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266.

ON THE EQUATION FOR THE PRODUCT OF THE DIFFERENCES
OF ALL BUT ONE OF THE ROOTS OF A GIVEN EQUATION.

[From the Philosophical Transactions of the Royal Society of London, vol. cli. for the 
year 1861, pp. 45—59. Received November 30, 1860,—Read January 10, 1861.]

It is easy to see that for an equation of the order n, the product of the 
differences of all but one of the roots will be determined by an equation of the order 
n, the coefficients of which are alternately rational functions of the coefficients of the 
original equation, and rational functions multiplied by the square root of the dis­
criminant. In fact, if the equation be (f>v = {a, ..Sfy, l)n = a (v — a)(y —/3)..., then 
putting for the moment a = 1, and disregarding numerical factors, VD,. the square 
root of the discriminant, is equal to the product of the differences of the roots, and 
<//a is equal to (a — £) (a — 7)..., consequently the product of the differences of the 

roots, all but a, is equal to VO -j- <//a, and the expression is the root of an

equation of the order n, the coefficients of which are rational functions of the 
coefficients of the original equation. I propose in the present memoir to determine 
the equation in question for equations of the orders three, four, and five: the process 
employed is similar to that in my memoir “On the Equation of Differences for an 
Equation of any Order, and in particular for Equations of the Orders Two, Three, 
Four, and Five,” Phil. Trans., vol. CL. (1860), [262], viz. the last coefficient of the given 
equation is put equal to zero, so that the given equation breaks up into v = 0 and into 
an equation of the order n—1 called the reduced equation; and this being so, the 
required equation breaks up into an equation of the order n — 1 (which however is 
not, as for the equation of differences, that which corresponds to the reduced equation) 
and into a linear equation; the equation of the order n — 1 is calculated by the method
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266] ON THE EQUATION FOR A FUNCTION &C. 277
of symmetric functions; and combining it with the linear equation, which is known, we 
have the required equation, except as regards the terms involving the last coefficient, 
which terms are found by the consideration that the coefficients of the required 
equation are seminvariants. The solution leads immediately to that of a more general 
question; for if the product of the differences of all the roots except a, of the given 
equation

(which product is a function of the degree n — 2 in regard to each of the roots 
/3, 7, 3 . .), is multiplied by (x — ay)n~2, the function so obtained will be the root of 
an equation of the order n, the coefficients of which are covariants of the quantic 
(*$a>, and these coefficients can be at once obtained by writing, in the place of 
the seminvariants of the former result, the covariants to which they respectively 
belong. In the case of the quintic equation, one of these covariants is, in regard to 
the coefficients, of the degree 6, which exceeds the limit of the tabulated covariants, 
[the covariants are all tabulated, 141 and 143], the covariant in question has therefore 
to be now first calculated. The covariant equations for the cubic and the quartic 
might be deduced from the formulae Nos. 119 and 142 of my Fifth memoir on 
Quantics Phil. Trans., vol. cxlviii. (1858), [156] ; they are in fact the bases of the 
methods which are there given for the solution of the cubic and the quartic equations 
respectively: and it was in this way that I was led to consider the problem which 
is here treated of.

J

1. The notation £(a, /3, y, . .) is used (after Professor Sylvester) to denote the 
product of the squared differences of (a, /3, y, . .), and the notation (a, /3, y, . .) to
denote the product of the differences taken in a determinate order, viz.

2. The product of the differences of the roots of an equation depends, as already 
noticed, on the square root of the discriminant; and in order to fix the numerical 
factors and signs, it will be convenient, in regard to the equations
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278 ON THE EQUATION FOR A FUNCTION [266

to write as follows :

where it is to be observed, for example, that writing in the last equation e = 0, and

therefore f= 0, we have which agrees with the

equation if for we

substitute the value given by the last equation but one.

