’ (¥, ..3¢a,..)
—2(m—-1)(A, .54, B, CJ04, 0B, o0) —-2(m' -1)(¥,..34', B, ¢'Jo4’, 9B, oF),

equations which may be verified by remarking that their sum is
m(m—1) U, ..Ja,.)+ U[¥, ..J0a, ..)+ @, ..Qa,..)]}
—(m=1p2%,. Y4, B, Cp+U,..q4, B, CFo4, 9B, o0)}=m'(m'—1) &ec.,
viz,, this is the derivative with 0 of the equation
mm—-1) U@, . Ja,.)—(m—=17(4",.. 54, B, Cp=m'(m'—1) &c.

46. Taking now U’ =H, and therefore m'=3m —6; putting also U=0, aU=0,
and writing as before

EY =(%,. 34, B, ¢y,
PY =(%,.34', B, C'§o4’, eB, oC),
EV,=(@%,.Y4, B, Oy,

F¥, =(%,.YA4, B, CfoA, aB, a0),
EQ =@%,.3d,..),

FQ =(9,.%0d,..),
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then the three equations are

—2(m—=1)(m —2) Fy, = Bm—6)(Bm —T7) HEQ — (3m — T} BV,
—(m =12 E¥Y = Bm —1T)(8m —8) QoH

+ (Bm—6)(Bm—"T)HFQ—2Bm~—T)(3m—8)FY,
—2(m—1) FY, = 2Bm—-"T)QH—-2(3m—"T) F¥,

whence, adding, we have

— (m=1)P(EY,+2F¥,)=—3m - 7} (EV + 2F7¥)
+(3m —6)(Bm —1T7) {Q0H + H (EQ + FQ)},
(that is

— (m=1)0¥, =—Bm -T2V +Bm—-6)Bm—"T7)0.QH,
which is right). ’

And by linearly combining the three equations, we deduce

Bm—6)(3m—T) HEQ =—2(m —1)( m —2) F¥, +Bm - T)EY,
Bm—-7)QH =— (m-—1) FY, +Bm—-T) e, ‘
Bm—6)(3m—T)HFQ = (m—=1)(3m —8) F¥,+ (Bm —7) (3m — 8) F¥ — (m -1 EV,,

which are the formulee, ante, No. 24.

Article Nos. 47 to 50.—Proof of an identity used in the fourth transformation, viz.,

Jac. (U, V H, H)=-§%:_—17ml,
or say '
Jee. (U, H, VH)= "% (O, 34, B, 0%a4, 3B, a0).
47. We have

Vv = (2[, O\, pu, vQ0s, Oy, 0;)
=((Q[’ ‘@’ @IX’ /“) V)s (‘5:3) $: %sz) Mo V)! (@, %’ 63{7\: s V)§az’ ay’ az)y

or, attending to the effect of the bar as denoting the exemption of the (2,..) from
differentiation,

Jac. (U, H, VH)= U, $, GY\, p, v) Jac. (U, H, 9.H)
+ (D, B, F I\, w, v) Jac. (U, H, 9,H)

+(®, §, GO\, w, v) Jac. (U, H, 0.H).
31—2
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48. Now
Fan (G B oullh e :%‘1-_6 Jac. (U, adpH + yo,H + 20,H, 3,H),

and the last-mentioned Jacobian is
=0.H Jac. (U, z, 0,H)+0,H Jac. (U, y, 0,H)+0,H Jac. (U, 2, 9,H)
+y Jac. (U, o,H, 9,H)+z Jac. (U, 0,H, 9,H), ‘
where the second line is
=—yJac. (U, 0,H, 0,H) + z Jac. (U, 9,H, 0,H),
or writing (4’, B, (") for the first differential coefficients and (o, ¥, ¢, f’, g, &) for
the second differential coefficients of H, this is
=—y | 4y B, C|+s|4, B C
a, K, g - PH PR
N A i bl s
=—y((®, §, €Y4, B, C)+2(9, B, FY4, B, O).
The first line is
= A BSiE
AS B¢
il g
= ABg-Cu)y+B(Cd —-A9g)+C(A'K - Ba),
or reducing by the formule,
Bm=T)(4', B, C)=(@z+NWy+g'z Ke+Vy+fz ga+fy+c2),
this is
3m—17

