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289.

ON SOME NUMERICAL EXPANSIONS.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. III. (1860), 
pp. 366—369.]

There are in the theory of series and the calculus of finite differences and the 
differential calculus, various sets of numbers, such for instance as Bernoulli’s Numbers, 
or the successive differences of 0m, which from their more or less frequent occurrence 
and the complexity of their law it is desirable to tabulate. To these belong, I think,
the coefficients of the successive powers of x in the expansion of a given power of
1o^LQ. J"JzQ j 0r when the index of the power of the function is an indeterminate 

quantity r, then the coefficients of the several terms of the rational and integral
functions of r which form the coefficients of the successive powers of x in the
expansion in question. We have

1 l°g(1 + _ 1<., I 5 √2 _ 1 i 251 ,r4 _ 1 9 r5 i 1 9087 ¾6 _ ⅛p
10g-------~ ~ 2ιz, + 2 4x + 2880j' 2 8⅛*z, + 362380λ °i^'∙>

which is most easily verified by differentiating and multiplying by log (1 + x), which 

gives on the left-hand side 1 , and on the right-hand side the expansion
1 4- X

1 — x + x2 — &c. And from the above, multiplying each side by r, and taking the 
exponential, we find

((log 1 + p = 1

- (⅛y,). x
+ (⅛r2 + ⅛r) tf2
-(⅛r3 +Ar2 + ⅜r)^
+ (3⅜4 P, + T⅞2r3 + TT⅛,'2 + 2¾r⅛r)
_ ( 1 y5 1___5 _r5 I 0 1 A.3 1 40 1_r2 ι 1JLoΛ χ>∖3 84 0 ' ' 115 2 r + 2304' ^υ<(Tθ' 288 ' / j

I / 1 y6 1 5 ,..5 1 4 9 r4 1 10 543 r3 ι 4Q75_ ri J- JJIO⅛7- γ∖ χr> ^∖4608O ' ' 9210 ' + 9216' ∙ 414720, ' «91ÏÏO ' '30 2 8SO,∕ 
+ &C.

which may be verified by writing r = 1.
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As an instance of the use of the preceding table, let it be required to find 
expressions for the combinations without repetitions of the series of natural numbers 
1, 2, 3, ...(n- 1), or what is the same thing for the coefficients of the powers of k in 
k(k-l')(k-2')...(k-n + l'). We have

k(k-l)(k-2)...(k-n + l)
= kn - A1n kn~1 + A2n kn~2 - &c.
= ∏n coefficient xn in (1 + #)* ;

whence
(—)rArn- ∏n coefficient xnkn~r in (1 + x)k

= ∏n coefficient xnkn~r in eλl°κ (1+a:)
∏7Z-

= ∏ (n-^7) coefficient χn in ∣1°g (1 + zc)}n~r

= χ coefficient in (⅛0±⅛l"-r.
11 (?i — r) ( a? J

Thus
A√l = τι {⅛ (n -1)},
A” = n (n - 1) ⅛ (n - 2)2 + ⅛ (n - 2)},
A3n = n (n — l)(n — 2) {⅛(n-3)3 + ⅛(n-3)2 + ⅜(n-3)},

and so on, as far as the expansion has been effected. It may be remarked that the 
general expression for the algebraical transcendent Arn is given in Dr Schlafli’s paper, 
“Sur les coefficients du développement du product (1 +#)(1 + 2x) ... [1 +(τ⅛ — 1)#} 
suivant les puissances ascendantes de x.” Crelle, t. xliii. [1852], pp. 1—22, but the law 
is a very complicated one.

We have
log (1 + x) = x- ⅜β2 + ⅛x3 — ⅛xi + ⅜^5 — ⅜^6 + jx7 — &c.

and dividing by x, and taking the logarithm, we have as before

log (- log (1 + α)') = - ⅛x + ⅛x2 - ⅜α3 + ⅛⅛⅛^4 - ⅛⅞^5 + ⅛¾0s¾7() - &c-

which may be considered as the first of a series of logarithmic derivatives, viz., 
dividing by — ⅛x and taking the logarithm we have

log — — log log (1 + = - ^12x ÷ '⅛⅞λ'2 22549230λj3 ^h ^ST5T4χi ~ ôVoVo 8χ5 d^ &C->

and by the like process
1°g (- j4 log ( - J log (I log (1 + ∙>)j) =

J7 -, ∣ 1 1 3 1 7 ∕v>2 439989 ∕y3 ι 9 3 9 0 96 Q 3 19 . ∕y.4 _ ⅜r∩-⅛0λj + ⅜64⅛0^ δTS400(T^ ‘ 1 5 6TÏÏ4 1KOO 00 vt, θi'c∙>

and so on.
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Suppose in general that

φx = x + B1x2 + C1x3 + ...,

and let it be required to find the rth function φrx. It is easy to see that the 
successive coefficients are rational and integral functions of r of the degrees 1, 2, 3, &c. 
respectively ; we have in fact

φrx = φ0x

+ j (φ1X - φ0X)

+ r^ ^ 9 ~ (φ⅛ — 2<∕>⅛> + ≠0tf)

+—-i7 9-ζ~2 (≠3^ ~ 3Ψ'x+8≠1^ - ≠°λ,y

&c.,

and by successive substitutions,

φ0X = X,
φ1x — x + -B1Λ72 + Cγx3 + 7)1ic4 +...,
φ*x = X + 2⅛∙2 + (2B12 + 2(71) α8 + ( B13 + 5B1C1 + 2Z>1) ^+...,
φ3x = x + 3B1<r3 + (6Bj2 + 3(71) x3 + (9B13 + 15B1(71 + 3D1) xi + ....

Whence
φrx = x

+ τB1x2
+ {(r2 — r) jB12 + rC1} x3

+ {(r3 — f J*2 + fr) B13 + (∣r2 — fr) B1C1 + rD1} xi

+ &c.

It would, I think, be worth while to continue the expansion some steps furtheι.

2, Stone Buildings, IF (7., Oct. 2nd, 1859.
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