For the cubic equation

3. We have to find the equation for ; the roots are

To apply the method above explained, write 7 = 0, and therefore also d = 0; the roots 
thus become

and we have the quadric and linear' equations

where (a, /3) are the roots of the equation

Hence, writing

we have

and the two equations become

or multiplying the two equations together,
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266] OF THE DIFFERENCES OF THE ROOTS OF A GIVEN EQUATION. 279

which is what the required equation becomes, on putting therein d = 0; the coefficients 
of the complete equation are seminvariants, and the terms in d are to be inserted 
by means of this property. The coefficient 3ac — b2 is reduced to zero by the operator

it is therefore a seminvariant, and remains unaltered. The coefficient is what
V - □ becomes (□ being the discriminant of the cubic equation) on putting therein 
d = 0, it is therefore to be changed into V — Hence

4. For the cubic equation the equation for

5. For the quartic equation

the roots are

the signs being in this case (and indeed for an equation of any even order) alternately 
positive and negative; in fact, if the equation is represented by </>v = 0, then the 
roots divided by ^(a, /?, y, 3) should respectively be </>'/3, <£'y, (f>'8, and this will 
be the case if the signs are taken as above.

6. Putting now 8 = 0 (and therefore e = 0) the roots become

where (a, /3, y) are the roots of Let Z denote the discriminant

of the cubic function, then and we have thus the linear equation;

the cubic equation is

the coefficients of which can be calculated by the method of symmetric functions (see 
Annex No. 1).
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280 ON THE EQUATION FOR A FUNCTION [266

7. The cubic equation being thus obtained, we have the two equations

and multiplying these together, the resultant equation is

where the coefficients have to be completed by adding the terms which contain e. 
We have VD in the place of d*l — Z, and □ in the place of — d~Z. The coefficient 
— 8a2<Z + 4a6c — b3 is a seminvariant, and requires no alteration. The coefficient

is

that is,

and the terms in e to be added to this, in order to make it a seminvariant, are 
easily found to be

8. Hence, for the quartic equation i , the equation for

For the quintic equation
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266] OF THE DIFFERENCES OF THE ROOTS OF A GIVEN EQUATION. 281

9. We have the roots being

which for e = 0 becomes

10. The linear equation is the quartic equation may be written
for the determination of which see Annex No. 2. The two equations are

and multiplying these together, the resulting equation is
Z>5 ^.12

I o zz v ~ — v,
where the coefficients have to be completed by the addition of the terms in/ We 
have VEJ in the place of eVZ, and therefore □ in the place of e2Z.

11. The value of Me — Z is

a3e3 + 96 - 256 = - 160
cdbde? — 60 + 192 = + 132
a2c2e2 — 40 + 128 = + 88
afccPe + 27 — 144 = - 177
atd* + 27 - + 27
ab2ce2 + 47 — 144 = - 97
ab2cPe + 6 = + 6
abc2de — 18 + 80 = + 62
abed3 — 18 = - 18
ac^e + 4 - 16 = - 12
ac3d3 + 4 = + 4
b*e2 — 9 + 27 = + 18
b3cde + 4 — 18 = - 14
b3d3 + 4 = + 4
b2c3e — 1 + 4 = + 3
b2c2d2 — 1 = 1
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282 ON THE EQUATION FOR A FUNCTION [266

and the terms in f are found to be

d3def + 300 
cPbcef — 130 
aVf- 120 
c?<?df + 40 
ab3ef + 28 
ab2cdf + 66 
abc3f — 24 
b4df - 16 
63c2/ + 6

«V2 - 125
a262/2 + 50

12. The value of Ne + M is

a3e2 - 16 + 96 = + 80
a?bde + 6 - 60 = — 54
a2c2e + 4 - 40 = - 36
a?cd2 + 27 = + 27
ab2ce - 5 + 47 = + 42
abc2d - 18 = - 18
ac4 + 4 = + 4