=5 Y (@, F, €74, B, 0)+2(8, ¥, §Y4, B, 0}

— ! A~ Oy+ 9o+ B Fy+ D)+ O (- Cy+§2)

Hence we have

1 l ’ / ’ / ’ /
Jac. (U, H, o) = g (14 5o ) (- 9(®, 8, G4, B, 0)+2(§, B, § 14, B, )
s (-y(®, ¥, CL4, B, C)+2(§), ¥, # 14, B, 0);
and in like manner
Jne. (U, H, 3, H)=5 > (-2 @0, §,O'L4, B, O)+2(®, ¥, CT4, B, 0,
Jac. (U, H, 0.H) = 5 (~a(®, B, § U4, B, C)+ y (X, & &Y4, B, O)).
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49. We thence have
Foc. (U, B, Tiyas Lt (Q‘ H, G 1), (9,8, T\ u ), (®,F, CHA 4 )|,
"|@, &, ®74,B,0), (9, B, §14, B, 0), (¥, ¥, €74, B, 0)
z P Yy ’ 2,

or multiplying the two sides by

H, =|a b g|,
h, b, f
9, %0
the right-hand side is
z 1 HX -5 Hu, i, Hy

(m—1)4, (m—-1)B, (m-1)C,
which Vis

2

14
3m—17 X, Y, VA
4, B, C

-

if for a moment
X= .34, B, C{a, b, g),
Y=®,.y4, B, Cyh, b, f),

Z=,.34, B, 0%y, f, c

50. Hence observing that these equations may be written
X=,..34, B, 00,4, 0,B, 9.0),
Y=,.34, B, Cyo,4, 9,B, 0,0),
Z =,. 34, B, CY0,4, 9.B, 2,0),

and that we have
o=\, p, v

ax: ay: az
R T

we obtain for H Jac. (U, H, V, H) the value

__H 7(2[' ..JA4, B, CYo4, 2B, 30),

or throwing out the factor H, we have the required result.
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Article Nos. 51 to 53.—Proof of identity used in the jfourth transformation, viz.
Jac. (U, V, HYH=—EY, or say Jac. (U, H, V)H=0%, ...q4’, B, C').

51. We have
Vo o=( 9 61N ), (9 B FIN 4 ), (G F CUN u )Y, 3y, 9),
and thence .
0.V =((0:2, %D, %OUN, p, v), 02D, 0B, %FYN, 1, v), (20, 0.5, 26N, w4, )15, 3y, 3.),

and

(ax- v ) H = ((az%[: aa:‘g); am@ih: /“” V); (az‘ﬁ’ ax%: ax%}ix: F’) V); (az@: ax%; az@Ih; /": V)E-A- '1 B’: 0/)’
with the like values for (9. V)H and (0,. V)H. And then

Jac. (U, H, V)H = 7 B, c
A’ g B/ 5 C’
(.. V)H, (3,.V)H, 3,.V)H,

in which the coefficient of A* is
= (Gay_Baz) (%I’ ‘g): @IN» M V);
or putting for shortness

<an"‘Baz: Ao, — Co,, Baz_'Aay):'(P; Q R))

the coefficient is

(P, PHH, PEYN, u, v).
52. We have
0=(P:+ Qu+ Ry),
and thence.
coefficient A2 —0¥U = (PA, PH, POYA, p, v) — (PU, QA, RAGA, u, v)
which is :
= w{(Co,— Bo,) H — (Ao, — €2,) A}
+» {(C9, — Bo,) & — (Bo, — Ao,) A},
where coefficient of u is
=— A0, — Bo,H + C 0, A +0,9)

= — (402 + Bo§ + (0,0)=~ - ad, B,
and coefficient of » is

= + (40,9 + Bo,H + 03,®) = m—l_ B,

1

so that
1

coefficient 4”2 —9Y = —
m—1

@ (o, H —vo,H).
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53. By forming in a similar manner the coefficients of the other terms, it
appears that

Jac. (U, H, VYH - (3%, ...5y4', B, C')
]' ’ )/ 4 ’ / 4
A, o m o,
0.H, 0,H, 0,H

or since the determinant is

! A” B’; GI > =0;
B AEr iS5
ADORBLERE )

we have the required equation,
Jac. (U, H, V)H =%, ...34’, B, C').