+ 1 - 9 = - 8
b3cd + 4 = + 4
b2c3 - 1 = - 1

and the terms in f to be added thereto are found to be

a?df - 50
aPbcf + 30
ab3f — 8

13. The value of N + a3e is

a3e _ 15
cPbd + 6
a2c2 + 4
ab2c — 5
b4 + 1

which is a seminvariant, and requires no addition.
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14. Hence, for the quintic equation

the equation for

a12 x a6 X a3 V □ x □ x □ Vox
X ’’x -X

+1 0 def2 — 125 ddf — 50 de — 15 + 1
ddef + 300 a3e2 + 80 a2bd + 6
de3 — 160 a2bcf +30 a2c2 + 4
a2b2f2 + 50 dbde — 54 ab2c - 5
a2bde2 + 132 a2c2e — 36 64 + 1
dbcef — 130 a2 cd2 +27
a2bcPf — 120 ab3f — 8
a2c2df + 40 ab2ce +42
a2c2e2 + 88 abc2d — 18
decide — 117 ac4 + 4
dd3 + 27 64e - 8

(
ab3ef
ab2ce2

+ 28
97

b3cd + 4
b2c3 - 1 i)5

ab2d2e + 6
abc2de + 62
ab2cdf + 66
abed:3 — 18
abc3f — 24
ade — 12
ac3cP + 4
b^df - 16
b3e2 + 18
b3cde — 14
b3d3 + 4
b3c2f + 6
b2c3e + 3
b2c2d2 — 1

15. As a verification of this result, I remark that, taking for the quintic equation
+ + + the roots of this equation are -1, co, co2, — co, — to2, where w

is an imaginary cube root of unity (co2 + co 4-1 = 0). We ought to have (a, y, 8, e) 
= _ V’D = - 36; and this will be the case if, for instance, a, (3, 7, 8, e are respectively 
— 1, to, co2, —co2, — co. We have then
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284 ON THE EQUATION FOR A FUNCTION [266

The equation in 3 is thus , or multiplying out it is

which in fact (observing that is what the preceding formula becomes for
the equation

The analogous verifications for the cubic and the quartic equations are as follows :

16. For the cubic, if the assumed equation is ), the roots whereof are
then we should have < which will be the case

respectively, and the roots ' of the equation in
so that the equation in

which (observing that is what the formula for the equation in 3 becomes
for the equation

17. For the quartic equation, taking this to be v4 + v3 + v2 + v +1 = 0, the roots
where co is an imaginary fifth root of unity

and putting 1 respectively, we have

giving, as it should do. The equation in 3 is therefore by the formula

But the roots are

if, for shortness,

The equation in 3 is therefore

where the left-hand side is the product of the factors

and

and the equation in 3 is, therefore, as it should be,

Passing from the denumerate to the standard forms:
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18. For the cubic equation ( the equation for
is 0 =

19. For the quartic equation (a, b, c, d, e§y, l)4 = 0, the equation for
is 0 =

(

a6 x
z-------x------ X

96a2 x 512 Vox 256 □ x

M i)<

+ 1 0
Z~ ----------- X

a2ce — 1
a2d2 + 3
ab2e + 1
abed — 14
ac3 + 9
b3d + 8
b2c2 - 6

a2d - 1
abc + 3
b3 -2

z------- A-------X
+1

20. For the quintic equation the equation for

a12 x 625 a6 X 12500 Voa3x 1562 5 □ x 76125 □
/ A

+ 1 0 a3c/2 — 2 a?df — 1 a3e — 3 +1
a3def + 24 a3e2 + 4 a2bd +12
d3e3 — 32 a2bcf + 3 a2c2 + 16
a2b2/2 + 2 a2bde - 27 ab2c — 50
a2bde2 + 264 a2e2e — 36 b4 + 25
a2bcef - 52 a2cd2 + 54
a2bd2f - 96 ab3f - 2
a2c2df + 64 ab2ce + 105
a2c2e2 + 352 abc2d — 180
d2cd2e -- 936 ac4 + 80
a2d4 + 432 b4e — 50
ab3ef + 28 b3cd + 100

( ab2ce2 970 b2c3 - 50
ab2d2e + 120
ab2cdf + 264
abc2de + 2480
abed3 — 1440
abc3f — 192
ac4e — 960
ac3d2 + 640
b3df - 160
b4e2 + 450
b3cde 1400
b3d3 + 800
b3c2f + 120
b2c3e + 600
b2c2d2 - 400
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21. I remark, with respect to the equation in 0, for the cubic, that it leads at 
once to the equation of differences. In fact we have 

whence changing the sign of 0.

or multiplying the two equations and putting u for 

that is, the equation of differences is 

but this mode of composition is peculiar to the case of the cubic.
If in the several equations in 0 we substitute for the seminvariants the covariants 

to which they respectively belong, we obtain as follows:

22. For the cubic equation the equation for
is

(

Z72 x 9 x V -27 □ x

i)’-o.+ 1
Z---- ?---- X

0 H + 1

23. For the quartic equation ), the equation for

(

67* x 96 IP x 512 Vox 256q x

+1 -3J77
+ 2IH

+ 1

24. And for the quintic equation (a, b, c, d, e, ftyv, l)s = 0, [denoting the covariants 
of the quintic as in 141, A the quintic itself, &c.; and completing the expression for the 
coefficient of ^3] the equation for

X. — --- -

where the covariant which enters into the coefficient of A3 being of the sixth degree 
in the coefficients, is not given in the Tables.
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Its value (completed for me, from the first term, by Mr Davis) is

a3*?/2 — 2 d3df2 + 18 a3ef2 _ 30 «3/3 _ 10 a2bf 3 - 30 a2cf3 + 18 a2df3 2
a3def + 24 a3ef - 48 a2bdf2 + 210 a2bef2 + 30 a2cef2 + 210 a2def2 - 66 ddf2 + 2
a3e3 - 32 d2bcf2 - 66 a2be2f + 60 a2cdf2 + 680 a2d2f2 + 180 (Pdf + 48 abcf3 + 24
dVf2 + 2 (dbdef + 348 a2c2f2 + 180 a2ce2f - 320 cdd&f— 840 ab2f3 - 48 abdef — 52
dzbdez + 264 dzbd + 48 a2cdef + 120 a2<Pef - 1320 a2e4 + 480 abcef2 + 348 abdf + 28
afbcej -- 52 a2c2ef + 624 a2ce3 - 480 a2de3 + 960 ab2ef2 + 60 aZ></2/2 + 624 ac2ef2 — 96
a2bd2j 96 a2ccPf- 936 a2d3f - 1080 ab2df2 — 320 abedf2 + 120 abei + 720 accPf2 + 64
arc2df + 64 a2cde2 - 576 a2d?e2 + 1080 ab2e2f + 290 abce2f — 540 dbddf— 1596 aeddf+ 264
a2c2e2 + 352 a2d3e + 648 ab2cf2 - 840 abdf2 — 1320 abd2ef + 960 addf2 — 936 ace4 — 160
a2cd2e - 936 ab>Af2 + 48 ab2def- 540 abcdef-\- 4160' abde3 — 600 addf - 48 addef — 192
d2dz + 432 ab2cef — 1596 ab2e3 + 450 abed — 3200 ac3f2 - 1080 acd2ef + 3504 ad2d + 120
atPef + 28 ab2de2 + 210 abdef + 960 abd3f + 960 ac2def + 4560 adf — 1728 Pf — 32
ab2ce2 - 970 ab2d2f - 48 abedff + 4560 abcPe2 — 600 ac2e3 — 2400 aedd — 1920 b2cef2 + 264
ab2d2e + 120 abc2df + 3504 abede2 - 4200 ac3ef + 960 acd?f — 2880 ad3d +1080 b2dzf2 + 352 y)
ab2cdf + 264 abdd + 720 addf — 2880 ac2d2f— 2560 acd2e2 + 1800 b3ef2 + 48 b2ddf — 970
abc2de + 2480 abcd2e - 2160 ac3e2 + 2400 ac2de2 + 1600 b3df2 - 480 b2cdf2 - 576 b2e4 + 450
abdf - 192 ac^f - 1728 b\f2 + 480 be3/2 + 960 b3e2f + 450 b2ce2f + 210 bddf2 — 936
abed? - 1440 ac3de + 960 b3cef - 600 b3def - 3200 b2c2f2 + 1080 b2cPef + 720 bcdPef + 2480
ade — 960 &ef 720 b3d2f - 2400 b3d + 2250 b2cdef — 4200 b2dd — 450 bddf + 120
ac3d2 + 640 b3cdf — 1920 b3de2 + 2250 bzdef — 600 b2cd + 2250 be3/2 + 648 bode3 — 1400