This completes the series of formule used in the transformations of the condition
for the sextactic point.

APPENDIX, Nos. 54 to 74.

For the sake of exhibiting in their proper connexion some of the formule
employed in the foregoing first transformation of the condition for a sextactic “point,
I have investigated them in the present Appendix, which however is numbered
continuously with the memoir.

54. The investigations of my former memoir and the present memoir have
reference to the operations

0,=dz0;+dyo,+dz0,,

0, = d*20, + d*y0, + d*20,,

05 = d’x0, + d*yo, + d*z0;,

&e., :
where if (4, B, C) are the first differential coefficients of a function U= (*Jz, y, 2)™,
and A, u, v are arbitrary constants, then we have

de=Bv—Cu, dy=0N—Av, dz=Au— B\,

so that putting
0=(Bv—Cu)dy+(Cx— Av) 0, + (Ap — BN) 0,

S S I
S
| O0py Oy 0n

we have 9,=0. The foregoing expressions of (dz, dy, dz) determine of course the
values of (d%z, dy, d%), (dz, d%, d’2), &c., and it is throughout assumed that these
values are substituted in the symbols 0,, 9;, &c., so that 9,, =9, and 8,, 0, &c. denote
each of them an operator such as X0+ Y0, +Z0,, where (X, Y, Z) are functions of
the coordinates; such operator, in so far as it is a function of the coordinates, may
therefore be made an operand, and be operated upon by itself or any other like
Operator,

www.rcin.org.pl



248 ON THE SEXTACTIC POINTS OF A PLANE CURVE. [341

55. Taking (a, b, ¢, f, g, h) for the second differential coefficients of U, (2, B, €, §, @, H)
for the inverse coefficients, and H for the Hessian, I write also
D=, ...3\ p V)5
V=, ...\ g v§0s, 0y, ;)
O =, ...90,, 0y, 0,)%,
Y =\ +py+vz,
Q =1, ...90,, 0y, 0, H, =0H,
¥ =Y, ...090,H, o,H, 0,H),
I' =(a, ...Qud,— v0,, V0, — N0;, Aoy — uds)%
and I notice that we have

IU=20, VU=->_H OU=3H,
m—1
V=" O {72V — DN g
the last of which is proved, post No. 65; the others are found without any difficulty.
56. I form the Table

alU=O,
g Wl o
o5 N L -1y B
_ mU o
82U—m(—<1>) +m_—1)'2(H),
mU g2 )
8132U=0,
mU Ye
e 2m 3 e B 2y
20T = (a@—m vq>) +(-m2.(— PH-"" P HO+-— VH),

U P ye m—2 2
b | (%82¢+m—1 Vq’) x (m—l)”(_%a2H+m-— St i VH)'

_mU i R . 32 1 39
sl = (- 0e- o= o Vo) roTan( pHso S Ees V),
TR L i
0; U_m—:-l () + (m_ 152 (_ Hq));

U (g o TN o 9 G 2y
a4U_m__1( 30, — D + B +m_1V(I))+(~”;_—1)2<§82H+8H—ﬁ_—1f1<b—;ﬁ_-_—1 VH)
¥, oot rara b -

m—1 m—1
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and assuming U=0,

(Bm —6)(Bm —T7) 6m — 14 ye

Wl =0l = ey Lyt MO L e XU s O
Bt '2_ @_’)71’_6)2 2 6m —12 ___S;
@HY = (Hy<SS RERS RS AT SSEVE o oY,

which are for the most part given in my former memoir; the expressions for 0,U,
0;U, which are not explicitly given, follow at once from the equations

@2 +0)U=0, (3+200,+8)U=0;

those for 0,0,U, 02U, and 9,U are new, but when the expressions for 9,0,;U and 0,;U
are known, that for 9,U is at once found from the equation

(0.* + 60,20, + 40,0, + 30.2 + 0,) U=0.