- 160 b3ce2 - 450 b2c2df + 1800 b2cd2f +1600 b2d3f + 2400 bddef — 2160 bd3f — 960
64e2 + 450 b>3d2e + 1200 b2c2e2 — 1500 b2cdez 1000 b2d2d - 1500 bde3 + 1200 bd3e2 + 600
bAcde - 1400 b2c3f + 1080 dcczy + 960 df2 + 432
b3e2f + 120 b2c2de - 600 bccPe2 - 600 ddef — 1440
b3d3 + 800 dd + 800
b2de + 600 dd3f -r 640
b2c2d2 — 400 dd2e2 - 400

In the following two Annexes, the notation of the symmetric functions is the 
same as in my “Memoir on the Symmetric Functions of the Roots of an Equation,” 
Phil. Trans, vol. CXLVII. (1857), [147] and the values of the symmetric functions are 
taken from that memoir, the powers of a being restored by the principle of homogeneity. 
The suffixes of the X indicate the number of terms in the sum; thus in the first Annex

the terms are equal to the complete symmetric function; the
correct result will be obtained (though of course neither of these equations is true)
by writing and so m similar cases; the insertion of the
suffix to the very much facilitates the calculation, and is a check on its accuracy.

Annex No. 1, containing the calculation of the equation , where

being the roots of the cubic equation

We have
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288 ON THE EQUATION FOR A FUNCTION [266

where Z= 27a2d2 + &c. is the discriminant of the cubic.

where a/3y = — a1d and

and therefore

And lastly,

so that the equation is the one given above, No. 7.

Annex No. 2, containing the calculation of the equation where

being the roots of the quartic equation

where is the discriminant of the quartic.

1 The signs of 01} 0.,, 0.A, 04 are taken account of implicitly.
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where for a moment a is put equal to unity.

The value of the last-mentioned expression is then calculated as follows:

e2 -4 _ 12 8 8 _ 8 - 8 _ 12 - 8 - 4 - 12 - 12 = - 96
bde + 1 + 16 + 10 + 10 + 2 + 12 + 2 + 4 + 3 = + 60
c2e + 8 + 8 + 4 4- 8 + 4 + 6 + 4 - 2 = + 40
b2ce - 9 — 8 — 11 — 1 — 4 — 12 - 2 = - 47
b4e + 3 + 3 + 3 = + 9
cd2 - 7 — 8 — 5 — 1 — 4 - 2 = - 27
b2d2 + 3 — 4 + 1 — 2 + 2 = 0
bc2d + 6 + 8 + 3 + 1 = + 18
b3cd -3 — 1 = - 4
c4 - 2 — 2 = - 4
b2C2 + 1 = + 1

C. IV. 37
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and restoring the powers of a by the principle of homogeneity, and putting

M = ode2 + 96
a?bde — 60
a2c2e — 40
a2cd2 + 27
ab2ce + 47
abc2d — 18
ac4 + 4
b4e - 9
b3cd + 4
b2c3 - 1

we have

Next,

and observing that

and therefore

which, putting v = a, gives

we have

where for a moment a is put equal to 1. This is calculated by

e -16 - 16
bd + 16-9 - 1 = + 6
c2 + 8 -4 + 4
b2c -16+9+2 - 5
& + 4-3 + 1
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or restoring the powers of a, and putting

N = a?e _ 16
a?bd + 6

+ 4
ab2c — 5
V + 1

we have

Lastly,

and the equation Il4 (3 — 0j) = 0 is thus found to be the one given above, No. 10.
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