57. Before going further, I remark that we have identically
(a,..Qx, y, 2 (a,. Juy—vB, va—\y, A3 — ua)®
—|ar+hy+gz, ha+by+fz, ge+fy+cz|®
A ) o , T ‘
8 - Ml 5 i
=, .9 Ap —a¥, up - LY, vp—9Y),
(if for shortness p=az+ By + gz, ¥ =\ + py + vz)
= P2 e N v)?
—2pY (2, . YN, p, vYa, v)
+ 9, ..9a, B, v)-

58. If in this equation we take (a, b, ¢, f; ¢, &) to be the second differential
coefficients of U, and write also (a, 8, v) = (0, 0,, 0,), the equation becomes

m@m—1) UI' = (m—1p*= P (20, + yo, + 20,)
— 2% (20 + Y0, + 20,) V
+ D],

which is a general cquation for the transformation of 2* (=0.).

59. If with the two sides of this equation we operate on U, we obtain
mm—=1) UPU—-(m —1P*U= m(m—1)DPU
—2(m-1)SVU
+ LI O
g v, 32
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and substituting the values

rv=29, vU= 77;8’_. 1 S ==
we find the before-mentioned expression of 9,>U.

60. Operating with the two sides of the same equation on a function H of the
order m/, we find
m(m—1) U'H —(m—=1y0*H= m' (m'—1)PH
-2 ' =1)SVH
+ N2 s
and in particular if H is the Hessian, then writing m'=3m—6, and putting U =0,
we find the before-mentioned expression for o*H.

61. But we may also from the general identical equation deduce the expression
for (0H)>. In fact taking H a function of the degree m’ and writing

(a, B, 'Y)=(axHx ayH, azH):
we have

m(m—1)Ula, ..Quo,H — vo,H, vo,H — N, H, No,H — pd. H) — (m — 1) (0H)
=m*PH* - 2m'SHV H+ S (A, .. Qo H, 0,H, 0,H),;

and if H be the Hessian, then writing m'=3m—6 and putting also U=0, we find
the before-mentioned expression for (0H )

62. Proof of equation

1 >
0, = — i (20 + Yo, + 20,) + i o

1
We have
0,=0.0={(Bv—Cu) 0, +(Or— Av) 0, + (Ap — B\) 0}
(M (03, — B, ) + u (A2, — 03,) + v (Bd, — A2,)),
which is
=N (00— B0,)+u (40, — C9,) +v (B9, — A9,),
where

A'=0A=a(Bv—Cu)+h(On—Av)+ g(Au— B))
=ANMC —gB)+u(gA —al) +v(aB - hA),

with the like values for B’ and (. Substituting the values

(m—=1)(4, B, O)=(az+hy+ gz, hx+by+fz, gz + fy + cz),
we have
(m—=1) "=\ (Oy — H2) + u(By — Bz) +v (Cy —F2);
and similarly

(m=1)B" =Xz - Ga)+ p (Hz — Fz ) + v (B2 - Cz),
(m=1) C" = (Hz=Ay) + p (Bz — Hy) + v (Fo — Gy),
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and then
(m—=1)(C0,—Bo,)= A1[(Hz—Ay)o, — Az — Gz)?,]
+u [(Bz — Dy) 0y — (92— =) 2.]
+v [(Fz — Gy)o,— (G2 —Cz)0,]
= A=z, 9, 610, 0y, 9;) — A (20, + yo, + 20)]
+plz(D B, § Yo, 0y, 0.) — D (a0, + Y, + 20,)]
+v[z(®, §, CYo, 0y, 0,) — & (w0, + y0, + 20,)]

251

= @ ... QN m, vR0, 0y, 0) — (A, D, GYN, u, v) (20, + ¥, + 20,) ;

that is

(m-1)(Co, — B9,)=2V — (A, O, GYN, u, v) (20, + yo, + 20,),
and so :

(m—1)(A9,— C0)=yV —(H, B, § I\, u, v) (20, + yo, + 20,),

g (m—=1)(Boy—A9,))=2V — (&, §, €Y\, u, v) (@0, + yo, + 20,) ;

whence

(m=1) =02+ g+ v8) V(TN o 9P (0B 905+ 50,

=SV — B (a0, + 99, + 20,) ; |
or finally
Bs e )L OB 0 )
T m—1 Gt s - N

63. This leads to the expression for 92U ; we have

1
Al .;71)2 D2 (20, + Yo, + 20,)

i (m

2y

5 4
T
and operating herewith on U, we find

U= M =1) gy

2(m—-1)Y
N (m.— 1)

OV U

3 I
b (m — 1) R
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or since
VU=—_H, V'U=H®,
m—1
this is
mU e
R = (m =1y P2 4 =1 Ho,

64. We have 0,0,U =0, and thence

(0,20, + 0,0, +0,2) U=0,
that is
0,0,U = —0,20,U —0,2U ;

or substituting the values of 9,°0,U and 02U, we find the value of 9,0,U as given in
the Table. And then from the equation

(0, + 60,20, + 40,0, + 302 + 0,) U =0,
or

= — (0,* + 60,%0, + 40,0; + 30,%) U,

we find the value of a,U, and the proof of the expressions in the Table is thus
completed.

65. Proof of equation V.9.=0.

We have
V.0=V.(Br—0Cwd, + (On—Av)d,+ (Au—Br)d,)
=V. (A @ —vd,)+ B@h—2N)+ C(\,— udy))
= V A(ud,—vd,) + VB ¥y —N;) + VO (NS, — uds);
and then

VA=, .. QN p, vQa, h, g)=Hx,
VB=,...9\ p, v§h, b, f)=Hp,
VO <@ U %, vﬁg,f, =Hy;

or substituting these values, we have the equation in question.

66. Proof of the expression for 0.
We have
bt

1 Y
0p=— 7;;*_ 1 (3] (.’Eaz - :l/ay e Zaz) o 1’7&—”1

and thence operating on the two sides respectively with 9,, =0, we have

Oy =— —— fa@ (@05 + 0y + 20,) + PO . (20, + Y0, + 20,)}

+ YV +92. V};

m—l
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or since

0. (%0, + Yoy + 20,) =0, 0¥ =0,
this is
1 ¥ S

——— O (@ + 92y + 20) - —— PO+ ——7 0. V.

Dy —

67. Proof of expression for 9,H.
Operating with 9; upon H, we have at once

3m—6 1 B

The remainder of the present Appendix is preliminary, or relating to the in-
vestigation of the expressions for 9,0,°U and 9,%0,U, used ante, No. 31.

68. Proof of equation V20U = PoH — Hod.
We have identically
A N, i, P, Q00 Oy, 02— [(A, YN, g, Y04, Oy, O))
= (abc — &c.) (@, ... Yvdy — pd;, NI, — vy, pdz— NOy)*;
®0 - V2= HT; :

that is

and then multiplying by 0, and with the result operating on U, we find

®OoU — V29U = HI'9U.
Now

OU=(, ...40s 0y, 0.2 U
=&, ...4a, b, ¢, 2f, 29, 2h);

and thence
0OoU = (¥, ...{0a, b, d¢, 20f, 209, 20h);

and observing that
W=

hye' b
g Y

| »
|

Q&S

and thence that
oH =I oa, ©oh, 0g I+ (A G (IR B T TR T,
R0 LR, T b, ah Sl N
‘ g,: 0 #5607 | v fE dg, 9of, oc
=, , BYoa, ok, dg) + (H, B, FYoh, b, ) + (G, §, €Yag, of; oc),

=, ...J0a, ob, o¢, 20f, 20g, 20h,
we see that

0OoU =0H.
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Moreover _
DU = oo gy s=pits, 5. U,
=  a( b?+cut —2fur)
+ b( A +a® —29\)
+ c( ap® +b0\ — 2hAp)
+2f (= /N + gApu+ hav — apv)
+29( fap—gu® + hpv —bvr)
+ 20 ( forn +gvp— v —cAp);
IoU=(a,...Qvoy — po,, ... 00,
a (v0b + wdc — 2uvif’)
+ &e.
= A (boc + cob — 2/0f)
+ &c.
(0%, 9B, °€, 0%, 0®, 0HYN, u, V)%

I'oU =0®.
Hence the equation
®00U — V20U =HIoU

and thence

that is

becomes
PoH — V20U = Hod,
that is
V22U ="D0H — Hod.
69. Proof of equation 9,0U = —— A 1)2 (PoH — Ho®).
We have
1
i =1y D2 (20, + Y0, + 20,)°
2
=G D (205 + yo, + 20,) V
D4 |
tmodp "

and thence multiplying by 9,, =0, and with the result operating upon U, we find
(m—1) (m—2) 2(m—2) 92
68?U——————»—— PHU — YOIV.U + ———— 9V?
(m—1p (n—1y mo1p’V'l
But 9U =0, and thence also V 9U)=0, that is (V.9) U+ VoU=0; moreover V.0=0,
and therefore (V.9) U=0, whence also VoU=0. Therefore

2 - SZ 2 .
002U = " 15dVT;

or substituting for 9V2U its value = PoH — HoP, we have the required expression for
0,0:2U.
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70. Proof of equation

%o s.’;

0,20,U = i 1)3((3m 6)Haq>+(—m+3)q>aH)+ (—(.V)H}.

We have

(m —1)

1 N
d=— - 0P (ad,+ Y0y +20) — — ~ 7 PO+ -Z50. Y,

and thence multiplying by 0,>=2* and operating on U,

0,°0,U = —

a< a2U—-‘-— DU + s —l(a.V)aﬂU.

To reduce (0. V)0*U, we have

o(VeU)=VeU+ @.VA) U,
=VorU+[0.V)*+V (0.99)] U,
=VoeU+ (@.V)rU+2Va,U,

and since

1 ¥
a.‘,= _ﬁ—:TCD(wax+yaq,+zaz) +qm \Vi 3
multiplying by V9, and with the result operating on U, we obtain

m — S

V882U=—m <I>V8U+— - V GO
or since VoU =0, this is

V00,U = - 4 v U.

m—1
Hence
o(VorlU)=VoerU+ (0. V)82U+~ -S VzaU
that is
Ny

@. V)PU=0(VeU) - VoU - T V35U
Substituting this value of (9. V)3*U, we find

miss

BEBSU:—-” 8 BQU— S cbasU

+ 2 (3(VeU) - VaU)

m—1

8

* (m —

)( 2VvoU),

the three lines whereof are to be separately further reduced.
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71. For the first line we have

5.2 32

and hence
Rrst Jine ol 20,00 2L iy ((m = 2) How + 0.

72. For the second line, we have
V (@@U)=VeU+2(V.0)oU
= Vo*U, since V.9=0, and therefore (V .0)0U=0;

that is
; mU 3
a2U V(a U) (m——l —(‘)lb—l)éH)’
v T E :
=== (UV P+ DV U) - i L_l)é(S“VH+2%HVS)’
or writing
U=0, VU=——~ H, Vo=®,
m—1
this is
. (m 2)%Y N L
VeU=r—y B- 3 VH,
whence also
a(vazU)—(Zn4—?1)—)?(Ha¢)+q>aﬂ) & %—*‘ 0N,
Similarly
Vol =V (2U),
mU 3
gl iy iy (m;waH)’
% viél}? (3°V (2H) +25VSH);
or putting
Tl VUm0 a0 s
m—1

and observing also that V (0H), = VOH+(V.9)H is equal to VoH, that is to 9V H,
we obtain

S‘z

" s anic ol :
and then from the above value of 9(Vo:U), we find
3 ; ¥ N
8(V8-U)—VB‘U=(m ( 2H8<I>+m<1>8H)+( 1)2( 0(VH)+0VH):
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2

or observing that the term multiplied by (—m-&i—

1i) .

second line of 0% = (1 (~ 2HOD+ mODH) + (Y 1o, (=

(m—1y

s =—(0.V)H, we find
9.V)H).

73. For the third line, substituting for V29U its value = PoH — Ho®, we have

thind line of 92,0/ =~ -  Jy (00H — Ho®),
74. Hence, uniting the three lines, we ha;ve
0,20, U = (m ) ( ( m—2) Ho® + tI’BH)
S? % S‘;
tm=ipl T2 Hi®+ m<1>aH)+ )( (@.V)H)
4. ((@m —2) Ho® + (— 2m +2) BoH)
(m—1) i
and, reducing, we have the above-mentioned value of 9,%,U.
Q' N 33
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